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ABSTRACT. We consider the Navier-Stokes initial value problem,
vt —Av=—Plv-Vu]+ f, v(x,0) =vo(z), © € RS

where P is the Hodge-Projection to divergence free vector fields in the assump-
tion that || f|l.,s < oo and |lvo|lu42,8 < oo for B> 0, u > 3, where

1£(E)lw.s = sup ePIFI(1 4 [k)*|f (k)]
kERS

and f(k) = F[f(-)](k) is the Fourier transform in .
By Borel summation methods we show that there exists a classical solution
in the form

oo
wet)=w+ [ e U pdp
0

teC, Re% > a, and we estimate « in terms of || 0o || 44-2,3 and HfH#,ﬁ. We show
that ||9(-;t)||u+2,8 < co. Existence and t-analyticity results are analogous to
Sobolev spaces ones.

An important feature of the present approach is that continuation of v
beyond t = a~! becomes a growth rate question of U(-,p) as p — oo, U being
is a known function. For now, our estimate is likely suboptimal.

A second result is that we show Borel summability of v for vg and f analytic.
In particular, Borel summability implies a the Gevrey-1 asymptotics result:
v~ vg 4+ Doy umt™, where |vpm| < mlAgBj, with Ag and By are given in
terms of to vg and f and for small ¢, with m(t) = |_Bo71t*1J7

m(t)
v(z,t) —vo(z) — Z vm(2)E™] < Ag m(t)H/? e~ ™®)

m=1

1. INTRODUCTION AND MAIN RESULTS

We consider the Navier-Stokes (NS) initial value problem
(1.1) v — Av = —Plv- V] + f(z) , v(z,0) = vo(x), z€R? tcR"

where v is the fluid velocity and P = I — VA™1(V:) is the Hodge-Projection
operator to the space of divergence free vector fields. We rescale v,z and ¢ so that
the viscosity is one. The initial condition vy and the forcing f(z) are chosen to
be divergence free. We assume f to be time-independent for simplicity, but a time
dependent f could be treated similarly. Moreocver, from the analysis presented
here, it will be clear that similar results can be obtained for the corresponding
periodic problem, i.e. v(.,t) € T3.
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We first write the equation in the Fourier space. We denote by F or simply "~ the
Fourier transform and % is the Fourier convolution. Since V - v = 0 we get

(1.2) by + |k|*0 = —ik; Py, [0;%0] + f , 0(k,0) = do,

where as usual a repeated index j denotes summation over j (= 1,2,3). If P, =
F(P) we get

(1.3) P = (1 —~ ﬁgjﬁ) :

Definition 1.1. We introduce the norm || - ||,..5 by
(1.4) [20ll,i,5 = sup (1+ [k])*e” ™ |ig (k)| , where do(k) = Fluo()])(k),
kER3

We assume ||0g||24pu,8 < 00, ||fHM3 < oo for some 8 > 0 and p > 3. Clearly, if
B > 0, then vy and f are analytic in a strip of width at least 3.

There is considerable mathematical literature for Navier-Stokes equation, start-
ing with Leray’s papers in the 1930s [18], [19], [20]. Global existence and uniqueness
are known in 2d (see for instance [4] and reference therein). However, this is not
the case in 3d. It is not known whether classical solutions exist globally in time for
arbitrary sized smooth or even analytic initial data. While weak solutions in the
space of distributions are known to exist since Leray, it is not known if they are
unique or not without additional assumptions. Only local existence and uniqueness
of classical solutions is known, with a time of existence inversely proportional to a
Sobolev norm of vy. There are sufficient conditions that guarantee existence for all
times [3], [8], but of course it is unknown whether they are satisfied. The solution,
as long as it exists, is known to be analytic in part of the right half complex ¢-plane
[21], [17], [12]. If space-periodic conditions are imposed, for vg € H'(T?), and f
analytic, then the solution v becomes analytic in space as well [13], [10].

The purpose of this paper is twofold. One is to introduce Borel transform tech-
niques (the notions are explained in the sequel) in time for nonlinear evolution
PDEs. The Borel transform in 1/¢, U = Bo solves an integral equation (see (ZIR)
below); the Laplace transform of U is a classical solution of (LZ). The integral
equation (2I8)) is shown to have a unique solution in an exponentially weighted
space, L'(dpe=??) for some a > 0. An important advantage of this formulation
is that existence in t of the evolution PDE is transformed into finding the large p-
asymptotics of a known solution to an integral equation (finding «). In this paper
we do not obtain the optimal value of «, but only a rough bound which implies
existence for t < a~!. The question of asymptotic estimates is addressed in a more
general setting in [T4].

Moreover, given a specific initial condition, the p-space integral equation provides
a basis for numerical investigation of global existence since there is no blow-up in
p. Furthermore, the solution has to be evaluated for small and moderate values of
p, since for large p the equation is naturally contractive. This will be the subject
of a different paper.

A second purpose is to show Borel summability of the formal power series in
small ¢ of NS, when initial vg and f are analytic. This corresponds to 3 > 0 in the
norm defined in [[LTl Borel summability is a subject of interest in its own right and
has been the subject of much investigation in the context of nonlinear ODEs [I1],
[6], difference equations [5] as well as some particular type of PDEs [22], [23]; there
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are no results applying to initial value problems for nonlinear PDEs,; as considered
in this paper. Borel summability implies in particular that the formal expansion in
powers of t,

O(z,t) = vo(z) + tvr(z) + - -
where v; can be found algorithmically, is actually Gevrey-1 asymptotic to v. Borel
summability also implies that ||V, ||cc < m!AgB{", where Ag and By are determined
by vg and f.

Borel summability methods have been used by the authors [22] to prove complex
sectorial existence of solutions of a rather general class of nonlinear PDEs in C¢
for arbitrary d. This is in some sense a generalization of the classical Cauchy-
Kowalewski theorem to PDEs written as systems that are first order in time and
higher order in spac

The main results in this paper are given by the following two theorems. The
results in the first theorem are similar to classical ones, with || - ||, s replacing
Sobolev norms.

Theorem 1.1. If ||0|| 42,8 < 00, p >3, 8 >0, NS has a unique solution v(-,t)

such that ||o(-,)|,..3 < 0o for Ret > a. Here o depends on g through (Z.39).
Furthermore, 9(-,t) is analytic for Re + > a and ||0(-,t)||42,8 < oo for t €

[0,a™1). If B > 0, this implies that v is analytic in x with the same analyticity

width as vo and f.

Remark 1.2. The main significance of Theorem [[I] is not in the local existence
results, which are classical. Rather, it stems from the relation of v to the the solution
U of an integral equtation whose solution in known a priori. If refined asymptotics
of U(k, p) as p — 0o show subexponential growth in p, then global existence follows.
In [14], we discuss approaches to this asymptotic problem and using more general
Borel transform methods. It is also shown in [I4] that numerical calculation of U
can be done with rigorously controlled errors unlike classical numerical techniques
(in NS). Hence the integral equation approach has a useful computational aspect
as well.

Remark 1.3. Sobolev space methods give local existence of solutions in H™ for
t € [0,T), where T is proportional to 1/|lvg||g=. In particular, for m > I, these
solutions are classical solutions (the second derivatives are continuous). The re-
sult in Theorem [[I] is similar, but in a different space. The existence time,
t = a1, involves 9| j4, for j = 0,1,2 (see (Z39)). This solution is classical
since [|9(.,t)| 42,8 < 0o for u > 3 implies v(.,t) € C?(R3). Other norms, requiring
(and providing) lower regularity can be used as well, see [14].

Remark 1.4. If vy has finite suitable Sobolev norms, it was known that v is analytic
in t in a region in the right half complex ¢ plane. In our setting, v is analytic in
{t:Re 7 > a} if [|o0]|y42,5 < o0.

Remark 1.5. Previous results [13] show that for space-periodic boundary condi-
tions, analytic f and vg € H', the solution v(-,t) becomes analytic in space, with
an analyticity strip improving with time for small time. Moreover, for f = 0, a

(1)Also, Cauchy-Kowalewski theorem usually requires a local expansion in all all independent
variables. Our methods accommodate series type expansion in just one variable.
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uniform estimate on the analyticity strip width for large time exists under the hy-
pothesis that the local dissipation VHVv(.,t)H%Z(Tg) is bounded [I0]. However, we
are not aware of similar results in R?, as is the case in this paper. For 3 > 0, our
results of Theorem [Tl show that the analyticity width is preserved for ¢ € [0, 1).

Theorem 1.2. For § > 0 (analytic initial data) and p > 3, the solution v is
Borel summable in 1/t, i.e. there exists U(z,p), analytic in a neighborhood of RT,
exponentially bounded, and analytic in x for |Im z| < B so that

v(x,t) = vo(x) + /OOO Uz, p)e P tdp

Therefore, in particular, ast — 0,

v(z,t) ~vo(z) + Z ", (x)

with
|um (z)| < mlAgBy,
where Ay and By depend on vy and f, through (323), (3-57) and (358)

Remark 1.6. Borel summability and classical Gevrey-asymptotic results [2] imply
for small ¢ that
m(t)
v(x,t) —vg(x) — U (@)™ ] < Ag m(t)/2e~™®)
m=1

where m(t) = By 't~'|. Our bounds on By are likely suboptimal. Formal argu-
ments in the recurrence relation of v,,+1 in terms of v, vy, —1,...,01, indicate that B
only depends on (3, but not on ||0||,,3. Indeed, for periodic boundary conditions,
with a finite number of nonzero initial modes, we have proved [15] that the radius
of convergence of the series of U in powers of p does not depend on the size of the
initial data.

Remark 1.7. For 3 > 0 the assumption p > 3 is not restrictive if 3 is consistent
with the analyticity strips of vy and f. This is because (1 + |k|)*e~?!*| is bounded
in k for g > 0.

2. FORMULATION OF NAVIER STOKES EQUATION: BOREL TRANSFORM

We define w by

(2.5) bk, t) = do(k) + toy (k) + b(k,t)
where
(2.6) b1 (k) = (—|k|*0o — ik; Py [0 ;%00]) + f(k)

From (L2 we get for w
(2.7) by + |k = —ik;j Py [Bo ;%D + j¥0o + tby ;4D + tdj¥0 + b jd]
— t|k[201 — ikt Py [Do %01 + Dy ;%00 + 0y ;%0

We seek a solution as a Laplace transform

(2.8) w(k,t) = /OOO W (k,p)e?/tdp
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with the property lim, o+ W(k,p) = 0 and lim, o+ pr(k,p) = 0. The Borel
transform of (Z7), which is the same as the formal inverse-Laplace transform in
1/t gives in the dual variable p > 0,

(2.9)
PWop + 2W,, + |k[*W +ik; Py [@OJ%W + Wkt + 01 %(1 % W) + (1 % W;)%vy
+ ik POWEW + k201 + ik; Py [0 %01 + b1 %00 + poy ;%01] = 0,
where % denotes Laplace convolution in p, followed by Fourier convolution in k.
Since the equation Dy := [pd2+20,+|k|*|y = 0 has explicit independent solutions
in terms of Bessel functions, y = Ji(2)/z and y = Y1(2)/z, where z = 2|k[,/p which

do not vanish at zero, we formally obtain from (Z3)) by inverting D the Duhamel
formulation

ikjﬂ'
2kl /b
G(2,2) = 2 (=L (1) + Yi(2) (), z=20klIVD , 2/ =2/k]\/p'

p
(2.10) W(k,p) = / G(z, 2V HV (K, p')dp' , where

and
(211) AV = =Py [0, /4 + Wyt + o 4 (1 W) + (15 W)su |

— P [WiAW] 4 iksin — Py [fo,5%01 + 5300 + pin 501]
Remark 2.1. |G(z,7')| is bounded for all real nonnegative 2z’ < z. This follows

from standard properties of Bessel functions [I]. (The approximate bound is about
0.6.)

To obtain stronger results with less regularity of vg, it is convenient to introduce
U(k,p) by:

(2.12) W (k,p) = U(k,p) — 01(k)

Substituting (ZI2]) into (ZIT), we obtain

(2.13) HU(k, p) = GUl(k,p)+ik;01 , where GU! = — Py, |09 ;40 + Ujkto + U;5U
We can further simplify the integral ff G(z, 2/ )HUl(k, p')dp' by noting that the only
solution to

(2.14) Dy = —|k[*0q,

satisfying y(k,0) = 0, as it is easy to check, is

(2.15) y(k,p) = —01(k) (1 — 2J1( )> , where z = 2|k|\/p,

z
where we used the fact that Ji(z)/z is a solution to the associated homogeneous
differential equation and that lim,_o J;(z)/z = 1/2. On the other hand, inversion
of D with zero boundary condition at p = 0 involves the same kernel G(z,2’).
Writing —|k|201 = ik;[ik;91], it follows that

/gzz [ik 1 ()] dp/

ik;m

(2.16) ykp) = o




6 O. COSTIN & S. TANVEER

Therefore

(2.17) 21’];123/0 G(z, ") [iksin ()] = o1 (k) <2‘]1i2) - 1>
From (Z12),[213) and ([ZI7) we get

(2.18)

: _ _tkm [F NAU e s on JL2ENE)
Ohp) = g7 | 0 Gk’ + 200 g = NGk ),
where GUl(k, p) is given by (ZI3).

We will show that A is contractive in a suitable space, and hence U = N[U] has
a unique solution. The solution satisfies U(0, k) = 9, (k), U and U, are bounded for
p € RT and exponentially bounded at co. Then, W(k,p) = U(k,p) — 01 (k) satisfies
the integral equation (ZI0) and hence the differential equation (29]) is satisfied,
with lim,_.o pr(k‘,p) =0, lim,_o W(k,p) =0, and W and Wp are exponentially
bounded at oo. Thus the Laplace transform w(k,t) = fooo e PIW (k, p)dp will

indeed satisfy (Z7) for sufficiently large Re %, and because of the continuity of 1174

at p = 0 we have lim;_,g+ w(k,t) = 0. Thus,

(2.19)  o(k,t) :@0+m1+/ e*p/tvi/(k,p)dp:@w/ e PtU (k, p)dp
0 0

solves the NS equation (2 in the Fourier space, with the given initial condi-
tion. Furthermore, the sufficiently rapid decay in k of U implies that v(z,t) =
F~Lo(-,t)](x) is indeed a classical solution to (ILI)). It is known (See e.g. [24]) that
classical solutions are unique; thus ¢ is the only solution to (LTJ).

2.1. Existence of a solution to (2.18]). First, we prove some preliminary lem-
mas.

Lemma 2.2. If ||9]
(2.20) [0%0]|,.,5 < Coll0llupll@ll e

where * denotes Fourier convolution,

e # _ 32m2H
Col) =2 / I ) A s [T sy

Proof. From the definition of || - ||..5, we get

wp and |||, s < 0o, then we have

o—BUK' [+ k=) k!
vkw| < ||0 w
o] < Vollusliles | G e T

< olslollupe ™ [ o
Al ezs (L WAL+ [ — W])7
For large |k|, we break the integral range at |k'| = |k|/2. In the inner ball |k'| <
|k|/2, we have

1 1 2H
A WD+ k= RDE = (L WD+ B2 = (0 RDR(L+ )
while, in its complement,
1 < 1 < 2K
A+ WD+ k= RDE = (L k2Rt = RDF = (L B)P (L [k F)P
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Using these estimates, we get for p > 3,
dk’'
(2.21) / <G
wers (L4 KD+ [k =K )r = 2(1+ |k|)#

Lemma 2.3.

1Py [1%0] ||, < 2C0l|t;]]u. s[O3
Proof. Tt is easily seen from the representation of Py in (L3)) that
(2.22) |Prg(k)| < 2[g(k)|
Therefore, using (4,

1Pkdllps < 2019l
Using Lemma 221 with g = wjv, the proof follows. [

Lemma 2.4. For Cy = 27CySup,cp+ o</ <. |G(2,2)] [@), with Cy as defined in
Lemma[2.3,
(2.23)

A p A A
INTOIC p) {00C s < MU0 + e g1 T €2 s p dp'+en

Cy
”u,ﬁ < —
VP Jo

(2:24) INOW)(,p) = NOPII(,p)
<& [

< S [ {00+ 1P ) 100 01) = D )

w3

B

O pf) = OB ) o} f
Proof. From [1], |J1(2)/z| <1/2 for 2 € RT and therefore

1201 (k) J1(2)/ 2], 5 < 101 [l

Hlvollus

From Lemma 23] we have

—Blk|
PN ~ ~ e
. < . . [
(Pu {030 ()| < 2C010 o)l = 100 2) s
Applying Lemma 2.3, we get
L

Py {@oﬁmwp) + Uj(‘,P)%o} < 4Co |10 ll,u,8 1T (- )l

(1 + k)~
By Remark 2ZTand the definition of N in [2.I8)), it follows that for Cy > 27Cy|G(z, 2')]
23) holds.

The second part of the lemma follows by noting that

i _ Rkl — il (il _ iz gl _ R xgrl2
(225)  OPEOW - 00 = o (00 - 0) + (01 - 0F) z0t

32(1.2)w22H

(Since sup of |G| =~ 0.6, we get Ca =~ TS =)
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P {0300 p) - OFEOPI(,p) |

Applying Lemma to (228]), we obtain
w3
< 260 [[TM (-, p) 1 # 1T, p) = TP )

+260[l0P ()5 * 10, p) = OB, p) s,
from which ([224)) follows easily. [
It is convenient to define a number of different norms for functions of (k,p) on
R3 x (RT U{0})
Definition 2.5. For o > 1, we define

(2.26) £ = sup(1 +97)e P ()| us
p=

We define A to be the Banach-space of continuous functions of (k,p) for k € R?
and p € [0,00) for which ||.||(®) < co. It is also convenient to consider the Banach
space A{ of locally integrable (L},,) functions for p € [0,L) on RY, and continuous
in k € R3 such that

L
(2.27) 171 = / )| F( ) lpdp < oo |

where L is allowed to be finite or co. It is also convenient to define AJ° to be the
Banach space of continuous functions of (k,p) on R3 x [0, L] such that

(2.28) 1A = sup 1, p)llus < o0
pE[O,L]

Lemma 2.6. For f,g € A%, A¢ or A°, we have the following the following Banach
algebra properties:

1F£311) < Mol fIIO1|]|), where Mo ~ 3.76 - - -
1FEa 18 < 1A g1,
17501 < LY A1 111

Proof. In the following, we take u(p) = ||f(~,p)||u,5 and v(p) = (9(-,p)||p,8. We
observe that

L
/0 u(s)v(p — s)ds < e*? <Sup (1 +p2)6‘°’pu(p)> (Sup (1 +p2)e‘“”v(p)> x

peER+ peERT

/p ds
o 1451+ (p—s)?

The first part of the lemma follows since [22]

/P ds _ My
o I+s)[1+(p—s)?] = 1+p?
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with My = 3.76 - - -. For the second part note that

(2.29) /OL e P /Op u(s)v(p — s)ds
_ /0 : /0 ? s a9y (5)u(p — s)ds < /0 ¥ asu(s)ds /O ¥ o)

The third part follows from the fact that for p € [0, L]

/ [u(s)[v(p — s)| <{ sup |u(p )I} ( sup Iv(p)I>L
p€[0,L] p€[0,L]
|

Lemma 2.7. On A, the operator N, defined in ([218), satisfies the following
inequalities, with C defined in Lemma [24):

fir (@) ~1/2 An@\2 s A (@) TN
(230) |V < Cov/ma {(||U||1 )"+ ool O }+a (G
(2.31)  |NOM] - MO

< Co/ma 2 { (TS + O ) T = T + ol o O — T}

while in A, we have

A711(00) 1/2 N ST ~1 (00) N
@3 WIS < Gar {2 (10157) + [l O1E7 | + ol

(2.33) WD)~ NOP] )
< GLM{L (JOMIE + [TPNE) 0 = OPES + ool,.6101) — O |

Proof. For the space A{, for any L > 0, including L = oo, we note that
L
L
0

L
/ pfl/Qefapdp <T (;) —-1/2 _ \/>Oé
0

Furthermore, we note that for u(p’) > 0 we have

(2.34)
L p L ’ L ’
/ e Pp1/2 </ U(p’)dp’> :/ u(p')e= P / p e PP ap | dpf
0 0 0 P’
Therefore, it follows from (2.23)) that

L , L
S/ e~ ap u(p’)/ 8—1/26—o<sdsdp/
0 0
(2.35)
L

e INOI Do < Covma 2 ([IT157] + JenlplT1 ) 0~ ol

wpdp < a” o1 ]s,

while
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Furthermore, from (Z24)), it follows that

L
IV - N e
< Coyma™ 2 { (W + OP) 01 - G5
ol plITH - O}

Hence the first part of the lemma follows.
For the second part, we first note that for any p € [0, L] we have

(2:36) ‘p”? [ uttian

0

< sup |u(p)|VL
p€[O,L]

We note that

(2.37) ’ /0 ’ y1(s)y2(p — s)ds

<L< sup Iyl(p)|> ( sup Iyz(p)>
p€[0,L] p€E(0,L]

u®) = NUC0)lls * 10 C )l + 00l s 10 (- p)]

y1(p) = v2(0) = 10C,9) s
(Z32) follows from (2Z23). To bound N[UM] — N[UR]] in A3, we take

Taking

.8

(238) u(®) = (I0C,0) s + 1T D)) * 1T p) = O, p) 0
+ ool s 1T p) = TE () s

B8

01) = (I0C,p) s + 10PC,p)5) 5 wa) = 10T () = O, )
in ([Z36) and Z37). The proof now follows from @24)). |

Lemma 2.8. Equation (218) has a unique solution in A§ for any L > 0 (including
L =0oc) in a ball of size 2o |01 ,.5, for « large enough to ensure

(2.39) 20/ 2 (|[vo| s + 207 01 |[,8) < 1,

o 32(1.2)m%2M
where Co X G Gi—210:-5)

tion belongs to A° for L small enough so that
(2.40) 2C; L' (||vollu,s + 2LI01ll,8) < 1,

In particular, lim, o U (k,p) = 01(k). Also, W (k,p) = U(k,p) —01(k) is the unique
solution to (2.3) which is zero at p = 0.

is the same as in Lemma[2.4 Furthermore, this solu-

Proof. The estimates of Lemma 27 imply that A" maps a ball of size 2a~{|v1 ]|, 5
in A$ back to itself and that N is contractive in that ball when « satisfies (2:39).
From Lemma 27 in space A%°, it follows that A maps a ball of size 2|v1]|,,3 to
itself and that A/ is also contractive in this ball if L is small enough to ensure

Thus, there is a unique solution in this ball. Since A$° C A, it follows that the
solutions are in fact the same.
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Using Lemma 277, with U!Y = U and U2 = 0, we obtain from (ZIR),
015)

~ . 2.J1(z) 1)(e) A (o0)]2 R
[tk - 0109222 < curr (2 [10167) + fools

2
Since HUH(LOO) < 2||01|| .3, it follows that as L — 0,
10 (k. p) = 261 (k)11 ()21 — 0

Since lim, o 2J;(2)/z = 1, it follows that for fixed k, lim, .o U(k,p) = 01 (k). By
construction, U satisfies (ZIR) iff W = U — o satisfies (Z10). From the properties
of G and HU! it follows that W will indeed satisfy (ZJ) and that it is the only
solution which is zero at p=0. |

Proposition 2.9. If « is large enough so that (2.39) holds, then for an absolute
constant Cs > 0, the solution U(k,p) in LemmalZ8 and its p-derivative satisfy

N 2e=Plkl+er| | |

U k’ < }L,ﬂ

0k.p)| < * s

— k A

Cse Al l””l”#ﬁ \/a|k|eozp + ‘k|2
(1 +[kD#

2
In particular, U € A% for any o/ > a, and

Uy (k. p)| <

|U(k,p)| < (Sup (1 +p2)e—(a’_o¢)p

2e Al P |||, 5
peERT

(1+p?) (1 + [K[)*#

Proof. With L = Ly = a~!, then (Z40) holds, and therefore U € A3. For
p € [0, Lo], we obtain

(2.41) e_ap||U(-,p)||u,g < 2e7 |01,

We now consider p € [Lg,00). We define

y®) =02 * 10 C0) s + 18001510 (2 s

‘We note that

1 —ap b / / v —ap’ / /

(2.42) %e y(p')dp e P y(p")dp
0 0

From (2I8) and [2.39), it follows that for p € [Lg, 00)
(2.43)

—1/2 o
<Ly < a'2||y|

. —B|k|+ap
U (k,p)| < =

N 2 A
< T {C2a1/2 (I + Caa 0l s 1011 + eapnvluu,ﬁ}

2e—Blkl+ap
< — 0
= (1 + |k‘)'“’ || 1”#13
By (241), 243) holds for p € [0, Lo] as well; hence the bound for |U] follows. For
o > a, |U]) < oo because e~ (' ~P(1 4 p?) is bounded if o/ > a.
Since U is a solution to (ZI8)), differentiation with respect to p implies that
: Ji(2)\ Ak ik [P N Au
Up(kf,p):ﬁl(k)( 1(Z)> | | +1 ]71-/ {gz(z’z/)_g(z’;z)}G[j](k’p/)dp/
0

z z D
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Since the functions G, (z, 2), G(z,2')/z and 2~ (J1(2)/z)" are easily checked to be
bounded for z > 2’ € R*, there exists C5 > 0, independent of any parameter, so
that

Cs|k|ePIk

S C3|k|’/p A / / 2 ‘
U,(k,p)| < —— Gl(k,p")|d Cslk k)| <
Op(h,p)| < = [ 1GIk Pl + ColkPlon ()] < <4

<2 [Maoes

For p € [0, Lo], with L = Ly = L satisfying (Z.40), we have

s * UG ) ws + 1101l s 1UC P ns) dp” + |k7||@1||u,ﬁ}

. Cs|k|e= A1k c\2 |y o0 X
0] < S ({20 (W) + Vo101 | + 81101 s

Cse BIFl (/o )
< ——— | |kl + |k 0
< e (Lol + 162 ) Dox s

2
For p € [Lp,00) and « satisfying (2:39), we have

Oy, < Callle 2
R,

@\? | s (@) -
< O e |{(101) Wl s |+ bizae ]

=Blkl|| 5

< Cze Hvlnﬂﬂ {\/a|k|eap+ |k|2}
(1 + k)~ 2

Continuity of U in p follows from the boundedness of ﬁp for p € R* for fixed k.

Lemma 2.10. Let ||0|| 42,8 < 00 and ||fHuB < 00, with u >3, >0. Then NS
has a unique solution with ||0(-,t)||,,3 < oo and ¥(-,t) analytic in t for Ret > a,
where o depends on the initial data (see (2:39)). For § > 0, this implies v is
analytic in x in the same analyticity strip as v, f.

Proof. From (2.0]) we see that ||[01],,3 < oo, since

(2.44) 101lln.5 < 90l w28 + 2C0llP0l w5100l wt1,8 + [1f 1l

Therefore, when « is large enough to ensure (239), it follows that U (k,-) and
W(k,.) = U(k-,.) — 01(k) are in L'(e~“Pdp). From Lemma 28 it follows that
lim, o W(k,p) = 0 and Proposition implies W, (k,p) (same as U, (k,p)) is
bounded for p € R and hence lim,,_,o+ pr = 0. Since U satisfies 213, it follows
that W will satisfy (2I0) and hence 23). For Ret~' > a, we take the Laplace
transform of (Z9)) in p, using the fact 9, [pW] and pW vanish at p = 0. There is

no contribution at oo because of boundedness of e~ (\W| + Wp> which follows

from Proposition It can be checked that w(k,t) = fooo W(lc,p)efp/tdp satisfies
@7). Therefore,

0k, t) = o + t01 + / W (k,p)e */dp = 1o + / Uk, p)e " dp
0 0

satisfies NS in Fourier space. Since ||U(:,p)||,.5 < 00, it follows that ||o(-,t)|..5 <
coifRe>a. |
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Proposition 2.11 (Bounds on ||9(.,t)|+42,3). For the solution v(k,t) given in
Lemma 210 for t € [0,a™1], we have

sup [[0(, ) |28 < C ([|90]lu+2,8,T) < 00

t<T
Proof. We note from (I2) that if we define V = Vv, then V = F[V] = ik satisfies,
(2.45) Vi K2V = =ik [03V 0] + ik f | Vo(k) = F [Vvy)
where VUl = ik;0;. Therefore,

A~ 2, A~ t 2 N ~
(2.46)  V(k,t) = e **t05 (k) — zk:/ e~ k(=) {73 [@j;vb]} (k7)) — f(k)}
0

Therefore,

Bkl (.
NI IVoll .6+

t
1 [ €0 (1l + 200G V7)) dT}

(247) V(1) <

Let Vr, be the Banach space of continuous functions g of k¥ € R and ¢ € [0, 73] for
which

lgllz, = sup [lg(-,t)[[up < o0
t€[0,Ty]

Then, the estimates in (Z47), together with the fact that for any ¢ € [0,77,
2Co|10(, )8 < C (T, |90l ug2,8) imply there exists C1 (T, ||vo||u+2,8) > 0 so that

(2.48) IVl < & VTVl + 1Volls + VT s }

where we have used the fact that

1— e IK 1—
|k‘|/ —IkP =) g7 = T, sup < C./Th,
| | yERT 1/2
for some C, > 0. Thus, thinking of ¥ as given in (248, the estimates in (Z48]) and
similar estimates on V1 = V{2l show that for C;/T] < 1 the right hand side of (ZZ5)
is contractive in Vr,. We choose T1 < T'. Therefore, sup,c(o 1, V()]s < oo
Since the choice of Ty depends on C;, which is independent of ||Vo]|,. 5, we can
repeat the same argument in another interval [T}, 277] and so on until we span the
whole interval [0, 7] over which [0 (-, %), is uniformly bounded.

We can take additional derivative and repeat the same type argument for F[D?9] =
—kko to show that in [||k|?3(-,t)]|,,s is also bounded uniformly for ¢ € [0,77]. In
this part of the argument, we use the prior knowledge that both ||o(-,t)||.,5 and
||k0(-, t)| ., are uniformly bounded in [0, 7] and that

t
W/ ¢
0

Combining all the results, it follows that ||0(-,t)||,42,4 is bounded for ¢ € [0,7] |

— 2 R - F
(1= &) <l sup [1-e77] < Ol flus
YERT
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Proof of Theorem [I.Il This follows from Lemma and Proposition [Z.17],
noting that ||9(k,t)||,42,6 < oo implies v(z,t) = F1[0(-,t)](z) € C*(R?) and so v
is a classical solution to (ICI)) for Re 1 > o, which is known to be unique. From the
definition of || - ||, 5 it follows that ||3]|,.+2,5 < 0o and || f]|,.s < oo for 8 > 0 imply
[6(.,)[|u+2,8 < oo. Thus v preserves the analyticity strip width for ¢ € [0, 1).

3. ANaLyTICITY OF U(k,p) AT p =0

We now consider the case § > 0. We note that by Remark [[.7 we can choose
1 > 3. The starting point of this section is (23]), which is satisfied by W(k,p) =

U(k,p) — 91(k). From Lemma 28 this is the only solution to (2] satisfying

W (k,0) = 0. We seek an potentially alternate solution to (2.9) as a power series,

(oo}
(3.49) W(k,p) =) WK
1=1
Substituting (3.49) into (23)) and identifying the coefficients of p',1 = 0,1 we get
(3.50) oW = |k |26) — ik; Py [00 ;%01 + D1 %] ,
3.51 6W 2 = — k2 W —ik; Py |60, #WH + W ka0 4 6y %0
( j J j J
It follows from ([B50) and Lemma (23] that
3.52 W (k Mg ACo|k
. < —m——
352 (W) < g (Rl + ACo kol ol )

The coefficient of p' for I > 2 in ([Z3) can be computed as well, using p't * p'z =
p T /(1 + 1y + 1) Interpreting WO = 0, we get

(3.53)
1+ 1)1 + )W+ = g2yl _ i p o W= 1 = W) ) g -1-)
lhi=1

1

F 2 1 .
—ik; Py, [ﬁo,j%W[l] + Wj[l];@o + 7{,l’jwv[l—l] 4 l

W}l”%@l}
Definition 3.1. It is convenient to define the n-th order polynomial Q,,:

Qn(y) = Z Qn—j%
=0 7

Lemma 3.2. If |lvg|yt2,8 < o0, for p > 3, B > 0, then there exist positive
constants Ao, Bg > 0 independent of | and k so that for any l > 1 we have

V(1| < 0Bkl 4 Bl _u Q(|Bk|)
(3.54) WAk < M ABy(1 + W)™ 5 T2
and
8mAy(4By)! 8w Ag(4By)! 167 Ag(4By)!
U < 2HA0\EP0) [ < 2PA0\RP0) 271 < Z2HA0EP0)
W@ < =grgr o IDWI @) < Zers - IDWH@) < e

Furthermore, the solution in Lemmal2.8, §2 has a convergent series representation
in p: U(k,p) = o1 (k) + S po, WHp! for |p| < (4By) ™.
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Remark 3.3. Lemma [3:2]is proved by induction on [. For I = 1, by (352]) we just
choose

18 .
(3.55) AgBy > @Hvlﬂu,ﬁ(l + BCo|lvoll,8)
Let now [ > 2. For the induction step, we will estimate each term on the right of
B.53).
Lemma 3.4. If for | > 1, Wl satisfies (3:57), then
k2w < 6A9Be™ 1" Qa5 (SIK|)
I+1)(1+2) = B2+ k) (214 3)2
Proof. The proof simply follows from the ([354]) and noting that for y > 0

y? (21 + 3)2
m@zl(y) < Qar2(y) » EDIED

Lemma 3.5. If WU satisfies [3.57), then forl>1,

1 . 97 AgBle=PIF|
kPt AW < om 050 i
(l+1)(l+2)| LR, 5% |_ ||U0HM75/63(2Z+3)2(1+‘kD Q2l+2(ﬁ| |)

1 Aa 97TAoBl€_
m\ kg PaW Dietig 5| < 2 [[wo, B35 y Qa42(Blk)

20+ 3)2(1 + |k\)
Proof. We use the estimate [354) on W, From Lemma 6.7 for n = 0, we obtain

=B [+[k=FK])
Trlganl < Ao B / c K )dk'
s *““'*””“”""(2”1) (' e T+ = e 2D

22[ m

HUOHMAOBO —B(K |+ k—k']) - R
< 2 e LK)~ (L k)~ K 2™
@l 1) E Il o (LK)~ (14 )H K]

27’(’”’00”# [«}AoBlZﬂe Blk|
T (2L 4+ 126831 + |k~
ortig
<
U131+ [k)H

The first part of the lemma follows by using (L4]) and checking that % <9
for [ > 1. The proof of the second part is essentially the same since |W]m| < |W[” |

Z 2217 (m + 2) Q2 (1K)

m=0

[voll,4,6 A0 Bhe™ "M (1 + 2) Qa2 (8]])

Lemma 3.6. If W1 satisfies (3-54) for any 1 > 2, then

1397 A BY (14| |) eIkl Q(Bk])

N AR Al—
P[22 B +2)(2+ 1)

1
0+ D) +2)
1

A 1] a _ o k
by P [ 5] < 2o 50 Ao Bl (e QO]

I+ 1)(1+2) B3(1+2)(20 +1)2
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Proof. The proof is identical to that of Lemma with [ replaced by I — 1 and vg
by vi. |

Lemma 3.7. If for | >3, Wl and WE=1=41 for i, =1, ..., (I — 2) satisfy ([3-54),
then

kj

1—2
- L= 1= 1! s i1t
I+ 1)1 +2) > Wy W

Py,
|
Pyt {!

uo-plkl_Q(BI])
33(21 + 3)2

Proof. First note that if we define I = [ —1— 1y, then for [ > 3, Lemma [6.9] implies

< 2M36A3BLH(1 + |K]) T

l! l2 (1] 4 137 [12] 2 pi—1 (11)!(l2)!
2| < A2B},
‘k Wy 120 + 1)2(25 + 1)2

k| e PIRIHE=RD (1 [k ) 7 (1 + [k — K)) Qa1 (BIK' ) Qar, (Bl — K'|)dk’

k’€R3
ortlr A2 BI=1e=BIkl (21 — 1)(20)(21 + 1)1115!
) o L TN L)
363(1 4+ |k|)» 120 +1)2(2l3 + 2)

Therefore,

-2 115! k W[ll]AW[ZQ]
lglu(z+1)(z+2)|j ;W

220 =BIF Qo (51K (20 — 1) (20 + 1) i 11115
- 3L+ 1)1+ 2)83(1 + |k|)~ — (I —DN(2 +1)2(2l2 +1)?

and the proof follows noting that (ll'lz), = % < 1 and checking % <

16; by breaking up the sum in the ranges: Iy < (I —1)/2 and [ > (I — 1)/2 (in
which lo < (I —1)/2) it is easily seen that for some C, > 0 and any [ > 3 we have

22 1 __C
= (20, +1)2(2l2 + 1)2 — (204 3)?’

where C, = 1.07555- - - (the upper-bound being achieved at [ = 4). |}

Lemma 3.8.

(3.56) (WP <

e Pkl Qu(Blk|) [ AoBo b3
AoB

(14 |k))» 72 ( 32 + AoBollvollp,6—— 2 + [l |12, )

and therefore W2 satisfies (3-59) if

3AOB0 21367 CO

(3.57) AgB§ > + AoBollvollu,s—75— 72

||111H

Proof. We use Lemmas [3.4] and to estimate different terms on the right
hand side of B.53) for I =1. |
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Proof of Lemma

We use Lemmas [3.4] and 37 to estimates the terms on the right hand side
of (B53) and note that Qg (y) < nglH(y). Hence, combining all the estimates,
we obtain for [ > 2,

A Bl 1 Q2l+2(ﬁ|k|) Pkl

W] < (214 3)2(1 + |k| )~
< {80+ 2 S Bullals + g I e+ 2502
L+1,— Bk
< T Qe k)
for large enough By so that
(3.58) {/BQBO + 24 ﬁ BOHUOHM i 2 ESWHU”W N 9/2032 } < B

Combining ([B.58) with .55) and [B.57), we that 3.5d) is satisfied for any [ > 1.

Therefore, it follows that >7°, W (k)p is convergent for |p| < L The recurrence
relations (3:50),(E51) and (53) imply that S50, WH(k)p! is 1ndeed a solution to
[23), which is zero at p = 0. However, from §2 Lemma [2Z8 we know that there is a
unique W = U(k, p) — 91 (k) with this property in A$°, which for sufficiently small
L includes analytic functions at the origin. Therefore

U(k,p) = o (k +ZW[”

Moreover, from the well-known relation between a function and its Fourier trans-
form, || f|| oo ®s) < || f|lz1(r3, the inequalities involving W () and its z-derivatives
follow.

4. ESTIMATES ON O W (k,p) AND PROOF OF THEOREM

In this section, we find inductively (in ) that W := a;,W/l! exists for any [
and WU generate power series &72) with po— independent radius of convergence.
This does not necessarily imply in itself that the series converges to W. The fact
that these objects do coincide locally will be shown in Lemma This leads to
proof of Theorem

Definition 4.1. It is convenient to define for 1 > 1,

Wk, ) = 0L ()

It is also convenient to define WO (k, p) = W (k,p) = U(k,p) — 01(k).

The proof therefore reduces to finding appropriate bounds on W (k,p). The
main result proved in this section is the Lemma 2] which, using Lemma T3]
leads directly to the proof of Theorem

Proposition 29 implies that U € A% for o/ > a, with « chosen large enough to
satisfy ([239). In particular, if we choose o' = a + 1, it follows that W[O](k,p) =
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Ul(k,p) — o (k) satisfies

e P[4,
(1+p?) (1 + [K))*

In the rest of this section, with some abuse of notation, we will replace o/ by a.

(4.59) Wk, p)| <

Lemma 4.2. If ||vo|| 42,8 < 00, > 3, there exists positive constants A, B inde-
pendent of I, k and p so that for any { >0

eorePlkl 1 Q(|8K])
araxi B @+e

(4.60) W0k, p)| <

The series (-73) converges uniformly for any po > 0 for [p — po| < 5.

Remark 4.3. The proof requires some further lemmas. We will use induction on
I. Clearly, from ([#359), the conclusion is valid for I = 0, when

(4.61) A = 3|01,

We assume ([£60) for [ > 0 and then establish it for [ + 1. We obtain a recurrence
relation for WU+ (k,.) for any k € R? in terms of WU(k,.) for j < 1.

Taking 9}, in (ZJ) and dividing by I!, we obtain
(4.62) po2W 4 (14 2)a, W 4 k21 =

e S 1710] — W =1 —1)! =y ST
{0 s fas o 3 = g )

—ik; Py T
l1:1

. A 1 - 1 -
— ik; P, {ﬁo,jfkw[” + o) + ToL AW mey Uy @Lj:k@l(sl,l}

— ik Py [00,;%01 + 01 j¥00] 010 = RV (K, p)

Lemma 4.4. For any | > 0, for some absolute constant Cg > 0, if W[l](k‘,p)
satisfies [{-02) and is bounded at p = 0, then W (k, p) is bounded in terms of

I%(l)(k,p), defined in [{-69):

Cs A k2 W I (k, 0)|
——— S RU (K, p)| + :
(I +1)5/3 p,e‘[‘&ﬂ G2+ 0+ 2)

Proof. We invert the operator on the left hand side of ([4.62]). With the requirement
that W is bounded at p = 0, we obtain

Wk, p) <

@63) Wikp) = [0 (=), 20 /F) ROk )af

0
Ji1(2)
Zl+1

+ 20D W (&, 0) , where z = 2|k|\/p
and

(464) Q(z2) = ™D [ (2)2 TV () + 2 D ()Y (2)
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On taking the first derivative with respect to p, we obtain
(4.65) (l + )Wk, p)

Yﬂ Q. (2|k;|f 2|k\f) RO (k, p")dp' 2”2(l+1)'|k|2‘]ll7(2) VU (k,0)

Using again the properties of Bessel functions [I] we get

(4.66)
1 ™ Jia(2)\ e (1+1) Yin(2)Y
;Qz(z,z/) = [_ ( JUES 2 Vi (2) + 2/ Jipa(2') S+l

Y,
. [le-;i(;) Z/(l+1)Yl+1(Z/) . /(l+1)Jl+1(Zl) l+2(z)}

It is also known [I] that
Jl+2 (Z) ‘ 1
22 1T (14 2)

Using ([@66]) and the known uniform asymptotics of Bessel functions for large { [I],
it is easily to see that C\ independent of I so that

2+2(] 4 1)1\

# C.
/0 —|Q.(2,2")|dz" < (T 173

It follows that

(4.67)
@+ DWW < sup (RO [ 2101t + i o)
p'e[o,p] 1+2)
Therefore, it follows that
. 2171
o) W] < S e G+ )
I

Remark 4.5. We now find bounds on the different terms in R (k, p).
Lemma 4.6. If Wl satisfies [{-60), for | > 0 then

(I+1)*3ABle” FIFtarQy 5 (3]K])
2L+ 1A+ [k)H(1 +p?)
(I+1)*3ABle P arQy o (B]K|)
(20 + 1)(1 + [K[)~(1 + p?)
Proof. We use ([60). From Lemma [6.10l we obtain

s Pe (50551 ) | < Cilloo |,

s Py (W)3503) 1 < Cillio 0

e BUK[+k—F'])
wers (1+ [K/)H[L+ |k — )]

A AB! e Bkl

|| Qu(BIK'[)dk

1 e~ P|k; W <
( +p | *Uol ||’UOHNB(21+1)




20 O. COSTIN & S. TANVEER

The first part of the Lemma follows. The proof of the second part is essentially the
same since |Wj[l]| < |wh. 1
Lemma 4.7. If W1 satisfies (7-60) for 1 > 1, then

e—Blkl+ap 12/3Qq(B|k|)
IT+p2)A+ kD 1(20-1)

kj k(k) A ariA(l—1] 1—1 e—ﬁ|k\+ap 12/3Q2l(5|k|)
-7 _ L <
5 (1 e )W | < CilollesAB ™ s o)

Proof. The proof is identical to Lemma replacing [ by | — 1 and ¥y by 9;. |

‘ﬂpk [0, #09]| < G

l lhﬁABl_l

Lemma 4.8. If W satisfies (4.60), then forl > 1,

k; U1 nyatis o], (I +1)*3A2B e PIMTarQy (Bk])
‘TP’“ [W (- 0)iW (’p)} ‘ =G 120 — 1)(1 + |k[)#(1 + p?)

Proof. Noting that
e—Blkl+ap

(14 [EDH(1 +p?)

Bkl -
(2[—1)2(1+‘k|)HAB Q2l—2(ﬁ|k‘)

the rest of the proof is very similar to the proof of Lemma |

(WO (k,p)| < A

and

W=k, 0) <

Lemma 4.9. If Wl gnd W-1-4] for |} = 1,..(1=2) forl > 2 satisfy [{{-60),

then
o bl = 1= )y i—1-1]
Py | 0 W o) i |
l1=1 ’

e—Blk|+ap 1Qo(Bk|)

. where Cg — 82
385(1L+ p2) (1 + k) # (2+3)2 oS
Proof. First note that if we define Iy =1 — 1 —Iq, then for [ > 2, using Lemma [6.9]
we get

< Cg2ntipA?Bi-t

11”2! 2 [11] ~1i7ll2] eP 2 l—1 llllg'
T 2](. < —A°B
Il [ W ( 03WEEC p)| < (1+p?) 1120, +1)2(2ly + 1)2
x |k| e PURTHERD (1 1)) (1 + [k — k') ™ Qar, (BIK|) Qar, (81K — )R/
k’€R3
A2 Bl 1ontle=Blkl+er 1 11,1(21) (20 — 1)(21+1)Q Bk
= 3B +p2) (1 + k) (2 + 1)%(2 + 1)2 7
Therefore,
-2
! -
> S kW G 0)RI )|
I1=1 ’

21 A2Ble=BIkI+apQy, (Blk]) <=2 13 111(20)(2L + 1)(21 — 1)

= TR M)A+ ) ;::1 (2l + 1)2(2 + 1)
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We claim that for [ > 2, with [y > 1,lo =1—1; — 1 > 1,

li LiLID) - DI+ Gyl
ll

I—1)(20 +1)2(2ly + 1)2 = (20 +3)2

for some Cg independent of I; Cg is bounded by 82.

Proving the above bound only requires consideration for sufficiently large [. We
will therefore assume [ > 5. Further, consider summation terms other than [; = 1
and I, = 1. So, we may assume [1,ls > 2. Then, we claim that

(4.69) 12020+ 1)(20 - 1) _ <(ll — (s — 2)!) ( I1(ly — Dia(ly — 1) ) y
(201 +1)2(2l2 + 1)2 (1 —5) (21 +1)2(2l2 + 2)?
( 2021 —-1)(21+ 1) ) < 12
-1 -2)(1-3)(1—-4) (20 + 3)2
This follows since the first two parenthesis term on the right of ([@69]) is clearly

bounded, while the last term is a cubic in [ divided by fifth order polynomial, and
simple estimates give the upperbound of 12. Therefore, for [ > 5,

— 1 1,120(2 + 1)(20 — 1) < =9
N2l +1)2(20+1)2 = (214 3)2

11=2
For Iy =1 or Iy =1, clearly

W22+ 1)(20—1) _ (1= 2)!20(20+1)(21—1) _ 202 +1)(21 - 1) !

120 + 122 +1)° 9ll(21 = 3) =12 =32 = @it 3y
|

Lemma 4.10. If WU satisfies (4-60), then forl >0,

b (1) [ - s

< Ci(1+1)¥3A%B!

e AIRTerQy 5 (k)
(I+p*) (1 +[k)=(20+1)

Proof. We note that Lemma [6.10] implies

P . A2Bl6ap
k; k' p— )Wk — &, K| <
‘ j/’e]RB/o W] ( P S)W ( 75)d3d < (1—|—p2)(2l—|—1)2
" e BIK'|—Blk—Fk] L
W oo TR = )
Cy (1 +1)%/3 A2 Blecr Ikl L
S QDAL DA R Qa+2(Blk)
|
Lemma 4.11.
k(k)) A o el
ki (1 ———5= ) (Do,;%01 + D1 %0 <4Cok7
k(k-.) e Bkl )
kj <1 — ‘k|2 ) 1}1]*1}1 < 200|k|m”’01”%ﬁ
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Proof. This follows simply from the observation that

k(k-.) A / e~ BIK |-Blk—F|
ki (1———=%) 0o %0 dk’
( k] ) e " Jyems (L4 KL+ [k — K[

and using ([221)) to bound the convolution. Other parts of the Lemma follow
similarly. 1

< 21K (|01 ] 4,5 Do

Lemma 4.12.
Tl e T BOu Bk
. <
with
2Co .
(4.70) AB > (21 ool p + Co® + 2 il

Proof. Combining Lemmas 6] .10l and E.1T] with (£68]) for | = 0, we obtain

—Blk|4+a
) < —
AT R+ 72

2Cy . .
Qa(5IK) <2cl||vo||u,ﬁA+clA2+gwonu,ﬁnvln“,ﬁ)

e~ Bkl +ap

< (1+|k|)u(1+p2)ABQ2(5|k|)

Proof of Lemma
From Lemmas and [4.17] (the latter is only needed for I = 1), it follows
that RY (cf. [@BQ)) satisfies

e—Blkl+ap )
(+ 12+ 32 ACUI+ D1 +3)° | 82 27wl 20 in](21 +3)°

|]%(l)| < ABl—l

X ABCl

(20+1) 4120 — 1) 12 AI1/3(20 — 1)

2Co(L+ 1)¥/3(21 + 3)%||do]l,.,5 , 25Co 2\ _—apiia (|2
s 1 ap
+ ik + 20004 el o

Noting that e=*?(1 + p?) < 1 and

i e*P
sup =
peop 1+p?  1+p?

for a > 1, it follows from Lemma 4] and the above bounds that (@60]) holds when
[ is replaced by I + 1, provided B is chosen large enough to satisfy (£70) and

(4.71)

(20 +3)? ACy(20+3)3  (82)2¢ Tl Al 20|01 5(20 + 3)3

QCO(QZ + 3)2H1A)0||#,5 i 25C)

100B
< B?
(+D)20+1) 3 ’

962 —

(1 +p*)e™ o117 gou1 | +
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for any [ > 1, with A given by (LG1]). From the asymptotic behavior of the left hand
side of (1)) as | — oo and recalling that constants Cy, Cy and Cg are independent
of I, it follows that B can be chosen independent of [. Therefore, by induction,
([@80) follows for all I. The proof of Lemma 2] is complete.

From (@60), after noting that that Qo(|g|) < 4'e~191/2 it follows that

(4.72) W(k,pipo) = > WU (k,po)(p — po) := Wi(k,p)

1=0
is convergent for [p—pg| < ﬁ for B independent of py € R*. The following Lemma
shows that W (k, p; po) is indeed the local representation of the solution W(k:, p) to
2.9).
Lemma 4.13. The unique solution to (2.9) satisfying W(k, 0) = 0, given by
W (k,p) = U(k,p)—01(k), where U(k, p) is determined in §2 in LemmalZ8, has the
local representation W (k,p;po) in a neighborhood of po € R*. Therefore, W (k,.)
(and therefore U(k,.)) is analytic in RT U {0}.

Proof. First, by permanence of relations (for analyticity of convolutions, see e.g.,
[6]), it follows that if V is an analytic solution of an equation of the form (23) on
an interval [0, L] and V has analytic continuation on [0, '] with L’ > L, then the
equation is automatically satisfied in the larger interval. Therefore, if we analyti-
cally continue W to RT, the analytic continuation will automatically satisfy (229
and will therefore be the same as W (k, p).

From §3, Lemma[3.2] we know that the actual solution to (2:3) satisfying W (k, 0) =
0, is unique, and given by R 3

W(k,p) = W(k,p;0)

for |p| < (4B)~L.

We now choose a sequence of {pO,j};ioa with po; = j/(8B) and define the
intervals Z; = (po,; — 1/(4B),po,; +1/(4B)). Consider the sequence of analytic

oo

functions {W(k,p;po,j)} o Since po1 € Zo NIy, it follows from (LT72) that

W (k, p) has analytic continuation to Z;, namely W (k,p;po.1). Again poo € Ty NZy.
Hence W (k, p; po.2) provides analytic continuation of W (k,p) to the interval Z,. We
can continue this process to obtain analytic continuation of W to any interval Z;.
Since the union of {Z; };10 contains R+ U {0}, it follows that W (k,.) is analytic in
R*. In particular, [@72) provides the local Taylor series representation of W (k, p)
near p=po. |

Proof of Theorem
Using Lemma A2, it follows from the inequality [|[WH (-, po)|lse < [[WH(-, po)||Lr

by integration in k that
< 8w A(4B)!ecro

T BRI+1)2(1+p})
< 8mA(4B) ero

T BRI+ 1)2(1+pj)
< 167 A(4B)lecPo

T AR+ 121+ pp)

|W[l] (xaPO)

|DW[Z] (xapo)

|D2W[l] (xap())
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and therefore, the series ([ET2]) converges for [p—po| < B! /4 and, from LemmaT3|
it is the local representation of the solution W(k,p) to (2.9)) satisfying W(k‘, 0)=0
for any po > 0. These estimates on W in terms of W, and the fact that W(z,p)
is analytic in a neighborhood of for p € {0} UR™ and is exponentially bounded
in p for large p (recall W e A®) implies Borel summability of v in 1/t. Watson’s
Lemma, [25] implies w(z,t) = [;° e P/'W (2, p)dp ~ > e Um(2)t™, implying

v(z,t) = vo(x) + tor(x) + Z U ()™,

where vy, (z) = m!WIm=1(z;0) = m!U"™ U (z;0) for m > 2. It follows from the
bounds on W™= (k) in §3, that for m > 2, [WIm=H(x;0)| < AgBy, where Ay and
BJB) are chosen to ensure Z55), (357) and G51).
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6. APPENDIX

6.1. Some Fourier convolution inequalities. The following lemmas are rela-
tively straightforward.

Definition 6.1. Consider the polynomial

Remark 6.2. Integration by parts yields
(6.73) / e Trdr = —e *P,(2) + n!
0

Lemma 6.3. For all y > 0 and nonnegative integers m,n > 0 we have

1 1 m+J+1
m Po(y(1— p))d T YA
y /Op (y(1—p))dp = mngm+j+1)

Proof. This follows from a simple computation:

n yj+m+1

1 !
mat [ omp (y(1—p)dp =S J’+m+1/ 1=p)i pdp = min! S~ —4——
y /0 P Pu(y(1—p))dp ;Oj!y (1=p)/ p™dp = Z i

(3) We may express it in terms of A and B as well, however, the estimates Ay and By found
in §3, are better.
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Lemma 6.4. For all y > 0 and nonnegative integers n > m > 0 we have

ym-‘rl/ e—2y(P—l)men(y( —1)dp < 27™(m +n)! Z i
1

Proof. First we note that
o0 oo
ym+1+l / 672y(p71)pm(p _ l)ldp — ym+1+l / 672yp(1 + p)mpldp
1 0
m
m! —2yp | -1 ym Jm'(l +7)!
y" - . / Wepitdp =27
;J!(m—y)! Z (m — )27

]m‘lerf])!
=92~ l— 1Zy

jl2m—j

Therefore, from the definition of P,, it follows that

y’"“/ e pm P (y(p — 1))dp
1

" (I +m— )
fmlnlz (= )7 (lz g
=0

Taking the ratio of two consecutive terms we see that (I +m — j)!/I! is nondecreas-
ing with [ since m — j > 0. Therefore the [ = n term is the largest term in the sum-
mation over [. Further, > ;" ;27!=! < 1. Therefore, > (2771 (1 +m — j)I/Il <
(m — j+n)!/n!, and hence

it [ ooty O P m =t )l
Yy +1A & 2y(p l)p Pn( ( —1))dp<2 m'n'z W

The ratio of two consecutive (in j) terms in 27(m — j +n)!/(m —j)! is < 1 for
m < n, hence the largest value is attained at ;7 = 0 and thus

ym / e VP, (y(p—1))dp < 27" (m+n)! Y =
1

Lemma 6.5. For all y > 0 and nonnegative integers n > m > 0 we have
(o]
y" / e~ v(p=Dittsgnle=Dlpm P (y|1 — pl)dp < m!n!Qumyni1(y)
0

Proof. By breaking up the integral range into fol and f loo and using the two previous
Lemmas, we obtain

oo m+n-+1 j
ym / e*y(ﬂfl)[1+sgn(l)*1)]pmpn<y|1 — pDdp < min! ( Z z
0 . J:
Jj=m+1
+2 m'n' Z 2 < mln! Z 2 ] = m:mn: Q77L+n+1(y)
7=0
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!
where we used 2-m—n il <1
m:in:

Lemma 6.6. If m and n, are integers no less that —1 we obtain
gl el 1=l g/ |g — ¢/ |"dg’ < 27 (m + 1){(n + 1)!Qumnt3(lq])
q’€R3

Proof. We note that we may assume m < n without loss of generality since changing
variable ¢’ — g — ¢’ switches the roles of m and n.
First, we will show that

q I P R P
(674) ‘2—|/ e‘q‘ ‘q | ‘q q ||q/|m|q _ q/|ndq/
s q'€R3

< Jg| ™+ / e~lal(e=D el 1 p L ((g|(|p — 1])dp
0

We scale ¢’ with |g| and use a polar representation (p, 8, ¢) for ¢'/|q|, where 0 is
the angle between ¢ and ¢’. As a variable of integration however, we prefer to use

z2=1/14p%—2pcosh to . Then, it is clear that

in 66
lg—d'| = lg|V/1+p? —2pcost =gz, and dz = Pen
2
1+ p?—2pcosf

Therefore,

|q|/ 3e‘q|7‘q/|*‘q*q,||q/|m|q_ql|ndq/
q’'eR

e’} 1+p
:2T|q|m+n+4/0 dppHle—dl(e=1) /| l‘dze"q‘zznﬂ
,

= 27rIql’"“‘/ dpp™ e lallem D) {e"””’)’”PnH(ILIIIp — 1)) = e 0P, (lgl(1 + p))]
0

Inequality (6.74)) follows since e 191042 P, 1 (|q|(14-p)) > 0. The rest of the Lemma
follows from Lemma [60] with y = |¢|, and m replaced by m + 1, n by n + 1
respectively. [l

Lemma 6.7. For any u > 1, and nonnegative integers m,n we have

= BIK [+1k=F']

k
M s TP o= D)

BBk — k)i
w21t Le=Blkl gy 10
T B3+ |kDH

Proof. We break up the integral into two ranges:

(6.75) / +/
k<Ikl/2 SR> (k]2

In the first integral we have

1 < 1 < b
(Ut [ = DA+ R = TR/ )~ 1+ [Kl/2)#[ 5K

(m + 1+ 2)Qm+nt2(8|k|)
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While in the second integral we have

1 _ 1 _ 8
(L+ k= RDFL+ DR = (L4 k2P + k= R]) ~ (L+ [k]/2)#]Bk — 1)

Introducing in the first integral ¢ = Sk and ¢’ = Bk’, we obtain

I R ek — k)
<kl (L4 (R )#(L+ [k — k[
ot e—BIk| , )
< ——F1q / e~ ld'1=-lg—d'|+lal q/ m—1 q— q/ ndq/
Ba T, e 71" g~ ¢

while in the second integral, with ¢ = 8k and q — ¢’ = 8k’, we obtain

|k| Bl 1+ k=] 8K "™ B(k — k') dk’
k> (k2 (1 KDL+ [k = K[)#
o e—Blk|
Siq/ \QI\qq|+\q\qn1q mdq
FacwEr? )] . c 171" g — ¢|

We now use Lemma to bound the first integral, with m replaced by m — 1. We
also use Lemma [6.6] to bound the second integral, with n— 1 replacing n. The proof
is completed by adding the two bounds. |

Lemma 6.8. For any u > 2, and n € N\ {0} we have

o BIIK |+ k=]

k k—ED"dK
M o ns Tt e — gy P F = I
i1 o= Bk 3(n + 1 '|q|2/3 ey IQV
< - - l

Proof. We break up the integral into flk’\<|k\/2 + f‘k,|>|k|/2. In the first integration
range we have [1 + |k — k']7# < 2#[1 + |k|]#, whereas in the second range [1 +

|K'[]|7# < 2#[1 + |k|]7*. Therefore, using Lemma [6.6]
e~ Bl |+ [k—K|]

ke izkl2 (L4 KDL+ [k — K-
< 1= PIk| dl
> o e 4

B2+ [k jepo

|| |B(k — E")|"dk’

2u+17re—/3\k|

—ld'I=lg—q'|+ql n=2qq/
e q—q|"*dq' <
4= 1" < Ty

( _1)!Qn+1(|QD

On the other hand, using (1 + |&/|)~* < (1 + |&/|)~27%/3 < |K/|722/3 we get

-
i <kly2 (L4 KA+ [k — K|
one—Blk|

|| |B(k — k') |["dk'

< lq| || 72231 I=la=d I+l | — |7 dy’
BB+ KD i<l /2
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‘We note that

\;ﬂ g/ |22/ 1=l 1l g _ /|y’
T Jlq'|<lql/2

1/2 1+
_ |q|n+2+2/3/ p71+2/3€7\q|(p71) {/ pdze|qzzn+1} dp
0 1—p

1/2 [
< |q|2/‘°’/0 p 23R, (lg|(1 — p)dp

n+1 n+1

1 )
2/3 (n+1)! —1/3¢1 _ \j 3, a3 @
WY TSR [ e < Slal o 1Y
=0 =0
|
Lemma 6.9. For any p > 1 and nonnegative integers li,ls > 0 we have
6.76) |k e AR K k— K')|)dk’
( . ) | | — (1+|k/|)“(1+ ‘k*k'D“QQll(‘ﬁ |)Q2l2(|ﬁ( - )|)
outlre—blk

< ———2h + 20+ 1)(201 + 25 +2)(20; + 212+ 3 k
—3ﬁ3(1+|k\)ﬂ( 1+ 202 + 1)(20 + 2l + 2) (2l + 212 + 3)Qat, 421, +2(BK])

Proof. As before, we define ¢ = k. Also, for notational convenience, we define

M ow kT = |k e PlKHR=F1] K™ 8k — K')|"dk’
™kt = . .
k| k' €R3 (1—|—|k/|)u(1+|k_k/‘)uw e )|
2“+17re_mk|

K=2_"% _
B3(1+ |k[)+

Lemma [6.7 and 2211”12*2*(]'*2)@]4_2(|q|) < Qo 121,42 for j < 211 + 2l5 imply that

the left side of (6.70]) is given by

2l1 2l 920142l —m—n 2l 2l
R R S Ky Y 2T e 2) Qo 2B ])
m=0n=0 m=0n=0
201 +21o
<K Y 220U (54 9)(j 4+ 1)Q;14(]al)
j=0
2154211
< KQoiyyornta(la) Y, G+1D(G+2)
=0
K
< 3(251 + 21y + 1) (201 + 2l3 + 2)(201 + 22 + 3)Qar, +21,+2(lq]),

which imply the result. [i

Lemma 6.10. If u > 2 andl > 0, then

k|
(I+1)%/3

) e
/k A D Jr— e @2 =R

Clefﬁlk

S W(Ql +1)Qa12(Bk|),
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where 1
Cy = 127021 378/3 £ 272t 32 4 5co(u)ﬁ—l

Proof. The case | = 0 follows easily by using ([2:2I)) and the fact that

_ 1 _
K= 5"lal < 557 Qalla)

For [ > 1, it is convenient to separate out the constant term 2% in Qo and note
that from (Z2I)) and the definition of @, (z) we have

e Bl |+k—K']] o2 g < Colk|eFI¥! 2 _ Coe Pkl
wers AFRDFO+—RDA- = A+ P - = 280+ k)P
As in previous Lemma, for notational convenience, we define

e~ Bl |+|k—K|]
wers L+ RDFOL+ k= F)
Then, it is clear from Lemma that

K] Q(BkI)

K™ w k™ = |k|

C\BK Bk — k)| dk

2 2l—n
21 0 __ n 21,0
[Qu(BIk]) — 2] w k —Zl o kk
B 21 n nt+l opt1—i . n4+1 .
AT o S F ] i GV et A L
= 9o | : - 2/3 il
B*(1+ [k[)# = n! = J! 232/ =
2+ me I {2”1 22013 (B| k)7 ”Z“ (' —2)!
> - 1)
/8 (1+‘k|)ﬂ j=0 J- n/=max{j,2} n )
+1 . : 20+1
Bla*/* S~ 2 (Blk) iy
+ 32/32 <4 4! Z 2
7=0 n’=max{j,2}
out1 o —Blk|

< B+ R)" {5Q2l+1(5\k|) log(20 +2) + 3(2L + 1) 8| Bk|*/* Qa1 (Bk|)

The lemma follows since log(2l + 2)/(21 + 1) < 1, while if |8k| < (I + 1),

BN s (BIKD) < @ (BIHD) < Qara(BIH
) 20+1(Blk]) < Qary1(B] )75 2112(Bk|)

whereas for §|k| > (I + 1) we have

2/3
((l|f_k|1)> Qa+1(Blk|) < %QQ!HWW) < 2Qa1+2(Bk])
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