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ABSTRACT. Milliken-Taylor systems are some of the most general infinitary
configurations that are known to be partition regular. These are sets of the
form MT((a:)]2y, (zn)51) = {2711 @i Xiep, ot ¢+ F1,F2,..., Fm are in-
creasing finite nonempty subsets of N}, where a1,as2,...,am € Z with ap, > 0
and (zn)52, is a sequence in N. That is, if p(y1,y2,...,Ym) = >rvq ai¥ys
is a given linear polynomial and a finite coloring of N is given, one gets a
sequence (zn)n2; such that all sums of the form p(3_ ;e Tt, .-, 2 sep,, Tt)
are monochromatic. In this paper we extend these systems to images of very
general extended polynomials. We work with the Stone-Cech compactification
BF of the discrete space F of finite subsets of N, whose points we take to
be the ultrafilters on F. We utilize a simply stated result about the tensor
products of ultrafilters and the algebraic structure of SF.

1. INTRODUCTION

Given a sequence (,,)22; in the set N of positive integers, let F.S({x,)52 ) =
{>ner n s F € Py(N)}, where, for any set X, Pg(X) is the set of finite nonempty
subsets of X. Similarly, given a sequence (H,)?2; in Py(N), FU((H,)?%;) =
{Uper Hn : F € Py(N)}. (Here F'S and FU stand for “finite sums” and “finite
unions”.) In 1972 the following theorems were proved. Before they were proved,
the statements were known to be equivalent via a consideration of the binary ex-
pansions of positive integers. (If H,, N Hy,, = 0, then >, 5 2t—1 4 > e, ot—1 —
D ote H,UH,, 2t=1 so Theorem 1.2 trivially implies Theorem 1.1. To see that The-
orem 1.1 implies Theorem 1.2, one first shows that the sequence (x,)32 ; can be

chosen so that, if z,, = ZteHn 2¢t=1 then max H,, < min H,q.)

Theorem 1.1 (Finite Sums Theorem). Let r € N and let N = |J;_, C;. There
exist i € {1,2,...,7r} and a sequence (x,)52; such that F.S((x,)22,) C C;.

Proof. [17, Theorem 3.1]. O
Theorem 1.2 (Finite Unions Theorem). Let r € N and let Pr(N) = [J;_, C;.
There exist i € {1,2,...,r} and a sequence (H,)5%; such that max F,, < min Fj, 4
for each n € N and FU((H,)>,) C C;.

Proof. [17, Corollary 3.3]. O
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Before the actual publication of [17], while both were still graduate students,
Keith Milliken and Alan Taylor independently used Theorem 1.1 to prove what
has come to be known as the Milliken-Taylor Theorem, a result which provides a
simultaneous generalization of the Finite Sums Theorem and Ramsey’s Theorem
and which has been often utilized in the literature, including various powerful gen-
eralizations of Szemerédi’s Theorem on arithmetic progressions. (See for example
[1], [3], [10], and [11].) To state the Milliken-Taylor Theorem, we need to introduce
some notation. Given F, G € P;(N), we write F' < G to mean that max F' < min G.
Further, when we write F' < G we intend to implicitly include the assertion that
F,G € P¢(N). When we say that a sequence (H,)>2, in P¢(N) is an increasing
sequence we mean that for each n, max H, < min H,1;. In a semigroup (.S,-),
analogous to the notation F'S({z,)ne;), we have FP({z,)52) = {[[;ep e - F €
Pr(N)}, where [, @ is taken in increasing order of indices.

The notions defined in (5) and (6) below are special cases of (4). We present
the different terminology because these special cases arise frequently. In each of
these, the object defined depends not only on the set FP({y,)52 ;) or F.S({yn)2)
or FU((F,)22,), but on the sequence which generates the set.

Definition 1.3. Let k € N.
(1) For any set X, [X]F ={AC X :|A| =k}
(2) For a sequence ()%, in N,

[FS(<‘(I‘.”7«>$L<):1)]Z :{{ZneFl xn’ZTLEFQ Ly "ZnEFk l'n} :
F1<F2<...<Fk}.

(3) For a sequence (H, )7, in Py(N)

[FU(Hn)720)1E ={{Uner, Hn:Uner, Hno - Unep, Ha} -
Fi < F<...<Fy}.

(4) In a semigroup (S, ), FP((yn)S>,) is a product subsystem of FP({x,)5 ;)
if and only if there exists an increasing sequence (H,,)2; in P;(N) such
that for each n € N, y,, = [[;cy, @:, where the products [[,c; @ are
computed in increasing order of indices.

(5) In a semigroup (S,4), FS({(yn)2,) is a sum subsystem of FS({x,)52 ) if
and only if there exists an increasing sequence (H,,)>2; in P;(N) such that
foreach n € N,y =3 iy 74

(6) In the semigroup (P;(N),U), FU((K,)pZ,) is a union subsystem of

FU((Fn)52) if and only if there exists an increasing sequence (H,)S2

in P¢(N) such that for each n € N, K, = U,cpy, Fr-

The subsystems defined in (4) are called IP-subsystems in [14, Chapter 8.

Version (1) of the following theorem is due to K. Milliken and version (2) is due
to A. Taylor. The fact that they are equivalent is established similarly to the way
Theorems 1.1 and 1.2 are standardly shown to be equivalent.

Theorem 1.4 (Milliken-Taylor Theorem). Let m,r € N.

(1) Let [N]™ = Ui_, Ci, and let (x,)22, be a sequence in N. There exist
i€ {1,2,...,r} and a sum subsystem FS((yn)>2,) of FS({(xn)2,) such
that
[FS((yn)nz)lZ € Ci.
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(2) Let [Ps(N)]™ = {;_, Ci. There exist i € {1,2,...,r} and an increasing
sequence (Hy,)22, in Py(N) such that [FU(( n)?zl)]? C ;.

Proof. (1) [21, Theorem 2.2], or see [20, Theorem 18.7].
(2) [24, Lemma 2.2], or see [20, Corollary 18.8]. O

The case m = 1 of Theorem 1.4(1) is an apparent strengthening of the Finite
Sums Theorem. That is, not only is one guaranteed a sequence with its finite sums
in one color class, but one may get such a sequence (z,)2; with FS((z,)22,)
as a sum subsystem of any specified sequence. (This strengthening is also easily
derivable from the Finite Sums Theorem itself. See the sequence of exercises at the
end of [20, Section 5.2].)

A goal of this paper is to establish a polynomial version of the Milliken-Taylor
Theorem, thereby adding to the circle of results represented by the Polynomial van
der Waerden Theorem and the Polynomial Hales-Jewett Theorem. (See [6] and
[7].) To start explaining our approach, we introduce the notion of Milliken-Taylor
System.

Definition 1.5. Let m € N and let (a;)2; and (z,);2, be sequences in N. The
Milliken- Taylor System determined by (aj> Y, and (x,)00  is

MT((aj>j:1, (xn)22,) = {ijl a; ZteFj vy <Fy<...<Fy,}.

Milliken-Taylor systems are partition regular. That is, there is the following
result which is well known among the experts.

Theorem 1.6. Let m,r € N, let (a;)7; and (zn);2, be sequences in N, and let
N = U._, Ci. There exist i € {1,2,...,r} and a sum subsystem FS({y,)>) of
FS({zn)py) such that MT ({a;)7Ly, (Yn)ne1) € Ci.

n=1

One may extend Theorem 1.6 by producing sum subsystems of the set of finite
sums of several different sequences, and allowing them to occur in arbitrary order.
For example with m = 3 and k = 2 in the following theorem, one can be asking for
partition regularity of sums of the form a1 Y ,cp y1,0+a2 Y e Y2,0+a3 Y e, Y1t
See the explanation following the statement of Theorem 1.13, regarding the diffi-
culties introduced by possible repetitions of sequences.

Theorem 1.7. Let k,m,r € N, let (aj>;":1 be a sequence in N and for each
J € {1,2,... k}, let (z;n)22, be a sequence in N. Let f : {1,2,...,m} —
{1,2,...,k} and let N = |J._, C;. There exists i € {1,2,...,r} and for each
Jj € {1,2,...,k}, there exists a sum subsystem FS((yjm)‘X’_ ) of FS({xjn)0e1)

such that {Z;nzl a; ZteFj Yrgre t F1 < Fa < ... < Fp} CCj.

It is quite easy to see that Theorem 1.7 implies Theorem 1.6. The converse is
not so obvious. In fact, we shall show in the appendix that Theorems 1.6, 1.7, and
the following theorem are all equivalent to the Milliken-Taylor Theorem (Theorem
1.4) (in the informal sense that each is easily derivable from the other).

Theorem 1.8. Let m,k,r € N, and let f : {1,2 m} — {1,2,...,k}. For
each j € {1,2,...,k}, let (H; )02, be an mcreasmg sequence in ’Pf( ), and let
Pr(N)"™ = U;":lC' There exists © € {1,2,...,r} and for each j € {1,2,...,k}
there exists a union subsystem FU((Kjn)or,) of FU((H;n)5%;) such that

{(UteF1 tvUter Kf(2 UteF,,L f(m).t ) P <Fy<...<Fn}CCi.
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Before the proof of the Finite Sums Theorem, Fred Galvin knew that this the-
orem would be an easy consequence of the existence of what he called an almost
translation invariant ultrafilter on N, namely an ultrafilter p with the property that
whenever A € p, {x e N: —z+ A€ p} €p, where -+ A={yeN:z+ye A}
(We are here viewing an ultrafilter as a maximal filter on N, that is a set of sub-
sets of N which is maximal with respect to the finite intersection property. The
“almost translation invariant” terminology reflects the fact that an ultrafilter can
be thought of as a finitely additive, {0, 1}-valued, measure on P(N), wherein the
assertion that A € p is the same as saying that p assigns measure 1 to A. Thus
when one says that p is almost translation invariant, one is saying that a p-large
set p-almost always translates to a p-large set.) In 1975, Galvin met Steven Glazer
who knew that an almost translation invariant ultrafilter was simply an idempotent
in the compact right topological semigroup (AN, +) and that any compact Haus-
dorff right topological semigroup has idempotents [13, Lemma 1]. Consequently, a
very easy proof of the Finite Sums Theorem became available. (See for example
[20, Theorem 5.8]. And the process of exploiting the algebraic structure of the
Stone-Cech compactification for combinatorial applications began.

We pause now to briefly introduce the algebra of the Stone-Cech compactification
of a discrete semigroup. Given a discrete semigroup (.5, ), we take the points of 35
to be the ultrafilters on .S, identifying the points of S with the principal ultrafilters.
(The principal ultrafilter associated with the point x € S'is {A C S : z € S}.
If one is thinking of an ultrafilter as a measure, this is the point mass measure
which has p({z}) = 1.) The operation on S extends to an associative operation on
B3S, customarily denoted by the same symbol. (In particular, if the operation on
S is denoted by +, so is the operation on 5S. But the reader should be warned
that (8S,+) is very unlikely to be commutative. In fact, the centers of (0N, +)
and (0N, -) are both equal to N [20, Theorem 6.10].) Given p € 3S and x € S, the
functions p, and A, from 35S to itself are continuous, where, for ¢ € 85, pp(¢) = q-p
and A\;(¢) =x-¢q. Given A C S and p,q € 3S, A € p- q if and only if

{reS:a27'Aecq} ep,

where x7'A = {y € S : zy € A}. In particular, since we are identifying the points
of S with the principal ultrafilters, if a € S, p € S, and A C S, then A € ap if
and only if a='A € p. A great deal is known about the algebraic structure of 35
and its combinatorial consequences. (See [20] for much of this information as well
as an elementary introduction to the subject.)

In this paper, we will be primarily concerned with applications of the basic fact
cited above that any compact Hausdorff right topological semigroup has idempo-
tents and the relationship with what are known as IP-sets. In a semigroup (.5, -),
a set A is an IP-set if and only if there exists a sequence (x,)52; in S such that
FP((z,)32,) C A,

Lemma 1.9. Let (S,-) be a semigroup and let (x,)32 be a sequence in S. Then
T = oy FP((z,)22,,) is a compact subsemigroup of (3S, and thus there is an
idempotent in T'.

Proof. [20, Lemma 5.11]. O

Theorem 1.10. Let (S,-) be a semigroup and let A C S. Then A is an IP-set if
and only if there is an idempotent p € B3S such that A € p.
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Proof. The sufficiency is the Galvin-Glazer proof referred to above. The necessity
is Lemma 1.9. d

Milliken-Taylor systems are images of infinite matrices under matrix multipli-
cation and provide most of the known examples of infinite image partition regular
matrices. (See [18].) Classifying infinite image partition regular matrices is a major
unsolved problem. (By way of contrast, the finite image partition regular matri-
ces are completely characterized in terms of first entries matrices [19], which are
essentially the same thing as Deuber’s (m, p, ¢)-sets [12], or see [16].)

The following relationship between a Milliken-Taylor system and a linear form
in one variable evaluated at an ultrafilter is the starting point for our current
investigation. The proof follows from [20, Theorems 17.31 and 17.32]. (It is also
a special case of Corollary 3.5.) Note that, if p € SN and a € N, then ap is the
product in SN and not the sum of p with itself a times. It is not true in general
that a1p + asp = (a1 + a2)p.

Theorem 1.11. Let k € N, let (a;)%_, and (z,)72, be sequences in N, let g(z) =
Z?Zl a;z, and let A C N. The following statements are equivalent.
(a) There is an idempotent p € (\~_, FS((x4)2%,,) such that A € g(p).

n=m

(b) There is a sum subsystem FS((yn)S2 1) of FS({xn)5 ) such that
MT({aj)5-1, (yn)nZe) C A.

One can also simply extend Theorem 1.11 to apply to linear expressions with
multiple variables. The following result is also a special case of Corollary 3.5.

Theorem 1.12. Let k € N, let (aj>§:1 be a sequence in N and for each j €
{1,2,...,k}, let (xj )52, be a sequence in N. Let g(z1,22,...,2;) = Z§:1 a;zj,
and let A C N. The following statements are equivalent.
(a) Foreachj€{1,2,...,k}, thereis an idempotent p; € (\oo_y FS({2j1n)3%,,)
such that A € g(p1,p2,..-,Dk)-
(b) For each j € {1,2,...,k}, there is a sum subsystem FS({y;n)o>,) of
FS((xjn)py) such that {Z§:1 ;Y e, Vit F1 <Fp <...<F} CA.

Since ON is a semigroup under both addition and multiplication, it makes sense to
talk about polynomials in multiple variables evaluated at members of SN. Consider,
for example the polynomial h(z1,22) = —321 + 22221. The following theorem is a
special case of [25, Theorem 2.3], a result which is in turn a special case of Corollary
3.5 of the current paper.

Theorem 1.13. Let h(z1,22) = —3z1 + 22221, A C N, and for i € {1,2}, let
(xi4)2 be a sequence in N. The following are equivalent:
(a) For each i € {1,2}, there exists an idempotent p; € (Voo FS((z;4)2,,)
such that A € h(p1,p2).
(b) There exist sum subsystems FS((y;:)521) of FS((xi)52,) for each i €

{1,2} such that {=33 ,cp Y1t + 2> ycp, Y240 iep, Y1t = 1 < Fo <

F5} C A
If, instead of the polynomial h(z1,22) = —321 + 22927, one were dealing with
the polynomial g(z1,22,23) = —321 + 22223, the directly analogous result with

three idempotents p;, p2, and p3 and three given sequences would hold. But then
it would be a routine computation. The reason involves the continuity of the
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operations in (8Z,+) and (fZ,-). Given p,q € BZ, let pf(q) = q+p, pp(q) =
q-p, M(q) = p+q, and A5(q) = p-q. Then both pf and pp are continuous,
and if p € Z, then )\1“; and Aj are continuous. Let p1,p2,p3 € N and let U be
an open neighborhood of g(p1,pa,ps). Since g(p1,p2,p3) = P3p,p, (A23(p1)), one
gets a neighborhood V; of p; such that —3V; 4 2paps C U. Given any z; € Vi,
—321 + 2pap3 = )\tgzl (p;,3 ()\5 (pg))) so one gets a neighborhood V5 of py such that
—32z1+2Vop3 C U. Given any zo € Vo, —321 + 229p3 = ngzl ()\522 (pg)) S0 one gets
a neighborhood V3 of p3 such that —3z; 4+ 225V3 C U and given any z3 € V3 one
has —3z1 + 22223 € U. In the event that ps = p1, this routine argument does not
allow one to choose z3 = z1. That is, the challenge in the case of h is to choose the
sum subsystem to simultaneously satisfy the requirements on F; and Fj.

In recent years, some of the classical results of Ramsey Theory have been “poly-
nomialized”, beginning with [6] where the following extension of Szemerédi’s The-
orem [22] was established: If A is a subset of N with positive upper density, k € N,
and Py, P, ..., Py are polynomials taking integer values at the integers and having
zero constant term, then there exist @ and m such that {a+P;(m), a+Ps(m),...,a+
Py(m)} C A. More recently [23] the same result was established where A is only
assumed to have positive relative density in the set of prime numbers. Other poly-
nomializations of versions of Szemerédi’s Theorem can be found in [9] and [10].

The works cited in the paragraph above all used ordinary polynomials. In [7], set
polynomials were used to obtain a generalization of the Hales-Jewett Theorem [15].
In [8], [4], [5], [11], generalized polynomials were studied and applied. These are
functions with values in R or R? that are built up using addition, multiplication,
and applications of the greatest integer function. In the current paper, we introduce
extended polynomials in which we allow arbitrarily many associative operations.

In our applications of extended polynomials, we deal with idempotents with
respect to any of the operations. The following theorem, dealing with the same
polynomial h defined by h(z1,20) = —321 + 22921, is a special case of Corollary 3.5
applied to this polynomial, wherein p; is a multiplicative idempotent and ps is an
additive idempotent.

Theorem 1.14. Let h(z1,22) = —3z1 + 22221, A C N, and for i € {1,2}, let
(@i4)521 be a sequence in N. The following are equivalent:
(a) There exist p1 = p1 -p1 € ﬂfnozl FP((x1,4)$2,,) and p2 = p2 +p2 €
Moo _y FS((x2,4)2,,) such that A € h(p1,p2).
(b) There exist a product subsystem FP({y1.4)52;) of FP((x14):21) and a sum
subsytem FS((y2,4)521) of FS((xi1)521) such that
{-3 HteFl Y1t + Q(Zter y27t)(HteF3 Y1) s 1 < Fa < F3} C A

Our main tool is the notion of tensor products of ultrafilters, which we introduce
now.
Definition 1.15. Let k¥ € N and for ¢ € {1,2,...,k}, let S; be a semigroup and
let p; € BS;. We define ®f:1 p; € B(X leSi) inductively as follows.
(1) ®§:1 Pi =Dp1-
(2) Given k e Nand A C Xf;lSi, Ae ®f:11 p; if and only if
k
{1, 22,.. ., 21) € X018 {Tpta €k5k+1 :
(1:1,302, - 7.’L‘]€+1) S A} € pk+1} S ®i:1 Di-
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It is routine but mildly tedious to verify that ®f:1 p; is an ultrafilter on X f:ISi.
(We shall present the details in the appendix.)

One can establish the following two generalizations of Theorem 1.10. We will
also provide proofs of these in the appendix.

Theorem 1.16. Let m € N and for each i € {1,2,...,m}, let S; be a semigroup
and let A C X;ZlSi. The following statements are equivalent.

(a) For each i€ {1,2,...,m}, there is a sequence (x; )%, in S; such that

{(Ht€F1 xl,t’Htng T2ty HteFm -Tm,t) : F1 < F2 < ... < Fm} - A.
b) For each i € {1,2,...,m}, there is an idempotent p; € 3S; such that A €
P p
®:l1 Di-
Theorem 1.17. Let S be a semigroup, let m € N, and let A C leS. The
following statements are equivalent.

(a) There is a sequence (x,)2 1 in S such that

{(HteF1 xt?Htng xt""’HtEFm x) Fi <Fy<...<Fp,}CA.
(b) There is an idempotent p € 3S such that A € Q) p.

The reader will see that the proof of Theorem 1.16 is much simpler than the
proof of Theorem 1.17, again because in the latter case one needs to be concerned
with an appearence of a given x; at each position in the expression

(HtGFl Tt Hter CIZEERE HteFm ).

We should point out that we do not see a way to show that the Milliken-Taylor
Theorem implies either Theorem 1.16 or Theorem 1.17 (beyond the formal fact that
these theorems are true.)

The basic facts which we need about the tensor products of ultrafilters are pre-
sented in Section 2 in the context of the semigroup F of finite nonempty subsets
of N under the operation of union. As we have noted, we customarily use the
same notation to denote the extension of an operation to 35S as used for the op-
eration in S. However, for p,q € BF, p U q already means something, so we
denote the extended operation by x. Thus, for A C F, A € p x ¢ if and only if
{FeF:{GeF:FUGe A} €q} €p.

Definition 1.18. {F ={pe F:(VneN){F € F :minF > n} € p)}.

Equivalently, given p € GF, p € 0F if and only if for each G € F, {F € F :
FNG = (0} € p. By [2, Proposition 2.6], §F is a subsemigroup of 3F. One deals with
0F rather than SF because the operation is better behaved there. For example, the
function ¢ : F — N defined by o(F) =3, p 2t extends to a continuous function
¢ : BF — BN. This extension is not a homomorphism on GF, but its restriction to
0F is a homomorphism.

The principal result of Section 2 is the following generalization of the Milliken-
Taylor Theorem.

Theorem 2.6. Let m,k € N and let f : {1,2,...,m} — {1,2,...,k}. For each
i €{1,2,...,k}, let p; be an idempotent in 6F, and let A € Q- Preiy- Then for
each i € {1,2,...,k} there exists an increasing sequence (H; )52, in F such that

{WUier Hryo:Urer, Hr@)e - User,, Hpomy)  F1 <F2 <... < Fp} CA.
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In Section 3 we will introduce the notion of an ezxtended polynomial over a set .S,
where S is a semigroup with respect to each of a set G of operations on S. In the
special case that S = N these include the ordinary polynomials. We will then define
the set P,,, to be the set of extended polynomials with m variables. For example, if
S=N, {+,,V} C 6, and g(r1, 22,23, 24) = (((2+x1) \/3) -mg) + ((3-3@3) +x4) ,
then g € B,. We will then prove the following theorem, which is the fundamental
result that allows us to prove quite intricate results about extended polynomials
based on the relatively simple Theorem 2.6. One of these results is Corollary 3.5
and as we have already mentioned, several results presented in this introduction
are consequences of Corollary 3.5.

Theorem 3.2. Let S be a nonempty set, let S be a nonempty set of associative
operations on S, let g € PB,, and let p1,ps,...,pm € BS. Let g : S(S™) — BS be
the continuous extension of g. Then 'gv(®;n:1 pj) = g(P1, D25 - - s Dm)-

2. TENSOR PRODUCTS OF IDEMPOTENTS

In this section we will primarily be concerned with the proof of Theorem 2.6 as
stated in the introduction. We begin with the following two lemmas, whose routine
proofs will be presented in the appendix.

Lemma 2.1. Let k,l € N. Forie {1,2,....k+1}, let S; be a semigroup and let
p; € 6S;. Let A C Xf:llSZ Then A € ®fill pi if and only if

k k+1
{(Zl,.’IQ, N ,iL’k) S Xizlsi : {($k+1, Lht2y- - ,$k+l) S Xi:kHSi :

k41 k
(3317332, cee ,$k+l) € A} € ®iik+1 pi} € ®i:1 Dbi.

Lemma 2.2. Let m € N and for j € {1,2,...,m}, let p; € 6F. Then
{(Fl,FQ,...,Fm) S X;nzlfIFl < F2 < ... <Fm} S ®;n:1pj'

Lemma 2.3. Let S be a semigroup, let (x,)52 1 be a sequence in S, and let p be an
idempotent in (\r_; FP((xn)3%,,). Define v : F — S by (F) = [],cp n and
let ’(Z : BF — BS be its continuous extension. There exists an idempotent q € §F
such that {E(q) =p.

Proof. 1t suffices to show that 7N ~1[{p}] is a subsemigroup of 6., which there-
fore contains an idempotent. For this it in turn suffices to show that 7Ny~ [{p}] #
() and that the restriction of ¢ to F is a homomorphism.

We show first that 6F N¢~1[{p}] # 0. Given A € p and m € N, let B(A,m) =
{F € F:9yF) € Aand minF > m}. Given C1,Cy € p and my,my € N,
we have that B(Cy N Cy,max{mi,mz}) C B(Ci,my1) N B(C2,m2) so to see that
{B(A,m) : A € pand m € N} has the finite intersection property, it suffices to
show that each B(A,m) # 0, so let A € p and m € N. Then AN FP((x,)52,,) €p
so pick F' € F such that min F' > m and [[,.» 2, € A. Then F € B(A,m).

To see that the restriction of ’(Z to 6F is a homomorphism, it suffices by [20,
Theorem 4.21] to observe that if F,G € F and F < G, then ¢ (FUG) = ¢(F) -
U(G). 0
Lemma 2.4. Let m € N. For j € {1,2,...,m}. let T; and S; be discrete
topological spaces, let v; : T; — S;, and let zzj : BTy — BS; be the continu-
ous extension of ;. Define ¥, : X;nlej — ij:lSj by P (x1, o, ... Ty) =
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(¢1(x1),¢2(z2),...,wm(xm)) and let #,, : ﬂ(X;-nlej) — 5(><;n=15j) be its con-
tinuous extension. For each j € {1,2,...,m} let q; € BT and let p; = 1;(q;).
Then @m(®;-n:1 q) = ®;n:1 bj-

Proof. We proceed by induction on m. Since ¥ = 11, the case m = 1 is trivial. So
let m € N and assume the conclusion holds for m. It suffices to let A € ®;n=t1 q;

and show that ¥,,,11[4] € ®;n:+11 p;. Let
B ={(z1,22,...,2m) € X;»nlej :
{Zms1 € Tt : (1,22, ., Tma1) € A} € @1} -
Then B € @]~ g so by the induction hypothesis, ¥,,[B] € ;- , p;-
We claim that
Pm[B] S{(y1,92, .-, Ym) € ><;":15j :
{Ym+1 € Sma1 0 (Y1, 92, -+, Ym+1) € Pmt1[Al} € P}
so that ¥,,+1[4] € ®;’Zl py as required. So let (z1,z2,...,Tn) € B. We need to
show that
{Ymi1 € Sy = (V1(21),¥2(22), - -+, Y (Tm)s Ymr1) € Prmt1[Al} € Pt -

Now (z1,22,...,Zm) € Bso C ={xpmt1 € Tnt1 : (x1, 22, ..., Timy1) € A} € ¢t
and thus ¥,,11[C] € pm41. Further, if z,,,41 € C, then

(V1(z1), V2 (@2), - - ., Vi1 (Tmg1)) € Prya[A]

$0 Pont1[C] € {Yms1 € Smt1 : (V1(21),¥2(22), - -, Vi (Tin), Yms1) € Pms1[A]} as
required. (I

In the following lemma, we take x?zlsm) = {0}. And similarly, we take
Dl(whwg? ey wo) = D1(®)
Lemma 2.5. Let m,k € N, let f : {1,2,...,m} — {1,2,...,k}, and for i €
{1,2,...,k} let S; be a semigroup and let p; € 3S;. Let A € ®;n:1 Pr(;y. Then for
jeA{1,2,...,m} there exists D; : X{:_lle(l) — P(Ss(;)) such that

(1) forje{1,2,...,m}, if for each t € {1,2,...,j — 1},

wy € Di(wi,wa,...,we1), then Dj(wi,wa,...,wj_1) € psgjy; and
(2) if for each t € {1,2,...,m}, wy € Dy(wy,wa, ..., wi—1),
then (wy,wa, ..., wy) € A.

Proof. We proceed by induction on m. If m = 1. we let D1(f) = A. Both
conclusions hold. Now assume that m > 1 and the lemma holds for m — 1. Let
m—1
B ={(x1,72,...,Tm-1) € X,y Sf(j)
{Zm € Spmy 1 (x1,22,...,2m) € A} €Dy} -
Then B € ®;n=711 Ps(j) SO by the induction hypothesis, pick for each j € {1,2,...,
m — 1} some D; : xi;fsf(l) — P(S¢(;)) such that
(1) for j € {1,2,...,m — 1}, if for each t € {1,2,...,5 — 1},
wy € Dy(wy,wa, ..., wi_1), then Dj(wi,wa, ..., wj_1) € ps(;); and

(2) if for each t € {1,2,...,m — 1}, wy € D¢(wy,wa, ..., we_1),
then (w1, wa, ..., Wmn_1) € B.
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To define Dm : lengf(l) - P(Sf(m)), let (wl,wg,...,wm_l) S XlnlIle(l).
If there is some ¢t € {1,2,...,m — 1} such that w; ¢ D;(wy,ws,...,we_1), let
D (w1, w2, ..., Wp—1) = Sfum) (or any other subset of Sj(,,)). If for each ¢t €

{1,2,...,m — 1} we have wy € Di(wy,ws,...,wi_1), then we have (wi,ws,...,
Wm—1) € B so let Dy, (w1, w2, ..., wn-1) = {Wm € Sy : (w1, wa,...,wy,) € A}
and note that Dy, (w1, w2, ..., Wn—1) € Pfm)-

To verify conclusion (1), we have by assumption that it holds for j € {1,2,...,
m —1}. Assume that for each t € {1,2,...,m —1}, wy € Dy(wq, wa, ..., wi_1). We

have just seen that then Dy, (w1, w2, ..., Wnm_1) € psm). To verify conclusion (2),
assume that for each ¢ € {1,2,...,m}, wy € Di(wy,wa,...,ws—1). Then by the
definition of D,, (w1, ws, ..., wmnm—_1), we have that (w1, ws, ..., w,) € A. O

If p is an idempotent in a semigroup S and A € p, then the set A*(p) = {z €
A:271'A € p}. By [20, Lemma 4.14], if x € A*(p), then 271 A*(p) € p. In case
the semigroup is (F,U) and p € 6.F, if D € p, then D*(p) ={H € D: H™'D € p}
where H-'D={F e F: HUF € D}.

The reader who wishes to follow the proof of the following theorem may wish to
read first the proof in the appendix that (b) implies (a) in Theorem 1.17.

Theorem 2.6. Let m,k € N and let f : {1,2,...,m} — {1,2,...,k}. For each
i €{1,2,...,k}, let p; be an idempotent in 6F, and let A € Q- Praiy- Then for
each i € {1,2,...,k} there exists an increasing sequence (H; )02, in F such that

{(UtEFl Hf(l),taUtEFQ Hf(2),t’ e 'vUteFm Hf(m%t) P <F<...<Fn}CA.

Proof. By Lemma 2.5 for each j € {1,2,...,m} pick D; : F/=1 — P(F) such that
(1) for y € {1,2,...,m}, if for each s € {1,2,...,j — 1},
Fs e Dt(Fl, ... ,Fs_l), then Dj(Fl,FQ, ceey Fj_l) € Pr(H)s and
(2) if for each j € {1,2,...,m}, F; € D;j(F1, Fs,...,Fj_1),
then (Fl,FQ, o ,Fm) € A.

Forne {1,2,...,m}and i € {1,2,...,k},let B;,, = {j € {1,2,...,n}: f(j) =
i}. Forn >m,let Bi,, = Bim = {j € {1,2,...,m} : f(j) =i}. Now D1(0) € py()-
Pick Hy(1),1 € D1(0)*(ps(1))- Then Da(Hyy1) € py(o) and Hy gy Di(0)*(ps) €
pray- Forie {1,2,...,k}\ {f(1)}, let H; = {1}.

Inductively, let n € N and assume that for ¢ € {1,2,...,k}, we have chosen
(H; )71 in F such that

(i) forie{1,2,...,k}and t € {1,2,...,n— 1}, H; s < H; ;41 and
(ii) for j € {1,2,...,m}, if 1, F5,..., F; € Py({1,2,...,n}) and F} < F» <
... < Fj, then

Uier, Hri)t € Di(User, Hrwyo: Urer, Hr@)to- - Urer,, He-1)0)" (1)) -

At n =1, hypothesis (i) is vacuous. To verify (ii), let j € {1,2,...,m} and assume
that Fy, Fy,...,F; € Py({1}) and F} < F» <... < Fj. Then j =1 and F; = {1}
so the conclusion says that Hy(1)1 € D1(0)*(py(1)), which is true.

Forie{1,2,...,k}, let r;p, =max H; , + 1. If B; 01 =0, let H; 1 = {rin}-
Now assume that B; ,,41 # 0. For j € B 5,41, let

Gj =MW WUrer, Hri).) ' DiUser, Hryas - Urer,_, Hig-0.0)" (0r() -
Fy <F2<...<Fj <{TL+1}}
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and let

Ci =MDjUier, Hrys- - Urer, , Hr-1),6)" ®55) -
i< Fy<... <Fj,1 <{n+1}}.

Let E={H € F :minH > r;n}N(\;cp, ., (G;NC;). Note that for all j € B i1,

G € py(j) = pi by induction hypothesis (ii). Next we claim that for all j € B; 41,
Cj € pi,solet j € B; 1 and let
Fi<F<...<Fj<{n+1}.
For s € {1,2,...,j — 1} we have by hypothesis (ii) that
Uier, Hrs)t € Ds(User, Hrytr - User,, Hes—1).t)

so the hypothesis of (1) holds so D;(U,cp, Hy1),t5-- - UtGFF1 Hyi_1)4) €pp(y =
pi.- Thus C; € p; as claimed. Since p; € 6F, {H € F :min H > r;,,} € p; and thus
E € p;. Pick Hi 41 € E.

Hypothesis (i) holds by construction. To verify hypothesis (ii), let j € {1,2,...,
m} and let Fi, Fo,...,F; € Pr({1,2,...,n+1}) with I} < F, < ... < F;. If
n+1 ¢ F; then the conclusion holds by the fact that (ii) holds for n. So assume
that n +1 € F;. Assume first that F; = {n+ 1} Let i = f(j). Then j € B; 11 S0

Hzn-i—l EC CD (Ut€F1 Hf (1)t - -~ UteF _1 HfG-1), t) (pz)
Now assume that F; # {n + 1} and let F’ Fi\{n+1}. Let ¢ = f(j). Then
jGBi,nJ,-l and Fi <F2<...<Fj_1 <F{ SO

Hint1 € G5 © Urer; Hyy) " Di(User, Hrayes - Urer,  Hr-0.)"(r)

S0 UteFj Hygye € Di(User, Hyyas - UtEEj_l Hy(j-1).0)" (0s()-
The inductive construction being complete, let F} < F, < ... < F,, be given.
Then for each j € {1,2,...,m} we have that

Uier, Hrit € DiUser, Hrytr - User,, H-1)4)"(01())

so by (2) we have that (U;cp, Hr1)ts- s User, Hrm)i) € A O

We see easily that Theorem 2.6 generalizes the Milliken-Taylor Theorem.

Corollary 2.7 (Milliken-Taylor Theorem). Let m,r € N. Let [F]™ = [J;_, C;.
There exist i € {1,2,...,r} and an increasing sequence (Hy,)S%, in F such that
[FU((Hn)pz)]2 € Ci

Proof. For i € {1,2,...,r}, let
Bi:{(Fl,FQ,...,Fm)EfmZFl <F<...<F, and {Fl,FQ,...,Fm}ECi}.

Let B,11 = F™\U;_, B;. Pick an idempotent p € 6F and pick i € {1,2,...,r+1}
such that B; € ®;" 1p- By Lemma 2.2, i # r 4+ 1. By Theorem 2.6 pick an
increasing sequence (H,,)22 ; in F such that

{User, He:Uier, Hey - Upep, Hi) : F1 < Fa <... < Fp} C B;.
Then [FU((H,)< )] C C;. 0
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Corollary 2.8. Let m,k € N. For each i € {1,2,...,k}, let S; be a semigroup, let
(Tin)52 be a sequence in S;, and let p; be an idempotent in (Voo FP((z;n)5,).
Let f :{1,2,...,m} — {1,2,...,k} and let A € ®;n 1Pri)- Then for each i €
{1,2,...,k} there is a product subsystem FP((yin)2q) of FP((xin)5ey) such that

{ILicr vraye: ier 5@ Llier, Yronye) 1 F1 < Fo < ... < Fp} C A.
Proof. For each i € {1,2,.. k} define ¢; : F — FP((x;,)221) C S; by ¥;(F) =
HtGF z;+ and let ¢; : BF — BS; be the continuous extension of ¢;. By Lemma 2.3
pick an idempotent ¢; € §F such that ¥(q;) = p;.

Define ¢ : F™ — X;nzle(j) by

PP Fay oy Frn) = (€50 (F1) 0520 (), - - Wy (Fon))

and let ¢ : B(F™) — 5( X;n 15¢(;)) be its continuous extension. By Lemma 2.4, we

have that ¢<®T:1 45(j)) = Q)1 Ps(j)- Pick B € @, qy(;j) such that $[B] C A.
By Theorem 2.6 pick for each i € {1,2,...,k}, an increasing sequence (H; )22 ;
in F such that

{(Ut€F1 Hf(l),tv Utng Hf(2),t7 ceey UteFm Hf(m),t) : F1 < F2 <...< Fm} - B.
Fori € {1,2,...,k} and n € N, let y; n = [[,cp,  @i,e- Then

(Ler vrye Lier, vr@ts - Iier,, Yrom) )
= sy User, Hra) breyUser, Hr@a) s Urer, Hm 1)
_@(UteFl Hf(l)yt’Uter Hpe)ts- - UtEFm fm).t)
€p[B|CA.
O
We shall conclude this section by showing that we have a characterization of

members of tensor products of idempotents. For this we shall need the following
preliminary result. We shall need this result again in the next section.

Lemma 2.9. Let m,k € N. For each i € {1,2,...,k}, let S; be a semigroup,
let (i), be a sequence in S;, and let p; € (Voo FP({x;n)52,). Let f :
{1,2,...,m} = {1,2,...,k}. Then

{(HteF1 Tr)ts - HteFm xf(m),t) << Fm} c ®;n:1pf(j) .
Proof. We proceed by induction on m. If m = 1, we have that
{ILier, @r)e : F1 € Pr(N)} = FP({zs1)n)o21) € Py -
Now let m € N and assume the lemma is valid for m. Let
A={(Ther zrr- - Tliep,,, Tromene) + Fr <o < Foga}

and let B = {(HteF1 Ti)es-- s Lier, xf(m),t) < < Fm}. By assump-
tion, B € @;_, pf(;)- We show that A € ®T=+11 Py, for which it suffices that

B C {(Zl,ZQ,...,Zm) S Xyilsf(i) : {Zm+1 S Sf(m+1) : (Zl,ZQ,...,Zm+1) € A} S
pf(m+1)}. Solet Fi < F5 < ... < F,, and let

(217 225y Zm) - (HtEFl xf(l),t; Ht€F2 xf(Q),ta ey HteFm xf(m),t) .
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Let r = max Fy, + 1 and let C' = {[[,ep, ., Tfom+1),t + Fin < Fg1}. Then €' =

FP({x¢(m+1)n)ner) € Ptms1) and C C {zmi1 € Spimyr) : (21,22, Zmy1) € A}
80 {Zmy1 € 91 (21,22, -+, Zmy1) € A} € Pf(m+1) as required. ]

Theorem 2.10. Let m,k € N, let f:{1,2,...,m} — {1,2,...,k}, and let A C
F™. The following statements are equivalent.
(a) For each i € {1,2,...,k} there exists an idempotent p; in F such that
A€ @il
(b) For each i € {1,2,...,k} there exists an increasing sequence (H; )22, in
F such that

{User, Hryo: Urer, Hi@ys - User, Hpgnye) 1 Fi < Fo < ... < F} CA.

Proof. That (a) implies (b) is Theorem 2.6.

To see that (b) implies (a), assume that (b) holds. For each i € {1,2,...,k},
we have by [20, Theorem 4.20] that T; = (" ~_; FU((H; n)32,,) is a subsemigroup
of §F, so pick an idempotent p; € T;. Now we apply Lemma 2.9 with S; = F, for
each i€ {1,2,...,k} and for n € N, z; ,, = H;,,. Then

{(Ut€F1 Hf(l)ﬂg, .. '7Ut6Fm, Hf(m),t) TP <Fy<.. .. < Fm} S ®T:1pf(j)
and so A € ®;.n:1pf(j). O

3. EXTENDED POLYNOMIALS

We introduce in this section a very general variety of polynomials, extending
the notion of ordinary polynomials. We then characterize the members of these
polynomials when they are evaluated at certain idempotents in 35.

Definition 3.1. Let S be a nonempty set and let & be a nonempty (finite or
infinite) set of associative operations on S. Define a set 8 of “polynomials” on S
as follows.

(1) If g(x1) = 21, then g € ;.

(2) fae S, x€ &, and g(xr1) = axxq or g(x1) = x1 * a, then g € P;.

(3) If a,b € S, x,0 € &, and g(x1) = (axx1) o b or g(x1) = a* (x1 ©b), then

g€ P
(4> If kal € N) g e mk? h € mh * € 67 and r(xlaan"'axlvH) =
(9(1'1,332, . ,xk)) * (h(xk+1,xk+2, ... ,xk+l)), then r € Py ;.

(5) PB= UZL B-
As we mentioned in the introduction, if S =N, {+,-,V} C &, and
g(x1, 22,23, 14) = (((2 +x1) V 3) '132) + ((3 -x3) + 1‘4) )

then g € By.

Notice that the variables in members of 3, occur in increasing order from left
to right. This simplifies the proofs immensely, but places no real restriction on
the kind of polynomials we deal with. For example, suppose that g is as in the
paragraph above and

h(z1,22) = (((24‘%2) V 3) '.TQ) + ((3 - x1) -‘r-itz) .

Then given any p and ¢ in SN, h(p,q) = 9(q,q,p, q)-
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Theorem 3.2. Let S be a nonempty set, let G be a nonempty set of associative
operations on S, let g € PB,, and let p1,ps,...,pm € BS. Let g : S(S™) — BS be
the continuous extension of g. Then ﬁ(@;"zl pj) = g(P1, D25 - - s Dm)-

Proof. Since both §(®;n:1 p;j) and g(p1,p2,...,pm) are ultrafilters, it suffices in

each case to show that §(®;”:1pj) C g(p1,p2y- -+, Pm)-

We proceed by induction on m, so assume that g € 3; and assume first that
g(z1) = x1. Let A € §(p1) and pick B € p; such that g[B] C A. Then B = g[B] C
Aso Acpr=g(p)

Now, if a,b € S, B € py, and *,¢ € &, then a* B € a*p;, Bxa € py x a,
(axB)obe (axp1)ob, and ax (Bob) € ax*(p;ob) soin any event we see as above

that for any g € By, g(p1) = g(p1).
Now let k,l € N, let g € P, let h € By, let x € G, and define

T($17x27~-~>$k+l) = (9(3517%2, e 7561@)) * (h($k+17$k+27 e 7-Tk+l)) .

Let p1,p2,...,pr+1 € BS, and assume that 5(@?:1]73-) = g(p1,p2,.-.,px) and
T okt ~ okt .
M@;lki1P)) = h(prst,Prras - pert). Let A € F(®)1)p;) and pick B €
®§Ii p; such that 7[B] C A. Let

C ={(z1,29,...,21) € S¥:

k+1
{(xk+17-'17k+2; - 7xk+l) € Sl : (!)31,$2, - ,xk;Jrl) < B} (S ®j:k+1pj} .

Then by Lemma 2.1, C' € ®§7:1 p;. Thus by [20, Lemma 3.30] g[C] € Ej[@?zl pjl =
g(plap2a s 7pk)
To see that A € r(p1,pa,...,pr+1) it suffices to show that
glC1 C{y € Sy A€ h(pry1,Prr2s - Pr+1)}

where y 1A = {z € S : y*x2 € A}. So let (z1,22,...,71) € C and let y =
g(xl,xg,...,x;ck)l. Let D = {(mk+1,xkj2,.l.€.,lxk+l) € St (zy,29,...,241) € B}
Then D € ®jik+1 p; and so h[D] € h( j:k+1pj) = h(Pk+1,Pkt2s - - - Dkt1). We
claim that h[D] C y~1A so that y ™t A € h(prs1,Prr2,-- -, Prat) as required. So let

(Tht1, Tht2, -, Thtt) € D and let z = h(zg41, Tht2y .- Thtr). Now
(x1,22,...,2k41) € Bsor(zy,za,...,254) € A.
Since r(z1, %9, ...,Tk11) = Y * 2, we have that z € y~1A. O

~ If we have several, possibly different, operations on S denoted by *;, we write
3

[I,.c pn for the product (in increasing order of indices) with respect to the opera-

tion *; and let FP;((zn)p2y) = {[[,cpzn : F € Pr(N)}.
Notice that in the next result we do not demand that each p; be an idempotent.

Theorem 3.3. Let S be a nonempty set, let & be a nonempty set of associa-
tive operations on S, let P be as in Definition 3.1, and let m,k € N. For each
i€ {1,2,...,k}, let (@in)o2, be a sequence in S, let %, € &, and let p; €
Mooy FP((zn)2%,). Let g € P, and let f:{1,2,...,m} —{1,2,...,k}. Then

Q) F(m)
{9 iemzryer- 1 tem, @romye)  F1 < oo < Fn} € 901y Pp(m)) -
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Proof. By Theorem 3.2 §(®;n:1 Pri)) = 9Pr1)s PF2)s - - Pf(my)- Let
S f(m)
A= {(ITiecrzrts- - I ter, Trme) 1 F1 <. < Fu}.
Then by Lemma 2.9, A € @], ps(;) so by [20, Lemma 3.30] g[A] € §(Q)~, ps(;)) =
GPrAYPF@)s - PF(m))- O

Theorem 3.4. Let S be a nonempty set, let & be a nonempty set of associative
operations on S, let B be as in Definition 3.1, and let m,k € N. For each i €
{1,2,...,k}, let (x;n)52, be a sequence in S, let x; € &, and let p; *; p; = p; €
Noo ) FP((win)2%,). Let f:{1,2,....m} — {1,2,...,k}, let g € B,,, and let
A€ g(ps1),PF(2)---+Pfm)). Then for each i € {1,2,...,k} there is a *;-product
subsystem FP;((yin)51) of FP;({x;n)52,) such that

f(1) f(2) f(m)
{g(l_lteFlyf(l),taHztngyf(Q)J7 1l temef(m),t) TR <F << Fm} cA.

Proof. By Theorem 3.2 g(pf(l),pfu),...,pf(m)) = §(®;nzlpf(j)) so pick B €

&)~ ps(y) such that g[B] € A. By Corollary 2.8, for each i € {1,2,...,k}
pick a #;-product subsystem F'P;((y;.n)5>,) of FP;i({(x;n)22;) such that

f(1) f(2) f(m)
{(HtGFlyf(1)7t7Ht€F2yf(2)7t7 -~ temef(m),t) TR <Fy << Fm} cB.
1 /) f(m)
Then {g(HteFlyf(l),hHteFny@),ta .. 'vH temef(m),t) : Fl < F2 <...< Fm} g
A O

We thus have the following characterization of members of idempotents evaluated
at idempotents.

Corollary 3.5. Let S be a nonempty set, let G be a nonempty set of associative
operations on S, let P be as in Definition 3.1, let m,k € N, let f:{1,2,...,m} —
{1,2,...,k}, let g € B,,,, and let A C S. For each i € {1,2,...,k}, let (x;n)02,
be a sequence in S and let x; € &. The following statements are equivalent.
(a) For each i € {1,2,...,k}, there exists p; = p; *; pi € (Vrey FPi((xin)S,)
such that A € g(pf1),Pf2)s- - > Pf(m))-
(b) For each i € {1,2,...,k}, there is a *;-product subsystem FP;((Y;n)ne1)
of FP;({x;n)22,) such that
S f(2) f(m)
{g(HteFlyf(1)7t7Ht€F2yf(2)vt’ -~ temef(m)ﬁ) TR << < Fm} cAa.
Proof. (a) = (b). Theorem 3.4.

(b) = (a). For each ¢ € {1,2,...,k}, by [20, Lemma 5.11] pick p; = p; *;
pi € ooy FPi({yin)22,). Since for each i € {1,2,...,k}, ooy FPi((yin)o%,) C
Mooy FP((z,1)2%,), we have for each i € {1,2,...,k}, p; € ooy FPi({zin)32,)
By Theorem 3.3

) 2) J(m)
{9(Miem sy iemnyr@ues - I em, ¥pme) : Fr < Fo <...< Fp} €

9PF1Y D@ Pfm))
soA6g(pf(l),pf(z)w-~7pf(m))' -
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4. APPENDIX

In this section we provide for the convenience of the reader elementary proofs
of some results that were mentioned in the introduction, as well as some proofs of
results that were omitted earlier.

We show first that Theorems 1.6, 1.7, and 1.8 are equivalent to the Milliken-
Taylor Theorem (in the informal sense that each is easily derivable from the others).

Theorem 4.1. The following statements are equivalent.

(a) (Theorem 1.4). Let m,r € N. Let [P¢(N)|™ = (J;_, Ci. There exist
i€ {1,2,...,7} and an increasing sequence (H,)>2, in Pr(N) such that
FU(H, )2 ]2 C C.

(b) (Theorem 1.7). Let k,m,r € N, let (a;)7"; be a sequence in N and for each
Je{1,2,... Kk}, let (xj,)52, be a sequence in N. Let f:{1,2,...,m} —
{1,2,...,k} and let N = {J;_, C;. There emists i € {1,2,...,r} and
for each j € {1,2,...,k}, there exists a sum subsystem FS({y;n)or,) of
FS((zjn)nly) such that {3770 a; 3 ep ypye t F1 < F2 < ... < F} C
C;.

(¢) (Theorem 1.6). Let m,r € N, let (a;)jL, and (x,)52, be sequences in N,
and let N = |J;_, C;. There exist i € {1,2,...,7} and a sum subsystem
FS((a)r) of PS((wa)3es) such that MT((a;)Ty, (4n)32,) C Ci.

(d) (Theorem 1.8). Let m,k,r € N, and let f : {1,2,...,m} — {1,2,...,k}.
For each j € {1,2,...,k}, let (H;,)0%; be an increasing sequence in
Ps(N), and let Pp(N)"™ = J._, C;. There exists i € {1,2,...,7} and
for each j € {1,2,...,k} there exists a union subsystem FU((K;n)n1)
of FU((H;n)22 ) such that

n=1
{WUier, Kr)esUier, Kr@ts - s User,, Kpemya) 1 F1 < Fo <... < Fn} CC;.

Proof. (a) implies (b). Let k,m,r € N, let (a;)7; be a sequence in N and for
each j € {1,2,...,k}, let (z;,)7, be a sequence in N. Let f : {1,2,...,m} —
{1,2,...,k} and let N=JI_, C;. Fori e {1,2,...,r}, let

D, = {{Fl,FQ,...,Fm} F < Fy<...< F, and Z;nzl a; ZteFj Tyj)t € CZ}

and let Dy = [Py(N)]™\U._, D;. Picki € {0,1,...,r} and (H,)22, as guaranteed
by (a), and note that ¢ # 0 since {F1, Fs,...,Fy,} € Dy if and only if the F}’s
are all distinct and it is not the case that F} < Fy < ... < F,,. For n € N and
JELL2 . kY let yjn =D ey, Tj

(b) implies (c). Let m,r € N, let (a;)"; and (z1,,);2; be sequences in N, and
let N=J,_, Ci. Let k=1 and for j € {1,2,...,m} let f(j) =1.

(c) implies (a). Let m,r € N and let [Py(N)]™ = J;_, C;. For j € {1,2,...,m}
let a; =277 and for n € N, let x,, = 2™". Let for each i € {1,2,...,r},

Di:{zgﬁzlatheFj e Py < Fy<...<F,, and {F17F2,...,Fm}€Ci}.

Let Dy = N\ J,_; D;. Pick i € {0,1,...,7} and a sum subsystem F'S((y,)5 ;)
of F'S({zn)ply) such that MT({a;)7y, (yn)nz1) € D; and note that i # 0. For
each n € N let H, be the unique subset of N such that y, = ZteHn z¢. Then
FU((H)22 )] C C.

(a) implies (d). This proof is essentially identical to the proof that (a) implies

(b).
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(d) implies (a). Let m,r € N and let [Py(N)]™ = Ji_, C;. Let k = 1 and for
each n € N, let H,,, = {n}. Fori e {1,2,...,r}, let D; = {(F1, Fs,...,Fy) :
{Fl,FQ, Ce ,Fm} € CZ} Let Dy = {(Fl,FQ, Ce ,Fm) : |{F1,F2, Ce ,Fm}| < m}
Pick ¢ € {0,1,...,r} and a union subsystem FU((Kj,)>2,) of FU((H1,)5%1)
such that

{(UtEFl Kli’UteFQ Kl,t7 . '7Ut€Fm Kl,t) T <Fy<...< Fm} CD;
and note that ¢ # 0. Then [FU((K1,,)521)]2 C C;. O

Lemma 4.2. Let k € N and for i € {1,2,...,k}, let S; be a semigroup and let
pi € 8S;. Then ®f:1p¢ is an ultrafilter on xlesi.

Proof. We proceed by induction on k, the case k = 1 being trivial. So let k € N and
assume that ®f:1 p; is an ultrafilter on X les,». It is immediate that () ¢ ®fill Di
and ®§;1 p; is closed under passage to supersets.

For A C X:1'S; let

W(A) = {(1, 72, .., ) € X418 fwhi1 € Sy :
(r1,2,...,2p41) € A} € Prg1}.

Let A, B € @ pi. Then ¥(4) € ®*_, pi and ¢¥(B) € ®F_, pi so Y(A)Ny(B) €
Q" pi. Since Y(A)NY(B) C (AN B), Y(ANB) € @Y, pi so ANB € @ p,.
Now let A C Xf;rllSi and assume that A ¢ ®f:11 pi. Then ¢(A) ¢ ®f:1 Di SO
Xi1SA\(A) € @ pi- Also X S\B(A) € p(X 1 S\ A) sov(X ) 51\ A4) €
®f:1 p; and thus XfillSi \Ae ®f;rll Di- O
Recall that if p is an idempotent in S and A € p, then A* = {r € A:271A € p}
and if x € A*, then 271 A* € p.
Theorem 1.16. Let m € N and for each i € {1,2,...,m}, let S; be a semigroup
and let A C XZISZ'. The following statements are equivalent.

(a) For each i€ {1,2,...,m}, there is a sequence (x;n)oe, in S; such that

term Tt L liem T2t L er, Tmpt) + 11 2 <... mr & A.
{ILier 716 [Tier, [Licr, @me) i Fi<Fo<...<Fn}CA
(b) For each i € {1,2,...,m}, there is an idempotent p; € 3S; such that A €
Qi pi-
Proof. (a) implies (b). For eachi € {1,2,...,m}, pick by Lemma 1.9 an idempotent
pi € ooy FP((#in)0%,). Let k =m and let f: {1,2,...,m} — {1,2,...,k} be
the identity function. Apply Lemma 2.9.

(b) implies (a). We proceed by induction on m, the case m = 1 being Theorem
1.10. Let m € N and let A € ®:';+11p1 Let B = {(x1,%2,...,%m) € X2, S, :
{Zm+1 € Smy1: (1,22, .., Tmy1) € A} € Dmi1}. For each i € {1,2,...,m}, pick
a sequence (%; ,)5e; in S; such that

{(HtEFl ‘IELUHtGFQ T2ty - - '7Ht€Fm xm,t) : F1 < F2 <. . < Fm} g B.

For t € {1,2,...,m}, let xy4+1,+ be any member of Sy,4+1. (These terms are not
involved in the conclusion.) For n > m, let

Cn = ﬂ {{Z c S7n+1 :(HtEF1 X1t HtEF2 .T27t, ey HteFm $m7t, Z) c A} :
Fi <...<F,<{n}}.
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Then each C,, € ppq1 and Cry1 € Cy. Pick pp1my1 € Cfyq. Let r > m+ 1
and assume that for each ¢t € {m +1,m + 2,...,r}, 41+ has been chosen such
that for each k € {m + 1,m + 2,...,r} and each nonempty G C {k,k+1,...,r},
HtGG Tm+1,t S C]: Pick
$m+1)7«+1 S C:+1 n m;:m+1 {(HtGG .’I}m+17t)_1C]: : @ 7é G g {k’, k =+ 1, ey T'}} .
O

In order to prove Theorem 1.17 we shall need the following lemma.

Lemma 4.3. Let (S, ) be a semigroup, let m € N, and letp € 8S. Let A € ®§n:1 p.
Then for j € {1,2,...,m} there exists D;j : S9=* — P(S) such that
(1) forje{1,2,...,m}, if for each s € {1,2,...,5 — 1},

ws € Dg(wr,wa,...,ws_1), then Dj(wr,ws,...,wj—1) € p; and
(2) if for each s € {1,2,...,m}, ws € Ds(wy,wa,...,ws_1),
then (wq,wa, ..., wy) € A.

Proof. This is the special case of Lemma 2.5 in which k& = 1, so necessarily the
function f is constant. O

Theorem 1.17. Let S be a semigroup, let m € N, and let A C X", S. The
following statements are equivalent.

(a) There is a sequence (x,)2 1 in S such that

{(HtEFl l't,Hter xtV""HtEFm "Et) : F1 < F2 < ... < Fm} Q A.
(b) There is an idempotent p € 3S such that A € Q| p.

Proof. (a) implies (b). Pick by Lemma 1.9 an idempotent p € (o, FP((x,)32,).
By Lemma 2.9 with k =1, A € @, p.
(b) implies (a). Pick an idempotent p € 3S such that A € @;, p. By Lemma
4.3, pick for each j € {1,2,...,m}, some D; : S9! — P(S) such that
(1) for j € {1,2,...,m}, if for each s € {1,2,...,5 — 1},
ws € Dg(wr,wa, ..., ws—1), then D;(wy,ws,...,w;—1) € p; and
(2) if for each s € {1,2,...,m}, ws € Dy(w1,wa, ..., ws_1),
then (wi,ws, ..., wy,) € A.

Recall that if 2 € B*, then 2~ 'B* € p.

Choose z1 € D1(0)*. Let n € N and assume that we have chosen (x;)? ; such
that if j € {1,2,...,m} and F1 < Fp < ... < F; < {n+ 1}, then [[;cp a1 €
Dj(HtEF1 Tty HtEFz Liyeees HtEijl th)*.

Let

G= ﬂ{(HtEFj ) 7' Di([Lier, oo [liep, Tt - - - icr, , ="
jE{l,Q,...,m} and F <F2<...<Fj <{n—|—1}}
and let
E= m{Dj(Ht€F1 Lt Hter Ltyeeos HteFj_1 1)
jE{l,Q,...,m} and Fi < Fh < ... < F; 4 <{n+1}}.

By the induction hypothesis we have directly that G € p. By the induction hy-
pothesis and condition (1), we have that F € p. Pick x,,41 € DN E.
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To verify the induction hypothesis at n + 1, let j € {1,2,...,m} and let F} <
F, <...<F;<{n+2}. If n+1 ¢ F}, the conclusion holds by assumption so
assume tha n+1 € F;. If F; = {n + 1}, the conclusion holds since z,11 € E. So
assume [ # {n + 1} and let F; = F; \ {n + 1}. Then

Tn+1 € (HteFJf xt)_le (HteF1 Lt Ht€F2 Lty-- o) HteFj,l Ty)*

SO HtEFj T € Dj(HtEFl T, HtEFz Ttyenny HtEFj,l xt)*.
The induction being complete, we have by condition (2) that
{(HteF1 xt,HteFQ xt,...,HteFm x) i <Fa<...<F,}CA.
O

Lemma 2.1. Let k,l € N. Fori e {1,2,...,k+1}, let S; be a semigroup and let
p; € 8S;. Let A C XkHS Then A € ®f+1l p;i if and only if
ket
{(x1,22,...,28) € XizlSi @k, Tty - o Tit) € Xiik-i-lsi :

k41 k
(1’17$2,...,‘Tk;+l) € A} € ®z+k+1p1} € ®i:1pi‘

Proof. We proceed by induction on [, the case [ = 1 being the definition of ®1 1 Di-
So let I € N, and assume the statement is true for /.
Sufficiency. Let
k+1+1

B ={(x1,22,...,01) € X; 5 : {(@hs1, Thra, ., Tpgigr) € X o k419 ¢
ft
(1,22, ..., Ths1p1) € A} € Q11 pi}
and assume that B € ®Z 1 Pi- To see that A € ®k+l+1 i, we let
C = {(21,22,..., @) € X121 {Ths141 € Shrirn
(1,22, .., Tpy141) € A} € Pryiy1}

and show that C € ®f+1l Di-
k K+l
Let D = {(z1,22,...,21) € X;18i + {(Trg1, Tryo, - Tugr) € XijZp1Si ¢
(x1, 22, .. ackH) eC}e ®f+,i+1 p;}. To see that C € ®f+1l pi, it suffices to show

that D € ® __, i, for which it in turn suffices that B C D. So let (z1,22,...,2x) €
k+1+1

B and let E = {(r41, Ttz Thpig1) € X 1Si : (T1,22,..., Trqiy1) € A}
Then E € ®fi,iﬁ p;. Let
k+l1
F :{(xk+1,x;€+2, . ,xk_H) S Xi:k+1Si :
{Zhti+1 € Skt (Tht1, Thg2s oo+, Tppi1) € B} € pryia}.

Then F € ®f+,i+1pz To see that (z1,xa,...,2x) € D, it suffices to show that
k+1
F Q {(Ik+1,Ik+2, e ,SCk.H) S Xi=k+1si . (131,.%2, e 7l‘k+[) S C} 5
so let (Tgy1,Tpao,.-.,TKey) € F. Let

G = {ZTrti141 € Skyiv1 : (Trs1, Tha2s -, Tpgig1) € B}

Then G € prii+1 so to see that (x1,ze,...,zp4) € C, it suffices that G C
{$k+l+1 € Sk+l+1 : ($1,$2, Ce 733k+l+1) S A} Let Trti+1 € G. Then

(Thy1, Thg2s -, Thyiq1) € E
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S0 (Z1,%2,...,Tp+i+1) € A as required.
Necessity. Assume that A € ®f:+ll+1 p; and suppose that
k k41
{(x1,20,.. ., 21) € X1 Si  {(Thy1, T2y Thgig1) € X2y S

k+1 k
(1,22, .., Tpy141) € A} € ®zi}c:ﬁ pi} gé ®i:1 bi.
Then

k k+1+1
{(1'1,1727 . 7{L‘k) S XizlSi : {(.Tk+1, Thaly--- 7-Tk+l+1) S Xi:kJrlSi :

k+1+1 k+1+1 k
(#1202, oxp41) € Xty Si\A} € Q11 pi} € Qi pi-

So by the just established sufficiency, X I-HllHSi \Ae ®’.c+l+1 p;, a contradiction.

1= =1
([l

Lemma 2.2. Let m € N and for j € {1,2,...,m}, let p; € 6F. Then
{(F1,Fa,....,Fn) e XL\ F:Fi<F,<...<Fn} Q. p;.

Proof. We proceed by induction on m, the case m = 1 being trivial. So let m € N,
let p; € 6F for j € {1,2,...,m+ 1}, and assume that

A={(Fi,F,...,Fp) e X[ F: I <F<...<F,} Q. p;.

Let B = {(F\,Fs,...,Fpi1) € XJ ' F:Fl < Fy < ... < Fpp1}. We show that
AC{(F1,Fs,...,Fp) € XL F : {F1 € F 1 (F1, Fa, ..., Frug1) € BY} € Pt
so that B € ®;n:+11 pj as required. So let (F1, Fs,..., Fy,) € A and let r = max Fy,.
Then {Fp41 € F : (F1,Fy,...,Fpt1) € B = {F € F : min F > r}, which is in

Pma1 because py11 € OF. O
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