ERGODICITY AND MIXING OF NONCOMMUTING
EPIMORPHISMS

VITALY BERGELSON AND ALEXANDER GORODNIK

ABSTRACT. We study mixing properties of epimorphisms of a compact connected
finite-dimensional abelian group X. In particular, we show that a set F, |F| >
dim X, of epimorphisms of X is mixing iff every subset of F' of cardinality (dim X)+1
is mixing. We also construct examples of free nonabelian groups of automorphisms
of tori which are mixing, but not mixing of order 3, and show that, under some irre-
ducibility assumptions, ergodic groups of automorphisms contain mixing subgroups
and free nonabelian mixing subsemigroups.

1. INTRODUCTION

1.1. Mixing sets. Let X be a compact abelian group, B the completion of the Borel
o-algebra of X, and m the normalized Haar measure on X. A finite set F', |F| > 1, of
epimorphisms (i.e., continuous surjective self-homomorphisms) of X is called mizing
if for any collection of measurable sets B, € B, v € F,

m <n 7_"(BW)> — H m(B,) asn — oo.
YEF YEF

Such set is sometimes also called mixing shape. It is clear that if F' is mixing, then
every subset of I’ is mixing as well. However, in general, the assumption that all
proper subsets of F' are mixing does not imply that F' is mixing. For example, it
was shown by F. Ledrappier that there exist commuting automorphisms ~; and 7,
of a compact totally disconnected abelian group such that the sets {id,v1} {id, 2},
{71,72} are mixing, but the set {id,v1,72} is not mixing (see [13] and [21, Chap-
ter VIII]). Also, if one does not assume commutativity, similar examples exist for
connected groups as well (see Corollary 1.11 below).

K. Schimdt has shown that when the group X is connected and the epimorphisms
which form the set F' commute, the situation is quite different (see [20]):

Theorem 1.1 (Schmidt). Let X be a compact connected abelian group and F' a finite
set of commuting epimorphisms of X. Then the set F' is mixing iff every subset of F'
of cardinality 2 is mizing.

In this paper, we prove a noncommutative analog of Theorem 1.1:
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Theorem 1.2. Let X be a compact connected abelian group such that dim X = d < oo
and F' a finite set of epimorphisms of X with |F| > dim X. Then the set F' is mizing
iff every subset E of F' with |E| =d + 1 is mizing.

Theorem 1.2 and Theorem 1.1 (in the finite-dimensional case) follow from Theorem
1.3 below. We also show that the bound d+ 1 in Theorem 1.2 is sharp (see Corollary
1.11 below).

1.2. Mixing sets and spectrum. Let X be a compact connected abelian group
with dim X = d < co. We denote by X the character group of X. Under the above
assumptions, X is a discrete abelian torsion free group of rank d. Hence, we may
assume that

7 c X c Q%
(Conversely, any abelian group A such that Z¢ c A C Q? corresponds to a compact
connected abelian group of dimension d.)

Any continuous endomorphism 7 of X defines an endomorphism T of X that
extends to a linear map of Q7. Note that T is surjective iff T is nondegenerate (i.e.,
det T' # 0).

We establish the following criterion for mixing in terms of eigenvectors of the cor-
responding linear maps of Q.

Theorem 1.3. A set {T1,...,Ts} of epimorphisms of X is mizing iff for every l > 1,
every subset {k1,...,k.} C{1,...,s}, and every A € C, there are no A-eigenvectors
of T,il, e ,T,ﬁr that are linearly dependent over Q.

Remark 1.4. It follows from the proof that in Theorem 1.3 one can replace “for
every [ > 17 by “for every [ > 1 such that ¢(I) < (dim X)?”, where ¢ denotes the
Euler’s totient function. Moreover, this estimate is sharp (see Example 6.1 below).

We state some corollaries of Theorem 1.3. Note that Corollary 1.5 is just another
formulation of Theorem 1.1 in the finite-dimensional case, and Corollary 1.7 implies
Theorem 1.2.

Corollary 1.5. For commuting epimorphisms T,...,Ts of X, the following state-
ments are equivalent:
(a) The set {Ty,...,Ts} is mizing.
(b) For every i # j, the set {T;,T};} is mizing.
(c) For every i # j, the linear map T[lfj does not have roots of unity as eigen-
values.

For two (not necessarily commuting) epimorphisms, we have the following criterion
for mixing:
Corollary 1.6. The set of epimorphisms {T1,To} of X is mizing iff there is no closed
subgroup Y # X such that for some | > 1,Y is {T}, Ti}-invariant and T} = T% on
X/Y.
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Corollary 1.6 may fail if the group X is disconnected or infinite-dimensional (see
Example 6.2 below).

Denote by Spec(T') the set of eigenvalues of T. The following corollary of Theorem
1.3 characterizes mixing in terms of spectrum:

Corollary 1.7. Let Ty, ..., Ty be epimorphisms of X.
(a) If for everyl > 1 andi,j=1,...,s, 1 # j,
Spec(T}) N Spec(T}) =0,

then {T1,...,Ts} is mixing.
(b) If for somel>1 and S C {1,...,s} such that |S| > d,

() Spec(T}) # 0,
i€S
then {T1,...,Ts} is not mixing.
(c) If for every 1 > 1 and S C {1,...,s} such that |S| > d,

() Spec(T}) =0,
i€S

then {T1,...,Ts} is mizing iff every subset of cardinality d is mizing.

Remark 1.8. In Corollary 1.7, one can replace “for every [ > 17 by “for every
[ > 1 such that ¢(I) < (dim X)?”. Moreover, this estimate is sharp (see Example 6.1
below).

Corollary 1.7(a) shows that, if epimorphisms T, ..., T are “spectrally indepen-
dent”, then for every By, ..., Bs € B,
lim m(T,"ByN---NT,"Bs) =m(By) - --m(Bs).

n—o0o

Although this limit does not exist in general (consider, for example, T} = id and
T, = —id), the proof of Theorem 1.3 implies the following corollary.

Corollary 1.9. For any finite set {T\,...,Ts} of epimorphisms of X, there exists
[ > 1 such that for every k € ZJIZ and fi,..., fs € L=(X), the limit

(1.1) dim [ AT L(T70) di)
)

n = k(mod!

exists.

Remark 1.10. (i) It follows from the proof that the integer [ appearing in Corol-
lary 1.9 can be chosen so that ¢(I) < (dim X)2. Moreover, this estimate is
sharp (see Example 6.1 below).

(ii) Corollary 1.9 is, in general, false if the group X is either infinite-dimensional
or disconnected (see Example 6.3 below).
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(iii) Existence of the Cesaro limit

1
lim

N
im e ST () f(T)

n=M+1

in L*(X) for a certain class of epimorphisms of a compact abelian group X
was proved by D. Berend in [3]. Corollary 1.9 strengthens Berend’s result in
the case when the group X is connected and finite-dimensional.

We call an automorphism T of X unipotent if the matrix 7' is unipotent.

Corollary 1.11. (a) For every s =2,...,d+ 1 there exists a set F' with |F| = s
consisting of unipotent automorphisms of T¢ such that F is not mizing, but
every proper subset of F' is mixing.

(b) For every s = 2,...,d+ 1 there exists a set of mizing epimorphisms F of T¢
with |F| = s such that F is not mizing, but every proper subset of F' is mizing.

The following corollary relates the notion of “mixing sets” (terminology from [21])
with the notion of “jointly mixing automorphisms” which was introduced in [2] and
used in [5]. Epimorphisms 71, ..., Ts_; are called jointly mizing if the set {11, ..., Ts_1,id}
is mixing in our terminology.

Corollary 1.12. The set {T1,...,Ts_1,id} of epimorphisms of X is mixing iff every
T; is mizing and {Ty,...,Ts_ 1} is mizing.

1.3. Mixing groups and semigroups. A semigroup [' of epimorphisms of X is
called mizing if for every A, B € B,

m(AN~y'B) — m(A)m(B)

as y — Q.
A semigroup I' of of epimorphisms of X is mizing of order s if for every By, ..., Bs €
B,
m(y ' Bin (y271) " Ba N N (s 71) 7' Bs) — m(By) - - m(By)

as the product v;---v — oo for 1 < i < j < s. Note that mixing corresponds to
mixing of order 2.
We recall a classical result of Rokhlin (see [17]):

Theorem 1.13 (Rokhlin). If a continuous epimorphism T of a compact abelian group
is ergodic, then it s mixing of all orders, that is, for every s > 1, By,...,Bs € B,
and ny,...,ns € N such that |n; —nj| — oo fori# j,

m(T™™ByN---NT ™ Bs) — m(By)---m(Bs).

This result was extended to finitely generated abelian groups of automorphisms by
K. Schmidt and T. Ward in [22]:
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Theorem 1.14 (Schmidt, Ward). Let X be a compact connected abelian group and
I' C Aut(X), I' ~ Z™. Then I' consists of ergodic automorphisms iff it is mizing of
all orders.

Note that the ergodic properties of the actions in Theorems 1.13 and 1.14 are quite
different. The epimorphism 7" in Theorem 1.13 has completely positive entropy (see
[18]), but the entropy of I'-action in Theorem 1.14 is zero if n > 1 (see [21, Ch. V]).

While it is true that an arbitrary group I' of automorphisms is mixing provided
that every element of infinite order is ergodic (see Corollary 4.3 below), the statement
about higher order of mixing fails if I' is not virtually abelian. As an easy corollary
of Corollary 1.7(b), we deduce the following result:

Corollary 1.15 (Bhattacharya). Let X be a compact connected abelian group with
dim X = d < co. Then every subgroup of Aut(X) which is not virtually abelian is
not mixing of order d + 1.

Note that there exist free nonabelian semigroups of epimorphisms which are mixing
of all orders (see Examples 6.6 and 6.7 below).

Corollary 1.15 was first proved by Bhattacharya in [6]. He also discovered some
interesting rigidity properties of mixing subgroups which are not virtually abelian.
However, it is not obvious whether such subgroups exist. In this direction, we show:

Theorem 1.16. For every d > 2, d # 3,5,7, there exists a not virtually abelian
mizing subgroup of Aut(T?) which is not mizing of order 5.

At present, we don’t know whether there are such examples for d = 3,5, 7.

Mixing property is much better understood for Z"-actions by automorphisms of
a compact abelian group X. When X is connected, 2-mixing implies mixing of all
orders (see Theorem 1.14). If X is totally disconnected, then for every s > 2, there
are examples that are s-mixing but not (s + 1)-mixing (see [9]). It is also known that
a Z"-action is s-mixing iff every subset of Z" of cardinality s is mixing (see [14]).

1.4. Ergodicity and mixing. In this subsection we discuss some analogs of Rokhlin’s
theorem (Theorem 1.13) for general groups of automorphisms. Namely, given a com-
pact abelian group X and a subgroup I' of Aut(X), we investigate whether ergodicity
implies mixing and mixing of higher orders. Recall that I' is called ergodic if every
measurable [-invariant subset of X has measure 0 or 1. Ergodicity is a weaker no-
tion than mixing. In fact, if I' contains a mixing automorphism, then it is ergodic.
D. Berend showed in [1] that the converse is also true in the case when I' is abelian:

Theorem 1.17 (Berend). Let X be a compact connected finite-dimensional abelian
group and I' an ergodic abelian semigroup of epimorphisms of X. Then I' contains
an ergodic epimorphism.

Note that by Rokhlin’s theorem, an ergodic epimorphism is mixing of all orders.
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On the other hand, if T' is not abelian, it may contain no mixing elements (see
[1] or Examples 6.8 and 6.9 below). A somewhat stronger version of ergodicity —
“hereditary ergodicity”, which we will presently introduce, is more closely related to
mixing and will allow us to naturally generalize Berend’s theorem.

Let X be a compact abelian group, Y a closed subgroup of X, and I' C Aut(X).
We define

I'y={yel':y-YCY}

If Ty has finite index in I', we call the subgroup Y wvirtually I'-invariant. In the
case when X contains no proper closed connected virtually I'-invariant subgroups,
we call the group I' strongly irreducible. Note that for connected group X, strong
irreducibility implies ergodicity (see Proposition 5.2 below), but the converse is not
true (see Example 6.8 below). We call a subgroup I' C Aut(X) hereditarily ergodic
if for every closed connected virtually I'-invariant subgroup Y of X, the action of I'y
on Y is ergodic.

It is not hard to check that for abelian groups of automorphisms of compact con-
nected finite-dimensional group X, the notions of ergodicity and hereditary ergodicty
coincide (this fails, in general, for infinite-dimensional groups X — see Example 6.10
below). Hence, Berend’s theorem in this case states that hereditary ergodicity is
equivalent to existence of an automorphism which is mixing of all orders. The follow-
ing theorem generalizes this result to solvable groups of automorphisms.

Theorem 1.18. Let X be a compact connected finite-dimensional abelian group and
I' a solvable subgroup of automorphisms of X. Then the following statements are
equivalent:

(a) T is hereditarily ergodic.

(b) T' contains an abelian subgroup which is mizing of all orders.

Note that the assumption in Theorem 1.18 that the group I is solvable is essential
(see Example 6.9 below). Also, Theorem 1.18 fails without the assumption that X is
finite-dimensional (see Examples 6.10 and 6.11 below).

According to the Rosenblatt’s alternative (see [19]), any finitely generated solvable
group is either virtually nilpotent or contains a free nonabelian subsemigroup. In the
latter case Theorem 1.18 can be strengthened as follows:

Theorem 1.19. Let X be a compact connected finite-dimensional abelian group and
I' a solvable group of automorphisms of X, which is not virtually nilpotent. Then the
following statements are equivalent:

(a) T is hereditarily ergodic.

(b) T' contains a free nonabelian subsemigroup which is mizing of all orders.

Combining Theorems 1.18 and 1.19, we deduce

Corollary 1.20. Let X be a compact connected finite-dimensional abelian group and
I' a solvable strongly irreducible group of automorphisms of X. Then I' contains an
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abelian subgroup which is mixing of all orders. Moreover, if I' is not virtually nilpotent,
then I' contains a free nonabelian subsemigroup which is mixzing of all orders.

Without the assumption that the group I' is solvable, Corollary 1.20 fails (see
Example 6.9 below).

It follows from the Tits alternative (see [24] or [15, Section 5J]) that any finitely
generated subgroup of Aut(X) is either virtually solvable or contains a nonabelian free
group. Recently, E. Breuillard and T. Gelander proved a topological Tits alternative
(see [7]): any finitely generated matrix group either contains a Zariski open solvable
subgroup or a Zariski dense free subgroup. Utilizing this result, we obtain

Theorem 1.21. Let X be a compact connected finite dimensional abelian group and
[' an ergodic (hereditarily ergodic, strongly irreducible) subgroup of Aut(X) which is
not virtually solvable. Then T contains a free nonabelian ergodic (hereditarily ergodic,
strongly irreducible) subgroup.

Example 6.9 below illustrates that an ergodic group may contain no ergodic ele-
ments.

1.5. Some special cases of the above results appeared in [5]. Note that in [5] we used
a slightly different definition for mixing (borrowed from [2]), but in this paper we
adopt the definition from [21]. The relation between these two definitions is quite
straightforward (see Corollary 1.12).

The paper is organized as follows. The main theorem (Theorem 1.3) is proved in
Section 2. The rest of the results stated in Subsection 1.2 are proved in Section 3. The
results about mixing groups of automorphisms (stated in Subsection 1.3) are proved
in Section 4. The theorems from Subsection 1.4 are proved in Section 5. Section 6
contains some examples and counterexamples related to the results of this paper.

1.6. Acknowledgement. We would like to thank Y. Benoist and H. Oh for helpful
discussions and D. Berend and T. Ward for useful comments about this paper.

2. MIXING AND LINEAR RELATIONS (PROOF OF THEOREM 1.3)

Let X be a compact connected abelian group of finite dimension d. We identify its
character group X with a subgroup of Q. Then every endomorphism 7" of X induces
a linear map T of Q.

We recall the well-known characterization of mixing:

Lemma 2.1. The set {T4,...,Ts} of epimorphisms of X is mizing iff there are no
T1,...,7s € Q4 such that (xq,...,x5) # (0,...,0) and for infinitely many n > 1,
fo1+--~+f’§x5 = 0.
As an application of Lemma 2.1, we show that the set of epimorphisms {77, ..., T,},

s > d, is not mixing provided that the linear maps T}, ..., Ty have the same charac-
teristic polynomial.
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Proposition 2.2. Let Ty, ..., T, be epimorphisms of X and assume that there exists

~

a polynomial p(x) € Q[z] with degp < s such that p(T;) =0 fori=1,...,s. Then
{T, ..., T} is not mizing.

Proof. To prove the proposition, it suffices to construct (x1, ..., z,) € (Q?)*—{(0,...,0)}
such that

(2.1) Tray + - 4+ Tl =0

for infinitely many n.

Let p(x) = pi(z)® - pi(x)* where p;(z) € Qlz], i = 1,...,[, are distinct and
irreducible. Let d; = degp; and \;j, j = 1,...,d;, be the roots of p;. Let P, ;; €
M(d, Q(X;,;)) be the projection on the root space of T}, corresponding to J; ;. Then

ei—1
T]?B,j,k = )\Zj Z nuAi,j,km
u=0
for some A; ;. € M(d,Q(X;;)). Since the coefficients of the (e;d) x sd matrix
Bij=(Aijku-u=0,...,e,— 1, k=1,...,s)
lie in Q(\;;), we have
rankg(B; ;) < e;d - [Q(Ni ;) : Q] = e;dd,.
It follows that for the (le;d) x sd matrix
C=(Bjp:i=1,...1),

l
rankg(C) < Y e;dd; = (degp) - d.
=1

Hence, there exists a vector x = (zy,...,z,) € (Q%)*—{(0,...,0)} such that Cz = 0.
Then

(2.2) > TPP s =0
k=1
for every i = 1,...,1. For fixed i, k, the Galois group Gal(C/Q) permutes transitively

the roots \;; and the matrices P, i, 7 = 1,...,e;. Hence, if follows from (2.2) that
for every j =1,...,¢;,

(2.3) > T3Pk = 0.
k=1
Summing (2.3) over i and j, we deduce (2.1). O

To analyze the equation in Lemma 2.1, we use the following statement sometimes
referred to as Kronecker’s lemma (see [10, p. 27]):
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Lemma 2.3 (Kronecker). If X is an algebraic integer such that all of its conjugates
have absolute value one, then X\ is a root of unity.

We also mention an equivalent formulation of Kronecker’s lemma, which we use
latter: if A is an element of a number field K and A is not a root of unity, then there
exists an absolute value | - |, on K such that |A|, # 1.

Note that {71, ..., T} is mixing iff {77, ..., T'} is mixing for some (all) [ > 1. This
observation implies that in the proof of Theorem 1.3 we may assume without loss of
generality that

(2.4) PWIRS U Spec(Ty) and A~ 'p a root of unity = \ = p.
k=1

Under this assumption, Theorem 1.3 can be restated as follows

Theorem 2.4. Let Ty, ..., T; be epimorphisms of X that satisfy (2.4). Then the set
{T1,...,Ts} is mizing iff for every subset {ki,...,k,} C{1,...,s} and every X € C,
there are no \-eigenvectors of Ty, , ..., T, that are linearly dependent over Q.

Proof. Suppose that there exist a nonempty subset S C {1,...,s}, a € Q — {0},
k € S, and eigenvalues wy, for T}, k € S, with the same eigenvalue A such that

Z AW = 0.

This implies that the subspace

V= {(vk) € (CHSl, Zakﬁ?vk =0 foralln > 1}

kes

is not trivial. Since this subspace is defined over Q, it contains a nonzero rational
vector (z : k € S) that gives a nonzero solution of the equation

(2.5) > Tia =0.
k=1

Hence, by Lemma 2.1, the set {71, ..., T} is not mixing.

Conversely, suppose that the set {T7,...,T,} is not mixing. Then by Lemma 2.1,
there exists (x1,...,25) € (Q%)* — {(0,...,0)} such that (2.5) holds for infinitely
many n > 1.

Let

mg,1

Pe(x) = pra(x) e gy, (@)

be the characteristic polynomial of Ty, k = 1,..., s, where py;(z) € Q[z] are distinct
and irreducible over Q. Let dy; = deg(pr;). For a root A of pg, denote by V,f‘ the
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root subspace of T, with respect to A\. Then
@ w
Aipr(2)=0

Note that for fixed k and ¢, the Galois group Gal(C/Q) permutes transitively the
spaces V) where \ satisfies py;(\) = 0. This implies that the subspaces

Vii= P W

A pr,i(A)=0
are rational. Then
s
(2.6) Q' = P Vii(Q
i=1

and there exist vectors zy; € V;(Q), not all zero, such that

(2.7) S ZT Tpi =0

k=1 =1

for infinitely many n > 1. For a root A of py, let P;* denote the projection from Vj;
on the root space V;}. Since

Tlvr = A(id + N})

where N : V;} — V2 is nilpotent linear map such that (N)™ = 0, we have
m;m-—l
. n
TnP)\ = \" A)\
kLK uEO (u) Feyu

where Ay, : Vi; — V) are linear maps and Ay, = P{. With respect to a rational
basis on Vj;, A}, is represented by d x (dim V};) matrix with coefficients in Q(X).
Then (2.7) is equivalent to

mi 2—1

(2.8) ZZ >y )\”() AR ey = 0.

k=1 i=1 X\:p;;(\)=0 u=0

Denote by K the number field generated by the eigenvalues of T;, i = 1,..., s, and
let Vi be the set of absolute values of K.
Since (2.8) holds for infinitely many n, it is equivalent to the system of equations

mk,ifl

(2.9) DIy (Z) Ap ki =0, 6>0,

ki Nj u=0
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where the sum Y is taken over those \’s such that p;;(\) = 0 and |\|, = 0, v € V.
Conjugating (2.9) by o € Gal(C/Q), we deduce that (2.9) is equivalent to the system
of equations

mp,i—

(2.10) >y /\”( )A;uxm =0, d,>0,0 € Gal(C/Q), v e Vg,

k,i,\,j u=0

where the sum " is taken over \’s such that py;(A\) = 0 and |\?|, = 6, for every
o € Gal(C/Q) and v € V.
If

A€ U Spec(T},)
k=1

and |\7], = |u?|, for every o € Gal(C/Q) and v € Vg, then A™!y is a root of unity
by Lemma 2.3, and by (2.4), A = u. Hence, (2.10) is equivalent to the system of
equations

(2.11) > Z < )Aguxkz =0, e OSpec(Tk).

it g (N=0 u=0 ko1
Let my = max{my; : pr:(A) = 0}. Since (2.11) holds for infinitely many n, it is
equivalent to
(2.12) Z Apures =0, A€ | Spec(Th), u=0,...,my—1.
k 7‘ Pk,i ) 0 k=1

For every k =1,...,s and i = 1,...,l, choose \g; such that py;(Ar;) = 0. If pg;’s
have a common root for different k’s, we choose the same Ay ;. Let

A:{)\k’iikzl,...,s,izl,...,lk}.
Note that for o € Gal(C/@) we have
o) =V, o(R) = BV oY) = N{, a(A},) = AT,

Since the polynomial py; is irreducible, the Galois group Gal(C/Q) acts transitively
on the set of roots of p; ;. Hence, if (2.12) holds for A = Ay, then it holds for all \’s
such that py;(A) = 0. Therefore, (2.12) is equivalent to

(2.13) > AN wki=0, AeMu=0,...,my—1
k,i: pr,i(A)=0
Since polynomials py;, 2 = 1,...,[;, have no common roots, it follows that for every

k=1,...,s and A € A, there is at most one ¢ such that p;,(A) = 0. Hence, the
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system of equations (2.13) splits into independent systems of equations
(2.14) > A k=0, u=0,...my—1
k,i:pk’l‘(A):O

indexed by A € A. Therefore, (2.13) has a nontrivial solution iff for some A € A,
(2.14) has a nontrivial solution.

Let A € A be such that (2.14) has a nontrivial solution and uy € {0,...,my — 1}
be maximal index such that (2.14) contains nonzero terms. Since

Ay = AT = Ny, w>1,

it follows that (nonzero) vectors A, xy; are eigenvectors of T}, with eigenvalue A
which are linearly dependent over Q. This proves the theorem. U

3. PROOFS OF COROLLARIES FORMULATED IN SUBSECTION 1.2

Proof of Corollary 1.5. 1t is clear that (a)=(b).
Suppose that Ti_lTj has a root of unity as an eigenvalue. Since 7; and T; commute,
this implies that for some [ > 1, the subspace

V={vecC: TAilv:T}v}

is not {0}. Since V is {Til,ﬁ}-invariant and TV, = Tj\v, it follows that 7! and T)
have common eigenvector with the same eigenvalue. Hence, by Theorem 1.3, {T;,T;}
is not mixing. This shows that (b)=(c).

To prove that (c)=-(a), suppose that (c) holds, but {73,...,Ts} is not mixing.
Then by Theorem 1.3, there exist a nonempty S C {1,...,s}, ax € Q — {0}, k € S,
and eigenvectors w;, € C¢ of T,ﬁ, k € S, with the same eigenvalue A such that

Z AW = 0.

keS

Hence, we have a nonzero vector space
V= {(Uk) € (Cd)|s| . Zakvk = 0, T,ﬁvk = )\Uk for k € S} .
keS

Since T;’s commute, this vector space is {T},...,T'}-invariant, and it contains a
common eigenvector v = (v; : k € S):

Tlvo =\, keSs.

Let So = {k € S : vy # 0}. Note that |So| > 1. For k € Sy, A\, = A. Hence, T[ZT} =
(T71T}) has eigenvalue 1 for i,j € Sy. This contradicts (c). Hence, (c)=(a). O
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Proof of Corollary 1.6. 1f {Ty, Ty} is mixing on X, then clearly, {T},T+} is mixing on
X/Y. Hence, one direction of the corollary is obvious.

Suppose that {77, T, } is not mixing. Then, by Theorem 1.3, T T and Té have common
eigenvector with the same eigenvalue for some [ > 1. This eigenvector is contained in
the rational subspace

V={veC’: Th="Tuv, T'Tw =TT}
Consider the subgroup
V={zeX:x@x)=1 for yeVnNnX}

Since V is rational, V N X # 0 and Y # X, and since the subspace V is {T{,TQI}—
invariant, the subgroup Y is {77, T} }-invariant. The character group of X/Y is VN X,

and Tf = TZZ on V N X. Hence, it follows that T = T: on X/Y. This proves the
corollary. 0

Proof of Corollary 1.7. Under the assumption in (a), for every A € C, there is at most
one Til with the eigenvalue A\. Hence, the maps Til cannot have linearly dependent
eigenvectors with the same eigenvalue, and by Theorem 1.3, the set {T3,...,Ts} is
mixing.

Suppose that there exist S C {1,...,s} with [S| =7 >d, [ > 1, and A € C such
that

A € Spec(T})  for ke S.

We are going to show now that the set {7} : k € S} is not mixing. This will imply
that the set {T},..., T} is not mixing as well.

Denote by ¢(x) € Q[z] the minimal polynomial of A and consider a rational sub-
space

Wy, ={veC: ¢(T})v = 0}.
Note that W} contains all p-eigenspaces of T,ﬁ such that ¢(u) = 0. In particular,
dim Wy, > deg(q).

Denote by Py the projection from Wj, to the A-eigenspace of T,ﬁ According to Theorem
1.3, it suffices to show that there exist z; € Wy (Q), not all zero, such that

Choose a rational basis in W,. With respect to this basis, the linear map Py is
represented by d x (dim W}) matrix with coefficients in Q(A). Consider the d x
(dim W} - |S])-matrix

Since the coefficients of P are in Q(\),

rankg(P) < d-[Q(N) : Q] =d - deg(q) < |S| - dim W.
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Hence, there exists nonzero vector

r=(r,:keSI)e HWk(Q) ~ QI9Idim Wi
kes
such that P -z = 0. Hence, (3.1) has a nonzero solution. This proves (b).
Now we prove (c). Suppose that for every [ > 1 and S C {1,...,s} such that

S| > d,

() Spec(T}) = 0,

ieS
Then if Til’s have linearly dependent eigenvectors with the same eigenvalue, there is a

subset of Til’s of cardinality at most d with the same property. Hence, it follows from
Theorem 1.3 that {71, ..., T} is mixing iff every subset of cardinality d is mixing. [

Proof of Corollary 1.9. We choose | > 1 so that T}, ..., T! satisfy condition (2.4). Tt
suffices to prove the corollary for £ = 0, and to simplify calculations, we also assume
that [ = 1. The proof of the general case easily reduces to this situation.

We use the notation introduced in the proof of Theorem 2.4.

For x1,...,xs € X,
Lif Tixa + -+ Ty = 0
3.2 T'x) - xs(Tlx) dm(z) = ot LSS ’

Denote by )x; the projection on the space Vj; with respect to the decomposition
(2.6). If

(3.3) TPxi+ -+ 10 =0

for infinitely many n, then by the proof of Theorem 1.3,

(3.4) Z Ag’qu,iXk =0 forAeA,u=0,...,my— 1.
k,i:pg i (A)=0

Conversely, (3.4) implies that (3.3) holds for every n > 1. Denote by A the set of
(X1s---,Xs) € X?® such that (3.4) holds. We claim that for every fi,..., fs € L>(X),

lim Xfl(Tlnx>"'fs<T:x)dm(x): Z fI(Xl)"'JES(XS)'

n—oo

(Xl ----- XS)GA
When fi, ..., fs are characters, this follows from (3.2). For general L*°-functions, the
claim is proved by the standard approximation argument. 0]

Proof of Corollary 1.11(a). Let us choose linearly dependent over Q vectors vy, ..., v €
Z% such that every proper subset of {vy, ..., v,} is linearly independent over Q. There
exist nilpotent matrices Ny,..., Ny € M(d, Z) such that

Ker(N;) = (v;) .
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Set T; = id + N;. Then it follows from Theorem 1.3 that the set {17,..., 75} is not
mixing, but its every proper subset is mixing. U

To prove Corollary 1.11(b), we need a lemma:

Lemma 3.1. For every d > 1, there exists an irreducible monic polynomial p(x) €
Z[xz] which has real roots with different absolute values.

Proof. Consider the polynomial

pl) =(z—q)-(x—dg)+q
where ¢ is a prime number. Note that this polynomial is irreducible by the Eisenstein

criterion (see [12, IV §3]). Let us assume that d is even (the argument for odd d is
analogous). Then for sufficiently large ¢, we have

P4+ 1)/2) > (g/2 +q>0, i=0,....d/2,
p((4i +3)q/2) < —(¢/2)*+¢<0, i=0,...,d/2—1.
This implies that p(z) has d distinct positive real roots. O

Proof of Corollary 1.11(b). Let p(x) be as in Lemma 3.1 and let T3 € M(d,Z) has
p(z) as its characteristic polynomial. Denote by \;, i = 1,...,d, the roots of p(z) and
by o; the embedding Q(\;) — R such that A\; — A;. Let {v1,...,v4} be an integral
basis of Q(\1). It is well-known that
(3.5) det(vy" i,k =1,...,d) #0.
Let

A =diag(1,...,1,2,...,s —1).
Note that A has minimal polynomial

s—1 s

g(z) =[Jz—1) = Z gja’ ™!

=1
and ¢; # 0 for all j. Put
U}j:Ajil*t(Ul,...,Ud), jzl,,d

It follows from (3.5) that w(", i = 1,...,d, are linearly independent over Q. The
Galois group Gal(C/Q) permutes the vectors wf*, i = 1,...,d. Therefore,

(3.6) Q= {Z a”wi a € Q()\l)} .

i=1
for every j =1,...,d. Define T; € M(d,R) such that

Tjw? = \wi', i=1,...,d.
Then det(7}) # 0 and Ty = T} for every o € Gal(C/Q). Thus, T; € GL(d,Q).

Multiplying T}’s and A;’s by an integer we may assume that 7’s have integer entries.
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We claim that there is (z1,...,2,) € (Q4)* — {(0,...,0)} such that

(3.7) > Tra;=0
j=1

for every n > 1, and for any J C {1,...,s}, there is no (z;

{(0,...,0)} such that
(3.8) ZT]%J- =0

jeJ

for infinitely many n. By Lemma 2.1, this implies that {77, ..

but its every proper subset is mixing.
Put z; = g, Zgzl w]" € Q%. Note that

d d
> wi=A <Z wi”) #0
=1

i=1

by (3.5). We have

s d s d s
IETED D) WAL DD SR
j=1 =1 j=1

i=1 j=1
This proves (3.7).
It follows from (3.6) that (3.8) is equivalent to existence of
(aj: 5 € J) € Q) = {(0,...,0)}
such that
d
YD) S
jeJ i=1
for infinitely many n. Then

d

n i 0 __
E Al E aj'w;’ = 0.
i=1

jeT

Since \;’s have different absolute values, this implies that

(39) Zajwj = <Z (IjAj1> wy, = 0.

j€J JjeJ

Let
!

r(z) = Zajxj_l = bH(w — ;).

jeJ j=1

1j € J) € (@) -

., T} is not mixing,

0 __
)
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for | <s—1and b, u; € C. We have r(A)w; = 0 and 7(A)w, = 0 with
#(z) = [J (@ — )

where the product is taken over p; which are eigenvalues of A. In particular, 7(x) €
Q[z]. Then 7(A)w]" = 0 for every i = 1,...,d. It follows from (3.5) that 7(A) = 0.
Since the minimal polynomial g(x) of A has degree s — 1, this implies that r(z) is
a scalar multiple of ¢(x). In particular, a; # 0 for every j = 1,...,s, which is a
contradiction. 0J

Proof of Corollary 1.12. Tt is clear that if the set {T1,...,Ts_1,id} is mixing, then

every T; is mixing and {71, ...,T,_1} is mixing as well.

Conversely, suppose that the set {T},...,Ts_1,id} is not mixing. Then for some
[ > 1, the linear maps Tll e ,T;_l, 1d have linearly dependent eigenvectors with the
same eigenvalue A\. Note that if A = 1, then some T,i has eigenvalue one, and T},
is not mixing. Otherwise, it follows that the linear maps Tll, e ,Tsl_l have linearly
dependent eigenvectors with the same eigenvalue. Hence, by Theorem 1.3, the set
{T1,...,Ts_1} is not mixing. O

4. MIXING GROUPS AND SEMIGROUPS

Proposition 4.1. Let X be any compact abelian group and I" a torsion free subgroup
of Aut(X). Then T is mizing iff every element v € I' — {e} is ergodic.

Proof. If the action of I' on X is mixing, then the action of every infinite subgroup of
' is mixing as well, and in particular, every v € I' — {e} is ergodic.

Conversely, suppose that the action of I' on X is not mixing. Then for some
(x,%) € X? —{(0,0)}, the set

S={vel:yx=1}
is infinite. For every v € S!S, we have 4x = ¥, and the action of such v on X is
not ergodic. This proves the proposition. 0

Now we assume that X is connected and dim X = d < co. We are going to show
that under these assumptions, the torsion free condition in Proposition 4.1 can be
omitted. But first, we need the following lemma (see [1, Lemma 4.3] for a different
proof).

Lemma 4.2. Every torsion subgroup (i.e., every element is of finite order) of GL(d, Q)
is finite.
In the proofs below, we use some basic facts about algebraic groups and Zariski

topology, which can be found in [15] and [23].

Proof. Let T be a torsion subgroup of GL(d, Q). The eigenvalues of a matrix in I are
roots of unity each having degree at most d over Q. Hence, their order is bounded,
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and there exists n > 1 such that I'"" = {e}. Let G C SL(d, C) be the Zariski closure
of I'. Then its connected component G° has finite index in G, and G™ = {e}. For
g € G, let g = g59, be the Jordan decomposition of g. Since g, is unipotent and
gy = e, it follows that g, = e and every element of G is semisimple. Hence, G° is a
torus and since (G°)" = {e}, we deduce that G° = {e} and I is finite. O

Proposition 4.3. Let X be a compact connected finite-dimensional abelian group and
[ an infinite subgroup of Aut(X). Then the following statements are equivalent:
(a) The action of T' on X is mixing.
(b) Ewvery infinite cyclic subgroup of I' is ergodic on X.
(c) For every~y € I' of infinite order, the linear map 4 does not have roots of unity
as eigenvalues.

Proof. It is well-known that (a)=-(b) and (b)<>(c). To show that (b)=-(a), we observe
that if the action of I' on X is not mixing, then for some x € X — {0}, the subgroup
{y €T': 4x = x} is infinite (see the proof of Proposition 4.1), and it suffices to show

that this subgroup contains an element of infinite order. This follows from Lemma
4.2. OJ

Note that Proposition 4.3((a)< (b)) fails in general if X is disconnected or infinite-
dimensional (see Example 6.4 below). Also, it fails for semigroups (see Example 6.5
below).

The following lemma is used in the proof of Corollary 1.15.

Lemma 4.4. Every solvable mizing subgroup of Aut(X) is a finite extension of abelian
group.

Proof. Let T be a solvable mixing subgroup of Aut(X). We show that I' ¢ GL(d, Q)
is a finite extension of abelian group. Let G C GL(d,C) be the Zariski closure
of I'. Then G is solvable too. The connected component G° has finite index in
G, and is is conjugate to a subgroup of the upper triangular subgroup (see [23,
Section 6.3]). In particular, the commutant [G°, G°] is a unipotent subgroup. The
subgroup Iy = G°N T has finite index in I. Since I is mixing, it follows from
Proposition 4.3 that [fo, fo] = 1. This proves the corollary. O

Proof of Corollary 1.15. Note that the subgroup I' is isomorphic to a subgroup of
GL(d,Q). By the Tits alternative (see [24] or [15, Section 5J]), T" is either finite
extension of solvable group or contains a nonabelean free subgroup. Thus, we may
assume that I' contains a nonabelean free subroup. Let 7 and § be free generators
and let T; = 6~'yd". Then

Mt = SIS — 00 for i £ 7.
On the other hand, linear maps T; have the same characteristic polynomial. Hence,

it follows from Corollary 1.7(b) (or Proposition 2.2) that the set {71,...,T441} is not
mixing. This implies that I' is not mixing of order d + 1. 0
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Using Proposition 4.3, we develop two approaches to construction of mixing sub-
groups. The first approach is based on the result of Y. Benoist [4] on asymptotic
cones of discrete groups (see Proposition 4.5) and the second approach is based on
the theory of division algebras (see Corollary 4.8).

Proposition 4.5. For every even d > 2, there exists a mizing subgroup of Aut(T¢)
which is Zariski dense in SL(d,C).

Proof. We start by reviewing a result of Y. Benoist from [4], which will be used in
the proof.

For g € SL(d,R), let us denote by Ai(g),...,Aa(g) the eigenvalues of g such that
Ai(g)] >+ > [Aa(g)] and

£y = (10g Mi(9)], - log [a(g)]).

The vector ¢, belongs to the set

d
d
at g{(ml,...,xd)ERd: sz-:O,:Ulz---zxd}-
i=1

Let I" be a subgroup of SL(d,R). The limit cone {r of I is the smallest closed cone
in a* that contains all £, v € I'. Since I is a group, the limit cone ¢ is stable under
the involution

i(l’l, . ,.fL'd) = (—ilj'd, e —513'1).

It was shown by Y. Benoist in [4] that if " is Zariski dense, then the asymptotic cone
(r is convex, has nonempty interior, and is equal to the asymptotic cone of I'. The
asymptotic cone is the cone consisting of limit directions of the set

{log(u(v)) : veT} Ca®

where u(g) denotes the A™ component of g with respect to K AT K-decomposition
(K = SO(n), AT = positive Weyl chamber). In the case when I' is a lattice, the
asymptotic cone is always equal to a™. In particular,

éSL(d,Z) =a’.

If T is a Zariski dense subgroup, Y. Benoist also showed in [4] that for every closed
convex i-invariant cone C C /r with nonempty interior, there exists a Zariski dense
subgroup I'y C I" such that /p, = C.

Suppose that d = 2k. For (z1,...,x9) € aT,

2%k k
T < — k! E Ti, Tpy1 > k1 E x;,
i=1

i=k+1
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and for any § € (0,k1)
Tp 202> xpqq
2%
Cs = (x1,...,29) € at o mp >0 Zi:liﬂ T
Tpp1 < =0 04T

is closed convex i-invariant cone with nonempty interior. Hence, there exists a Zariski
dense subgroup I of SL(d, Z) such that ¢r = Cs. Since

C(sm{flfz:()}:o

for every i = 1,...,2k, the group I' contains no element (except identity) with an
eigenvalue of absolute value one. By Proposition 4.3, I" is mixing. This proves the
proposition. ]

If T is a finitely generated subgroup of the automorphism group of a compact
connected finite-dimensional abelian group X, then by the Selberg lemma (see |8,
Theorem 4.1] or [15, Section 5I]), I' contains a torsion free subgroup of finite index.
(Clearly, this subgroup is mixing iff I' is mixing. For torsion free subgroup Proposition
4.3 can be restated as follows:

Proposition 4.6. Let I' be a torsion free subgroup of Aut(X). Then the action of T’
on X is mizing iff o
I'-T c {0} UGL(d,Q).
Recall that the Jacobson radical of a ring (with a unit) R is the intersection of all

maximal ideals of R. We denote by R* the group of units of a ring R.
Let Ar € M(d, Q) be the Q-span of I'; Jr C Ar the Jacobson radical of Ar and

7 Ar — Ar/Jr
the factor map.

Proposition 4.7. Let I' be a torsion free subgroup of Aut(X). Then the action of T’
on X is mizing iff

I'Nn(1+Jp)=1 and =(0)— () c {0} U (Ap/Jp)*.
Proof. Recall that the Jacobson radial is nilpotent and 1+ Jpr C Af.

Suppose that action of I on X is mixing. Since 1+ Jr consists of unipotent matrices,
it follows from Proposition 4.3 that I' N (1 4+ Jr) = 1. The second property follows
Proposition 4.6.

Conversely, suppose that these properties are satisfied. If for some a € Ar, 7(a)
is invertible, then there exists b € Ar such that ab € 1 + Jr and it follows that a is
invertible as well. Therefore, o

r-rcJru AF
If vy — 9 € Jr for some 7y, € f, then 71_172 € 1+ Jr and 7, = 7,. This shows that

I'-T c{0}UGL(d,Q)
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and the action of I' on X is mixing by Proposition 4.6. 0J

Proposition 4.7 implies, in particular, that the action of I' on X is mixing provided
that the Q-span of I' is a division subalgebra D in M(d, Q). This is possible only
when d = (dim D)! for some [ > 1. In particular, d must be a perfect square.

Corollary 4.8. For every perfect square d > 1, there exists a mixing subgroup I' of
Aut(T?) such that the Zariski closure of T is conjugate to

{diag(g,...,g) : g € SL(Vd,C)}.

The subgroup T is not mizing of order p + 1 where p is the smallest prime divisor of

V.

Proof. There exists a central division algebra D over Q such that dimg D = d and

D is split over R. Denote by SL(1, D) the group consisting of elements of D whose

reduced norm is equal to one. Consider the right and left regular representations
p:D®C—End(D®C): p(d)zr==x-d,
ADRC—-End(D®C): ANd)x=d-x.

Let O be an order in D. Note that (D ® R)/O can be identified with the torus T¢

and with respect to a basis of O, we have

G < p(SL(1, D ® R)) C SL(d,R),

I p(SL(1,0)) c SL(d, Z).

Since D splits over R, G ~ SL(k,R) where d = k*. By the Borel-Harish-Chandra
theorem (see [16, Ch. IV]), I' is a lattice in G. This implies that the Zariski closure
of I'is p(SL(1, D ® C)). Note that

D®C~M(k,C), SL(1,D®C)~SL(k,C),
and as a p(D ® C)-module,
DeC~Creq..-oCk
Hence,
p(SL(1, D ® C)) = {diag(g,...,9) : g € SL(k,C)}
in a suitable basis.

Let Tr : D — Q denote the reduced trace of the division algebra D, and OcD
the dual order of O, that is,

O={ueDgy: Tr(O-u) e Z}.

Then the set of characters of D/O is indexed by O:

~

Xu(z) = exp(2mi Tr(x - u)), wue€ O,
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and the dual action of I' is
U y-u, ue o, vel.

Hence, the Q-span of I is equal to the Q-span of A(SL(1,0)), and since SL(1, ) is
Zariski dense in SL(1, D ® C), it is equal to A(D). Now it follows from Proposition
4.7 that the (right) action of I' on D/O is mixing.

The central division algebra D contains a splitting field F' such that F'/Q is a cyclic
extension of degree k. Moreover, since D splits over R, F' can be taken to be real.
Then F' contains a Galois subfield E such that |E : Q| = p. By Dirichlet theorem (see
[11, Ch. 2]), E contains a unit v of infinite order (unless £/Q is a complex quadratic
extension, which is not the case). Since

N(7) = Ngj(y)®™e? = £1,
we may choose 7 € I'. There exist a; € Q, 7 =0,...,p, o, = 1, such that

p
Z iy = 0.
=0
We claim that there exists v,, € I" such that

Y Y Y — 00 as n — oo.

for i = 1,...,p. It suffices to check that the centralizer Cr(y"') has infinite index in
[. If this is not the case, then Cp(y") is a lattice in G, and it follows that v*' lies in
the center of D, which is a contradiction. We have

p

> ()i = 0.

i=0
Since foy; € O for some ¢ € N, this proves that p(I") is not mixing of order p+1. O

Corollary 4.9. For every d > 2, d # 3,5,7,9, there exists a free nonabelian mizing
subgroup of Aut(T9) which is not mizing of order 3.

Proof. Let d = dy + dy where dy > 1 is a perfect square and dy > 1 is even. If
d # 9, we may take dy > 2. By Proposition 4.5 and Corollary 4.8, Aut(T%), i =1, 2,
contain not virtually abelian free mixing subgroups. Hence, by the Tits alternative,
there exist injective homomorphisms
b; - Fy — Aut(T%), i=1,2,
where F, denotes the free group with 2 generators such that the action of ¢;(F5) on
T4 is mixing. Let
I = {(¢1(6), $2(0)) : v € Fo} C Aut(T" x T%) = Aut(T?).

If I' is not mixing, there exist 7,57 € Q% — {0} and ~, € I such that ~, — oo and
typx = y. Write x = 21 + 19 and y = y; + y» with respect to the decomposition
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Q% = Q% @ Q% Then for some i = 1,2, we have z;,y; € Q% — {0} and '¢;(5,)x; =
where 6,, € F; corresponds to ,. This is a contradiction since the subgroups ¢;(F3)
are mixing. It follows that I' is mixing.

If d # 9, the group I preserves the direct product decomposition T¢ = T2 x T2.
If the action I on T is mixing of order 3, then the restriction of this action to T? is
mixing as well. However, this contradicts Proposition 1.15. 0

Corollary 4.10. There exists a not virtually abelian mizing subgroup of Aut(T?)
which is not mixing of order 3.

Proof. Let K = Q(a) with a = ¢ + ¢ where ( is a primitive root of unity of order 7,
and D D K be a central division algebra over Q with dimg D =9 (such algebra can
be constructed using the cross product construction). One can check that « is a root
of 23 + 2% — 22 — 1 = 0. In particular, this implies that o and 3 = —1 — « are units
in K and «, f € SL(1, D). Let O be an order in D that contains o and 3. Using the
argument from the proof of Corollary 4.8, one can find a sequence {v,} C SL(1,0)
such that v, tay, — oco as n — oo. Then

Yooy, + 79, By +1=10

and v, 3y, — o0, v, (afB71)y, — oco. As in the proof of Corollary 4.8, this implies
that the action of SL(1,0) on D/O by right multiplication is not mixing of order
3. U

Question 4.11. Does there exist a not virtually abelian mizing subgroup in Aut(T?)
ford=3,577

According to Corollary 1.15, Aut(T?) contains no free nonabelian subgroup which
is mixing of order 3 (see also Proposition 2.31 in the electronic version of [5]).

Question 4.12. Is there a free nonabelian mizing of order 3 subgroup in Aut(T?) for
some d > 37

Note that there exist free nonabelian semigroups of epimorphisms of the torus T¢
which are mixing of all orders (see Example 6.6 below).
5. ERGODICITY AND MIXING

In this section, we prove Theorems 1.18, 1.19, and 1.21.
First, we recall the following well-known characterization of ergodicity (see, for
example, [21, Chapter I)):

Proposition 5.1. Let I' be a groups of automorphisms of a compact abelian group
X. Then the action of I on X is ergodic iff the action of I' on X has no finite orbits
except the trivial character.

Using Proposition 5.1, we deduce
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Proposition 5.2. Let X be a compact connected abelian group and I' C Aut(X).
Then if the action of I' on X is strongly irreducible, then it is ergodic.

Note that the converse of Proposition 5.2 is not true (see Example 6.8 below).

Proof. Suppose that the action of I’ on X is not ergodic. Then there exist y € X —{0}
and a subgroup A of finite index in I' such that A - y = x. Consider the subgroup

A={peX:kpeZ- x forsomek>1}.
Using that X is torsion free, one can check that A acts trivially on A. In particular,
A # X. Also, it is clear that X /A is torsion free. Hence, there exists a proper closed
connected A-invariant subgroup
{reX: x(x)=1 forall y € A},
and the action of I' on X is not strongly irreducible. 0

In the proofs of the Theorems 1.18, 1.19, and 1.21, we will need the following three
lemmas.

Lemma 5.3. Let I be a group and p; : I' — (C,+), i = 1,...,t, nontrivial homomor-
phisms. Then there exists v € I' such that p;(y) # 0 for everyi =1,...,t. Moreover,
the set

R={~veTl: pi(vy) #0 for everyi=1,...,t}.
generates I'.

Proof. Consider a homomorphisms p : I' — C! defined by

p(7) = (p1(7); -, (7).
Then A = p(T') is a subgroup of C* such that m;(A) #£0,i=1,...,t, where 7; : C* —
C the coordinate projection. It suffices to show that

Ag Uwi—l(oy

Suppose that this is not the case. Then the Zariski closure A of A is a linear subspace

of Ct and

i=1
However, this equality is impossible because A N (0) are proper linear subspaces
of A. This contradiction proves the first part of the lemma.

To prove the second part, take any v € I' and § € R. Then for k > 1,

p(v6*) = p(7) + kp(9),
and taking k£ such that
b+ —mi(p()/mi(p(8) for every i = 1,....t,
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we have 6F € Ty and v6* € R. Hence, v € (R). This proves the lemma. O

Lemma 5.4. Let ' be a solvable subgroup of GL(d, Q). Then there exist a subgroup
A such that |I' : A| < oo and the commutant A" is unipotent, and a flag

Q' =Vid>VyD--- D Vi = {0}

consisting of rational A-invariant subspaces such that A
1,...,s.

Vi/Viy, 5 abelian for all i =

Proof. There exists a subgroup A of finite index in " which can be conjugated (over
C) to a subgroup of the group of the upper triangular matrices (see, for example,
the proof of Lemma 4.4). Then the commutant A’ is a unipotent subgroup. Hence,
the subspace VA" of A’-invariant vectors is not trivial. Since A’ is normal in A, this
subspace is A-invariant. Also, it is clear that VA’ is rational, and [|ya is abelian.
Now the lemma follows by induction on dimension. 0

For a subgroup I' C GL(d, Q), we denote by T its Zariski closure and by I'° the
connected component of the closure.

Lemma 5.5. Every subgroup I' of GL(d, Q) contains a finitely generated subgroup A
such that A =T.

Proof. Take a finitely generated subgroup A such that dim A° is maximal among all
finitely generated subgroups. Then for every v € T,

(A7) = A°.

In particular, y7*A%y C A°, and the group I' N A° is normal in T'. Also, since (A, v)
has finitely many connected components, ¥ € A° for some k > 1 and the group
['/(T' N A°) consists of elements of finite order. The algebraic group I'/A° is defined
over Q and it embeds via a Q-map into GL(n) for some n > 2. Under this map, the
subgroup I'/(I' N A°) is embedded into GL(n, Q). Hence, it follows from Lemma 4.2
that I'/(I' N A°) is finite. This implies that A has finite index in T'. Since I' is dense
in ", every coset of A in I' contains a representative from I'. Now the required group

A can be taken to be generated by A and these coset representatives. O

Proof of Theorem 1.18. (b)=-(a): Suppose that there exists a closed connected vir-
tually I'-invariant subgroup Y of X such that the action of I'y on Y is not ergodic.
Then by Proposition 5.1, there exists a subgroup A with |T': A| < co and y € ¥ —{0}
such that Ay = . The character group Y is equal to X JA(Y) where

AY)={xeX: x(Y)=1}

Since Y is connected, Y is torsion free, and it follows that X /A(Y") embeds in (X ®

Q)/(A(Y)®Q). Therefore, the character x gives a nonzero vector in (X ®Q)/(A(Y)®
Q) which is fixed by A. This implies that every element of A has eigenvalue one, and
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by Proposition 4.3, A contains no mixing subgroup. Since A has finite index in I', T"
does not contain any mixing subgroups as well.

(b)=(a): First, we can pass to a finite index subgroup A of I' as in Lemma 5.4.
Then for every i =1,...,s,

s

V;/V;—H - @(‘/i/‘/i-i-l)ai,j?

J=1

where (V;/Vii1)a, , denotes the weight space corresponding to a homomorphism a;; :
A — C*.

Suppose that for some «; ;, the set a; ;(A) consists of roots of unity. Since «; ;(A)
consists of eigenvalues of matrices in GL(d, Q), it follows that for every a € o, ;(A),
[Q(a) : Q] < d and o =1 where N > 1 depends only on d. Hence, passing again,
if necessary, to a finite index subgroup if needed, we can assume that «; ;(A) = {1}.
Then there exists v € V;(Q) — Vi41(Q) such that

A"U:U_’_‘/;_Fl.

Let
Y={zeX:x(z)=0 forall ye XNV}

Y is a closed subgroup of X with the character group equal to X /(X N Vi4). Since
the character group of Y is torsion free, the group Y is connected. Take [ > 1 such
that {v € X. This gives a nontrivial character of Y which is fixed by A. Hence, the
action of A on Y is not ergodic, which contradicts hereditary ergodicity.

It follows that there exists a finitely generated subgroup Ag of A such that for every
«; j, the set a; j(Ag) contains an element which is not a root of unity. Denote by K
the field generated by the sets o ;(Ag), i =1,...,s, j=1,...,n;. Since Ay is finitely
generated, [K : Q] < co. By Kronecker’s lemma (Lemma 2.3), for every «;; there
exists a an absolute value |- |; ; of the field K such that |a; ;(Ag)];; # 1. Consider the
set of nontrivial homomorphisms

(51) p%](/\) = |05i,j(/\)|i,j : AO — R+, 1= 1, ey S, j = 1, e, Ny

By Lemma 5.3, there exists v € Ag such that p; ;(y) # 1 for all p; ;’s. In particular, y
has no roots of unity as eigenvalues. Hence, it is ergodic, and moreover, it is mixing
of all orders by Rokhlin’s theorem (Theorem 1.13). O

Proof of Theorem 1.19. Note that (b)=-(a) follows from Theorem 1.18, and it suffices
to prove that (a)=-(b).

By Lemma 5.5, there exists a finitely generated subgroup A of I' such that A =T.
Since I' is not virtually nilpotent, A is not virtually nilpotent as well. By Theorem
1.18, T contains a mixing transformation vy. Then the group generated by A and
Yo is finitely generated, not virtually nilpotent, and it satisfies (a). Hence, we can
assume that I' is finitely generated.
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Let A be a finite index subgroup of I' as in Lemma 5.4 and
;I —=C* i=1,...,s,j=1,...,n,
the weights of the action of A on V;/V;;. Denote by K the field generated by the
sets a; ;(A), t = 1,...,s, j = 1,...,n,;. Since A is finitely generated, K has finite
degree over Q. As in the proof of Theorem 1.18, we deduce from (a) that for every
a; ; there exists a absolute value | - |;; of the field K such that the homomorphism
pig(A) = laij(N)iy : A — RT
is not trivial. Set
R={NeA:pjA)#Oforalli=1,...,sand j=1,...,n;}.

By Lemma 5.3, R generates A. Note that every \ € R, X\ does not have roots of unity
as eigenvalues, and by Rokhlin’s Theorem (Theorem 1.13), A is mixing of all orders.

Claim. There there exist 6 € R and u € A’ such that the semigroup S = (9, du) is
free.

Consider the derived series of A:
ADAN DOAPD 5.5 Ak — Lol

Suppose that A®/AG+Y is finitely generated for i = 0,...,1 — 1, but A® /A g
not finitely generated. Then A/ AW is polyeyclic, and in particular, finitely presented.
Applying [19, Lemma 4.9], we deduce that there exists a finite subset 7" of A® /A(+1)
such that A /AUFD is generated by ATA™!, A € A/AD. Since A/A® is polycyclic,
A'/AW is finitely generated. Also, A’ is nilpotent (see Lemma 5.4). This implies
that the set A\TA™, A € A’/AW generates a finitely generated subgroup of A® /A(+Y),
Since R generates A, there exist A\,..., A\, € R such that

A=A NEN
It follows that there exists a finite set Q@ € AW /AU+Y such that the group AW /A+D
is generated by

AT AN AT g e, nyy .. ny € Z.

Hence, since A® /AUFD is not finitely generated, we deduce that there exists § € R
and p € AW /A such that

0"ud™", n ez,
generates an infinitely generated subgroup. Now the claim follows from [19, Lemma
48],

Next, we consider the case when the all groups A® /AG+Y are finitely-generated.
Then
A(i)/A(iH) ~ 74 @ A,

where A; is a finite abelian group. Denote by A; the preimage of A; under the factor
map A — A/ACTD. Note that A, is a normal subgroup of A. There exists a finite
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index subgroup Ay of A such that the action of Ay on A®/A; ~ Z% is conjugate
(over C) to an action by upper triangular matrices. For v € Ag, we denote by f; (),
7 =1,...,n;, the eigenvalues of the corresponding upper triangular matrix. Note
that the maps (3 : Ag — C* are homomorphism.

Suppose that for every ¢ = 1,...,k and j = 1,...,n;, the set ; j(Ag) consists of
roots of unity. Since the sets [; j(Ag) consist of algebraic numbers of degree at most
n;. It follows that there exists N > 1 such that for every 8 € 3, ;(Ag), we have ¥ = 1.
Hence, by passing to a finite index subgroup, we may assume that 3; ;(Ag) = 1 for all
Bi.;’s. Also, passing to a finite index subgroup, we may assume that Ay acts trivially
on A;/AW+Y . Each of the linear maps

A(i)/Ai - A(i)/Az' T 71‘7_1, v € Ao,

is unipotent. This implies that the corresponding action Ag is unipotent. Then this
action is conjugate to the action by a group of unipotent upper triangular matrices.
Then the linear maps

AN - ADJA; -z = yay e = [y, 2], v € Ao,
generate a nilpotent subalgebra, and it follows that
Ao, ..., Ao, AD]T C Ay (ny terms).
Since Ag acts trivially on A;/A*+Y | we also have
[Ao, ..., Ao, A(i)] c AGFD (n; + 1 terms).

This implies that
[Ao,. . ,Ao,A] - 1,

and in particular, Ag is nilpotent, which is a contradiction.

We have shown that for some i =1,...,k, j=1,...,n;, and v € Ag, the number
Bi;(A) is not a root of unity. Note that the numbers 3, ;(\), j = 1,...,n;, are
algebraic integers, and they are permuted by the action of the Galois group. Hence,
by Kronecker’s lemma (Lemma 2.3), |5;,.,(A)| # 1 for some ig = 1,....k and j, =
1,...,n;. Note that since the action of A on A/A’ is trivial, ig > 1. By Lemma 5.3,
there exists A € Ag such that |5, j, ()| # 1 and p; ;(A) # 1 for all p; ;’s as in (5.1).

By [19, Theorem 4.17], there exists u € A C A’ such that the semigroup S =
(A", X" is free for sufficiently large n > 1. This proves the claim.

It remains to show that the action of the sermgroup S on X is mixing of all orders.

Suppose that, in contrary, there exist z; € X ®Q and Y4 () ¢ r,j=1,...,t, such
thatyk)...%()—>oofor1<z§k§tand
(5.2 Wer+ G )es 4+ G A e =0,

Denote by p; : V; — V;/Vii1, i =1,..., s, the projection maps. Since the action of I
on V;/Viyq is abelian and p € A’; it follows that p acts trivially on V;/V;,;. Hence,
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for every v € V;/Viiq,

N —

with [;(n) — oo. Now we deduce from (5.2) that
S Mpy (ay) + MM () 4 - T () = 0.

According to our choice of d, the map ¢ has no roots of unity as eigenvalues for the
action on V; /V;. Therefore, it follows from Rokhlin’s Theorem (Theorem 1.13) that
pi(zj) =0and z; € V, for j = 1,...,t. Applying the same argument to the spaces
Vi/Vigr for i = 2,...,s, we deduce that z; = 0 for every j = 1,...,t. This proves
that the action of S on X is mixing of all orders. 0

Proof of Theorem 1.21. Passing to a finite index subgroup, we may assume that the
Zariski closure I is connected. By Lemma 5.5, there exists a finitely generated sub-
group A in I' such that A = I'. In particular, A is not virtually solvable.

Suppose that A contains a Zariski open solvable group A = AN U, where U is an
open subset of A. Then for 1,7, € A such that v; 'y, ¢ A,

Aﬂ’leﬂ’)/QU:&

and since A is dense,

")/1U N ’}/QU = @
Hence, we have a disjoint union
A= U ~AU.
vyel'/A

This implies that A = A and gives a contradiction. Therefore, by [7, Theorem 1.1],
the group A contains nonabelian free subgroup A such that A = A =T.

Suppose that the action of I' on X is ergodic, but the action of A on X is not
ergodic. By Proposition 5.1, there exists Y € X — {0} such that Ay is finite. Then
Ay = T'y is finite, and this gives a contradiction.

For every closed connected subgroup Y of X and

AY) ={x e X: x(v)=1},
we have
AY)=XN(AY)2Q).
Since A =T, this implies that if Y is A-invariant, then it is I-invariant. In particular,
this shows that if I" is strongly irreducible, then A is strongly irreducible as well.
Suppose that the action of A on X is not hereditarily ergodic, i.e., there exist a
closed connected virtually Ag-invariant subgroup Y, where A is a subgroup of finite

index in A, and y € Y — {0} such that Agx is finite. Then we deduce as above that
Y is invariant under I'y = I' N Ay which has finite index in I'. The character group
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of Y can be identified with X /A(Y). Moreover, since Y is connected, X /A(Y) is
torsion-free, and the map
i XJAY) = (X®C)/(A(Y)®C)

is injective. Using that Agy is finite, we deduce that I'y - () and [y - i(x) are finite.
It follows that I'yy is finite, and the action of I' on X is not hereditarily ergodic. This
proves the theorem. 0

6. EXAMPLES

Example 6.1 (cf. Theorem 1.3 and Corollary 1.9). For
0 -1 0 -1
S:(l 0) and T:(1 _1),
we have

(a) S* =id and T® = id. In particular, the set {T,S} is not mizing on T?.
(b) For every | > 1 such that ¢(I) < (dimT?)?, the linear maps S and T" don’t

have a common eigenvalue.
(c) There exists f € L>®(T?) such that the limit

lim f(S™) f(T™x) dm(x)
n—00 o2

does not exist for every I > 1 with ¢(1) < (dim T?)2.

Claim (a) is straightforward.

The eigenvalues of S and T are the primitive roots of unity of order 4 and 3
respectively. Therefore,

Spec(S') N Spec(T") = ()

unless [ is divisible by 12. Since ¢(1) > 4 for all [ > 12, this implies (b).

To prove (c), we take zo € T? such that the points

Zo, Sx07 523707 533707 Txﬂ? T2$0
are distinct and a neighborhood U C T? of z such that
S"TUNTU =0 < S"xg # T xy.

Then for f equal to the characteristic function of U, we have

n n | m(U), if 12 divides n,
T2 (8 ) f(T"x) dm(z) = { 0, otherwise.

Since ¢(l) < 4 implies that [ < 12, this proves (c).

Example 6.2 (cf. Corollary 1.6). There exist (i) infinite-dimensional, (i) discon-
nected, compact abelian group X and epimorphisms S and T of X such that {S,T} is
not mizing, but there is no proper closed subgroup Y of X such that for some | > 1,
Y is {S', T'}-invariant and S'|x;y = T'|x/y .
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We utilize an example constructed by D. Berend in [2] for a different purpose. Let
x=]Jv
nez
for a compact abelian group Y (with appropriate choice of Y, X can be made infinite-

dimensionziJ or disconnected). Note that for every x € X, there exists a finite D, C Z
and x, € Y — {0}, n € D, such that
X ((Un)nez) = H Xn(Un)-
neDy
Consider the following permutations of Z:
o(n)=n-+1,
for g, < <
W(n) - { T—ln for lz:Q ’§n1|n_| gkl;;;z,
T = 7T_1(77T,
where {l;};>1 is an increasing sequence of integers such that lo = 0 and
(6.1) liz1/li — 00 as i — oo.

Permutations o and 7 define automorphisms S and 7" of X which act on X by
permuting coordinates.
First, we observe that {S, 7T} is not mixing. In fact, for

B = {(yn)nEZ NS A}
where A is a measurable subset of Y, we have

m(B) for m(n) = n,
m(B)?* for w(n) # n.

Suppose that there exists a proper closed subgroup Y such that for some [ > 1, Y
is {S!, T'}-invariant and S'| xyy =T d x/y- This is equivalent to existence of a proper
subgroup T of X such that T is {gl, Tl}-invariant and Sl|r = Tl|p. Consider the map

X - {DCZ:|D|l<o0}:x— Dy

Since this map is (o, 7)-equivariant, the image of I' is a set A consisting of finite
subsets of Z such that A is {o!, 7'}-invariant and o'(D) = 7(D) for every D € A. It
follows that for every kK > 1 and D € A, we have

(6.3) o' (D) = ma*tYY(D).

Take d € D. Because of (6.1), there exist infinitely many k; > 1 such that
m(o*!(d)) = okil(d) and w(c®TV(d)) = —akitDl(q).

Then by (6.3),

(6.2) m(S™"BNT"B) = {

o~ Wt lir oot (d) = —d - 2(k; + 1)l € D.
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This contradicts finiteness of D. Hence, A = {#} and I' = X which proves the claim.

Example 6.3 (cf. Corollary 1.9). There exist (i) infinite-dimensional, (i) discon-
nected, compact abelian group X, a Borel subset B of X, and epimorphisms T and S
of X such that for every | > 1, the limit

lim m(S™"BNT""B)

n—oo

does not exist.

Let S and T be as in Example 6.2. It follows from (6.1) that for every [ > 1, there
exist infinitely many n;,ny > 1 such that m(Iny) = Iny and 7(Ing) # Ine. Hence, by
formula (6.2), the limit does not exist.

Example 6.4 (cf. Proposition 4.3). There exist (i) infinite-dimensional, (ii) discon-
nected, compact abelian group X and an infinite subgroup of Aut(X) such that the
action of I' on X is not mizing and every element of infinite order is ergodic.

Take
X = H Y  for a compact abelian group Y

n>1

(choosing Y appropriately, one can make X either disconnected or infinite dimen-
sional). Take I' to be the group of finitary permutations of the components of X. It
is a torsion group which is not mixing.

To give a less trivial example, consider

=7ZxV withV = {£1}Z

Vo={(v;)) €eV:v;=1 fori>1},

X = H Y  for a compact abelian group Y.
r'/Vo

The group I' acts on X permuting coordinates, and since Vj does not contain non-
trivial normal subgroup, I' embeds in Aut(X). Every element of infinite order in I is
mixing, but because Vj is infinite, the action of I' is not mixing.

Example 6.5 (cf. Proposition 4.3). There exists a semigroup T' of epimorphisms
of the torus T¢ which is not mizing, but its every finitely generated subsemigroup is
mizing.

Consider
['=(2-SL(d,Z)).

2 2n
(02)er

Since
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for every n, it is not mixing. On the other hand, if 'y is a finitely generated subsemi-
group and
Yi = 2”152 € Fo, 51 € SL(d, Z),
such that v; — oo, then n; — oo as well. This implies that for every x € T¢ — {0} =
z — {O}a
YiX — 0.
Hence, the action of I'y on X is mixing.

Example 6.6 (cf. Corollary 1.15). There exists a free nonabelian semigroup T' of
epimorphisms of the torus T¢ which is mizing of all orders.

Take «, 8 € SL(d,Z) that generate a free group and let I' be the semigroup gener-
ated by 2« and 23. It was shown above that I' is mixing. Suppose that I' is mixing of

order s — 1, but not mixing of order s. Then there exist z; € Z% — {0} and %-n) el
(n)

2':1,...,s,suchthat’yj(n)... " — oo for1<i<j<sand

Ay + (B3 + -+ (B Az, = 0.

Since 1" — oo,

4 = 9kn§. for k, — oo and 8, € SL(d, Z).
It follows that 2*» divides z; and z; = 0. This gives a contradiction. Hence, I' is

mixing of all orders.

Example 6.7 (cf. Corollary 1.15 and Lemma 4.4). For d > 4, there exists a free
nonabelian semigroup of automorphisms of the torus T? which generates a solvable
group of degree 2 and is mizing of all orders.

Write d = dy + dy with dy,dy > 2, take hyperbolic matrices A € SL(dy,Z), B €
SL(dy,Z), and consider the semigroup I' generated by

A C
< 0 B), CEM(ledQ,Z).

Suppose that there exist z; = (u;,v;) € Z¢ and %-(”) e€eI',i=1,...,s, such that

WA — oo for 1 <i<j<sand

Ay + (B3N e + -+ (B Az, = 0.

(n (n tAkl(n) 0
(A0

Then

with
ki(n) — oo, kii1(n) —ki(n) — oo,

li(n) — o0, lip1(n) —li(n) — oo
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as n — 0o. We have
S

Z EAR My, =0,

i=1
and since A is hyperbolic, u; =0 for i = 1,...,s. Then

ﬁiquwzo,

i=1
and it follows that z; = 0 for ¢ = 1,...,s. This shows that I' is mixing of all orders.
Since matrices A and B are hyperbolic, the linear map

C— 14613717 Ce M(dl X dg,Z),

has eigenvalues A\ with |A\| # 1. Hence, by [19, Theorem 4.17], I" contains a free
nonabelian semigroup.

Example 6.8 (cf. Proposition 5.2). The action of

P_{(é:>}csu¢2)

on the torus T? is ergodic, but not strongly irreducible and not hereditarily ergodic.
This is straightforward to check using Proposition 5.1.

Example 6.9 (cf. Theorem 1.18 and Corollary 1.20). There exists T C Aut(T?) such
that the action of I' on X 1is strongly irreducible and in particular hereditarily ergodic,
but I' contains no ergodic elements.

Consider I' = SO(2,1)NSL(3, Z). If the action of I on T? is not strongly irreducible,
then there exists a subgroup A of finite index in I" and a A-invariant subgroup A of Z3
such that Z3/A is torsion-free. Then A ® Q is a proper A-invariant subspace. Since
the action of SO(2,1) on R? is irreducible, and A is Zariski dense in SO(2,1), this
gives a contradiction. Hence, the action of I' is strongly irreducible.

It is also easy to show that I' contains no ergodic elements. Denote by B the
standard bilinear form and suppose that v € I' has no roots of unity as eigenvalues.
Let v,w € C3 be eigenvectors of v with eigenvalues A, u respectively. Then

B(v,v) = B(yv,yv) = A*B(v, )

and it follows that B(v,v) = 0. Similarly, B(w,w) = 0. Since B is nondegenerate,
B(v,w) # 0. Then the computation as above shows that Ay = 1. This implies
that 7 acts trivially on the orthogonal complement of the subspace (v, w), which is a
contradiction.

Example 6.10 (cf. Theorem 1.18). There exist a compact connected infinite-dimensional
abelian group X and an automorphism T of X which is mixing, but not hereditarily
ergodic.
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Let Y be any compact connected abelian group,
X = HK and T: (yn)nEZ = (yn—l—l)nEZ'
nez

Then T is mixing, but 7" acts trivially on the connected subgroup

{(Yn)nez : yYn is constant}.

Hence, T is not hereditarily ergodic.

Example 6.11 (cf. Theorem 1.18). There ezist an infinite-dimensional compact
connected abelian group X and an abelian subgroup I' of Aut(X) such that the action
of I' on X is hereditarily ergodic, but the action of every finitely generated subgroup
of ' is not ergodic. In particular, I' contains no mizring elements.

Take T' € GL(2,Z) with the characteristic polynomial 22 —z — 1. Note that T acts
ergodically on the torus T?. Consider

x=1]r.
n>1

= H (T) (direct product).

n>1
Define T; € I', i > 1, by
T (zp)n>1 = (1, oy @iy, T2y, T,y - ).
The character group of X is
X = @172

We claim that any ['-invariant subgroup S of X is of the form @p>15, where S, is a
[-invariant subgroup of Y. Indeed, this follows from the identity

(T;Q — T;) . (Sn)nZI = (O, Ce ,0, Si, 0, .. .), (Sn)n21 - S

This implies that any closed connected I' invariant subgroup Y of X has the character
group of the form

Y/ = @nlez/Sn.

where S, is a T-invariant subgroup of Z? such that Z?/S,, is torsion free, i.e., S, = 0
or S, = Z2. Since T acts ergodically on T2, the set Z* — {0} contains no finite 7-
orbits. This implies that there are no finite [-orbits in ¥ — {0}. Hence, the action of
I' is hereditarily ergodic.

It is easy to see that any finitely generated subgroup of I' fixes some nonzero
elements in X. Hence, by Proposition 5.1, such subgroup is not ergodic.
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