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Abstract

We discuss the nature of the phenomenon of “large limits along
cubic averages” and obtain some rather general new results. We also
prove a general version of Furstenberg’s correspondence principle that
applies to uncountable amenable discrete groups and utilize this to
derive combinatorial corollaries of ergodic results involving large lim-
its.

0. Introduction

Let (X, B, u, T) be an invertible probability measure preserving system. The classical
Poincaré recurrence theorem (see [Po|, Theorem I) states that for any A € B with u(A) >0
there exists n € N such that u(AN7T"™A) > 0. For mixing systems one has lim, o, #(AN
T"A) = u(A)?, and it is natural to ask whether for any (X, B, u,T), any A € B, and any
d > 0 one can find n # 0 such that

HANTA) > pu(A)? 5,
and, if so, how “large” the set
Rs(A)={ne€Z:u(ANT"A) > u(A)* -6}
can be. These questions were addressed in [Kh|, where the following result, often quoted

as “Khintchine’s recurrence theorem”, was obtained.

Theorem 0.1. For any invertible probability measure preserving system (X, B, u,T), any
A€ B, and any § > 0, the set Rs(A) is syndetic.()

(We are taking the liberty to formulate Khintchine’s result for powers of a single measure
preserving transformation. Khintchine’s paper dealt with continuous measure preserving
flows.)

In [Kh], Theorem 0.1 was derived from the following stronger result. (Again, we
formulate it for Z- rather than for R-actions.)

Partially supported by NSF grants DMS-0901106 and DMS-1162073.
(1) A set Sin a topological group G is said to be (left) syndetic if there exists a compact set
F C G such that G = F'S. If G is a discrete group, F' has to be finite.
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Theorem 0.2. For any invertible probability measure preserving system (X, B, u, T) and
any A € B, one has

N-1

ST HANT"A) = u(4)?,

n=M

i 1
N—II\}[n—x)o N-—-M

By iterating Khintchine’s theorem, one immediately observes that for any n € Rs(A)
there exists a syndetic set of m € Z such that

p((ANTANT™ANT"A)) = p(ANTANT™ANT " A) > p(A)* =26, (0.1)

This leads to the natural question of whether, for any > 0, the set of pairs (n, m) satisfying
(0.1) is syndetic in Z2. The affirmative answer follows from the following theorem.

Theorem 0.3. ([B1]) For any invertible probability measure preserving system (X, B, u,T)
and any A € B, one has

1
lim ANTPANTTANT™T™A) > (A2
N N e (NG~ M) (NG — D) ZN pl ) > u(A)
leﬁ_m<N12

Corollary 0.4. For any invertible probability measure preserving system (X, B, u,T), any
A€ B, and any 6 > 0, the set

{(n,m) € Z2 : W(ANT"ANT™ANT"™A) > p(A)* — 5}

18 syndetic.

Theorem 0.3 was extended in [HK1]| and [HK2] to multiparameter expressions of the
form ,u(ﬂsl ere{0,1} T51”1+"'+5k”kA), n = (ni,...,n;) € Z*, which in turn implies, for
any d > 0, the syndeticity of the set

{n SWAR ,u( ﬂ T51”1+'“+5’“”’“A) > ,LL(A)2k — 5}.

€1,.-,e,€{0,1}

The proofs of these results in [HK1] and [HK2] utilize in a rather crucial way knowl-
edge about characteristic factors responsible for the limiting behavior of the expressions

(Nl_Ml).,l.(Nk_Mk) > M;<ni <N Hgl,,,.,gke{oyl} Teimt.tern f (2), and it is of interest to

My, <np<Nj
attempt to establish the results on large intersections in the situations where there is (so
far) no sufficient knowledge on the structure of the corresponding characteristic factors.
In particular, one would like to know if, given commuting invertible measure preserving

(2) A factor Y of X is characteristic if the limit, as N; — M; — oo, of the expressions under
consideration depends not on f, but only on E(f|Y) — the conditional expectation of f with
respect to Y (the orthogonal projection of f on L?(Y) C L?(X)).
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transformations 71, ..., T) of a probability space (X, B, 1) and a set A € B with u(A) > 0,
the set

R (4) = {(m, k) €T M( ﬂ Term ,,.Tgk”kA> > u(4)? - 5} (0.2)
€1,..,e,€{0,1}

is syndetic.

The goal of this short paper is to show that the phenomenon of large limits along
cubic configurations has a very general scope and hinges on a simple “Fubini principle”
(Lemma 1.1 below), which, roughly, states that the limits of uniform multiparameter
Cesaro averages can be replaced by iterated limits of uniform Cesaro averages. In what
follows we will establish a general scheme that can be viewed as a machine for obtaining
various results on large limits of cubic averages. This machine has an input and an output.
The input consists of two convergence statements:

(i) a general multiparameter limiting theorem that stipulates the existence of certain uni-
form Cesaro limits (but does not require any description of these limits);

(ii) an ergodic limiting result pertaining to single or multiple recurrence that guarantees a
“large” uniform Cesaro limit. An example of such a result is given by Theorem 0.2. (We
will provide below a few more examples of various degrees of generality.)

Then the machine’s output is a theorem on large limits of cubic averages. An example of
such a theorem is Theorem 0.3, but, as we will see, significantly more general theorems
hold true as well.

To help the reader to get a feeling about the general results which we obtain in this
paper, let us give a sketch of the proof of the following fact, which is a rather special case
of Theorem 0.8 below.

Theorem 0.5. LetTi,..., Ty be invertible transformations of a probability measure space

(X, B, i), which commute (or, more generally, generate a nilpotent group). Then for any
AebB,

1
lim ( T TEWA)
Ni—My,....Ng—Myp—o0 (N7 — My) -+ - (Ng — My) M1<nZI<N1 . . eOe{o N 1 k

My, <nj <Ny
> p(A)?,

and hence the set ng)(A) defined in (0.2) is syndetic.

Proof sketch. The input statement of the form (i) that is needed for the proof is the
following fact (see [W], Theorem 5.1):

e For any A € B, the limit

1
lim u( T -TE’“"’“A)
Ni1—Mi,...,Nx—Mj,—00 (Nl _Ml)(Nk; _Mk) M1<;1<N1 N “.Q{O’l} 1 k

My, <nj <Ny

exists.



The input statement of type (ii) is Theorem 0.2 above:

e For any A € B, imn_p—o0 357 ij:_]\l/[ p(ANTMA) > p(A)2.
Take k = 2. Replacing the uniform double Cesaro limit by the iterated uniform Cesaro
limits (this is an instance of the Fubini principle alluded to above), we have:

1
li ANTMANTVPANT T2 A
Nl_MlJifgl—Mz—)OO (Nl — Ml)(NZ — MZ) u ; ’u( 1 2 1 2 )
1_7’L<N1
MQS')’)’L<N2
1 Ni—1 1 Np—1
= li _ li —_ ANTMHANT2(ANT™A
Nl—ll\/ff?ﬁoo Ny — M,y Z Ng—]l\/[ngl—mo Ny — Mo 21;4 M(( NI A)N T ( 1 ))
n1=iviy no=>Ms
1 Nl_l 1 Nl_]- 2
>  lim ANT™MA)? > ( lim A T”1A>
- Nl_]lé?_}@ N1 — M1 ZJM M( M 1 ) - Nl—]lwrrll—)oo N1 —M1 Z]\J M( a 1 )
n1=~M1 n1=M;
> (u(A))2.
Inductively repeating this argument for k = 3, 4, ..., gives us the desired result.

In order to formulate our results in proper generality we have to introduce some
notation. For a (left) amenable group G with left Haar measure 7 and a mapping g — vy,
g € G, from G to a Banach space V, let us write UC-lim,cq vy = v if for every left Fglner
net (®,) @ in G one has

) 1
a11—>Holo @ Aa vgdr(g) =v.
(If G is o-compact (that is, is a countable union of compact sets), Fglner nets can be
replaced by Fglner sequences; see [P].)

In what follows, let (X, 3, 1) be a probability measure space. We will prefer to deal
with functions from L?(X) instead of subsets of X; to obtain results about sets A € B
one takes f = 14. Notice also that to get a left action of a non-commutative group G on
L?(X) we have to assume that G acts on X from the right; of course, this does not affect
the results. (In Section 3 we pass back to a left action of G on X.) In Section 2 we will
prove the following;:

Theorem 0.6. Let G1,...,Gy be locally compact amenable groups and, for each i =
1,...,k, letT;q,...,T;, be (not necessarily homomorphic or continuous) mappings from
G, to the set of measure preserving transformations of X. Assume that the following two
conditions are satisfied:

(i) for any collection fj, . ., 1 <jg1 <ri1, ..., 1 <jp <rg, of functions from L>=(X), the
limit

UC-lim / 11 (Tl,j1 (91) - Th.j, (gk)fjl,...gk)dﬂ

s g )EGL X X G ,
(1,0 ECH FIX 1gisn

1<, <7y,

G) A left Folner net in a group G is a family (Po)apea of compact non-null subsets of G,
indexed by a directed set A, such that lima7(PaA(9Pn))/7(Pa) = 0.

4



exists;
(ii) for any non-negative function f € L*(X) and any i € {1,...,k},

“li >
Uggjegfn / H i, (9:) f du / f du

ji=1

Then for any non-negative function f € L>=(X),

(a)

T Tk

uctin [ TT (Tualo) - Tlof)du> ([ ram)™™"

€G1 x-
(917 7gk) 1 1<]1<7"1

1§Jk§Tk

(b) for any 6 > 0, the set

{(gl,...,gk)eGlx XGk /

X 1<]1 <')"1

(Tl,j1 (g1) - - Ty i (gk)f)du > (/X fdu>7'1...’r'k —5}

1SJk§7*k

1s syndetic in G1 X -+ X Gj.

In order to apply this result we only need to verify, in concrete situations, whether
conditions (i) and (ii) are satisfied. A very general theorem guaranteeing the fulfillment of
condition (i) is the following:

Theorem 0.7. ([Z]) Let G be a locally compact amenable group and let Si,...,Sk be
continuous polynomial mappings(4) from G to a nilpotent group of measure preserving
transformations of X. Then, for any fi,..., fi € L=(X), UC-limgeq Hizl Si(g)fi exists
in L*(X).

This theorem will allow us to obtain two kinds of applications. First, we will get a
general result (Theorem 0.8 below) on convergence and recurrence. One can then use a
variant of Furstenberg’s corresponcence principle for combinatorial actions (see [BF]) to
obtain some combinatorial applications. There is however a much more interesting vista
that Theorem 0.7 opens up. Namely, it applies, in particular, to discrete uncountable
amenable groups, which — via an appropriate generalization of Furstenberg’s correspon-
dence principle — will allow us to obtain somewhat unexpected combinatorial applications
(see Section 3).

As for condition (ii), it holds, for example, in the following situations:

1) A mapping P from a group G to a (nilpotent) group H is said to be polynomial if there is
d € N such that for any hi,...,hg € G one has Dy, --- Dy,
defined by (D, P)(g) = P(g)~' P(gh).

,P =1, where the “derivative” Dy, is



(1) Let T be a measure preserving action on X of a locally compact amenable group G.
For any f € L?(X), by the classical von Neumann ergodic theorem, adapted to limits
along Fglner nets, one has UC-limyeq Ty f = Pf, where P is the orthogonal projection
onto the space {f € L*(X) : T,f=fforal ge G}. For f > 0 we have Pf > 0 and

fX Pfdu= fod,u. Hence,

UGt [ fTfdu= [ fPrau= [ Prpfan=|poP = (/XPfdu)2=(/deu)2-

Thus, condition (ii) is satisfied for 7;; = Id and T; o = T. This gives us the following
result:

Theorem 0.8. Let G1,...,Gy be locally compact amenable groups and let T;, i = 1,... k,
be (continuous) homomorphisms from G; to a nilpotent group of measure preserving trans-
formations of X. Then for any non-negative function f € L>=(X),

(a)

UC-lim G /X H <T1 (g1)=* - 'Tk(gk)gkf> dp > (/X fdu) Qk;

s gk )EGL X
(91 gk) 1 Lyeens er€4{0,1}

(b) for any 6 > 0, the set

k

{(glw-,gk)GGlX“'XGki/ I1 <T1(91)€1---Tk(gk)a’“f>du> (/deu)2 —5}

X el enefo,1}

1s syndetic in G1 X -+ X Gj.

(2) Let F be a (discrete) field and let V' be a finite dimensional vector space over F. We
call a mapping T from V to a group 7 polynomial if T'= S o P, where P is a polynomial
(in the usual sense) mapping from V to a finite dimensional vector space W over F' and

S is a homomorphism from W to 7. The following theorem, extending a result of Larick
([La]), can be found in [BLM]:

Theorem 0.9. Let V be a finite dimensional vector space and let U be a polynomial
unitary action of V' on a Hilbert space H. Then for any f € H, UC-lim,ecy U(v)f exists
and is the orthogonal projection of f on the space of U(V')-invariant vectors.

(In [BLM], this theorem is stated and proved for the case where the base field F' is count-
able, but it remains true, with the same proof, when F is uncountable.)

It follows that if T' is a polynomial measure preserving action on X of a finite dimen-
sional vector space V, then for any non-negative f € L?(X), UC-lim,cy Jx £-T(v)fdp>

( ) <[ du)z. Based on this fact, Theorem 0.6 acquires the following form:
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Theorem 0.10. Let Vi,..., V) be finite dimensional vector spaces over a field F' and let
T;,1=1,...,k, be polynomial mappings from V; to a nilpotent group of measure preserving
transformations of X. Then for any non-negative function f € L*°(X),

(a)
UC-lim / H <T1(v1)€1 "’Tk:(Uk;)ekf)du > (/X fdu) 2k;

(Ul,...,vk)evl@...@vk - ’EkE{O 1}
(b) for any § > 0, the set

{(ul,---,uk)e‘/l@“‘@‘/kl

[T (s ()’ o

.,er€4{0,1}
is syndetic in the (discrete) group Vi @ --- @ V.

(3) Let us say that polynomials py, ..., p, are essentially linearly independent if the poly-
nomials p; — p1(0),...,p, — p-(0) are linearly independent. The following theorem can be
found in [FK]:

Theorem 0.11. Let T be a totally ergodic measure preserving transformation of X and
let p1,...,p, be integer valued, essentially linearly independent polynomials of one or sev-
eral integer variables. Then for any fi,...,fr € L®°(X), UC-lim,¢z H§:1 ij(n)fj =

H;:1 fX fidp.
(In [FK], this theorem was stated and proved for the case of polynomials of one variable

only, but the same argument works in the case of polynomials of several variables as well.)
Via Theorem 0.6, this result implies the following:

Theorem 0.12. LetTy,..., Ty be totally ergodic measure preserving transformation of X
generating a nilpotent group, and let for each i =1,...,k, p;j, j =1,...,7r%, be essentially
linearly independent polynomials Z% — 7. Then for any non-negative function f €
L>(X),
(a)
e . -
(N1,..snp)EZ%4 x---xZ% [ x 1<]1<T1 X
1S1k§7“k
(b) for any 6 > 0, the set
(n1,...,ng) €ZM x -« x Z% :
[T e (L
X 1<]1<T1 X
1S3k§7"k

is syndetic in ZHt Tk,



(4) Theorem 0.11, stated for Z-actions, implies a similar result for R-actions (see [BLMo)).
Moreover, for R-flows, the total ergodicity is no longer an issue (R-flows are totally ergodic
if ergodic, and the ergodic decomposition allows us to give up the condition of ergodicity
as well). We therefore also get the following theorem:

Theorem 0.13. Let (T1)ter, - - -, (Tk)ter be flows of measure preserving transformations
of X generating a nilpotent group, and let, for each i = 1,...,k, p;j, 7 = 1,...,7,
be essentially linearly independent polynomials R% — R. Then for any non-negative
function f € L*°(X),

(a)

UC-li <Tp1’j1(t1)..,Tpkvjk(tk) >d S (/ p )Tl"'Tk;
s xRk /X H 1 k f)dp = < fdp

di x..
(t1,...,tk)ERYL X 1<j1<r

1<, <ry

(b) for any 6 > 0, the set

{(tl,...,tk)ERdl X oo x R
/ 11 (Tlpl,jl(tl)___T:k,jkm)f)du - (/ fdu) TR _5}
X 1<ji<n X

1<, <ry

is syndetic in (the topological) group R+ +dx,

The fundamental nature of cubic averages is also manifested by the fact that the mul-
tiple recurrence results, such as Theorem 0.8, lead to new sharp combinatorial applications
involving large sets in uncountable amenable groups. For example, one has the following
result (see Theorem 3.2 in Section 3 for a more general statement):

Theorem 0.14. Let d,k € N and let m be an invariant mean® on the group R?, con-
sidered as a discrete group. Then for any E C R* with m(1g) > 0 and any § > 0, the
set

Rgz{(ul,...,uk)e(Rd)k:m< ﬂ (E—(€1U1—|—...+gkuk))> >m(E)2k—5}
€1,.-,x€{0,1}

is syndetic in (the discrete) group (RY* (meaning that finitely many shifts of Rs cover
(RT)¥).

) A left-invariant mean is a linear functional m on the space BC (G) of bounded continuous
real-valued functions on G such that m(1) = 1, m(f) > 0 if f > 0, and m(f(tz)) = m(f(z)) for
all f and all t € G.



In order to establish this result one needs a variant of Furstenberg’s correspondence
principle that holds for general, possibly uncountable, discrete amenable groups. (See
Theorem 3.1 in Section 3.)

The structure of the rest of the paper is as follows. In Section 1 we state and prove the
Fubini principle alluded to above. In Section 2 we prove Theorem 0.8 and obtain its corol-
laries. Section 3 is devoted to establishing a general form of Furstenberg’s correspondence
principle and utilizing it to derive some combinatorial applications.

1. The Fubini principle — double and repeated Cesaro limits

Lemma 1.1. Let G, H be amenable groups and let (h,g) — vng4, (h,9) € H x G,
be a bounded continuous mapping from H x G to a Banach space V. Assume that
UC-lim,, gyerx G Vh,g exists and for every g € G, UC-limpe g vpn,g ewists; then

UC-lim UC-limvy, g = UC-lim vy, 4.
geG heH (h,g)EHXG

Proof. Let v = UC-lim, gye Hx G Vh,g, and for every g € G, let v, = UC-limpepg vp,4. Let
(®,) be a Fglner net in G and (¥3) be a Fglner net in H. Then (V3 x ®,) is a Fglner net
in H x G (where by (81, 1) < (B2,a2) we mean 31 < 2 and a1 < as). Let § > 0. Let T,
7/ be left Haar measures on G and H respectively, and let 7”7 = 7/ x 7. Find Sy, aq such

that
1

)
_— vpgdr(h,g) = v
T(Wp x D) [pﬁx@a I

whenever 8 > By and a > «g. It then follows that for any a > «q,

T(;)a) [pa vy dr(g) = T(;a) La lién T(éﬁ) <[1/B Vh,g dT’(h))dT(g)

1 5
=lim——— Vh. g dT” h,g)~wv.
3 T (W x B /W% o 47 (1 9)

|

For o-compact amenable groups one has a version of Lemma 1.1 that involves Fglner
sequences instead of Fglner nets. For such a group G and a mapping g — vy, g € G, from
G to a Banach space V, we have UC-limgeq vy = v iff limy o ﬁ f% vgdr(g) = v for
every Fglner sequence (®,,) in G.

Lemma 1.2. Let G, H be o-compact amenable groups and let vy, 4, (h,g9) € H x G, be a
continuous mapping from H X G to a Banach space V. Assume that UC-limy, g)e i xa Vh,g
exists and for every h € H, UC-limgeg vp,g ewists; then

UC-lim UC-lim vy, g = UC-lim vy, 4.
heH geG (h,g)EHXG

Proof. Let v = UC-lim, gyemxa Vn,g, and for every g € G, let v, = UC-limpepy wp 4. Let
(®,,) be any Fglner sequence in G and (¥,,) be a Fglner sequence in H. Let 7, 7" be
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left Haar measures on G and H respectively, and let 7”7 = 7/ x 7. Choose an increasing
sequence of integers (m,,) such that for every n,
1

1
‘ (W) Am” Un,g A7 () = ”gH <a

for all g € ®,,. Then for any n,
1

1 1
I _ -
‘ "W, X D) [pmnxén Ung 477 (1, 9) T(Uy) [pn Yo dT(g)H < n

(U, X ®,) is a Felner sequence in H x G, so W f‘lfmnx@n Up,gd7"(h,g) — v

as n —» oo. Thus, ﬁ fq;,n Vg dr(g) — v. [ |

To deduce, from the largeness of uniform Cesaro limits, the syndeticity of the “sets of
large intersection” (part (b) of Theorem 0.6), we will need the following fact:

Lemma 1.3. Let G be a locally compact amenable group and let ay, g € G, be a mapping
G — R with UC-limgeg ag = a. Then for any 6 > 0 the set R = {g cG:ay>a— 5} is
syndetic in G.

Proof. Choose a Fglner net (®,) in G. If R is not syndetic, then there is a net (g,) in G
such that for any «, ga¢> N R = 0. But (go®P,) is also a Fglner net in G, and for this net
we have limsup,,_, |ga¢, | > gea, g < a— 0, which contradicts UC-limgegag =a. g

2. Large cubic averages: a proof of Theorem 0.6

Proof of Theorem 0.6. Part (b) of the theorem follows from part (a) and Lemma 1.3,
so we only have to prove (a). Notice that, putting f;, . 1 = land fj, i 1 =
firju_, for g > 2 for all ji,...,jr—1, we have from (i) that the limit

UCGdm 1/ I1 (Tl,jl(gl)“'Tk—l,jkfl(gk—l)fjl ..... jm)du

..... JEG X+
(91 grk—1) 1 1<31<r1

1§Jk71§7’k71

exists for any collection f;, of functions from L>°(X).
Let f € L>*(X), f > 0. For any g1 € Gy, ..., gk € Gi, we can rewrite

/ Tl,jl (91) T Tk—l,jk71 (gk—1>Tk7jk (gk)f> d,u
X

1<]1 <’I"1

1§Jk§?"k
Tk

= /X 1T (Tl,jl (91) - 'Tk—l,jk_1(gk—1)< 1T (7. (%)f)))du-

1SJ1ST1 Je=1

1§jk71§7"k71
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By assumption (i), the limit
uctim [ T (Tuslon) T (o)) du
(gl,...,gk)€G1>< X 1<,]1<7'1
1§Jk§?"k

exists, also for any g, € Gy the limit

Tk

UC-lim (T- Ty _ ( T, . d
(91,96 —1)EG1 XX G — 1/ 1<£[<r1 1731(91) k 1737671(97f 1) jgl( k’Jk(gk)f)>> K

1§]k71§7"k71

exists, and, by induction on k, is > ([ H;:Zl (T,j. (9%) f) du)rlmrk_l. Thus Lemma 1.1
applies and, combined with Holder’s inequality and assumption (ii), implies

uCtim T (Tu o)+ T () ) do
(g1, 9K) EGLX X 1<31<7“1
1<]k<7’k
i
UC-li Ty 5 T 1 _ Ty s d
(91,...,gk71)€G11r£<1 XGp— 1/ 1<}1T1 ( 17J1(91) k 1’3k71(gk 1><j:1!;[1( kdk(gk)f)>> 8

15]1@7137%71

' Tk TR 1 19 TE—1
> v T mona)™ " = (o [ 1 0tos )

. / fdlu 1'“7”1@.
X

3. Furstenberg’s correspondence principle for general amenable groups and
applications

When G is a countable amenable group, one can get combinatorial corollaries of The-
orem 0.6 by invoking a version of Furstenberg’s correspondence principle for amenable
groups (see [B3], Theorem 6.4.17). For general amenable locally compact groups, a vari-
ant of correspondence principle was obtained in [BF]. This variant allows us to obtain
combinatorial corollaries of multiple recurrence results for continuous actions and guaran-
tees existence of combinatorial patterns only in properly dilated large sets in topological
amenable groups (see the details in [BF], Section 1). Since some of the results obtained in
Theorem 0.6 hold true for actions of discrete uncountable groups, it is natural to inquire
whether there exists a properly general version of Furstenberg’s correspondence principle
which would guarantee the existence (and abundance) of “cubic” patterns in any large set
of, say, R?, considered with the discrete topology. The goal of this section is to estab-
lish such a general principle and to derive some of its corollaries. To make the discussion
precise, one has, of course, to define first what is meant by a “large” set.

11



If G is a countable amenable group, the standard way of defining the basic notion
of largness for a set £ C G is to declare E to be large if it has positive upper density
d(o,)(E) := limsup,,_,, |E N ®,|/|®,| with respect to some Fglner sequence (®,) in G.
It is not hard to show that d(s,)(E) > 0 if and only if there exists an invariant mean on
the space B(G) of bounded real-valued functions on G such that m(1g) > 0. If G is an
uncountable discrete amenable group, one still has at ones disposal both approaches to
defining the notion of largeness. However, a word of caution is in order here. Namely, in
uncountable discrete groups one no longer has the luxury of working with Fglner sequences
and has to switch to Fglner nets in order to define the notion of upper dentisty and establish
its translation invariance (see [HS]). After that, in full analogy with the case of countable
amenable groups, one can show that a set £ C G has positive upper density if and only if for
some invariant mean m on B(G) one has m(E) > 0. (When convenient, we will write m(E)
for m(1g).) We prefer to work with the invariant means from the outset. The following
version of Furstenberg’s correspondence principle has the more familiar correspondence
principle for countable amenable groups ([B3]) as a special case.

Theorem 3.1. Let G be a discrete amenable group. Let m be a left-invariant mean on
B(G). Let E C G, m(E) > 0. Then there exists a probability measure preserving system
(X, B, 1, (Ty)gec), where X is a compact space, B is the Borel o-algebra on X, and (T,)gec
is an action of G on X by homeomorphisms, and a set A € B with u(A) = m(E), such
that for any k € N and any g1,...,9x € G one has

m(ENgi"EN...Ng,"E) =p(ANT,'An...nT,'A). (3.1)

Proof. The perspicacious reader has already guessed that we will set X to be G, the
Stone-Cech compactification of G. Let u be the unique probability measure on the Borel
o-algebra of SG corresponding to m. The correspondence is implemented by the formula
m(f) = fBG fdp, where f € B(G) and f denotes the continuous extension of f to SG. For

any set £ C G, let E be the closure if E € 8G. Sets of the form E, E C G, are closed and
open and form the basis of open sets in SG. For any g € G, the map h +— gh, h € G, has
a unique continuous extension to BG, which we will denote by T;. The maps T}, g € G,
are p-preserving homeomorphisms of SG. (The p-invariance follows from the invariance
of the mean m.) Now, for any fo, f1,..., fx € B(G) on has

k k
m(Hfi) Z/ Hfi dp.
i=0 PG i=o
Applying this to fo = 1g and f; = l-1g,i=1,....k, we get (31). m

The following combinatorial result immediately follows from Theorem 3.1 and Theo-
rem 0.8:

Theorem 3.2. Let G be a (discrete) nilpotent group and let m be an invariant mean on

B(G). If E C G satisfies m(E) > 0, then, for any k € N and 6 > 0, the set
{Gr-gecm( ) (g E) > m(E) -}

€1,.-,e,€{0,1}

is syndetic in G* (that is, finitely many translates of this set cover G¥).
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Theorem 0.10, in its turn, implies the following combinatorial fact:

Theorem 3.3. Let Vi,..., Vi be finite dimensional vectors spaces over a (discrete) field
F, let Py,..., Pr be polynomial mappings from V; to a finite dimensional vector space W
over F, let m be an invariant mean on B(W), and let E C W satisfies m(E) > 0. Then
for any & > 0, the set

{(ul,...,uk)evl@-"@vk :m< ﬂ (€1P1(U1)+'"+€I<:Pk(uk))E) >m(E)2k—5}
€1,...,ex€{0,1}

1 syndetic in the group Vi ® --- @ V.

Remark. A more familiar form of Furstenberg’s correspondence principle deals with large
sets in countable groups (see, for example, [B2], [B3]), and in this case one can guaran-
tee that the resulting measure preserving system (X, B, u1, (Ty)g4ec) is regular, meaning
that X is a compact metric space and B is the Borel o-algebra on X. The regularity of
(X, B, 1, (Ty)gec) plays an instrumental role in ergodic proofs of Szemerédi’s theorem and
its extensions (see [Ful|, [FuKa|, [BL], [BM]). To quote from [Fu2|, p.103: “For certain
of the constructions to be carried out it will be necessary to choose between equivalent
measure spaces, confining ones attention to regular spaces.”. The goal of the next propo-
sition is to show that when G is countable, one can replace the measure preserving system
(X, B, 1, (Ty)gec), appearing in the proof of Theorem 3.1, by a regular one.

Proposition 3.4. Let (T;)4ecc be a measure preserving action of a countable group G on
a probability space (X B, 1) and let A € B. Then there exists a reqular probabilty measure

preserving system (X B, i, ( 9)gec) and a set A € B such that, for any k € N and any
91,9k € G, one has

AANTPAn--nT, ' A) = p(ANT, AN 0T, L A).
Proof. Let f = 14 and let A be the closure in L>°(X, B, ) of the algebra generated by

the functions T, f, g € G, and their complex conjugates. A is a separable commutative
C*-algebra, and so, by Gelfand’s theorem, there exists a compact metric space X such that
A is isomorphic to C(X). Let f € C(X ) be the image of f under this isomorphism. Since
f =14 is an idempotent, f is also an idempotent, and thus is of the form f = 1 + for some
(clopen) set Ae [5; where B is the Borel o- algebra on X. The measure f, interpreted as a
linear functional on A, gives rise to a positive linear functional on C'(X ) which, by Riesz’s

theorem, can be represented by a measure i on B. Clearly, ji(A) = u(A).
The isometric operators induced on A by Ty, g € G, give rise to isometries of

C’()Z' ), which, by a classical theorem of Banach, determine (or, rather, are determined)

by homomorphisms f X — X’ which in our case are also fi-preserving. Let gy = e,
gi,---, 9k € G. Tt is clear that the functions T, f = 1,-1 , and their products correspond

to the functions 1~ and the products thereof; hence

_1A

k
Q(memlﬁm---mf%lﬁ):/)?Hlih ~dji = /Hl i pdp = p(ANT,PAN- 0T, A).
=0
n
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