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BBE.llEHIE. 

Borrpoc'L o npHo;mmeHin: HenpephiBHhiX'L cpyHKrrifi uocpe,n;cTBOM'L ~moro

'IJteHOB'L HJIH ,n;pyrHX'L IIpOCThlX'L BhlpameHiii OITp8,1J,'B.'I8HHarO Bli,II;a, paBH0-

3HalJ:HI,I:fi BOIIpocy 0 pa3JIOJIWHiH cpyHKI1ifi B'I, COOTBtTCTBYIOiliie pB:,II;hl, SBJI.H

eTCB: OCHOBHLIM'L B'I, TeOpin cpyHK!Iifi B8IliCCTB8l!HOll nepe.MtHHOll. JI He OY!l.Y 

H3JiaraT1 3,II;tCL HCTOpiH 3TOI'O BOI!pOCa, IIOY'IHT8.1hHOfi BO MHOrJIX'J, OTHO

IIIeHiB:X'L; HaiiOMHIO MliiJL BUJRHtiimie es MOM8HTI,I. 

TeopiJr pas.!IOiKAHitl: QlYHKui:fi n1, p.llll.LI o6JisaHa cnoiJM'L nosHmmoBe

HieM'L aa • .n;<VWM'h MaTeMaTH•ICcrwi1 qm:mKn, rwTopr,rs ne.11mie reoMerpni XVIII 
CTO.rrilTi.li llf,lTa.JlHCT> ptmaTh Ilp!I l!OMOl.l.IJ! oe:lKOH81.JHLIX'L pS,li.OB'b. Pasy:M1leTCB:, 

B'L ll3CJitJIOBctHi.HX'I> 3TOrO Bp8M8HH, IWI',J;U )J,ai!te p::t3Hll!Ia M8lK,II;y CXO,!LSIUll

MHC.li u pacxo,n;JII!IIIMHC.H: p.R:.n;a~m OhiJia He JICHa, o TO'IHOCTJI B'L conpeMeH

HOM'L CMI>IC.~t flTOI'O C~IOBa He MOlRCT'L 6biT1 ll pt•m. T0.1ILIW B'L rrepBOfi IIOJO

BHHTI XIX cTOJitTis, )I)rpmtJie n .Korrm .u;oKasa.rrn: cxo.n;nMOCTh HtrwTopr,rx'L 

pa3JIOlR8Hifi ,IJ;.'l.li B8ChMa o6rrm:pHai'O ItJiacca cpyHKI1iii H IIO.'IOJKHJIJI TaKHM'b 

o6paROM'b OCHOBY COBp8M8HHOH CTpOI'O MaTeMaTI.PJeCJWfl TeopiH cpyHI>I1ifi 

B8III8CTB8HHOfi nepeMtRHOfi. 

Ho rrpOillJIO erue IIOJ!'L-CTOJitTiB:, rrpem.n;e 'l'ilM'h Be:tteprnTpacc'L B'b 

1885 f. ,ll;Olta3a.1'h, ITOJIT>3Y.liCL O)LHHM'b HHTCI'pa,10M'I> l13'L TeOpiH T8TI.10T1I, 

'ITO BC.liimB: H8IIpep1>IBH3.li cpyHitl1i.li MOlECT'L 6LlT1 pa3.1I0jf{8Ha B'L paBHOMtpHO 

CXO;'I,HII\iifCJf p.li,ll;'b MHOI'0'018HOB'L, H BMtcTt C'b TtM'b Ylta:1a,1'b rrpieM'b, XOT.li 

J! )J,OBO~lLHO CJIOJitHLIH, ,ll,.'l.li IIOCTpOeHiS MHOI'O'IJICHOin, CKO.'!L yrO)J,HO Ma.liO OTJI!1-

'!al0ll\UXCS OT'L JlaHHOii llpOH3BOJJLHOfl cpyHKI1iH. 0TKpL!Tie BTOfi 3aM'B<IClT8.1lL

HOf! no cnoefi OOl!IHOCTH TeopeMI>I orrpe,n;ilJm.uo .n:a.'InHttlmifi XOA'L pasnH'riJI 

amLJ!ll3a; C'I, 3TOI'O MO~IeHTa Teopis cpyHin~iJ:!: lcOMIIJieliCHOfi nepe:r,dmHO:fi, .11,0-

CTHI'IJia.H BT, 'l'OiKC BpeMJI CBOero B8,1Hl.JafillW..!'O paC!IB')JTa, IIOCTeiiCHHO OTXO

JIHT'L Ha 3a)\Hifi II.'Iall'h, llf>Ii\Bill'a.ff BII8p8.I\'L H3Y'JeHie rpyHKI1ifi Beii(eCTB8H

HOfi rrepeMiJHHOfi. 
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lloc.'It Be.fiepriiTpacca, MHornMu r.raTeMaTnn:aMH owm upe,n;;romeHr.I 

6o,1te HJJH MeHte rrpocTbiJI ,n;oKasaTeJibCTBa ero TeopeMr.r '), ,n;aiOu~iJI BOa

MOlRHOCTh, IIpH BCJHWM'L 3Ha'IeHill e, Ha:liTll ,IJ;,'IJI ,n;armo:fi Ha IliliWTOpOM'L 

oTpt3rd'> AB HenpephiBHo:tl <flyHKI!iii f(;r) rrpn6.mmeHHnre MHOrO'IJiei!T>I P,.(:r) 
,n;ocTaTO'IHO Bhlcorw:lt cTeueHu n, 'IT061J yK.UOHeHie ! f(,r)-Pn(x) i ocnwa.:rocr, 

He 6o.~te c Ha ,IJ;aHHOM'L 0Tpt3Kt. 

CorrocTaBJieHie pa3.UI'IH1IX'I> MeTO,IJ;OB'I> ecTeCTBeHHO BI>I,ll;BIIHpo ::m,n;a'ry: 

KaiWBO ,IJ;;1JI ,n;aHHofi <flyHKI!iH f (x) HaH.lryqrnee rrpu6.iiJIJIWHie, rwroparo 

MOJRHO ,IJ;OCTHrHYTb rrpH IIOMOII!lf MHOf01WeHOB'L ,n;aHHO.fi CTeiiCHll, l!Jlll TO'IH1JC 

roBopH, KaiWBO HaJIMeHnmee B03MOmHoe 3Ha<reHie E,. [f(.'t')] yrt.'IOJIOHiJr s npn 

,r~;aHHOM'I> n?. 
8Ta 3a,n;aqa 6:wra rrocTaB.'leHa II. JI. qe6:&IIJJCB1JM'I, 6o;rte rrmH)I.CCJITII 

,1tn TOMY Hasa,n;'I>, T. e. sa,n;o.uo PII!e ,n;o OTKPLITiJI Befiepr!ITpacca. OpnrH

Ha.'IoHhlfi aJire6panqecrtifi MeTOf!.'I> Be.umaro pyccitaro MaTeMaTHim nprme:r'L oro 

K'I> BeCbMa 3aMt'IaTeJI1HhlM'I> CBOfiCTBaM'I> :MHOfO'I.'l€HOB'L, Hai!MeHiW YI\JIOIUJ

Klii!llXC.fi OT'I> P,aHHOfi <flyHit!IiJI f(x), II B'I> HiliWTOpniX'h 'JaCTHMX1> C.Jl}"IaJIX'I, 

II03BOJIJU'L eMy ,n;aTh noJIHoe ptrneHie 3a,IJ;a'In. O,n;Harw B'h o6n~eM'1 eJry,rad; 

Mhl He HaXO,IJ;HM'I> y 1Ie6IUIIIeBa HHKaKHX'I> yKa3aHifi OTHOCIITCJ!LHO Bl).'Ill'll!HL! 

HaHMeHhmaro yK.IOHeHiJI E,. [f(x)],u aTHM'L rJJaBHhlM'I> o6paaOM'L o6·.FJJrCHJJCTCJl, 

IIO'IBMY B'I> CBOe BpeMJI U3C.'lt,IJ;OBaHiJI lJ:e6biiDella He OKa3alll! BJiiJIHiJI H\L 

pa.3BHTie TeOpiH <flyHKI!ifi. 

HacTOJIIIIee coqJmeaie rrpe,!]:cTaBJIJien co6ott norrhiTR.y rrpM6JnllKeHuaro 

Bhlquc.'leHiJI aauMeH:&maro yrr.wHerriJI E., [f(x)J n usc.'!TI,IJ;OBaHill CRHaH MemP,y 

3aKOHOM'I> y6r,rBaHiJI E" [f(x)] JI ,n;n<fJ<!JepeHI!ia,JnHT>TMH CBOfiCTBaMII pa3c:M<t

TPHBaeMoil <flyHKI!iH. lJ:T061J MOiKHO 61IJ10 CJ,IJ;HT1 0 TOM'L, HUC!tOJiblW rrpo

CTOit H fJIJ60KOfi Olta31IBaeTCJI 9Ta CBJI31, ,i!;OCTUTO'!HO 6y,n;eT1, yrm:H1:rh, Ha.

IIpHMip'h, ,IJ;Ba IIpe,ll;.'IOJReHiJI 2
): ,IJ;JIJI TOrO, 'IT06'h <flyHKI!iJI Bf'IIWCTBCIIIIOli 

1 ) Cll!. Borel. Le~ons sur Jes fonctions de rariables ruellcs et lcs d<'•re!oppuml'llts 
en series de polynomcs. 

2) 3TI! rrpeii;JIQ;KCI!ifl II H'hCKOJlbKO il:PFIIX'L 6hi•TI! MI!OIO yKa3,'11Jhl J!1, 311W!J1'II'J>, I!JW,\' 
cranJieBHOH. q,paHJ:IY3CKOH AKap;eMin HayKca 28-ro ljlcnpa.m 19J I r. lf31, upe,J,me<:TBYIOJJ(I!X'I, 
aroii aa:.d>TK:k pa6orn B'L TOM'L )!(C narrpaBJicniu oJitp;yen yrmnaTh naa;n&m oo•Hmcnil! 
Lebesgue 11 de la Vallee Poussin, Ha rwTopbl!r n1. cooTn1>TcrnyiOIL\l!X'r, wl;r·.rax·J, U)'JI:Y'f'I, 

c)l;flJiaHh! CC!lll!Kll. BoJite rro;~pol'iHbUI 61!6.Jiorpa<j>H<Jccrd!l yr:anauin 'IaTaTcJib Hail~~;en m. pa-
6oTt D. Jackson. < Uber die Genauigkeit dcr Annaherung stetiger Funktioncn dur<:h gnn zo 
rationale Funktionen>. Gottingen. (Preisschrift und Inaugural-Dissertation). Amop'1 noli 
llHTepeCI!OK pa60Thl 1 IIOflBI!BillCllCfl B'1 iJoJit 1911 r., IIOJiyqHJI'1 CaMOCJTOHTOJibiiO JiofmOTOpb!O 
113'1 peayJILTaTOD'b MOeil: 3aMtTKI!1 KOTOpyiO 01!'1 L(I!TilpyeT'L Ha CTpll.HI!l~aX'L 12-11 II J5 .. jt 
B~tcrt C'b T1lM'b C'lllTaiO Hya:H1D!'1 31UitTI!TJ.1 '<TO HaCTOiiU\aJI MOll pll.OOTa, 3a liCKJIIO'IOlliCM1> 
~~ <.II:oGaBJieHiib Kl. lY H V rJiaBt, IIPCJICTi1D!If!CT'l>1 C'1 HC3Ha'li!TCJI!IhlMH pOi\11KI(iOll!Ib!MH 
naMilHeHiHMI!, nepenop;'1 MeMyapa IIOIJ:l> r1lM'1 jf(B sauanieM'h, y,a;ocroeHnaro npeMiu Bcnrii!
cxol! AKap;eMilr, KY/Ia OH'h 6i>IJI'1 ornpanJieH'h MHOIO D'h iroHt 1911 ro.u;a. 
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rrepeMimHofi f(x) Oni.lia aHaJurrnqecKofi Ha HtKoropoM'D orpt3Id; An, He
o6xo,n;nMo H .rr:ocraTO'lHO, 'ITOO'D HaHM8Hnruee YRJIOHeHie En [f(x)] Ha or
pts.Kt AB y6niBaJio C'D BospacraHieM'D n 6brcrp1le, IJ'BMT> lJJI8Hhl H'BKoropofi 
y6IJBaroiiiefi reoMerpH1I8CKofi rrporpeccin; ,IJ,JI.H roro, 'IT06'D ¢YHKrris: f (-'t) 
HM'flJia ITpOH3BO,Il,H1I.H BdX'I, ITOp.H,IJ,IWB'L, H800XO,IT;llMO H ,IT;OCTaTO'IHO, 1IT06n, 
rrpn BCHKOM'D p, npe,rr;. En [f (x)]. nP= 0. Boo6IIIe, 'l'BM'D npoiiie ,rr;:rr<p¢epeH-

n=co 
rria.linHaH rrpnpo.n;a ¢YHKrriH, rtM'D OIJCTp'Be YObiBaeT'D En' :rr Hao6opOT'D. 

TaKHM'n o6pasoM'D pasc:r.wrpimie Ha:rrMeHniiiefi B03MOjfmofi rrorp'BmHocrn, 
rrpn rrpH6mr.merrin ¢YHI'rri:rr rrocpe,rr;crBOM'D MHoroqJieHOB'1 BospacraiOIIIHX'D 
crerreHe:lt, .n:aer'1 coBepmeHHO o6IIIee ocHoBaHie .n:.lJ.H rroc.rd;.n:oBare.lJbHOfi 
KJiaccnq>HIW.rriH H H3CJI1JJJ;OBaHi.H BdX'D H8IIp8pbiBHhiX'D ¢YHI'rri:li B8III8CTB8H
HOit rrepeMilHHOfi. 

QqnraiO CBOHM'D ,ll;O.'lrOM'D B1Ipa3HTb CBOIO llpiiSHaT8JibHOCT1 Cf>IISHIW-
1\J areMaTJI'Iec.KOMY Cf>aKy .11:nrery Xap:orwBcrmro Y mmepcurera sa cpe.n;crB:1, 
,IJ:OCTaB.li8HHnHI IIM'D ,IJ:Mf H3II8'!3TaHiH <lTOrO COlJI!H8Hi.H. 





LJAOTb nEPBAA. 

0 HtKOTOpbiXb 001UHXb CBOHCTB3Xb PR.UOBb MHOfO~neHOBb. 

rJIABA I. 

Ope,li,BapHTeJlbHbiH TeOpeMbl 0 MHOrO"'IleHaXb. 

1. MHoro'!JJeHbl HaMMeHte yHJJOHliiOW,iecR OT'b HYJJR. B1> cBOIIX'h sHaMe

HHThlX'b H3CJit;:I;OBaHi.HX'b 0 IIpH6,mjK8HHLIX'b MHOroqJieHaX'b '!e6hlill8B'b TIO

CTpOHJI'b MHOrOqJJ8H1I HallM8H'B8 yK,10H1!IOlll,i8C.H OT'b HYJI.H B'b ,IJ;aHHOM'b rrpo

:r.remyTKt; a HM8HHO, OH'b )l;Oita3a.n, 1!TO H3'b BCtX'b MHOroq,JeHOB'b B.II,JJ;a 

Al·"+P xn-1 1 1 p '· 1· T···-r·,., 

r~~:t A ~~:a.HHaH ne;mquHa, a ocTaJIDHLre K09cpqnH\ieHThl rrporr3BOJI1Hhl, 

HanMeHte yKJIOHJieTc.H OT'b HYJI.ff B'h rrpoMemyTKt (-h., +h) MHoroq,'IeH'h 

Ah" ( ') Ah" cos narc cos f A 
-. T ~ = L =-· [(x+v'x2-h2)"+ (x-'Jx2-h2)"]. 2"-1 " h 2" ·-1 2" v 

~~JIH KpanwcT.rr Mhl 6y~~:eM'b B'h ~~:aJI:oHtilmeM'h Ha3hlBaT:o c. T,(:1.:), r,n;t c 
IIOCTOJIHHaJI B8Jl.II'IHHa, mpUWUOJ.ternpz~1teC'/CUMU J.IUOW11.Jteua.~tu, H BhlBe,U8M'b 

HilltOTOp:OIJI HX'b CBOfiCTBa, aHaJIOfJ!qHhlJI CBOfiCTBy, OT!tp1ITOMY 1Je6hlill8BhlM'b. 

2. TeopeMa. Ec...r,u .1£uow~...r,euo P,.(x)= p 0.x"+ p 1x"-1+ . .• +Pn o6.w

daema c6oucm6oMa, 'l{,'inO I P~(x). V1-x21 aocmuwerno ea npoMeiJ/Cym·"K1o 

-1, + 1 aua"leuiR .LV, mo I P.,(;t) i ue .1ta:Jicema 6a amo.wc. npoNeiJ/Cyrn'K1b 
j}f . 

ocmaeamMR Neune -; ama noc.r,JorJuJtR !JeAuwuua ue 6yaerna npe6ao~'iaeua 
n 

.ruwb 6a c.;r,y'l{arb, 'Kozaa P,.(x) mpuwuoJrempu'l{ec1Ciu .1!UOW'l!..teuo. 

(1) 
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'Ie6&JIII8B'& ).\OITJCKa.~'& 6e3':& ).\OKa3aTeJibCTBa CYIJ]8CTBOBaHie :MHOr0 11M

HOB'& ,rraHHOfi CTerreHH, HaH:MeHiJe yK.~OHJ!IOllli!XCJ! OT'L ,!I,HHIIO:fi fVYlli\l~ilL 

Ho COBpeMeHHhlfi aHa!IJI3']) Tpe6yen STOrO ,!!,OKa3aTe.~hCTBa, T<lK'J, IWK'h He

MaJIO 8CTb 3a)l,a1J']) 0 MllHl!MyMi>, Hallp!!MiJp'L, B'& Bapia~iOI-IIIOM'J, IIC 1llll~!I8Hill, 

KOTOphlJI He l!MlHOT']) ptrneHifi. B'h BHI.\Y 3TOrO HaM'b He06XO,ll,I!MO l')J,'h.'IaTb 

HtCKOi1bKO rrpe).\Bapnte.1bH1JX'& 3aMt1JaHifi, ).\JIJ! TOTO, 11T06'& llOI\fLB:1TI>, 1!'1'0 

cpe).\ll pa3CMaTpl!BaeM1IX'& 1>1HOT0 11.~eHOB'L CJIJ]eCTBY8T'J,, /~'J;fieTRIIT!'.U,Ilil, 

0).\llH'L I!.1ll HtCJW.~bKO TaKI!X'L MHOTOIJ.'l8HOB'h, ,!I,JIJ! IWTOpLIX'h MfliiCJIMYM'L 
1P .. (x) I aocnmwemo Hal!M8Hbiiiaro B03MOlfmaro 3Ha1JelliJJ. PaaCMOT]lll?.l1>; 

B006III8, llpOll3Be).\eHie j p~ (x·). rp (x) [, r).\t rp (x) KaitaJI Hn6y).\I> HCHpeph!RH<lH 

{lyHRJ]iJI (roJio:r.ropqmaJI rrpn nctX'n 3Ha'!eHiJIX'h x ,n;aHHaro npmrencrrrw, 

ItpoMt rtx'h, MOiKeT'b 6biTb, r).\t rp (a:) = 0). MartcHMYM'L <JToro rr pon:me)l,P

HiJI m (Po, p 1, .. -Pn-J) ecrb HerrpephiBHaJI 01.\HOpO,!lHM cllYIHi.~i.H nepnort 

crerreHH rwacpqm~ieHTOB'& p0 , p 1 , ••. Pn-1, T. Ic., npn pmoJicenill llX'r, I!fl 

0).\HO II TOlKe 'IHCJIO k, 1H 6Y!J;en YMHOlKeHO Ha TO j!((J 1IHC.~O k. ;3l!<L'IClliH 

IW9cpcpH~ieHTOB'&, y,ILOBo1ernopmon~iJI ypaBHeHiiO m = N, r,rr,1; 111, J(annaJr Be

;mql!Ha, MOlKHO pas).\t,1l!Tb Ha n rpyrrrn: B'b nepnott I Po I _2_ i p; I , no BTo

poit ip1! > Jp; J H T. 1.\. (i=O, 1, ... , n-1). 
Pasc:Morpl!M'I>, HarrpnMtp'&, 3HaqeHiJI nepno:fi rpynrlLI; B'J, ).\aHHOM'r, 

cJJyqail ypanHeHie m=lJf MOiK8M'b HarurcaTb TaK'L: 

Po. m 1,-, -, ... , -- = 1, ( 
P1 P2 Pn-1) JJ·r 
Po Po Po 

HJIH, IIOJiaraJI 

P1 , P2 -- ,,~ TZ -=.<.1, A., .. T. ).\., 
Po Po ~ 

TaKnM'I> o6pa30M'I>, Po ecr1 KOHe 1IHaJI n Herrpepwm<WI cpymi.ll;i.}r nepeMilH

HbiX'b ).1 , 22, ••• , .l.n-1, KOTOphlJI ITO aDCO.UOTHOMy 3Ha'leHiiO He IIpCBI,]IJJaJOT'J, 

e).\HHll~y; ll09TOMy Ma!WHMYM'b !Po (x"+21x"-1+ ... l,_1.x) +Pn! =I P,(x) I 
eCTn H8llpepniBHaJ! cpyHR~iJI 21 , 22 , ••• , 2,._1 , p.,; npn aTOM'b, 0'18Bll,!l;HO, 

MOiRHO o.rpaHHqHT1CJI pa3MOTptHieM'b 3Hal!eHifi /p,.l, He npeB!lilliaiOI~llX'b Ht

KOTOparo 'UiCJia H. Ho HerrpeporRHaJI rpyHK~iJI n rrepeMtHHniX'b J..
1

, J..
2
, ••• ,2

11
_

1
, 

p,. , ITpHHHMarorn;nX'I> BCeB03MOiRHhlJI 3HalJeHiJI HtKOTOpofi 3aMKHYTOl!: o6.na<mr, 

.n:ocrnraen CBoero MHHHMyMa JI..'!JI orrpe.n;t.lieHHhlX'b 3Ha<reHifi nepeM1>HHLix1, 

B'b aTofi o6JiacTH. AHaJiorn'!HhlM'b o6pa30M'b MOJKHO .n;oKa3aTn cyrr~ecTBOBaHie 
MHOrOIJ:JieHOB'b, HaiiMeHte YKJIOHJ!IOIIIHXCJ! OT'b HYJIJI, COOTB'f>TCTBJIOIT(llX'b K&.JK

,ll,Oit H3'b n rpyrrrr'b Koarptf;HD;ieHTOB'L. Bor6npa.H TY H3'b rpynrr'&, KOTOpaJI 
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.n;aen HanMeHbiiiee sHa"!eHie ,n;JIJI MaKcnMyMa I P,.(x) I, Mhl y6hiK,n;aeMcJI 

HaKOH8Il,'1, 'ITO cpe,n;n MHOrO"l.U8HOB'1, ]l}IJI KOTOpbiX'1 m = M, ,n;titcTBMTeJibHO, 

ecTn OJJ)1H'1 HJIM Htcrwnrw TaKMX'1, KOTOpiJX'1 MarwnMJM'1 I P,.(x) I paBeH'1 

Hal!MeHniiiBMJ .B03MOlKHOMJ 3Ha'!eHiiO. 

liTaK'1 IIYCTb P(x) oy,n;eT'L TOT'L ll3'1 IIO,ll;JI8lKaili;IIX'1 cpaBHeHiiO MHOrO

"l.IJ:8HOB'1 cTerreHn n, KOTopt.rfi HanMeHte YKJIOHJIBTCJI OT'1 HYJIJI. 06osHa

'IMM'1 "!Bp€3'1 X1 , x 2 , ••• Xk TO'III:M, B'1 KOTOpbiX'b MO,llJJID p (x) IIOJIJ'laeT'b 

Han6oJit.rnee sHa'reHie L , II 'Iepen ; -Ty TO'IKY, r.n;t P' ( x). g; (x) .n;ocTn

raeT'1 MaKCIIMJMa Jlf. 

JI roBopro, 'ITO He.IJ:n3JI HafiTn TaKoro MHoroqJieHa F.,(x) cTerreHn n, 
KOTOphlii 6bi J,ll;OBJieTBOpHJI'1 ypaBH€HiSM'1 

B'D caMOM'1 ,n;tJit, ecJIII6'1 paBeHcTBa (2) 6wm ocyru;ecTBJieHt.I, TO 

MOlKHO 6rJJIO 6t.r rrocTpoun MHOrO'!JIBH'b P-J.F,. cTerreHR He Bniiiie n, 
BbiOpaBillll IIOJIOlKl!'l'8J1bBOe 'IliCJIO }. c,TB!LYIOIIUIM'b o6pa30M'b: OKpy

Jit!IM'1 TO'IKII x 1 , ::r2 , ••. . Tk IIpOM8iKJTKmHI ,ll;OCTaT01IHO Mam>IMR, 1!T06'b 

P (x) II F,.(x) coxpaHJIJHI B'b KalK!I:OM'1 l13'1 HHX'1 TOT'1 me caMr;r:tl: 3Harr'1, 

M OTHMM8M'1 3TH IIpOM8lKJTKH M3'1 0Tpt3Ka ( -1, + 1) ; TOr,n;a B'1 OCTaB

rueficJI '!aCTH OTptaKa I P (x) I < L -- o, r,n;t o HhoTopoe orrpe,n;tJreHHoe 
L 

IIOJIOlKI!T8JlbH08 '!HC;10 (M8Hbiii88, 8CJ1!1 XOTMM'1, 'li>M'1 2); IIOCJI1J 8TOrO Mhl 

Bbi6epeM'1 liOJ!OlKl!T8JibH08 KOJill'l8CTBO .1.. HaCTOJibKO MaJibiM'b, 'ITOObi 

21 F,.(x) I < o. B'D TaKOM'b cJiyqat OKasaJioct. 6hl, 'ITO MHOrO'lJieH'1 P-J.F., 
no a6coJIIOTHOMY sHa'leHiro .scer.n;a MeHte (n HnKor,n;a He paBeH'D) L, TaK'b 

KaK'b B'b O'J'HJITI:.IX'1 rrpoMemyTKaX'1 IP-.I..Fn I< I PI < L, l! B'1 ocTaBmeficJI 

'IaCTH oTptsKa !P-J.F,.j <(L-o)+a=L, npn tieM'b [ P'(S")-.I..F~(s)J. g;(S')=M. 
IloaToMy o6oaHatJ:aJI qepe3'1 .Ll11(1111>M) MaKCHMYM'1 I[P'(x)-lF~(x)].g;(x)l, 

- M 
y6tm,n;aeMcJI, 'ITO MHoro'lJieH'1 [ P(x)-lli .,(x)] .

1111 
rro,n;JiemaJI'1 6hl cpaBHeHiro, 

YKJIOHJIJICn on HYJIJI MeHte 'lilM'D P (x), 'ITO rrpoT.uBophHJIO 6bi HaiiieMy 

,!I;OIIJIII;BHiiO, 'ITO cpe.n;R IIO,ll;Jlemaru;HX'1 cpaBHeRiiO MHOrO'l.JieHOB'li RiJT'1 TaiWTO, 

KOTOphlii yKJIOHJieTcJI on HYJIJI MeHte, 'lilM'D P(x). 

CJitJJ;OBaTeuHo, cncTeMa ypaBHeHifi (2) He RMilen ptiiieHiJI, a rroToMy, 

JIHOO 'lllCJIO ypaBHeHifi (lc+ 1) 60Jibiiie 'l.k!CJia HemmtCTHbiX'b KO::lfPqmn;ieH

TOB'b (n+l), T. e. k>n, JUr6o k<n H .set orrpe,n;tJIHTe.Jiu (k+l)-ro 
rropJI,n;Ka MaTpHIJ,ni 
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n;"-1 ....... . 

paBHhl rryJIIO (raK'1 KaK'F:., Olf8BI!,D;HO, r.p ({;) ~ 0). 
B'1 nepBOM'1 cJiyqat P( x) ecr1 rpi!rOHOMerpwwcrtifi MHoro•r.~ern. B1, 

caMOM'1 ,n;iJJit} Talt'1 ItaKo CT8II8Hh MHOTOlJ.18Ha Pp:) panna n, 1'0 HO BCJI
KOM'1 CJiyqa'fl k < n + 1 ; II09TOMY IIpH ,I!;OIIyiiJ;eHiH, 'lTO k > 'n, l!tl.XO,I!;HM'J, 
k=n+ 1. TaKHM'1 o6pasOM'1, H3'1 :ma'lerri:ll: x1, .-r2, ..• Xk, ,n;na pannr.r 
+1 I! -1} a ocra.~hHhlJI cyTn (n--1) rwpenr, ypaBHeHiJI P'(x)=O. Tart'h 
Italt'1 C'1 ,n;pyrofi CTOpOHhi BCiJ 8TH SHa'leHi.H o6pan(aiOT'I> B'T> HyJII, fl 2 (;-,;)-/.,2, 

TO net rwpmr P'(x) = 0 cyrn ,n;no.tlrrhle Itoprru ypanneni.n P 2(x)- !,2 = 0, 
HMtroiiJ;aro eiiJ;e ncero ,n;Ba upocrhlX'h KOPHJI + 1 rr -1. 0TCIOJ(~L Br.IBOJ\HM'r, 

.n;:arpif>eperrn;ia.rrr,rroe ypaBnerrie 1Je6nmreBa 

(3) 

e,n;HHCTB8HH1IM'1 pan;iorraJihH1IM'1 ptiiierrieM'h KOToparo cJJylKHT'I, L cos narc eos .-r 
CJit.n;oBaTeJinHo, P (x) = L cos narc cosx. 

Bo BTOpOM'1 cJJy'lat, 7c = n. B'1 caMOM'h ,n;iJJ!'B, ecJIIl6'I. lc < n, ro 
P (x) +(ax+ b) R (x), r,n;t R(x) = (x-.T1 )( x-x2) .. . (x--xk), 6wr·r. 61.1 
MHOTOlJJI8HOM'1 CT81I8HH He B1IIII8 n. Ho IIOJJaraH F,.(x)= P(:r,)+(a:J:-f- {J). H(tr), 
Mhl MOlK8M'F:., OTJ:8BH,l(HO Bnr6paTb rwaipgmn;ieHTbi (a, b) Talt'h, 'lTOOhl Bdl ypaHH8HIJI 
(2) 6nrJJH y,u:onJJeTBoperrr,r; 1I.JIJI aroro ,n;or;raroqrro y,n;onJrernopurr, ypanneniro 

P'({;) + aR (s) +(as+ b) . R'(s) = 0, 

It']) IWTOpOMY IIpi:!BO,Il;HTC.H IIOCJiiJ,D;H88 1!30 ypaBH8Hifi (2 ), M8jj_(,IJS Tf.M'[, IC<LK'f• 
rrepBhlJI k ypaBrrerri:tt y,n;oBJI8TBoperrr,r rom,n;ecrnerrrro. YpaBrreHie me (2b1•) 
Bcer,l(apasptmuMo, n6o rre Momen6nrrr, o,n;rroBpeMerrrro R'({;)=O H R({;l=O. 
Ho TaK'1 KaK'1 no ,l(OKasarrnoMy ypaBHeHiJI (2) neconMtCJTHMIJ, c;ri;,n;ona
TeJI!>Ho k = n. 

O,u:rrarw, KaK'1 Mhl yBH,I(HM'1, ,I(JIJI ¢ymn~i:fi cp ( x), paacMaTp11naeMIJX'h 
HaMR, BTopofi cJ.Iyqafi Bo06IIJ;e He Momer'h rrpe,u:craBHToca. JI,.~JI :rroro uepe.fi
,n;eM'h K'h CJii>JLCTBiJIM'1, BhlT6KaiOIIJ;.RM'b H3'1 rrpe,l(IIOl!OlK8Hi.fl, 'lTO k = n. 

llpem,u:e Bcero Mhl saM1llJaeM'1, noJiarM F.,(x) = P(x) + bR(x), •rro 
ypaBHeHi.fl (2) IIp.RBO,I(JITCJI K'b 8,Il;.RHCTB8HHOMY ypaBH6HiiO P'(sJ+bR'(s)=O, 
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KOTopoe 6y~en HepaspiliiinMo JIHillh B'b cJryrrat, 1wr~a R'(;) = 0. TaKHM'b 
06pa30M'b ; eCTh KOpeHh ypaBHeHiJI 

R'(x)=O. 
Ho 

R(x)=C(x2-1) ·:'(x)' 
x-

r.n;t C-rrocToJIHHhrit MHOjKHTeJir,, (3-Ton 11n KOpHefi ypaBHeHiJI 

(x2-1)P'(x)=O, 

KOToparo He XBaTaeT'b ypaBHeHiiO R(x) = (x-x1 ). •• (x-xk) = 0. lloaTOMY 

S y~OBJieTBOpJieT'b O)l;HOBpeMeHHO ypaBHeHiJ!M'b 

.. ~. [(x2-1). P' (x)] = 0 
dx x-(3 

u (x2-1) ... ~. [P' (x). g; (x)] = 0 
da: 

(4) 

.i'IeritO 06HapyjKUBaeTCJ! H8COBM1>CTIU!OCT1 STJIX'b ypaBH€Hifi, €CJIU 

tp (x) = 1-- x 2• Tor,n;a, O'l.eB!!il,HO, s2-1 < 0, TaK'b "'ITO BTOpoe ypaBHeHie 

o6pam:aercJI B'b 

:x [ P'(x). (1-x2)] = 0, 

BCJit~CTBie qero II8pB08 ypaBHeHie IIpHBO)J;HTC.li K'b P' (x) = 0, "'ITO H€B03-

MOlRHO, TaK'b KaK'b / P' (x). (1-x2) j rrpu x=;, no rrpe~rroJiomeHiiO, ,n;ocru

raeT'b cBoero Ha:a6oJir,maro 3HatJ:eHiJI JJ1. 
,II:OKalR8M'b, 'ITO CJiyqa:!J: k=n TaKme He rrpe~CTaBJIJieTCJI, eCJIH cp(x)= 

= V 1-x2 , KaK'b &TO HM'hen Mtcro B'b ycJIOBiii TeopeMhl. EcJIH Mhl ITOJIOJKHM'b 

P'(x). V 1-x2 = P1(x), TO ypaBHeHiJI ( 4) rrpn:Myn cpopMy 

~ .. [Pl. V1-:3~]=o dPl=O, 
dx x-(3 ' dx 

llJIH 
dP d;./. (1-x2

) (x-f3)+P1 • (P'x-1) = 0, dPl=O 
dx ' 

OTKy,n;a (3x-1 =0; 

1 
rrosToMy ; = 7f. II TaK'b KaK'n I ; 1 < 1 , cJit.n;oBaTeJihHO, 

IP'l>L 
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C'I> ,11;pyrott cTopoHnr, .IIBTKO y61l,ll,HTnC.H, 1ITO P(x) YAOBJIBTBOpHBT'L ,rr;ncp

cpepeH:u,iaJinHOMY ypaBHBHiiO BH)l,a 

(6) 

,li,'iJitCTBHT€JibHO, MHOTOIJ:.ll8H'1 P2- L 2 CTBIIBHH 2n HM'BBT'D )l,BO.liHhlMll 

KOpHJJMll T'iJ 113'1 3HalJ:BHiil: x 1 , x 2 , ••• X,., KOTOphlJI OT.!IlPIHhl OT'L ± 1 
(TaK'I> KaK'I> oH'il o6pam;aron B'I> HYJin P'), .a rrpocTnJMJI rwpHHMH T'B Hn 

3HalleHiit, KOTOphlJI paBHni ± 1. P 2-L2 ,II,'iJJIHTCJI II09TOMY Ha MHOT0 1fJI8H'I> 
P'2 (x2-l) 

(2n- 2)-ofi CTBIIBHH • )
2 

, H TaK'I> KaK'I> K09cpcpHD;i8HT'L IIepBarO (x-P 
lJ'JieHa 1\'ilJIHMaro B'I> n 2 pan MBHniiie KoacpcpH:u;ieHTa rrepBaro 'I.lleHa ,II,'h.rrn

x2+bx+c 
TB.llJI, TO 1IaCTH08 HM'iJen cpOpMy 2 ; OTKy,u;a BhlTBKaeT'I> ypaB-

n 
Hei:Jie (5). 

JI TOBOpiO, lJ:TO KOpH:I:! ypaBHBHiH 

B8.IIJ;8CTB8HHhl, l!M'iliOT'I> TOT'I> llt8 3HaK'D, liTO /9, H 60.llbill8 ero UO aOCO.lllOT

HOMy sHal!eHiro. B'I> caMOM'I> ,rr;tJit, ,II,orrycTHM'D fl,JIJI orrpe,rr;TIJIBHIIOCTn, 1ITO 

P > 0; Jl'I> TaKOM'D cJiylla'll P > 1. EcJIH x B03pacTaH OT'n BAHHHI\hi ,rr;ocTH

raen sHalJ:eHiJI P, r,n;t P' o6pam;aeTcJI B'I> HYJin, pz BospacTaeT'b OT'I, L 2 

li,O H'ilKoToparo l!Hc.rra L 1
2

, saTilM'I> P 2 y6nrBaen; HO, Tait'I> rtaK'L P' 6o.rrte 

He :r.t'ilHJien sHaKa, TO P 2, rrpoit,rr;s:, rrpl! x = y > p , tie pen sHa'Ienie L 2, 

o6paru;aeTcs: B'I> HY.lln, 11 rroc.rrt aToro BospacTaeT'b ,rr;o 6esJWHetmocTH, upo

xo,n;s.r cHoBa llepes'L sHalleHie £2, rrpn x=o>r>P· O'IBBH,!UIO, TJTO y 11 o 
CJT:O KOpHll ypaBH8His.I x 2+bx+c= 0. l1TaK'L ypaBHBHiB ( 5) MOlEBM'L Ha

IIHCaT.D B'I> BHli,t 

P2-L2= (x2-1) (:r.-y) (x-o) (P')2 (G) 
n 2 • (x-19)2 · ' 

rrp.11 l!BM'I> r > P > 0 11 o > P > 0. (To me caMoe pascymli,eHie rrpHBBJIO 6Lr, 
rrpH P<O, K'I> r<fl<O .a o<fJ<O). 

C.ll'll,n;oBaTeJIDHO, P.JIJI I xI < 1 , HM'ilBM'I> 

rp;'iJ 9 < 1 ; II09TOMJ 

\P'. ~~1-x2/ < nfJL. 
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TaKHM':b o6pasoM'I>, ecJIH 6hT k=n, 

sHatJ:eHie L MO.UYJIJI P(x), y,n;oB.IeTBop.uo 6hr 

TO, H8COMH1>HHO, .HaH60Jihiii€8 
M lrf 

HepaBeHCTBY L > -z. > - . 
- n<!Y n 

HarrpoT.HB':b, rrpH k=n+l, Mhl Haumu, 'ITO P(x)=Lcosnarccosx, OTKy.rr.a 
--- M 

IP'.yl-x2 I=Lnlsinnarccosxl; TaK':b 'ITO ll':b aTOM'!> cJiytJ:at L=
n 

CJit,n;oBaTeJihHO, TOJihKO cJiytJ:ait, Kor,n;a P(x) ecTh TpBTOHOMeTpH'l:ecKiit 

MHOrO'l:J18H'I>, rrpHBO!I,HTh K':b HaHMBHhiUeMy 3Ha'leHiro ,IJ:JIJI L, rrpH 'l:BM'll 

L =II-I' n 'I. H. T. ,ll;. 

3. Cnt,a.cTBifl. a) EcAu 'lfa ornp1o31C1'b (- h, +h) npouaecae'lfie 
I P~(x). yh 2-x2

1 aocmuwem1> aua11euiR M, mo, npu npednoAoO/Ceuiu, "trno 
P,.(x) ecmb :MnOW'll.!leuo cmeneuu n, I P,.(x) I 'lfB .~WO/Cem1J ua paac,1tampu

M 
eae:M O.M1J omp1'b3JCn ocmaeambCJ! Jteu1oe - . 

n 
B'D caMOM':b ,n;tJit, ITOJIOlKHM:O x = hx1 • B'll TaKOM':b CJiyqat, 

P,.(x)=P,.(hx1)=Q,.(x1), II P~(x).Vh2-x2 =Q~(x1)V.l-·x12 • llpnMt
HJIJI It'll Q,.(x1) TOJihKO 'ITO ,IJ:OKa3aHHJ!O TeopeMy, SaKJITO'IaeM':b, 'ITO, TaK'll 

KaK'll Ha OTptsKt ( -1, + 1), I Q~( x). V l-x121 ,n:oCTnraen sHa'IeHiJI 11-1, 
CJit,ll;OBaT8JihHO IQ,(x1)1 Ha TOM'll lK8 OTptmdJ (-1, +1), a IP,.(x)l Ha 

lrl 
OTptsKt ( -·h, +h), H8 MOJK8T'b OCTaBaThCJI M8Hhlli8 -. 

n 
b) BeAU· ua omp1b3JCIO (a, b) npouaeeaeuie IP~. vca-x)(x-b)l av

cmuwema .ma•teuin JJ1, mu I P,.(x) I ua :nnoJt1J omp103JC1b ue ocmaemcR 
M 

.ltenJoe 
n 

8TO BhlT8Ka8T'b ll3'b ;'I;OKa3aHHaro CJit,ZJ;CTBiJI, 8CJIII IIOJIOJEHM'll 

Xl=X- a+b 
2 . 

c) BeAu ua ornp1b3X1'b (a, b) I P,.(x) I < L, rna ua mo.lt1J 0/Ce omptb8X1b 
IP~(x). Va-x)(x-b)l < nL. 

B'I> caMOM'b ,n;tJit, ecJI:u6'll IP~(x).V(a-x)(x-b)/ ,n;oCTHraJI'b 6h! 

3HalJeHiJI lr1 = nL + e , TO ! P ,.( x) j B'll CH.liY npe,u;hl.n:Yrrraro c.Jit,n;cTBiJI rro-

JiytJ:aJI':b 6h! 3Ha'IeHie M = L + ~, 'ITO rrponmoptqHn ycJioBiro. 
n n 

4. TeopeMa A. A. MapHoBa 1). M'lfoW11Aeu1J n-ou cmeneuu P.,(x) ua om-

( . ) M . pnaJC1b -1, +1 ne ocmaemc.Jt .ue1t1be - 2 no a6eo.KJJOmuo:My aua11eu~10, eCAu 
n 

ua mOM1J OICe omp1b81C'Yb I P' .. (x) I aocmutaemo M. 

1) A. MapitoB1>. Oo"D OJIHOM'D Borrpocil ;rr:. H. MeH)\eJiteBa. 1889. Hs"D )l;ORasarencTBa 
A. A. l'viapKoBa Bh!TeKaeT't Blo cy~IIOCTa TaRllte n Teope.Ma (2), xora ona I! He if>opMyli:H
poBaRa B'D ynoMaHyroi crarbt. 



- 16-

OqeB:a,n:Ho, qro BCJI rrepBa.sr qacrr. ,n:ortaaare.rrr,crBa reopeMhl (2) (,n:o 
cne~iaJmaan,in iflYHK~in t:p(x)) ocraerc.sr B'1 cH.Jit. B'1 ,n:aHHOM'1 c.rry•ra1; M1I 
,D:QJijEHbi IIO.~QjEIJTb B'1 ypaBHBHiJIX'1 ( 4) t:p (x) = 1; TaK!IM'1 OOpa30M'1, BC.Jill 
MHoro'l.'lBH'1 P ( x ), ,n:arorrrifi HanMeHI>mee orrt.rroHeHie L, He rpnroHoMeTpn
IJ:ec~tifi MHOfO'IJieH'1 ll ,D:OCTllraeT'1 MaKCllMaJibHaro OTit.JIOHeHiJI TO.JIMW B'h 11 

roqitaX'b, TO aHaqeHie ;, rrpa KOTOpOM'1 I P' (x) I ,n:ocrnraeT'1 MaKcnMyMa N, 
J,D:OBJIBTBOpHBT'1 ypaBHeHiJIM'b 

dP' dP' 
dx .(x2 - 1)(x-P')+P'.[2x(x- P')-(x2-1)]=0, (x2 --1) dx =0. (4bis) 

CJI13,a;oBaTeJI1HO, .'ln:6o ; = ± 1; ror,a;a P' = ; . J1u6o I; I < 1; ror,n;a 

TaK'1 qro 1 P' I > 1. 
B'1 rrepBOM'1 c.1fyqa1J, rroJiaras ,a;.'l.f.! orrpe,n:t.rreHHO(}TH P' =; = 1, Hal!-

6oJir,mee sHaqeHie I P(x) I ,ll,OCTn:raeTcs B'1 (n- 1) BHJTpeHHIIX'b TOl!KaX'b, 
r,n:t P'(x) = 0, n B'b roqKt x =- 1. lloeTOMY P(x) 6y,n:eT'1 y,a;oBJIBTBOpJ:IT1 
,n;n:ifliflepeH~ia.JibHOMJ ypaBHBHiiO 

p2 -L2 = (1 +x) ~x -a). (P')2, 
n 

rrpnqeM'b a> 1, TaK'b KaK'1, rrpn: x = 1, P~ < L2. CJit,n:oBaTeJioHO, 

P=Lcosnarccos 2x+~-l. 
a 1 

(7) 

Bo BTOpOM'b cJiyqa1J, P OIIRTb ,n:oJimeH'b y,a;oBJieTBop.arr, ypaBHeHiro (G) 
C'1 COOJIIO,D:eHieM'1 T'lJX'b me HepaBeHCTB'b OTHOCllTeJibHO P', y, o. ilO::JTOMJ, 
rro rrpemHeMy, 

@2(£2- P2) = ( l - x2) (P')~ 
n2 ' 

HaKoHe~'1, B'1 cJiyqa1J rwr,n:a k = n + 1, P(.c) ecrr, rpnroHoMeTpH
qecrdil: MHOfOlfJieH'b, J,li;OBJJBTBOpJIIOrrrifi, EaK'h Mbi BH,ll;iJJill, ypaBHeHiiO (3), 
KOTOpoe MOmHO IIOJ!Jlfl!Tb 113'1 ypaBHeHiJI (6bis), IIOJiaras B'1 IIOCJit,a;HeM'b 61=1. 

BBe,n:eM'b HOBhl.II rrepeMilHHhlJI, orrpe,n:13JIJieM1IJI ypaBHeHiRMH 

P= ± Lcosz, x =cost; 

( aHaK'b + B031MeM'h, ecJII:! rrpn x = 1, P = L, B'b rrponrBHOM'b cJiyqat Boar,
MBM'b-); Tor.n:a ypaBHeHie (6bis) rrpeo6paayercJI B'b 

L 2 • 2 d 2 
"'2L 2 • ~ sm z ( z) o sm z= -

n~ · dt ' 
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OTKyAa 1~:1 = ne. TaK'b KaK'b, rrpu a:= 1, 1'= ± L, TO :MOiKHO IIOJIOjfCHTb 

.:: = 0, rrpu t = 0. C,TBAOBaTeJI&Ho, z = nfJ1 t, r,n:t /f91 j < 1 ,n:Jra: ypaBHeHi.a: 

(6bi•), H el = 1 ,D:;1JI ypaBHeHiJI (3). On>y.n:a 

IIO<JTOMY 

ec,m e < 1, ,FJl! < 1, II L = jl:,, eCJU! B = el = 1, TaK'b KaK'b iP'j Han-. n- . 
. i sint I 6o.:11mee 3m1'reme J.l!, O'IeBJ.J)I;HO, npHHHMaeT'b, rwr,n;a ·

16 
. £> rroJiyl!aeT'b 

1 
~nsmnC? 1 t 

HaHMeHLIIIee 3Ha'IeHie (KOTOpoe 60J!bille, lli>M'b 2 B'b nepBOM'b CJiyqai;, H 
n 

paBHO ~ BO BTOpOM'b c.~y,rat). MTaK'J,, OTK;10HeHie L TplHOHOMeTpnqecrmro 
n.-

MHOfO'IJieRa IIpll TOM'b me .1lf 6&U!O 6h! MeHte OTKJIOHeHiJI MHOfOl!JieHa P(x), 
YAOBJieTBOpJI:ru;aro ypaBHeHiro (6bi•); a rroTOMY P(x) He MoJKeT'b y,n:oBJI8TBO

pHTb ypRBHeHiiO (()his). P(x) ue MOiK8T'I, y,ZLOBJif\TBOpJITb n ypaBHeHiiO (7), 
~ .¥. n 2.x + a - 1 

noo m, 9TOlJ'T, c:IJ"Iilli 1 (.r)=Lcosnarccos + , a 
a 1 

. 2x+a-1 
:3nLsmnarccos --..,--c---

P'(x)= a+ 1 , . + ) . 2x+ a-1 
(a 1 . sm arc cos + a 1 

OTKy,n:a M < n2 L, TaK'b KaK'b a > 1. 

TaKHM'b o6pasoM'b JP.,(x)j ocTaeTcJI BOSMOiKHO MaJIMM'b, ecnn P,.(x) 
TpUrOHOM8TpH'I8Cldfi MHOfOl!JieH'b; HO )l;aiKe B'b 9TOM'b CJiyqai; MHOfO'IJI8H'1 

M 
P(:r) )l;OCTHraeT'b a6coJIIOTHaro sHaqeHiJI L = 2 , rr. H. T. ,n;. 

n 
5. C.llt,li,CTBiH. a) Hso BC?'bXo J.IUOW'<.A!eUOIJo cmeneuu n, npouseooua.R 

'IW11Wfl'blXb OOC?nUWemo OaltuaW a6CO.;t10muaw 81W'I{81-li.R ua omprb81f.1'b ( -1,+ 1) 
uau.lteu?be yx.wuflemc.fl om'O uy.A;fl Ha amoJ.t'O omp1'bSK'I'b mpuwnoMempu'l{ecxiu 

.l1.HOW <{.,te%7>. 

b) Ec.Jtu 11a omp?bSK'Ib (a, b) npouseoouafl J.tuOW'l{.A;eua n-ou cmene

uu P,.(x) oocmuwemo ct6co.;wom11aw Slfa'l{eui.R M, mo JP,.(x)j ua amo.M:o 
jb-aj.M 

omp1b3K1'b ue ocmaemcJt :Menne 
2n2 



- 18-

)I,M:I roro, '!TOO hi B'b aTOM'b yoiJ,l!)ITbCJJ. ,IJ,OCT<l.TO'JHO c,IJ,1>JraTI> mmetlHoe 

b-a b-f-a 
rrpeo6pasoHaHie x= -

2
-:r1 + ~ · 

c) Ec~u 1) ua omplb3"1h (a, b) J!!'IWW~IJIC'Ilo u-oi"i l'llli'?le1m P,.(:r) ue 

npeebtutaemo no a6co.l!/011!1i0.11;1f 3'Ha.'IC'Ilil0 L, 11w !I".,( x)l 11a. 1/IO.!Io .Hr.l' ompn.1'K1b 

2n2L 
ue npeBbHuaemo b-- . 

-a , !dkP,.(x), 
d) Ec.!lu ua omp1b31C1b (a, b) 1P,(:r) I 11.e npMulllal"lllo L, '11/0 1--li.i-i< : 

') )' k I 

11.e npeB'btutaemo (-~- n2. (n -1 )2 ... (11 -1' + 1 )2 • L 11a 11/0Mo JICI' om-
b-a 

p1'b3'K1 b 2) • . 

8TO BblTCK38T'b Ii3'b k- KpaTHaro ITOBTOpeHiJ! IIp8iJ,bi)\Yll\l1f0 CJdl,IJ,CTBisi. 

6. TeopeMa. l13o 6C1bXo J!tUOIO'I.l!cuoeo cmeneuu n, 11j)?WUJtaJ0111UX7, 87> 

i}a?MWU mo'4:K1b, ue .l!e{)l{}al1le11· 11a ornp1b3'K1'b ( -1, + 1 ), a6coJtJomnoe :ma.'tellie 

JJ1, ua.HJ.tembe y~e.A.OUJlemr:R om7.. 11.p.Mt ua amo.m, ump1b3'KIIJ mpwo'lf.,O.lte111pu

"ec'Kiu M'll·OW't.A.ewo. 

B'b caMOM'b A1mt, rrocpe,li,CTBOM'b coo6paJiteHifi, coBepmeH no a.nuJIOrH'I

HhlX'b IIpHBe,IJ,eHHhlM'h llp!I ,IJ,OKa3aT8.1I>CTBt T80p8MI>l (2 ), y6tJIC,ll,UCMC.H, '!TO 

cpe,IJ,n MHoro'l.'I8HOBn, rro,IJ,JielKa.rrrHXn pascMorptHiro, cyn~ecrnyeT'l> Tarwtl Pix), 
KOTOpblit ,IJ,OCTHraen HanMeHbiiiaro OTKJIOHeHiJ:I L 06o3HatiaJI •wpe;n, .r1 , 

x2, .. • xn 3HalJeHiJI, r,IJ,t IP(:J:)I =L, a 'lepesn s .rr,aHHOe 3Ha'I8Hie, rA1> 

P(s) = M, Haxop;HM'L rro,IJ,o6Ho rrpe,IJ,I>IJJ.yn(eMy, liTO HHKarwfi MHoroqJieH'b 

F,.(x) crerreHl1 n He MomeTn y.D;OBJJ8TBOpl1Tb ypaBHeHiHMn 

F,.lx1) = P(x1), Fn(x2) = P(x2), ••• F,.(xk) = P(xk). P,ls) = 0, 

1) 3To ecn, <f>opMyJI!IpOBEa TeopeMh! A. A. MapKona, ;~;aniiaH nm. B'L Db!ll!e ynoMJT

nyToii CTaTJ/k; K'b COlKi1JlllBi!O, C'b BTOH pa60TOH Ti1K'1 me, KaK1, II C'l. CO'IliiWHiem. fl. A. 
MapKona. ,0 tPYHK!Iilin nai!Mente y~~:nonaro!IIIIXCJ! on uyJI!l" (1802) n no3HaiwMnncsJ JII!Illh 

l!OCJ!ll TOrO, KaK'b llpC)IBap!!TeJ!bHhlll anrc6paJil!6CKiR TCOpCMf,J, COCTi1BJIJTJOll(iJI CCI;\OplK:LHiC Ha

c·rO!I!II6H rJiaB:nr, 6hlJII! MHOH caMOCTO!ITCJIJ.HO HaH)ICHLr 11 )IOKa3aHhl. Hec:oMnimno, ooJiilO pan

nee 3Hi1KOMCTBO C''l> R)I611MU BTHX'L Y'ICBl>IX'11 ynpOCTI!J!O fib! MOJO 311)\a'ly, a T&KlKC 1 6T~T~ MO

lKCT'h1 I! HSJiolKenie aroii: run:nr. Ho II3MimHTJ. y;Kc BliOJIHt 3ltKOHlJCI!Hhlll JIOKa3aTCJibCTna R 

HC C'!6JI'L HJlKHhlM'h B'l> BH)IJ BC!IOMOraTeJIJ,I!OK pOJ!Il JllOMllliYThlX'L -renpCM'l>, !! Ti1K'h K&E'L 

MHil KaaaJioc&, KpoMt Taro, 'ITO npmdmcBie o6!IIaro Merop;~t B. A. Map1wna, MOrym;aro 

JIB.Tb )lall\e ISoJIJ.me Taro, liTO naM'l> a)lilch nylKHO, ne yrrpoCTIIJIO OI>I 1!3JIOlKonin; paacylK;l;OHisr 

li\O A. A. MapKona, ttoropDIMH n'h ntKoToph!X1• CJIY'Ia.>!X1• 6J.IJIO Obi xrhecooopa:mo nocnoJih" 

30B8.TI>CH, B'h IIJlJri!X'h CJ!J''!a!IX'h, JIOBH)IIIMOMY1 HYlK)I;S.J!HCb 6:nr B'l> 3Hi1'1HTMI>Ilb!X1o ,D:OUOJIHC· 

niJ:In (narrp. p;J!Jl )I;OKa3aT6JrbCTBa Teope:llhi (8) ). 
2) B1> yrroM!!Hyro:B: Bhlme pa6oTil B. MapKOB'h, rro)lo6uo T.QMy Kait'h oro yJKtl Uh!JIO 

O)li>JIS.HO )IJ!l! 1-H llp01!3BO)I;HOH, ,n;aeT'h !l!aKCIIMJMl>1 KOTOparo k-aH !IpOHBDO)J;Ha!l1 ,n;ilHCTBHTOJrb· 

no, MOli\6T'l> ,IIOCTHrnyn. M:nr me yKa3h!BaeM'1 3,n;tcr, JII!mb nepxnroro rpamm;y nToro MaKcn

li]l!a, BITOJIHt O)I;H&!tO i\OCTS.TO'lHJ!O )IJIJ! Ti>X'h BhlBO)IOB'L, KOTOplile 6y)IJT'h C)li>J!aHLl B'L CJit· 

;D;j'IOII\el! rJiant. 
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qro 6y,n;eT':b HMilTb Mtcro .Jill III:& TOr,L~,a, KOr)J,a k > n. C.Jit,n;oBaTeJibHO, k=n+l, 
H P(x) ecTb TpHrOHOMeTp:wiecrti:li MHOrO'I.18H':h; l£. n. T • .n:. 

7. Cnt,D.CTBiH. a) Ec.!lu ua omp1u3X1'b (- 1, + 1), J.t'IWW~Aeu'D cme
neuu n oocmuwem'O MaKcuMyJ.ta L, mo 'Hau6o.~t'bwee a6co.!lwm'Hoe sua"leuie, 
xaxoe ou'O .~waJCenn 1W.Jty•t1Wib 11'0 mo•tX'Ib 5 ('He JteaJCau~eu ua amoM'D om

_p1osxn) ecmo 

i ( s + Vs2 -1 )" + (s-v s2 
- 1)") 

.M=LI 2 (8) 

Bb caMOM':b ,IJ,i1.1t, yr:a3aRHoe 3Ha'leHie M ecTb a6coJIIOTHoe 3Hal!eHie 

llOJiy'la8M08 B':b TO'!!dl S COOTBilTCTBYIOIIl)lM'1 Tpi!rOHOM8TpHgecKHM':b MHOfO-

'IJI8HOM':b. 

b) Ec.!!u o6o:nta"lurno •1epeao R no.AycyJ.tMy oceli a .. uunca, npoxoo,f{,
Ufaw "lepeso mo1txy 5 u UN1b10t0azO rfio'JCycaMu (-1, +1), mo UM1bemo 
.M1ocmo uepaeeucmeo 

111 < LR". 

B':b caMOM':b ,II,tJit, rroJIOJKHM':b 

1 s= ~ [(eb + e-")cosa +1-(eb- e-b)sina] = cos(a- bi) .. 

(9) 

B'b TaiWM'b CJ1Y'Iat, ec.lJII b UOJiyiJaeT'1 onpe,n;tJieHHoe l!OJIOJKHTeJI:&Hoe 

3Ral£eHie, g Haxu;~IITCJI Ha a.~JIIIIId, HMtrom;eM':b t%JortycaMn ( -1, + 1), a 
DCJIMH eb + e-b n eb- e- 6• C1> Apyrofi cropOH1I, 

111 = Lf cosn(a- bi) I=~~ cosna. (e"b + e-nb) + isinna. (enli_ e-nb)f = 
L ';·-:_:-:--~-;----=--

=- .. v e~nb + e- 2nb + 2 cos 2na .. 
2 

CJit,n;oBaTeJibHO, 

L L 
9 (e"b- e-"b) < lrf < 9 (e"b + e-"li) < Lenb. 
"' ~ 

Ho 

ecTh no.1JycyMMa oceil: pa:JcMarpnBaeMaro <JJIJIHrrca. Orrty.u;a 

},f < LR". 

ilp H M"Jl'I a Hi e. JierK.Q IIpOBilpllTb, '!TO HepaB8HCTBO (9) OCTaHeTCJI B'b 

CMJit, 8CJIH 0Tpil30it':b (- 1, + 1) 3aMilHIIT1 JII061IM':b 0Tp1l3KOM':b (a, {1); 

'TOJI1KO R 6y,II,eT'1 TOr,[(a 0603Ha1IaTb OTHOlli8Hie CYMM1I OCe:fi BJIJIHIICa, IIpO

XO,ll;JIIIJ;aro 'I8p83'h S ll llM'BIOITI;aro rpon:ycaMH (a, {1), K'b cpOKYCHOMY pa3CTOJIHiiO. 
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8. TeopeMa. Ec.;r,u Pn(x) ecmo J.mo·l.o•l.;r,euo n-o1i cmenenn, n ·JUt om
p1b31C1'b (- 1, + 1) cyu~ecrne y10mo sua'l{euiR x, !I, iJ.JtJl JCO J!Wp?,r,.ro 

E(x y) = /IP .. ix)-P,.(y)l.(l-x~r'~· (1- y~)~ = ~1£, 
' (x- y)a i 

J1[ 
npu 0 < a < 1, mo IPn(x) I ue ocrnaemcJl Neu?oe 

1 
na amrMto omplb3'h.'?b. n':: 2 -a 

B'I> caMOM'I> ,1\'B.'lt, rro,n;o6Ho rrpe,n;nr,n;ym;eMy, y61lm,n;ae111c.rr B'h cyu~ecTBO
Baahr MRoroqJJeHa P(x), ,n;.1IJI KoToparo MaiteUMYM'h I P(x) / ,n;ocTJiraeT'b Han
MeH:omaro B03MOJRHaro 3HatreHiJI. KpoMt TOro, ec.m (.·r, y) cyT:o ;ma'WliiJr, 
,n;JIJI KOTOpniX'b E(x, y) MaKCHMYM'b, x1, x2 , • .. Xk- 3Ha•rcHiJI, r,11:ll JP(:r)J 
MaKCHMYM'b, TO ypaBHeHiJI 

H6 COBMiJCTHMbi. il09TOMY, eCJill p He Tpi1rOHOM6Tp11lf6CJdft MJIOrOtJJI8H':b, TO 
k = n, H rro.'!araJJ 

HaXO,ll;IIM'I>, 'ITO ypaBHeHiJI (10) IIpHBO,IIJITCJI I''b 

P(x) -P(y) + b(R(x)- R(y)) = 0, 

KoTopoe 6y,n;eT'I> HepasptrrrnMo TOJiuo, ec.ur 

R(x)=R(y), 
T. e. 6C.JHI 

P1(x). (x2 - 1) P 1(y). (y2- 1) 
=------

x-/3 v-/J 

Ho C'I> ,n;pyro:tt CTOpOHhi (x, .1/) y,n;onJJeTnopJJmTT, ypa.HHf'HiJIM'r,, rmpa
marom;HM'I>, 'ITO IE(x, y)l MaKCHIIIYM'b: 

(1-x2)[P'(x).(x- y)- a(P(x)- P(y)) J- cc:c(:c- ,t!J(l'(.r)- P(/1))=0, 

(1- y2) [P'(y).(y -x)- a(P(y)- P(x))]- ccyiy- x) ( P(/1)- P(x) )=0, 

HJIH, 
, 

2 
P(x)- P(y) 

P(x).(1-x )=a · .(1-xy)=A ~0 
x-y 

P '( ) ( P(x)- P(y) 
y. 1-y2)=a x-y (1-xy)=A~O. 
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TartHM'h o6pasoM'h 
A A 

qTo H8B03MOJKHO, Tai''h r;aK'h x ~ y. CJl'ilAOBaTeJI1HO, P ecTb TpHrOHOMeTpH
qecKi:ii MHorO'l!IeH'£,, P = L eosn arc cosx. 

OcTaeTc.H Bwmc.mTr, MaKCHMYM'h !E(x, y) I AJI.H 9TOro MHOrolJJieHa. C'h 
BTOfi u;t.n,ru, no.mra'=M'h 

J:'=cosr-:~, y=coscp, (O<f9<:rc; O<cp<:rc). 

cosn(-:)- cosncp . . 
E(a: y) =L . (smesmcp)'2 = 

' (cos e- cos tp)'l 

(
cosne- cosncp)a 

= L e · (cosne- cosncp)1-_cr.(sin€9sincp)-:z< 
COS" -COStp 

ll09TOMY 

OTKJ)l.U, 

L lrf > -')1--, 'I. 1! T. A· 
"'-;:ncr. 

II pH M t 'I aH i e. AHaJiornYJ:HhiM'h o6pa30M'h rroJiyrrnM'h, TITO Han6oumee 
sHa'leHie 

I P,.lx)- P,.(y) I V(h2- x2).:z(h2- y~)a 
(X-y)-. 

Ha oTpt3rtt ( -h, +h) MeHte, TitM'h L. 21-'l(nh)rl: 

9. TeopeMa. llpouaeeae?-ld:e jP,.(x). yf-x2[, u)rb P.,(x) Jotnow'li.Mno n-ou 

M 
cmenenu, ne .lWJ/Cemo ocmaeamocJ! JoteU'Ibe ~ na omp7b3'Krb ( --1, + 1 ), 

ec.4u [:x (P,.. yl-x2)!. V1-x2 oocmuwerr7oan~'!leniJl M uaamoM:o ompnaun. 

Bo Ca:Ato.Mo 01b.!llb, nooo6uo 11peiJ'bt,oy·uteMy, y6niJ!COae.MCfl 6o cyuJ;ecmeo

eauiu Jotnow•t.wua P( ;_), ocyu~tecme.ut70Ufazo Jotunu.Ma.lt'b?toe om?C.Jtoneuie, a 

ma'JC:J/Ce U 6o mo,1to, •l'I1W •t.UC.J1,0 k mOl<e1Ca, Z01b OUO U.M'Ibemo .M'/bCmO, 60.lt'fbe 

u.ltu paeuo n. 0Jtylf,ati k = n, 6C.J1,1bacmeie 1teCOI3.M7bcmu.1wcmu ypaeneniu 
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TipliBO)l;liT'l> It'll H8B03MOlKHOCTll ypaBHeHiJI 

d v-- d ,1--dx [P(~). l-~2]+bdx [R(b")-vi-P]=O, 

r~:h 

0T:&y,n;a CJI':B,n;yeT'll, 1ITO ~ y,ll;OBJI8TBOpJ:I8T'b ypaBH8HiiO 

(11) 

n pu 8TOM'b HYlKHO 3aM'BTMTI>, 'ITO I P(x )y 1 - x 2 1 ,ll;OCTHraeT'b Ma:KCH

MyMa .lHHIII> BO BHJTp8HHHX'I, T01IK<LX'b, o6pan.(aiOlll,liX'b B'1 HYJib 

T. e. He 6oJiile qi;M'b B'b (n+l) TOIIKaX'b, Yil:OBJI8TB0pJ:IIOII.(HX'b ypaBHeHiiO 

.P'(x). (1-x2)- xP(x) = 0; rroaTOMY 

R(x) = 01'(x)' 
x-/3 

TaK'b liTO ypaBH8Hie ( 11) npeBpamaeTCJI B'b 

_:!_ ( T(x). y'I=-~) = 0 , 
dx x-/3 

Ho M, rro rrpe.n;rroJiomeHiro, HaH60Jihiiiee sHa1reHie 

[:x (P. Vl-x2
) l yl-x2= T(x); 

R09XOMY S y,n;OBJieTBOpH8T'b TaKme ypaBH8Hi!O 

T'(x) = 0. 

T(x). (/ix--1)=0, 

1 
}i tal.'!. nn T(~) ~ 0 ' TO /3 = r ' OTKy,n;a I.B I > 1. 
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3aM1lliM .n;aJI'Be, 'ITO S=P. V 1 - x 2 .n;ocTnraeT'.h n pa3'I> HaM60Jib
maro a6comoTHaro SHaTJ.eHiJI L, sari.'liO'IaeM'b, 'ITO 

82 _L2 - (S')~ (x2-1)(x-r)(x-d) 
- (n-+1)2 · (x -P)2 

n pH 'lleM'b, rro.n;o6Ho rrpe.n;ni,li.YIIIeMy, Haxo.n;MM'"o, 'ITO i y I > I PI , I d' I > I P J 
11 rP > o, of/ > o. 

il09TOMY 

IS'. V 1- x2 j =I T(x) I< (n+ 1) L, T. e. 

HarrporHB'b, ec,'JH n = k + 1 , To 

TaK'b qTo S = L sin (n + 1) arc cosx 11 

Lsin (n+ 1)arecosx 
P= Vl_:_x2 ' 

.Llf 
c:rt,ll,oBaTe.1oHO L = -+ • 1I. H. T. ,11,. 

n 1 

1 0. npMMtHeHie npe,D.bi,D,yw,aro K"b TpMrOHOMeTpM'UCKMM"b cyMMaM"b. 

Y C.~OBMMCJI Ha3hlBaT.h TpMTOHOMeTpM'leCKOfi CYMMOfi n-ro TIOpJI,ll;Ka 
BhlpameHie BH.n;a 

A 0+A1 cost+B1 sint+ •.. +A,.cosnt+B,.sinnt; 

ec.rrH Bet B1 = 0 , TO Bh!pameHie 6y.n;eT'b HaShlBaTbCJr (TpnroHOMeTpu:qecKOIO) 
cyMMOIO KOCHHycoB'b n-ro nops.n;Ka; ec.rrH me Bet A.-= 0 , TO sro 6y.n;eT'h 
cyMMa CHHycOB'b roro me nops.n;Ka. Bet Bh!me .n;oKa3aHHhlJI reopeMhl rrpH
BO,II,.HTn K'b aHaJIOfHqHbiM'b npe,D:JIOiKeHiJIM'b OTHOCHTellbHO TpHTOHOMeTpH<Ie
CKHX'b CYMM'b, eCJUI IIO.lJOiKHTb X=COSt, M SaM1lTHTb, 'ITO BCer.n;a B03M0jRH0 
C'b O.II;HOfi CTOpOHhl OTOlKeCTBRTb BhlpaJKeHiJI 

a0 +a1cost +- •. +a,.cos"t M A0 +A1cost + ... +A .. cosnt, 

M, C'b .n;pyrofi C.TOpOHhl, OTOiKeCTBHTb 
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OrpaRMq:aMca: .mm& cpopMy.rr:rrpoBrwfi rrpe.n,JIOIKeHiil, eooTB1neTBymm;~rx1, 

TeopeMaM'D (2) II (9). 
Ec.11u a6caJMOIJinae 3ua·'tenie CJptM'bt 1COCU'll!JCOB7, n-aw ?IOJ!fl(hcn 

w = A 0 + .A1 cost+· .. + A., cos nt 

ue npeB'btutaemo L, mo a6co.l!JOmuoe :ma•t("n-ie eJt npou.?aorhtrJi.i--C·1 1sint-j- .•• 

• . • +nA.,sin nt) ue npeB'bt~llaemo un?Co?iJa nL, noc.llnr)'H.ee .ma,.•wH.ie rJo

cmuwemeR ma.lt!b?co npn A 0=A1 = ... An-I=O. 
,JJitficTBHTeJI&Ho, rro,mraJI J: = cost, M&r rrpeBparrraeM'D "' BT, MHOro-

dw , , 1---'IJieH'D n-Ofi CTeiieHH P.,( X) ; IIpH E!TOM'h -dt = - P (.2:) • V 1 - .-:r;2• 

TaKHM'D me TO'IHO o6pasoM'D Jierrw BhrBecru usT, ·reopeMr.r (0) upe,l.I
Jiomenie: 

Ec.J~Ju a6co.l!?amuoe 3natteuie ctptJ.tbt cuu;~;coB7, J/.-10 ?W)JJU}Jm. 

ue npeawwaemo L, 11W a6co.J~Jromnoe 3na·•<e?fie eJ7 npuuaaoc!Hoii 

ue npe8bttuaema nL. (Ifoc.IIJibOnee 3na>{enie oocmutaemcR 1/W.IIJb'ICrJ npn 

Bl =B2=· . . =Bn-1= t)). 

8TH ,n:Ba rrpe,n:JIOJKeHiJI MOlKHO 0600II.I;I1Tb C.ll'B.IJ:YlOIIIHM'h o6pa30M'D: 
EcAu a6co.Jt10mnoe .1na,tenie mpuwuoJ.tempu'teCJco~!, c;~pt.J.tbt n-w nopHc!Jm 

ue npeBbttuaemo L, mo npouJaoonaJl e.f! 

ocmaemcJt Menne, ·><?bJ.to 2nL no (t6co.J~JJom'H.OJ.IY :ma,1enim. 

B'Il caMOM'D .n;t.TB, nycrb Ll oy.n,en HaH6oumee 3HaqeHie MO.IJ:YJIJI 
cyMMhl KOCHHycoB'I>, a L 2-nan60JI1mee sna'!enie Mo,n:yJia: cyMM1I cnHycoB'D. 
JlCHO, liTO B'D TaKOM'D CJiyqat, 

n6o, ecJin, rrarrpnMilp'D, -+- t0 cyrn sna'!eHi.a t, rrpH KOTOphlX'I> cyMMa KOCH
HJCOB'D pa:sHa L 1 , TO :sea: TpHrOHOMeTpHqecKaa: cyMMa 6y.n;en rrpM 9TllX'D 
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3Ha<reHiJIX'1 t pasHa L 1 ± k, T. e. rro rtpa:tl:Hefi wflpt rrpH o.n;HOM':& H3'b 

3HatJ:eHi1!: 6y,n;eT'1 He Mewile L 1• Ho, uo ,n;ortasaHHOMJ, 

I A 1 sint + ... + nA,sinnt I< nL1 , 

II osToMy 
I B 1 cost+ .• . + nB,.cosnt I < nL2 • 

I--A1sint+B1cost+ ... --nA,.sinnt+nBncosnt I< n(L1+L2) < 2nL 

( C,ly<raii paBeHCTBa OTIIa,n;aen, IIOTOMy 'ITO Bet HepaBeHCTBa O)J;HOBpeMeHHO 

HC OOpalll;aiOTCJI B'b paBeHCTBa.), TI. H. T. ,II;. 

11. npoH3BOAHbl!l BbiCWHX"b nop!IAHOB"b. IIn rrepBhlX'b !J:BYX'I:. rrpe,n;Jio
jKeHifi rrpe,n;hl!J:JII\aro §'a BniTeK.aeT'b, 'ITO eMtt L ecmo uau6o.JP:>'Utee a6co.Jr,JOm
uoe 31l·al/euie cyJ.tlftM A0+A1 cost+ ... +A,cosnt, mo uau6M?:Jwee a6co
.Jr,?omuoe aua1teuie ell p-ou npouarJOiJu01'i ue nperJ?:Jmtaema n"L (My¥.au pa-
6e'/I,·Cm1Ja uMnemo M1bC?no mO.Jr,b'ICO npu A 0 =A1 = ... =A.,_1=0). 

8TOT'b pesyJI:&TaT'b MOlRHO rrpeo6pa30BaTb B03Bpam:aJICb CHOBa K'b MHOrO

'iJ1eHaM'b. A UM8HHO, rro.mraa, IJ:TO I P.,(.r)! = i a0+ .. ·+ an.T" I Ha OTpt3K.t 

( -1 , + 1) MeHte L , Mhl !l,OJijKHbi 3aRJIIO'IIIT:&, 'ITO 

Will 
I
' dkP,.(.?:) I < kL - n 
(darccos::vl = ' 

I P~Vl-x2 1 < nL, 

O.n;Harto 9TI1MH HepaBeHCTBaMI1 M:&I B'b ,n;aJII>Ht1l:rrreM'I:. rronsoBaT:ocJI 

He 6Y!l,eM'b, H saM1lHI1M'b HX'b MeHte TOIJ:HhlMH, HO 6oJite y.l(o6H:&IMH. C':& 
3TOfi rrilJibiO, 3UM'il'IaeM'b, IJ:TO 

n(n-l)L 
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ll, llOBTOpHH TO lKB pa3CY<K.I\8Hie, Hafi,n:eM'b 

g_ 2 .2_ - 2 '.2_ 1 -·~'2 IloJiaraa lKe 1-X
1
-X1-.1.2- .•• -.rk_1-.J.- --· k , IIOJIY 1IUM1, Ha-

KOHBIJ;'b 

( 
k )!.'. /Pf!il< l-x2 ~n(n--1) ... (n-k+1).L. (12) 

AHaJiornqHJJM'b o6pa30M'b MOlKHO npoBilpwrn npaBHJLbHOCTh HepaBeHCTBa 

I p~k)(z)- p:l(zl) I< ( k+1~)~Ta2n(n-1) ... (n-k+l) (!!~-k)a [,' (12bi") 
1 (z-z1) l-x- 2 

npu 



rJIABA rr. 

Onpe.a.tneHie HHawaro npe.a.tna yKnoHeHiH HenpepbiBHOH (jlyHHU,iH 
OTb MHOroYneHa ,ll,aHHOH CTeneHM. 

12. TeopeMa. IIycmo 6ydemo oano p,lloo 

(13) 

~OI'b u,.(x) }.tnOW"<Aen-o cmenen~~ ne fJ'btute n. EcAu amomo pROo cxoo1f11!CR 

'/fa omp1'b3'1!:'1'b (- 1, + 1), u npu mo.lto 

I u,.+1tn+l+·. ·I< A , nP 

ton A nocmoR'HiHalt Be.Jt1Pru.na, mo f(x) u.;wnemo eo BCJl'ICoq'i, mO"<'IC1b euympu 

ompib31La ( -1, + 1) nenpep'btBnylo u '1Coue1rnyw npousBoony10 k-w nop.llo'ICa, 

o6oJna•taR 11epeso k nau6o./t'btuee lfl'b.we 1tuC./to, .lten'bwee "il'b.:l,to p; 'ICpOM1'b 

mow ama npm~aBoona!l yooB./temBop!lem-o yc.K,oBillMo Jlumuu11;a cmeneneu a 

CKO./tb ywouo 6.JtU3'1CUXo '/Co p-k. 

B'L caMOM'L ,zetJrt, noJiaraJI 

J!Mt.€M'L, IIO yc.lJOBiiO, 

II OSTOMY. B'L qacTHOCTJ!, 
A 

IR2ml < 2mp' 

C.1!t.;n:oBaTeJinHo, ecJin o6osHa•mM'b qepes'L v;, MHoro•I.rreH'L CTerreHH 2m+1-l 

TO 

(14) 
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TartnM·h o6pasoM'b yrtas~tHHolt rpyrrnpoBiwft 'IJIBHOBT, Mr,r rrpoRp:w~aOM'h pJI)l.'1 

( 13) B'1 a6COJIIOTHO CXO)l.JI~iftcJI pJI)l.'1 

f(x)=vo+v1 +· ··+·t'm+···, 
Ka.JK)l.1Ifi 'I118H'1 IWTOparo 8CT1 MHOrO'IJI8H'1 C'r8II8Hl! 2"'i-1 -1. 

Jl:u<!J4JepeHIJ;IIpy'eM'1 IIO'IJI8HHO k pan IIO.liYlleHH1Ifi pJI,11;'1, :m,Mil'IaJI, 'ITO, 

BCJiiJ)l.CTBie HepaBeHCTB'1 (12) li (14), 

CJit,u;oBaTeJI:r:.Ho, 

o(<lJ=JvCkl(x)+v<kJ (x)+···l< 211+1 -- 2A -- + -- +··· = I ( k ) k [( 1 )m+l( 1 )"'+2 ] 
< m "' m+l l-;r.2 211-k 2p-k 

2P+l ( k )!!_ A 
= 2p-k_l. 1-x~ ~. 2(1'-k)m' 

a IIOTOMY pJI)l.'1 
fCkJ = v~l(x) + ... + v~:l(x) + ... 

paBHOMtpHo (H a6coJIIOTHO) cxo!l;HTCJI no BCJIKOM'1 rrpoMe.myTii:t BHYTPII 

0Tpil3Ka ( -1 . + 1 ). 0TCIO)l.a BhlTertaen cy~eCTBOBaHie IWH8'IHOfi k-Of! 
IlpOll3BO)l.HOft ll 8JI HerrpephlBHOCT:O. 

BTopaJI 'lai\T1 TeOpeM:OI ITOJIY'IHTCJI, 8CJ!ll BMiJCTO HepaBBHCTBa ( 12) 
Mhl nocrro.'I1ByeMcJr HepaBeHCTBOM'1 ( 12 bi•). IIo.'IaraJ:r p > k + a , H::tXO)l.HM'1 

fCkl(z) _ (Ckl(z1) 

(z-.el)" 

ecJin I z I < x u I z1 \ < x, 'I. u. T. ,n;. 
IIpuMt'!aHie. IIpnMtHJIJr cJit,n;cTBie (d) § 5-ro, Mhl TartHM'1 .me 

o6pasoM'1 y6t,n;uJinc:o 6:or e-o 'H:oue,mocmu k-ou npouaeoiJnou n B'1 rwHn;ax'1 

OTptsrta, 8CJIU TOJI1IW k <.!?.._·. 
2 

13. C.nt.a,cTeie. PJ~oo (13) J.W[}(Cerno 6um'b iJur;firjjepewuupyeMo nott-'euuo 
k pa3o, BC-'U k < p. 

B'1 caMOM'1 ,n;tJit, H8'1 rrpe)l.mecTByrorn;aro ,n;oKasaTeJI1CTBa BH)l.HO, 'ITO 

aTo ,n;n4J<flepeHn;upoBaHie BOSMOJRHO npn ycJioaiu coe,u:nHeHia B'1 o,u;Hy rpyrrrry 
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'WeHOB'b u2m+ u 2 m+1 + ... +u2m+1_1 = Vm. Ho rpymii!pOBKa (Heo6xo,IJ;IlMa.li 

Boo6IIJ;e .1\JI.li a6co.twmuou cxo,II,HMOCTII) He .HBJIJieTC.li Heo6xo,n;H:r.rofi .1\Jl.f.l paBHO

M'BpHo:li CXO,II,HMOCTH, n6o JerKO Bil,II,'ilTb, 'ITO rrpn BCJIKOM'b N <2m' 

l u(k)+· . . uYl I <2P+1 • ·--- "ii".A. - • ( 
k )/; ( 1 )m+l 

2m Z"'+N 1-xZ 2P-k 

14. TeopeMa. Ec.!IH (npu npeotcuu:ro o6o3%a'teniJtxo) 

S = A1 + Az + A4 + ... + .A2., + ... (15) 

cxooJ!Ufi1tcR, mo, ?l,p~t p ?f1MO.Mo, rjjyu1c1ri.R f (x) u.~m,em'O ?CO'IlB't1t!f10 u 'lle

npep'bt6H!f10 npou36oauyw p-w nopRona 60 rJcituo?[ mo't?C?b 6uympu omp1b3-

ua (-1, + 1); 67> c.Jty'!J.a?b O!Ce, noH)a p = k +a, ~01b k uau6o.Jtbuwe 1-flb

.we 'tUC.l!O :Menbwee, '!J.?b:Mo p, mo k-aJl npoua6oiJuaR yoo6Jtem6opJtemc. 60 6Cfl-

1W.lt'O npoJ.teD/Cymun 6uympu mow :JJce omp?b3'1ca yc.Jto6i"IO .71unutt~?(a cmene%U a. 
OrpaHH'lllMCJI CJIJ1Ia€M'1, KOr,II,a p· II,1l!Ioe 'll!CJIO, TUK'h KaK'b BTOpaJI 

lJaCTb TeOpeMhl ,II,ORa31JBaeTCJI TaRHM'b :me o6pa30M'b. 

llo.mraJI, KaJ;'L B'L rrpe.n:DIAYIIJ;8M'L §'t, 

l!aXO,il.IIM'b, 1ITO 

A ITOTOMJ, IIO.'Ib3J.liC1 HepaBeHCTBOM'I> (12), SaKJIIO'!aeM'b, 'ITO 

I f<Pl(x) 1 < [ v<~l(x) 1 + )v<fl(x) 1 + ... j v~l(x) 1 + ... < 

<C Px2)f(2"+1)(Al+A2+A4+···A2m)=C P x2)~(2P+I).S. 
1I. H. T. ,ll;. 

15. Cnt,LJ.CTBiH. B1> ycJioBin TO.JI1KO '!TO ,II,OKasaHHofi TeopeMbi He C,ll,t

.mHo HUKaKHX'b IIpe,II,IIOJIOlKeHifi OTHOCHTe!IbHO '!HC8.1I'b A.,, rtpOMt CXO,li;HMOCTH 

pH.n;a (15). 
0,ll,HaKO Mbi MOlK8M'b 3aM'ilTHT1, 'ITO rpyrrrrnpy.H, 8C.JIH STO IIOHUJJ;06HTC.ll, 

1I.'I8Hhl pJI,II;a (13) BCer.n;a B03MOlKHO rrpeBpaT.HTb ero B'b pH,ll;'b TOTO JRe Bll,ll;a, 
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A,. 
HO OOJia.n;arom;i:li CBOfiCTBOM'1, qTO 1ll!CJia Il,l!JT'L ?le ()03pacmrl.fl l?J, BOapn-

uP 
CTaHi8M'1 n; .n;pyrUMll CJIOBaMH, pa3CMaTpi!BaJI IWHO'lHJlO CJMM.)' 11.1 -1··1t~+ . .. u,"' 
KaK'b rrpH6JIHiK8HHI>I:fi .MHOrO'l:Jl8H'I, CTOIIeHI! n lfJJHI>I~ill f'(;"c), Mhl MOi!,PM'l> IH' 

EBO.l(llTb (n + 1)-ro qJieHa, eCJIU OH'b He JHIJ:III'IIIBaOT'I> rrpnfi,m.ilWHiH, TUr)J.a 

Anti A,. 
Un+I =0 ll (n+

1
)P- nP, ll BBOCTH 3Jir1lM'1 Cpaay rpyiiiiJ 1IJ!OHOB'l,, _1~1ltl-

CTBHT8JibHO, yJiy'l:maromnx'1 rrpn6;mmeuie. 

B'1 TaKOM'1 CJly'Iail, JierKo y6il.JJ.l!ThCH B'1 CJI'BAYIOII~eM'I,: 

Ec.!!U ecmo maxoe '1lUC.I!O p , '1l1JW 

mo p.Ro'bt 

o_A +A +A A -A A~ +Aa + An-L '-J- 1 2 4 + • · · ,,n • • • ll 2- 1-t-- -- · · · ····- 1 • • • - 2 3 n 
?MU o6a cxooJlufiecJl UJtU o6a pacxod.mtfiec.R. 

,ll;t:fiCTBUTeJibHO, eCJill p > 1, TO 

L =A,.+An+l+ A2n-1_A,.. p-I+·_:f,.+I ( +l)P-l+ A2n-l (2 _ 1)P-l-
H ••• - .n . n . .. . n -

n n + 1 2n- 1 nP (n+l)P (2n-1)P 

=nv-l[A"+ An+J .(n+l)l'-t ... + A2n-1 .(2n-l)P' 1
]<A _211_1 

nP (n+-l)P n (2t~-l)P n. 'n 

ll, C'b .n;pyroil: CTOpOHhl, 

I,.=nP -I [A" .J..... • • A2n-1 . (2n-1)p-lj > ( _n_)P A. - > nv. :1~,._ = 1~ 
nP 1 (2n-1)P n 2n-1 ~ .. 1 = (2n.)1' 2P 

TaKnM'h o6pasoM'1 

12"<A,.+A .. +1+ ... , A2n-::._1_<A 2P_ 1 
2P n n+l -r 2n-l "'· ' 

ll CJiiJ)I;OBaTeJI:&HO, 

8C.l!H me p < 1, TO ITO)I;06HI>IM'1 me o6pa30M'1 ITOJiyq:aM'b 
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u . An+l <An . .::. 
nTaK'b rrpu rrpe,n;rroJromeHlll, qTo -( +-) _ --, yc.Jto6le cxouu:,.wcmu n 1 P- n 11 

pRoa S 6o rneopeJ.t1o (13) :Atoalcemo 6ttmo saM1o'lleuo paeuoa'll.a'iU'bt.~t:a e:Aty 

yc.;r,oeie:Ava cxoou:Awcmu pRoa 

A A"+ A,. 2= 1+--g- ... +-+··· 
"" n 

,Il.JIJI rrpa!tTHI£8CKarO IIpllM1meHiJI TeopeMJJI (13) MOiK8M'b BOCIIO!Ib30BaTOCJI 

pasmrqHhlMH ,n;ocTaTO'IHhlMII ycJioBiJIMH exO,ll)lMOCTH. TaK:llM'b o6pasOM'b yeJIOBie 

CXO,II;llMOCTll pJI,II;a (15) l!Jili (15bis), MOiK8T'b 6b!TJJ 3aM1meHO 60JI'B8 crre_n;iaJIJJ

HhlMll ycJIOBiJIMll (HepaBH03Hai£H1IMll llp8,ll;J>IAYIII)lM'b), a llM8HHO, Hai1pHM1>p'L, 

ycJIOBi8M'b, 'IT06JJI 

A < 1 
IIJIII A < 1 

H T A " (logn )1+• " logn. (loglogn )1+• · · 

rp:t 8 Hi>KOTOpOe II0.110JKllT8JibH08 qncJIO. 

16. TeopeMa. Ilycm1r no npe;)lcue.My 

~ihb u,. .~tuOW'i.lt81lo cmenellu lle etttue n, u lla omp1o8'K1b (- 1, + 1) 

(13) 

~OJ'b 'LlUC.!ta A,. uoymo ue 608pacmafl; 6o ma'KO:Af.o C.!tY'I{aJb, O.JW/. 6CJl'Ka?,O ~11>

.ww aua'ieuifl p 1 < p, 

~on w., .~tuow'i.!teuo cmenemt ue 6'bt2ue n - p 1 • npu '1{8Mo 

"' 2 +1 A 2 ~ P1il · " " (1-x )2 [w2,.+w2,.+r+ ... I< 
1 
.--, 

' · 21'-Pl- nP-Pl 
(16) 

~{., npu 2p1 < p, 

B'L caMoM'L ,n;tJit, 

{(P1l(x) =1'o(,,l+ ... +v(p~)+· .. 
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npn TieM'1, BCJI'B,ll;CTBie HepaBeHCTBa ( 12), 

w, = 0, ec.m n?!:_ ~m+1 -1, 
HaXO,ll;HM'1, 

fCP,l(x) =lOp,+ .. . /P 11 +· .. , 
r,n;t W,. MHOfOTIJI8HT> CT8TI8Hll He BLII118 (n- p 1 ), TipH 1ICM"f, 

Tol!Ho TaKme H3'1 c.~t,n;cTBiJr (d) § 5 saiwrorraeM'1, '!TO 

OTKy,n;a 
'lp+t A, 

IW2n + IV2n-+-l+ · • .j < ') ... '"'2. -- • " . ..,P·- P1- 1 11p-~p, 

IIpnM':B"<IaHiJf. a. TeopeMa.) B'1 rwcmocnr, rrpHMilHIIM~l. ecJm A,= A 
IIOCTOJfHHaJI B8JIH1fHHa. 

b. 3aM':BTHM'1 TaR.lK8, 1ITO i 1~(pt) 2n+l + ... ! y,n:OBJI8TBOpRIOT'I• T1>M'1 me He

paB8HCTBaM'1, "<ITO n jw2,.+'w2,.+1+ .. . j rrpn BCJf.KOM'1 Z> 0. 
C. AHaJIOTHifHhlJf HepaBeHCTBa HMiliOT'1 MilCTO, 8CJIH BM':BCTO llpOlf3BO,ll;-

HhlX'1 6paT:& OTHOTII8HiJI f~x)- f(a) , rrpn p < 1. 
x-a)P 

17. TpMrOHOMeTpK'!ecHie pli.D,bl. II-pnHHMaJI no BHHMaHie pesynTaThl § 10, 
JI8r!W BH~':BT:&, "'TO llp8,1\hl,llym,iJI T80p8Mhl OCTaiOTCH B'1 CHJiiJ, ec.rrn B'1 psrl!,y 
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qiyHn:u;iu n., 6y,n:yT'1 mpuwuoNempwtecxu.1tn cy.1t.wt.1m n- aw nopRihca. Ta

I>HM'1 o6pa30M'1: 

E ' + I A,. . 'CJZU ! n,. + n,+ 1 •••• < -·- , nJib p li1b.1106 'tlUC.It0 1 1~ jJJlUo . , nP 

8 = A 1 + A 2 + A 4 + ... + A:lm. . . r.roamt(itlcR, mo p-aJt 

! f'<Pl( x) 1 fiyaern7, 'Henpep'breua n ! (~'(.rj I < :3P. (2P+ 1). S. 
npousaoiJuaH 

Bo C.IZJJ'II.a?b, 

1CmOa) 6('1b H., I~OiJepo!Ca?Jlo 7nO.Il'b1CO }C0Cit%?JCbl, UJl~~ ?nO.ItiJ1CO CUU!JC'blJ ?nO 

I f<Pl(x) 1 < (21' + 1). 8. 

8m Teope:r.ra, ,n:or;a31IBaeTcs conepmeHHO Tartme, r;ar''b n TeopeMa ( 1-!); 
u rro,n;o6Ho eit mutatis mutandis no.lly'raiCJTeR n ,D,pyris srtmma;reHTHWI Teo

peM1IJ ec,m MHOfQti,18Hbi 3aM1JHRIOTC.H TpTirOHOMeTp!I'18Cia!MH cyMMaMH. 

18. TeopeMa. EcJZu euympu ompn.n;rl (- 1, + 1) ecmb no 11pat1ueii 

.l!ibjJ1'b OOJta ?n0'1Ka, 201b p-aJl jtpOU3600'H!/Ji f<Pl(x) N1b1CO'tnO]JOii ifjymcz(iU f'(x) 

ne uenpep'btenct, zt HauJZy1.iutee npn6.1tuo;ceuie E,_ 1 ifjyu?Cui~~ f (x) ua amo.m 

A,. 
o11lp1'b31C1b npu noJIWU~u MUOW'<.Jteua cmene'Hu. n- 1 pa61iO -- , 11w pRao 

. nP 

A + A.., + A., + .::. ·v H ~ -:E= 1 -- ••• - ..• pacxouJlll(l1lCJl. aoooprmn, 1Ca1C06bt Obl 11.1t 
2 n 

Obl.Jtn actmtblJl no.JtOOICU1t/e.ltbU'btJl 'IUC.Itrt A~, .A~, . .. A;, . .. , yiJoa.J.emeopii!Ottt,iJl. 

A' A' A' 
. n > n+l ,! ,,, A' + + n 1 !JC.It061JO 11l' == (~2-t- 1 )P' ec.tn pRu'b ..:;, = l • • . n T. . . . . paC."l'O-

Uflll(i1'~Cfl, 1110 .ltoDIC'HO nocmpoumb ¢yu1e1~iJO f(a:), 1eornopou p-afl npou3eorJ

Jta1l f'(Pl(:r) ue uenpepbteua euympu omp1b31Ca) np~~ ·lte.Mo iJ.JtJl 6Cfl1Caw n uau-

A' 
.H})'Wtee npn6.;ruoK·em·e E.,_1 < n~. (AHaJiorrPIHa.H TeopeMa li;JIJf Tpn:roHoMeT-

pwrecRHX'1 cyMM'b). 

llepBaJf 'IaCTb TeOp8MlJI H8IIOCp8,ll;CTB8HHO B1IT8Ka8T'1 ll3':& (pOpMy.TII

pOBKll ,n;aHHOfi B'b § 15 TeopeMt (14), TaK'1 KaK'1, ecmr6'J> pcH,U:'I> :E CXO,U:ll.I!C.H, 

TO ((P)(x) 6hiJia 6hl HerrpephlBHa II KOH8'IHa .BHYTPH 0Tp1J3Ka (- 1, + 1 ).' 
A' 

J:orrycTHM':& ,n;a.llte, 'ITO pJI,U:':& :E1 =A; + ... +-" + ... pacxo,n:Jrrn,ifr
n 

C.H II pa3CMOTpHM'1 ,II,Ba CJiy'Ia.H. IlycTb BO rrepBhlX'b, Ha<niHa.H OT'1 Hi>It.OTO-
-J. 

para n11 Bet A;, > 1. B':& TaKOM':& cJJytrat :r.romuo Bhl6paTb (c:r.r. § 4~) <mc-

.leHHJJifi K09rprpnu;ieHT'1 a Ta:rt'b, '1T06'1 rpyHKIJ;iJI g;(x) =a !x jP y,n;OBJIGTBOpsJia 

- < E .A,. TpeoosaHiiO TeopeMbi: a llM8HHO, rrpn n =~ 111, .,_1 <a<-; n: rrpn n>n1 nP 

E < ~<A". ',.-! 
nP=nP 

Bo BTOpOM'b c.1y<rat, cpe,n;:n <mce.'l'1 A:m+I ecTh 6e3'!HC.I!eHHoe MHOme

CTBO y,n;OBJI8TB0p.HIOI1J,HX'b YCJlOBiiO A:m+l < 1 +a, KaR'b 611 Ma.'I'1 HH 6IJJI'1 8. 

ilyCTb, li;J:.H OIIpe,n;t.rreHHOCTH, p 6y,n;eT'b H8'l6THO, H IIOCTpOHM'b cpyHitiJ;iiO 
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1 m-r})[ A' A' +' l _ _ V -~4"'+1 ___ --~:>_- co~ ( !111 :-I l.l 
f(x)- 5P111~1 _(4m-3)P (4m+J)P 

" \' II"( .t'l, (! i) 
11 -·--~ 1 

TaKHM'1 o6pasoM'1 TpuroHoMeTpli'H\Cii.aH c·.piM:t (11 1 -- I l-rn IIopH,I,Iia 

n:::n1-l I, un(x), rrpH 4m-2 < nJ < .Jm --\- ~' y;(oB.!f'TBOpac·n, i!l'p:t Ht'lli'TH)' 

i n=n -1 I .J' ·I' 
, . t • < ... -lm+l < · ,., 
I f(x)- "' n"(.1) I , · .:::... = (..J-IJ/,- ,-1 )I'_ ... II I 

I "=1 I 11 

CJit.n;oBaTe;rr,rro, m.pwono.MempMNCCICOI' npll();m;J,r•uiP c)IJ'I!Iil!,il! j'(.r 1 rorJ. 
IWTOparo MLI 3aT'iJM'1 :rerrto nepeit,WM'b K'h M!l0l'0 11.Wli:I-M'J. I ,i',(IIH.H'Tlllljll!P'J"', 

yc:roBiiO TeopeMnr. Uo:noMy J\O!l'NI:ro•mo fiy;1.rT'h IWii:t:la.Th. •!To Jl-:tH llJHll!:!-

:r -
BO.ll;HaJI f<Pl(x) B'1 H1JriOTOp0ll TO'IIdJ, a I!Mfllll!O B'l> .r ---co ·> , lll':!l'p:llll!'!llll Boa-

pacTa8T'1. B'1 ca.MOM'h l('h:rlJ, 3aM·hnw'f,, 'l'l'IJ m;·J; Ii.o:jcjH!Ilii(iPH'I'I.l wr. pHrl; ! I i l 

IIOJIOlK!iTe.TihHbi, ,TJ)!rprJleHl\l!pyeM'b ero lf(J 1VH'H II o; I IO.I,Y 1111 M'l• 

+ 2_ "'~"o[A' (1 + -4----)~'-A, -~sinllm . I i'' - 5P ..:... 4m +t 4711, ____ :-3 4mti• • ' • 
m=l 

Jr. 
II IIOJJaraJI :r; = ~' HD.XO.ll;RM'1 6e3lto1IC'IH0 BO:JpaeT:llOil(YJO (~}'MM)' IIO.IIiil<I!Tr•.H--

Hb!X'1 qJieHOB'1 ~ 

HO 8TOTO He MOT.IO 6b!6I>!Tb, 8CJJH0'1 B'h p<L:ICMD.TpllfHWMOJi Tll'!li'll ((1' 1(.1') iiJ.I.I:l iiJ.I 

HerrpephlBHa, u6o B'b TaiW.M'1 c.rry<rail Ol>I.'l'b or.r npuM'lmmrr. <:!JOI~O(i'J, ~YMMlfpn

BaHiJI TpRrOHOMeTpii'!8CKHX'1 p.l!,ll;OB'1 <J>efiepa 1 ), IWTOpi>Tt! t(:t:I'h fir.r / 11'l( ~) occ:oo:J; 

CJI'B,ll;OBaTeJihHO, IIpi! X=~, {(Pl(x) lie HCI!pepr,[!ll!a, ;~JIH Torn, 'l'l'Oii'r, pa.e

npOCTpaHRTb DOJiy•reHHblfi BbiB0,~'1 Ha MHOT0 1l!!81Ihi, rro:mr:LeM'l> ,; = 1~0:-l J'; 'I'Of1~:t 

f (:r;) = rp(z), H rrprr6JirrmeHie, En-1 <JlyHrtl\ill rp (z) B'J, npOMCl!CYTldl (- 1, -+-]) 

y,n;oBJieTBopaen ycJIOBiiO TeopeMLr. Ho JICHO, 'lTO To•ndl x = Jr.. coo-rlli>T-
2 ' 

CTBJCT'1 z = 0, rAil rp(Pl(z) rre MomeT'.& TaKJB:e or.rTb uenpepr.rn11a. 

1
) Lebesgue. Le~ns sur les series trigonometriqucs. 
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19. ,D,o6aB1JeHie K"b npe,LJ.UieCTBYIOW,9H TeopeMt. JYleTOll,'h, IWTOphlM'h Mhl 

IIOJ!bSJeMC.H B'h 9TOJ1 rJ1:1BiJ, He MOJI:CT'b _II,aTb HIII,aRHX'h yKaSaHifi OTHOCU

T8JibHO BepxHefi rpamm;r,r E.,. Ilo:mnry A-'I.H rroJIHOTbi KapTHHbi HaM'h Heo6xo

,n::aMo JIIOMJIHyT& o HtKoTopr,rn, peayJr,TaTax'h, r:oTOp&re 6y11;yn ,n:oKasamr 

<1IIIIIb B'h TPE'Tbel:t 1IaCT!l. A mreHHO, ec,m f (x) l(.ltncmo 'ILoue•myw npo

UJf3oiJuyu; p-aw nopHihw, llrt omplo.nm ( --1, + 1), mo J,WOJC'IW y1caJamo 

onpeOrb.!li'U1101' 'I'IIC.!tll k 1/W·J>o, '1'!!/0U'bl, !I]JU 6Cfl'ICO.llo n > 0, 

E' klog(n+1l. 
-'a< (n + 1 )1' ~' 

ecJLn o1ce onw p-aR npotl3f3oou.a.fl yoof3Jtemaop.!lemo yeJlof3i10 Jiwmuu1{a cme

ne11n a, mo, npn f3CR1CO.lto n>O, 

E k log ( n + 1) k1 

,.< (n+I)P+"' < (n + 1)P+a,' 

u)n a1 ( a1 <a) no.JtooJcwne.Jtnuoe •t?U'Jlo CJCOJll, ywr!uo 6JlUJICoe uo a. 

0Tcro,n:a c:Iil,n;yeT'h, 'ITO Cr'JIU p-aH npou.woiJuaft 'ltcnpepueua 1t 1C)J0.111b 

mow yiJoa.Jr,emeojJfi('JJii, ·~c·an:o.1r JJ-HI16ffc)1, .'fC.WIJiJO .Yunmwca, mo pHOo 

, _ J ~!2 1 "J" ~_!og2 -L~l_9gn 
~ --' 1 + :l + ... 1 

11 
+ ... < 21+a. +. . . 1 nl+a. ... 

C.X'OiJRU{I itCR. 
HarrpoTIIB'h, ecmr p-aJI rrpousno,'LHa>r T0,1&IW HenpephlBHa, To rrepsr,rlt 

ll3'h JIIOM.HH}'TbiX'h pespr,TaTOB'h ,n:aeT'1 TO.~bKO 1) 

.., k log2 + + klogn . } < . .. 0 0 ., 

~ 2 ?~ 

li He ,n;aen TaKliM'h OOpaSOM'b rrpaBa SaKJII01HLTb 0 CXOli,Ii!MOCTli p.H,n;a :E. 

7.; k k 
E,. < 1----,-llP, T. e. ~ < "Q +···+- + ... ; 0T ~ H 

8 llOJiaraiO, 'lTD D'1 C.~yq;d; 'ltenpephtBUOCmlt p-oit !IpOH3BO;J;I!Oll MOiKHO )\ailW llOKa3aTb, 'lTO 

J.;n+l 
E <--, 

" (n+l)P 

X,lli> kn CTpCMHTCH K'1 HY-1!0, HO n 3TOTO He )\OCTaTO'lHO )\JIH CXO,IIHMOCTI! pH)Ia k. 
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20. OpHMtpa lj>yHHU,iH, HMttOw,eli Henpepb!BHYIO npoH3BO.O.HYJO npH. pacxo
,D,RW,eMCH pn,ll,t 1}. ,71;t:flcTBHT8J1LHO, MO,l!CHO YJW,anTh !!pi!M'h!l'h tjl,l'llll!U~l. )(.IJI 

KOTOpOfi pH,U:'I> .2 paCXO,ll;I1TCJf, XOTJI IIpOil!JBO,ll)l<lJI IW!l/('h lll'IIJH'flhiBIIa •• I'J'IIM'h 

CBOiiCTBOM'h o6.~a,n;aeT'h, HaiipHM1Jp•r,, <hHJO(iJI 
1

) 

eG.'Ill B1I6paTI> COOTBiJTCTBYIOIIl.llM'O oopa:!OM'f, al > tC~ . · • • • IC,. . • o o o [[pi! 

qeM'l> Jim a,.= 0. B'1 caMOM'L ,u:1JJI'B, ,n;w{HJ>epOHI\IIppr, IIo.Iy•rrr~ri. paB!IIJWI>puo 
n=co 

cxo,n;Jrrn.ific.a PH.U:'h 

1 
n=:c.o CC,. Hill 1M' 

f (x)=-""' -- -- . 
...::.... '}/ 

n::-1 

u6o MOJRHO yKasaTL orrpe.u:tJieHuyro IICH~TOJllliiYJo A T:twr., •ITofi'I,, I!pl! IwH

IWM'O n', 

\ 

n=ro sin 11X I L-- <A. 
"="' n I 

Ho C'O ,u:pyroii cTopoH1I, 

a., r: 
eC.1H TO.'I1IW a 211 > 

2 
o 0TCIO,II;a MOJf{HfJ 'lUiiJIO'lilTI,, 1\Hli'l, ll}'/(("l"f, .'(Oiia!llll!O 

B'O 3-ii TJ:aCTll, 'ITO 

E [f(x)] ~ --- _ka,.+1 
n <r;; (n + 1) log (II - !-] ) ' 

ilOSTOMY, ecJIH lJHC.~a a,. yor.l!laiOT'h ,II;OCTi:l.TOTJ:IIO Me)!;JWlliiO, !IU.IlpHM'J;p•r, 

1 a,.= 1 1 
( + ) , TO pJI.u;n .S 6Yl\eT'I, pacXOAJIII(liMesr. og og n 1 

H3'0 rrpe,n:DI,n;yrn.aro BH,D;Ho, TJ:To Boo6n~c <:pyrrri.J(in, JIM'hron(iJr HCHpep!.IB

Hyro llpOI!3BO,l(HyiO, )I:OIIYCKaiOT'b JIY'IlliCe lipHO.IU!lRCJilc llpll l!OMOII\H MIIOro

lJ:JI8HOB'O ,D;aHHOii CTeii8Hll, lf1JM'1 <!JYHK~i~' HC HM':!liO!I\iJL I!pOU:JBO/\I!Oft; JIO 

Tof>M'O He MeH':Be 8CT1 cpe,D;H ~YHIUiiii, JIMiJIOIIl.llX'O neupCpi>!BHhiJi llpOIWDOJ!;-

1) IIoJJ;o6Ho npeJJ;I>Ip;ym;cMy oTC~o rpl!rOHOMeTpR'lCCRaro psr,'la m:. cTpoRii Mlloro•I.I!c!Iom. 

!!OlRHO nepeiTlli C'L llOMO!I!,l>l£) llO)\!lT&HO:SEI:l t =COS ;Co 
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HhiJI, OC06hlfi KJiaCC'1 <lJJHKrrifi ( (x), ,ll)!Jf ItOTOpblX'1, npn BCJI!WM'1 n, 
E,.[f(x)] > E.,[g;(x)], r.n:t g;(x) H'iHwTopaJI <PYHKrriJI, He nMtrorrraJI Henpe

pniBHoi!: IIpOH3BOJJ:HOfi. 

21. npHMtHeHie Hl> !jlyHHL\iH jx]o ilpOH3BOJJ:HaJI <!JJHKI!iii j.Ti IIM'E8T'1 

TOlfKJ pa3phlBa :r = 0. 0TCIO.lJ:D, CJITI)l;JeT'1, 'ITO pR)l;'b 

,,_ ·• +A2 +A" -E +E + ....LE + _,- ~':11 2 + 0.. n 0 •• - o I ••• l e~, ... 

pn,cxo.n;RrrrifiCJI, o6osHalJaJI lfepen E, = A+n+J HailJIJ'IIIIee rrprr6.iHmeHie I xI 
n I 

Ha OTptartt (- 1, + 1) IIpH ITOMOI!Iil MHOrO'I.IeHa CT8IT8Hlf n. HmmKEX'I> 

aaKJIIO<reHitt o KaJKJJ:OM'1 orrpe.n;tJieHHOM'D E,. OTcro.n:a HeJII>3JI BhlBeCTIIo E,n;Im
CTBeHHOe, lfTO MOJKHO CKa3aTb, 'ITO IIpH BCJIKOM'1 8 6y)l;eT'1 6e3TJ:HCJieHHOe 

MHOiKeCTBO 3HaTJ:eHifi n , JJ:.IJI KOTOpblX'JJ 

1 E 1 
E,._) > n(logn)1+E, n-l > nlogn(loglogn)1+E il T. )1;. 

HarrpoTHB'1, O)l;HOro <Partra, 'ITO rrponsBOP,HaJI I xI He HerrpepnrBHa, ue
iJocmamo>tuo .n;.IJI Toro, TIT06'1 JTBepJK)l;aTI>, 'ITO 6y.n;eT'1 6eaTIECJH:>HHoe MH0-

1 
mecTBO 3HalJeHifi, JJ:.i!R IWTOphlX'b E .. _1 > -

1
--, TaK'1 KaK'1 Mhl Bn.n:tmr, "!TO 

n ogn ° 

8CTb <!JJHKrriH, He 06Jia.n;arorrriJI H8IIpephlBHOll: rrpOH3BO.ll:HOll:, )l;JIJI ROTOphlX':b 

Bet E,._r MeHte 'I.mHOB':b Jiro6oro pacxo.n:.arrraroca pJI)l;a. 

220 TeopeMa. Yc • .weie ueo6xoiJuJ..we u iJocmamo"tuoe iJ.ut mow, ~mv6o 
rfiyu?Cv,in, f(x) ua ece.'lto omp?'b3?Cio (-1, + 1) UJ..tn..w ?Coue~u'btfl u, nenpe
pbtBU'b!Jl npouaeoiJnbtJl emoxo nopRO?COBo sa?c.Jt!O'<aemcR eo moM:o, 'IJ.mo6"6 npu 
BCJl?COMo p, cyuJ,ecmeoea.Jto oliUC.JtO ap, neBaeucn,u~ee omo n, o6.ltaiJmo~ee ceoii
cmeoMa, •tmo O.A;Jl emoxo n 

E,..nP < ap. 

B'1 caMOM':b o,n;t;rt, ycJioBie ,n;ocTaTOlJHO, TaK':b RaK':b H3'1 rrpnMt'IaHiJI K':b 

TeopeMt ( 12) BhlTe~taeT'1 cyrrrecTBoBaHie KoHe'IHOll: rrponaBo,n;Ho:fi k-aro rro-

pJI,n;Ka, H~ BceM':b oTptaK'il, ecJIH k <%. C':b )l;pyro:ri cTopoHDI, ycliOBie Heo6-

XO)l;HMO BCJI'i!JJ:CTBie § 19. 
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23. npi1Mtp1> ljJyHHI..\il1 ,D,JJH HOTOpOH R, y6b1Baen HenpaBI1JlbHO. 

lin rrpe,IJ,1I,II,yiiJ,aro C.~t,IJ,y8T'1, '1T01 CCJIII yc..'IOBiC' f.:" < ~;~ mo.IIo;(<WT

CJf ,IJ,.l.H BCJJimro n, TO tlJYHIU\i.H HM'ilCT'f> IIpOl!R!WJI,IIh!.ll lll"f>X'I, l!Oj)H/I.IIO!I'!.. 

Hens.H roro li'e cJ£as<tTL, ec.ur HepaBeHCTBo :rro r·oo.'IHI,'\!'1111, xoTJI II li..IJI 

OC3'U!CJI8HHaro 1\!HOJI,eCTBa, HO He ,IJ,JJ.H BC'£X'f, :ma•JI'IIifi II. 

B'1 caMOM'L 1\'.ll.Jt, pa:JcMOTJmM'f. r!Jyma(iio 

IIo.mraJI n = 2'"! > 2Pl, naXO/\IIM'I, 

O,n;HaiW .IeriW y61li!:IITbcJI, 'ITO cJ:iYHIOii.H j'(.r) l!fl IIlii'IWl"J. upol!aHo;(will. 

24. 06o6w,eHie ycJJosiH JIHnw11u,a. IIpr',l\l>TJ!Jll\il1 npmd;p·I· t'I~TPt~TIH'HIIn 

HaBO,ll;l!T'b Ha MblCJ!b 0 Bb!JICH8Hilf ,IJ,llfFrfJPp8HI(ia.rii,l!Ofi li p!!pli/\hl l)iyHI;I\ifi, 

KOTOpoiJI H8 ,lJ;.U.! Bc1JX'1, HO ,ll;J!Jf OC3'll!CJICHI!aro MIIQjf(('C'l'BiL :lllil'!f'll iii !I, )1,0-

IIYCitaiOTI rrpn6m1JK8Hie roro n'e rrop.H,IJ,Ka1 lfTO u <[lYillil\il!, oG.:w:\<IIOII\iJI npo

HSBOAHblMH. RaK'l> Mhl yBHAHM'b, aru rpyHitl\iH o6;rn11.aiO'I"r, ~noileTBH.Mll, ana.
JiorntrHDIMll yc.lOBiJ!M'b JIHIIlliHI\a. 

IIycr1 f'(x) 6y,rr,en HtKoropa.a Herrpepi>mHaJI rw OTp·1wlt'I; (.111) <Jiyllli!iiJI. 

06osHat:InM'1 qepen ode) M<l.IWHMYM'I> rw.~e6a.HiJI rpymi(iii ((:r) wr • .'IIOOIIMT, 

IIpOMemyrrrt ,ll;JIHHbl e Ha OTptRKt, lUll ,n;pyrnMH CJIOI.!aMI!, Mil.I\f~l!MYM'f, p:t:!

HOCTH /f'(x+h)-f'(x)/ ITpll /hi <e. (l>yHIU\iJI a 1(e) oy)J,l\T'h, ()lHJBH,'\IIO, 

H8ITpepDIBHOfi, He OTpHI\aTe,'IMIO.fi ll MOHOTOIIHO.ll: (T. C. He yfir.IlliUOII\efi, 'I'Hli'h 

KaR'l> cf1 (0) = 0). 061IRHOB6HH08 yc.~oBie jJliiiil!HI.\U CTGITPIIII .~ B!.IJHlJWW'I"J,, 

qro cyiiJ,eCTBYCT'D TaKOe orrpeA1lJI€HHOe 'Il!CJIO k, 'ITO IIpii BCJIIWM'J, c· 

( l !) ) 

MDI CK3JI\8M'1, 'ITO tPYHK-1\iJI f' (x) y,n;oBJICTBOpHen ooo6u(OHHOMY ycJIOBl!o 

J1HITlliHI\a cTerreHH s, ec;rn cymecTByeT'b 6e.sqncJiennoe MHoJKecrno :ma•wn i.fi 

e, ,ll;JIJI ROTOphlX'l> HepaBCHCTBO (1 9) co6JIIO,Il,8HO. 

To'!HO raKj!te BMtcro MartCHMyMa rrepBo:ti pa3HOCTH lf'Cx+h) -f'(x) I, 
rrp:n: I hI < e, MOJKHo pascMarpnBaTJJ MaRcHMYMDI rrocJITil!;OBareJII,HhiX'I, paa

Hocre:tt: d'2(e) =MaRc. I f'Cx+2h)- 2f'(x+h) + f'(x) I J o8(e) =MaRc. 

\f'Cx+3h)-3f(x+2h)+3fCx+h)-f(x)jn T. )I,. rrpn \hi<e. 
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Ecmr .n;.1H 6esqHc.JieHHaro 1IHOlK8CTBa sHa'!eHifi 8 nMteT'b MteTo He
paBeHeTBO 

Oi (8) < k8', 

TO 1IbT 6y.n;eM'b rOBOpUTb, 1lTO cpyHim,iJI f (x) y.n;oB.18TBOpJJ8T'b Ha OTptsrdi .AB 
o6o6r:u:eHHo:11y ycJioBiro .1Hmmrua i-ro BH,!I;a cTerremr s. JJ enw y6t,I\I:!TnCJI, 'ITO, 
ec.nr Oi(8) > l,, TO S < i. 3aMtTIBn, l!TO B'b e,Jyl!at cyr:u:eeTBOBaHiJI KOH8'1-
HOfi rrpoHSBO,'l,Hofi 1:-ro rropsi!,~>:a Ha oTptsrct AB, yc,IoBie (1 9 bi•) co-
6:rro;J,neTes ;J,.1l:l Betx'b 8 rrpu s = i. 

25. TeopeMa. Ee~?' cyu(ecuwyemo 6eswuc.;wu1we .1tlloJtCecrneo 3'1ta'te-Hit1 

11_, cJo~u1 JWIIIOJXbt.ro %aU.!IY'IWee 11pu6.~tuJtCe'ltie 1) E,. 1m omp1b3'/CJ'b (-1, +1) 
A 

ycJoe.;zemeopRemo 1-1epaeeucmey E.,_<---, mo rfiy(H'IC1(ifl l'(x) 1-1a eCfl'h'OJ.to om
nP 

p1b3'Kib A B e'ltympu- omp1'b3'/C(t ( -1, + 1) yoo~.~temeopRemo o6o6U(MI'WM.wo 

yc.!loeiRMo )[unwu?ia i-w eu.ila cmeneHu S; = -:P-. 
11p 

Pasc:r.wTp!:!M'b CHatia.1a <J!J'HKUiiO 61 ( 8 ). 06osHa•wn qepes'b P.,. rrpn6.'In-
lK8HHni:tl MHOI'01I,'I8H'b CT€ll8HH n, ,Y,'!;OB.'leTBOpJIIOII.\ifi HepaB8HCTBY 

]/(x)- P,.(x) i < ~~- (20) 

-1 
I P,.(x)! < ;][+~-<2M, nP 

qt J[ MaKCHMYM'b [/(x)!. 
B'L TaiWM'L c:ryrmt Ha BC.JJKOM'L orrpe.n;t.JieHROM'b OTptsKt AB BHYTPH 

oTptsrm (-1, + 1) 
IP~(x)! < Rllfn , 

rt1;t R HtrwTopnrtt •IHCJ18HHnifi MHOlKHTen (§ 3). 
il09TOMJ 

C .~t.D;OBaTe.TibHO, 

1) IIp:rr IIOliOII\K liHOrO'll!eHOB1> cTerreHn n. Ta a\e TeopeMa (eM. § 17) ocTaeTCJI B'I> 

C!Ill'E n )IJIJI TpnrOHOMeTpll'leCKIIX1> CYMM1>. 
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CorrocraB.'Ia:a: 3TO HepaBeHCTBO C'D Hepa.HcHernoM'r, ( :20 ), Haxu;~mn, 

1 
ilOJIOJRI1M'1 B'1 9TOM'.& HepaBBHCTBt 8 = -~1 +--. J1 o;Iy•JIIM'L 

}/, p 

TaKHM'D o6pasoM'1, ,n;.rra: i = 1, reopeMa 3aJi.a3<1Ha. 

(31 ) 

)!,ocraro•rHo 6y,n;en pascMorptTb eme cJiy•mii i = 2, •rToih, yri'lwrnr.Jr, 
liTO TOT'1 JE8 npieM'1 ,I\OKa3aT8ilbCTBa IIpHM'flHHM'1 ;LI,JIJI Br.JTI\.a.ro i. 

Ha ocHOBaHiH § 11 HMteM'D 1 P~(x) i < R1Nn2, r11-il ll1 '!IH~JWI!IIl>If! 

KOBipq>n:n;ieHT'D, saBHCHIIJ;iil: TO.'IbKO OT'1 OTpiJ3Ita AJJ. Il09TOMJ, l!Jlll jhj-<:= 8 

HO, Bbi6Hpa.li X COOTBi>TCTByiOIIJ;HM'1 o6pa30M'b, HM'll8M'b 

HJIH 

Or~ty,n;a 
!f(x+2h)- 2f(x +h)+ f(x)J = ol8). 

lf(x + 2h)- P,.(x + 2h)- 2(f(p +h)-P,.(x +!I))+ 

+ f(x)- P,.(x)) > o2(8)- 2R1Mn282. 

CJit,ZJ;oBaTeJibHO, 

IloJiaraH B'1 HepaseHcrBt (22) 

(22) 



- 41 --

TaKIIM'h o6pasOM'h TeopeMa ,n;oKasaHa TaKme ,n;JIJI i = 2, H JICHO, liTO 

Tome pascym:,n;eHie rrpl!MilHl!MO ,n;JIJI BCJJ:Karo i. 
26. npr.tJiomeHiH npe,a.wecrsytow,e~ reopeMbl . . <l>yHK:o;iJI, pascMoTpilHHaH 

HaMil B'b § 23, ooJia,n;a.Jra CBolicTBOM'h, 'ITO rrpl! BCJIKOM'h p ecTh 6e3TJ:l!CJieH-

Hoe MHomecTBO sHa'!eHitt n, .IJ:.!UI KOTOphlX'h E,. < J__ TaKI1M'h o6pa30M'b BcJit,n;nP 
CTBie TO.lh!W liTO !l:OKa3aHHOfi TeOpeMhi 3a!c.liOTJ:aeM'h, 'ITO JKa3aHHaJI tlJJHK:o;iH 

y,n:oBJieTBOpHeT'b o6o6rrreHHOMY yc.~oBiiO JIHmmm;a BII,n:a i JII06ofi cTerreHl! s < i. 
He ocTaHaB.UIBaHcr, Ha 6o,rte ,n:eTaJI1HOM'h nsyqeHil! aTl!X'b cBoeo6pas

HrlX'b t1Jymc:o;ifi, rrpiiMtHl!M'b rrpe,n;hr,n:yr:o;ym TeopeMy Ic'b orrpe.n;beHiiO mrsrnaro 

rrpe,n;tJia E.,! xI- )I,JIJI aToro 3aMilTl!M'h, 'ITO Hl! rrpn: rtaitOM'h i t1Jymt:o;iJI I xI 
He yp;oB.JieTBOpJieT'b o6o6I:o;eHHOMY ycJIOBiiO J1IIIIIIIH:o;a cTerreHl! Bbnrre rrepBoit 

B'h caMOM'h .n;t.crt, rrpl! x =- h, 

I x+nh 1-n I x+ (n-l)h I+·.-+ (-1)"1 xI= (-1) ... 2h; 

TaK'b 'ITO oi(s) > 2s. 

CJit,n;oBaTeJihHO, 

E
, 1 

KOTOp1IX'b "n < -, 
nr> 

IIpl! BCJIIWM'b l, 

eCJ1ll eCTh 6eJ>tUC.!tCUifOP Jtlf.OOIC8Cin80 3HaqeHifi n , ,1\JIJI 

TO ITOKa3aTei1h p !1:0.1IlE8H'b 06.Jia,n:aTb CBOfiCTBOM'h, qTO, 

~ 
p<-.-1. -z-

TaKHM'b o6pa30M'b p ue ;v.oOJCemo 6btm'b 6o.uae eauuUt{'bt. 

27. YcJiosie .Ll.KHK K JIMnwr.tu,a. Y CJIOBiew1 )I,IIHl! H .Jimrmmra HashlBaiOT'h 

CBOitCTBO, KOTOphlM'b 06Jia,n:aiOT'h HiliWTO phlJI HerrpephlBHhlH cpJHKI\il!, saKJITO

'!aiO!JI8eCJI B'h TOM'h, qTo rrponsBe,n:eHie 

cf1 (s).logs 

cTpeMUTCJI K'h HJJIIO BMtcTt C'h c. Mhl 6y.n:eM'b rOBOpl!T1, 'ITO WYHEI\i$! 

J.U:OBJI8TBOp$IeT'b o6o6m:eHHOMJ JCJIOBiiO )I,HHl! H .JIUIIIIIHI\a, 8CJII1 B03MO.lEHO 

Bhl6paTh 6e3qi1CJieHHOe MHO.lE8CTBO 3HaTJ:eHiit 8 TaKHM'h o6pa30M'h, l!T06'b 

yKa3aHHOe IIp0113Be,n;eHie 01 (s).logs CTpeMHJIOCb K'b HJ.'IIO BM'l>CTt C'b 6. 

llpl!HJIB'b aTl! orrpe,n;tJieHi$!, ,n:oKa.meM'h, qTo if5yux:tfiJl, O.J,Jl x:ornopou E,. .Iogn 
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cmpe.l<umcR JCo uy.;no d.Jut 6es>tuc.Jtenuaw .M'HODI!'CCJII.Ita .11w•rr•uiir 11, !ftiufl.fl'lll.

eopRe7m o6o6uwmto.1t!f yc.Jto!JiJO ;J,unu-.7Iumau7ia_; ec.w l~·,..]of!: n r·JIIjlf'.ltiiiiii'H 

1CO ny.;r.w npu ec1bXo sua·~;.euiaxo n, mo if,yuJC'IIill ,ltiioa.Jrr'lltrloJJHf'IJ/i, lllil,nmu

em<uoJry yc.Jtoeiw JI:uuu u Jlun·wmw .. 
B'h caMOM'h ,n;t.11t, rronropnJI pascylRII,eHic ~ 2fJ, npHx<>;I,IDI'Io IIP~w;r.IPI!I!o 

K'b o6o6IIJ;eHiiO HepaBeHCTBU. (21) 

c5'1 (e)< 2E,. + kne, 

r.n;t k rrocroaHHaJI (HesaBHC.!!Ma.fi OT'h n ). Ilpl!Mimn.!l aTo rwpa m•m·Tan r;·r, 
HaCTOJIIIJ;e:rvry c,1y'laiO, Kor,n;a E.,.logn=;3,. t;TpeMI!T<~H rn, Hy:11o, 11 11o:mra.a 

;3 .. 
E=--, 

nlogn 

logn. d't (c)< ;3 .. C:l-)-k); 
HO 

Jlog eJ < 2 log n ; 

[loge[. cJ' 1 (e) < ;3,(-1 +2k), 

,ll;JI.ll 6e3'!HCJieHHaro MHomecrBa sHa'!eHiit n. Ta.rr.HM'I, ofi pa.3oM'r •• ;r,:r !l ilp;pm

C.l8HHaro MHOlK8CTBa 3Ha!JeHifi e, ITp0.!!3B811,8Hie loge. d 1( e) l'.'!'p<'MIITf',Jl li'f, 

Hy,1IO. Ecmi me HepaBeHCTBO (23) co6JIIO)I:aercJI )l;JIJI Rc.mmro n:h.raro n. TO 
.a:cHo, 'ITO loge. d'1(e) 6y.n;en ncer,rr,a crpeMHTbCJI It'h Hy;IIO BM'l>eT'h <:'I. f. 'ITo 

II rpeOOBa.JIOCb )l;OKa.saTb. 
28. TeopeMa Jle6era. B'h cnoefi 60.IlbiiiOfi prLooTh 1) ,Sur lm; inli'·gra!Ps 

singulieres • .ITe6er'b ,n;oKa3hlBaen c.r'hfryromyro reope111y: ee~ll JlaNNWJI}IIt

eaemcJt coeo?Cynuocrno ecJ'bX'o uenpep'IMJtotX?, !fiywK?;,.i·U ('(.1:), t)~Ji ~o·mllti)JU.n 

I f(x)! < J.li, mo npn ecJt'ICo.m, n, eepxnuMo nper)n,;w.lfo E,.(f(:J.')) Hfl.fJIC'JJiCJt N 
(T. e. cpe,u:n <!Jymw;ilt f(x), ecrr, rards ,n;JI.a: KOTopr,rx'I, R.,(!(.r:)):>.M· ·<', 

KaK'b 6hl Ma.m H.!! 6wro a .!!, KpoMt roro, MJI Bctx'b <!Jymni:il! E .. (/)< M ). 
Ilpn IIOMOIIJ;H HepaBeHCTBa (21 bis) :rry T80peMy '!pe3BWJafiHO Jiei'IW ,ll;(Jl(~~;HlTl>. 

B'h caMOM'b ,n;t.Jit, KaK'h 6r,r Ma.Jio HH 6hr.11o e = !'_., cpe)~H pa:lcM:tTpHB~W-
kn 

MhlX'h tPYHRIJ;ifi MOlKHO B116par1 TaKyro, 'ITO 61(c') = 2jJJ. IIonToMy, Jw:I1;,n;
CTBie HepaBeHCTBa (21 hi•), ,ll;liJI 8TOfi rpJHK:U,iH 

E .. >.M- a, "! . .!!. r. ,n;. 

1
) Ann. de Toulouse. HJ09. 
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( CaMO C060fi IIOHJlTHO, 1ITO ,IJ:3JI BC'BX'b tlJYHKIJ,ifi pascMaTpnBa8)IOfi COBOKYII

HOCTli E,[f(:r)] S .M ). 
0,n:HaKO TeopeMa J1e6era OCTi1B.'IJI8T'b OTKphlT1IM'b IIHTepecHhifi BOIIpOC'b: 

B03MOJKHO .Ul yKa3aTh TaRofi pR,D:'b <IJ!C€.:I'b a 1 , a 2 , .•. an, . .. , H11dliOII1HX'b 

rrpe,n:1J,10M'b 0, 'ITOO'I, ,IJ:JIJI BCJlROfi ,n:aHHOfi HerrpepniBHOfi tlJYHKIJ,iH MOJKHO O:hiJIO 

yKasaTb Hesasnel!Moe OT'b n '!HC.1o R !I:OCTaTO'!HO 6onmoe, '!TOO'b E, < Ra,. 
Ha ocHoBaniu TeopeMLI .Te6era MOih:HO .1JIIDh yTBepm,n:aTL, 'ITO ec.ni6'1> 

pa,n:'b 1Ilice;r'L an CYII1€CTBOBaJI'b, TO, ,IJ,,1Jl BC8ll COBOKYITHOCTH HeiipepLIBHhiX'b 

rpyHKIJ,ifi {(x), He rrpeBLJIDaiOIT11lX'b J.lf ITO aOCO.:IIOTHOMY 3Ha'!eHiiO, MHOlKH

Ten R He l!Mt.n 611 BepXHJHO npe,n,t.m. ;l;tficTBHTe.1LHO, .'IerKO y61l,ZU!TLCJJ:, 

1JTO TeopeMa .Te6era OCTa8TCSI CIIpaBe,IJ:JIHBOfi, eeJl! COBORYIIHOCTb HerrpephiB

HhiX'L rpyHKIJ,ifi 3a:MiJHl!Tb O,IJ:Bllll!ll !IIilllb MHOf0'1JI€H3MH; a M8lK,D:Y TiJM'h, Ka-

1 
KOBbi Ohl HI! OhlJ!l! 'IHC.1a a,, Ha!IpHMilP'b an=')-, .J:.~.li BCJ!Raro orrpe,n:t.'IeH-

~" 
Haro MBoro'l.:reHa B03MOEHO, KOH8'!HO, yrmsaTb '!HC.'IO R TaK'h, 'ITOO'I> En<Ra,. 

HepaBeHCTBO (:21 bis) ,n:aen HeMe,n:.'leHHO ompuV;ame.Jt!bnbtii OTBiT'b Ha 

IIOCT3B.'l€HB1Lfi BOIIpOC.'b. B'h eaMOM'b ,n:t.:Jt, ec.m ,L(.1SI BiJKOTOpO.fi tlJYHKII,iii 

1 
E,. < Ra,.' TO d'l(e) < '2Ra,. + knc. llo:rar~1SI an>- ('ITO Mbi BrrpaBt C,IJ,t

n 
1 

C,II,1J.18.Th He Hapyma.li OOIII.HOCT!!), 6epeM'h c = 9 ; B'b TaKOM'b C.'Iy'lat, 
n-

_,. ( 1 ) ') T> ! k ("JR I . k) J:I u 1 0 < _..Lta" -1 - < - -1 a,. 0 Ti1IWMy HepaB€HCTBY rrpl! BCJIKOM'I> n 
n-. n 

H€ MOiEE'T'b YJI:OB.1€TBOp!iTh, Haiip!H!1Jp'I>, HII O!I:Ha HeiipepniBHaJl tlJYHIUJ;iJI f(x'), 

1 v-h:OTopaa rrpn x = 2 o6pamaeTcJI B'I> a,., Tai\.'b RaK'b ,n:~1sr arofi tlJYHKII,iH 
n 

o 1(~)> Va,. n- -
29. TeopeMa. Ec.nt o.Ml BCfliJWW n ·H.cm.~ty 1nuee npu6.ltU{)!Cenie En 

iflyunv.,iu f(x) 'Ha omp1b31C1'b (-1, +n yaoe.llem6opflemo uepa6eHem6y 

En < J.frt' , mo g'JyHnV;?.fl f'(x) W.ltOMopif)')-ta euymptl a.uunea, iflonyea:Mu 

+ v 1 
11'omopaw C:.l!YO/Carn'O rno1tnn - 1 , 1 , a 1W.ltyty.lt.lta oc:eu pa6un -. 

(! 

B'h ca.MOM'b ,n:t.llt, o6osHa'!aJI '!epen P,.(x) MHOro1J.~eH'1> cTerreHM n, 
,II,.1JI KOTOparO 

I f(x) -P.,(x) I < MQ", 
:r.~omeM'b HarrncaTD 

TipM 3TOM'b 
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Ha OTpiJ3KiJ (-1, +1). Il03TO~IJ BO BCH!tolt TO'IK'~ ff :l,1,1llllea, lWTOparo 
1 1 

CJMMa IIOJiyocett paBHa - < --, a cfJOitJChl HaXO,Il;JlTCJI ll'I, TO'IIiaX'f, ( -1, +1), 
(11 (J 

IIMiJBM'D (§ 7) 

I Pn(x)-Pn-1(:;::) I<-· -- · 2.M (() )n-1 
lh P1 

CJit,n;oBaTeJibHO, pJI,!!;'D (24) paBHOMilpHO cxo,n;IITCJI 110 JleJIJtofi nfi.HtCTll 
1 

BHyTpH anmurca, KoToparo cyMMa rro,1yoceit paBHa -- a noTnMy rflymn~iJI 
(! 

f(x) ronoMopqma. 

(06paTHaJI TeopeMa 6y,n;en ,n;ormaaHa B'D 3-fi 'mcnr). 



YACTb BTOPAR. 

npHOnHlHBHHOB Bbi~HCnBHie MHOro~neHOBb HaHMBHte yHnOHRIO
lllHXCH Bb ,D.aHHOMb npOMBlHYTH"b OTb .O.aHHOH $YHHUiH. 

r JI As A nr. 

0 6 W. i it M e T 0 A b. 

30. BBeAeHie. I1Ae.ll MeTO)l:a npn6.mmeHHaro Bbl'UICJieHi.li MHOfO'I.l8HOB'b 

HaiiMeHile yrt.'IOH.liiDIIIJIXC.li OT'b ,J,aHHOfi qJJHKll,ili, KOTOpOMJ' IIOCB.HmeBa BTa 

f.laBa, COCTOllT'h B'b TOM'b, l!T06'h COOTBilTCTBJIOml!M'b o6pa30M'b HCTIOm,so

BaTb yJEe HsBilcTHbre -r.moro!JJeHbi, BanMeHile JK.!IOHJIIOill,iecJI OT'b BilKOTOp1I.X'b 

iLPJrHX'h AaHIIblX'b ¢YHKll,ifi. liHOfiJ.a BMiJCTO ApyrHX'b lpJHKll,ifi ll,il.1ecoo6pa3-

HO Oy.II,eT'b BBOII:liTh aHa,10fH!JHhUI MHOf0l!.18HaM'h BhlpameHiJI, Ha:u:t.reHile JltJJO

HJIIOill,iJJC.li on TO:ti me caMofi ¢YBKll,in. II B'b TOM'b, II B'b )l:pyroM'b c,1yqai; 

HenpephlBHhi:t! rrepeXOII:'b OT'b H3BilCTHaro K'b H81'!3BiJCTHOMY COBeprnaeTCJI IIO

cpe,!l,CTBOM'b aHa!1HTH'!eCrtaro IIpO)l:O.'lmeHiJI; IIpH BTOM'b, rtart'b )1,,1JI rrpaKTR'Ie

CKHX'b IIpHMiJHflHifi, Tart'b H )l,.'I.ll Teopen!'!8CltllX'b BhiBOii:OB'b, BeCbMa BalEHO 

BhlOpaTb HCXOII:Bhlfi IIYHKT'b TartUM'b o6pa30M'b, TJ.TOO'b rrepBhl.li me I1pH6;III

meHi.li OO.lJ:a)l,aJ1H yme 3HaTJ.UTeJJhHO:ll: TO'IHOCThiO. 

HarroMHHM'b cHatiaJia KJJacc:uqecKie pe3YJihTaThT, BhlTeKaiOru;ie 113'1 ns

c.'lil,n;oBaHifi 1Je6hiiiieBa. (CTporoe ,ll;Oita3aTe,1hCTBO BTHX'b pesy.[h'l.aTOB'b 'IHTa

TeJih Ha:t!~~:en, HarrpnMilp'b, B'b KHIIril Borel «LeQons sur les fonctions de va

riables reelles, p. 88» ). 
a. Cyu!.ecrneyerna oouuo u mo~t'Ko oouu?J MUOW"' . .WUo P,. cmenellu ue 

e?Jtw.e n ~tau,uell1M Y'K.IlO%J!IOU{iiicR eo npo:>.~.eO!CymK1b ( AB) om?J iJa'lfiHOU 11.6-

npepueuou rfiyn'K~.tiu f(x). 
b. Iho ecnxo .1fUOW1tJ£euoeo cmeneuu, He 6btw.e n '11W..tibKO M'HOW'!{.feu'O 

P,.(x) o6~aoaemo C60UC'I1UIOM'O, 1/.mO paauocrnb if(x)-P .. (x) I oocmuwema ue 

.1f.mne, 1!1Mto (n+ 2) paaa ceoew Ma%cu.~t!}J,ta eo paac.4tampueae."«OJ..f'O npo

.'.teO/Cym.uJb. 
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I13'1 IIOC:l'B,'],HJlTO rrpe,n;.~OiK8HiJI Bh!T8K<WT'f,, 'ITO cc.mln, p:t:!J!OeTh 

Jf(.1:)-Pn(x)J ,n;ocTnraJia 61r CBoero MarwnMyMa Go.'I'hn, 'I'hlln (li + :2) paa:t, a. 
RM8HHO n + 2 + k pa~n., TO MHOrO'IJ8H'I· P.,(:r) Ol>TJI'f, Gr.r 11'1> T<Jil\1' HpeMJI 

81I;IIHCTB8HH1IM'1 HaUM8H'B8 y ft,'IQ HHIOll\IIMCJI OT'h l{l Y 111\l~i li ({.1·) I' pt> ,I, II rw:hx·r, 

MHOrO'IJI8HOB'h CTCTI8Hll He BhliiiC li -f- k. '1\tKlfM'b oopa:JOm, :!:l,l,:t'l:t IJIIjH'

.II:ilo18HiJI MHOrO'!JieHOB'h P,.(x), no cyrr~ecTBY, HJICIW.'II.Iio 111' <' ,I'Jiilll!:ll'T<:JI, 

8CJIU orpaHU'lliMCH T0,1b!W TiJMU 3Ha118HiJIMI! n, )(JIJI liOTO]il•lX'l, p:t::llo<:'I'h 

jf(x)-P,.(x)j ,Il;OCTUraeT'b CBOero Mai,CHMJMa B'T• (n+~) T0 1lli:t-X'I,, 

31. 06o6w,eHiH. PascMOTpnM'h pJI!l;'h cTeneHctl: a:a.,, .r'l•, .... . r7.", r;rh 

0 < a0 < a1 < ... <a,, n COCTaBHM'b cyMMhl A 0.1:a, + ... --[-.I ,..r'l." c:'J, llpo

H3BOJI1HhJMH ~toe¢ifJ:wo;ieHTaMU A 0 , • •• An. Ec.•m cyMMn 

R,.(x) =B0.1:ao +· .. Bn.J;7.~;, 
ll3'1 Bc>lJX'b CJMM'b yKasaHHarO BUII;a HHI!Mf.HI'he J'li.l(J!IHI'TI'H OT'f, 

¢ymw;in f(x) B'h rrpoMelliyTKil (AB), TO Rn(.1:) naar.IB:tP'J'l:JJ 1·ymrofi HII)I.:t 
i:=-n 

1;Aixa.i HaHMeHile yruJOHJIIOil\etl:e.a: on qJyHKI~in f'(.r) B'h IIJHIMP;I>rTid> ( .1/J). 
•=O 
0THOCUT8J11HO 0Tp1J3Ita (AB) HC06XO,'l,JIMO BBCC:Til orpa!lll 1lt'!liP: :t l!Ml'lli!O, 

Ha nceM'b oTpilsrd x 2; 0. BJiaro,D;ap.il BTOMY orpaml'Ielliio tJJII'.Ia .1·~; Gy
.IJ;YT'b Bcer~r:a RM1lT1 Bno:rd orrpe.n:ilaeHHoe apuoMe't'}!'lf:'CiiOP :Ilia 'I I'll iP. P:w
cylli,IJ;eHiJIMH COB8plli8HHO UOII;06HIJMU TiJM'n, KOTOpi>IJI 1!1IT:tTf'.!h ll:lll;(I'T'J, !!'!, 

BI>rme yrroMJIHYTOfi KHnril Borel'JI, ,'l,.l!JI cJiyqa.H r;or,ll,n. H; "-"" i, 1Willllo ;(oii:t

saTb cymecTBOBaHie cyMMhi R,(x) HaHMeH·te yitJIOHJIIOJIV~li(~l! or~> ,I,aHHot! 

Henpepi>IBHOfi iflyHit~iH f(x) U B'b 06IH8M'b C'ryqc1/B. J~MI ;~Oli.a.:mT!'.lhC:TB:t ilW 

TOro, 'ITO 3Ta CJMMa 81I;I1HCTBeHHaJI, HaM'b H80UXO)J,l!MO JJ,OI;a:JHTh :IfH'/(Il:tpi!

TC.'IbHO C•11J,D;yiOIHJIO "18MMJ, J!BJJJI!OIHYIOCJ! o6oGrr~eHieM'J, TOOpPMhl ,II,('Ii:tp'ra. 

32. neMMa. 1JUC.Jt0 no.JWJIC~~11W.It'bnbtXo 1fOJYUeii .lfjJ(lii'Jtr'1iiJl 

~an 0 < ao < a 1 •.• <a,., ne JtoJ/Cem;, npe6btUW'I11,'/, •we.Jr.rt nepc.lrn,11·'• JJuumm, 
pJtoa a0 , a1 , .• • a,.. 

B'1 cJiyqat KOr,D;a 1mc,m ai l\'hJIIJI.H, H1ICKa3aHnoe rrpe.n::w:meuie Jin;woTen 

rrp.HM1IM'1 cJiil.II:eTBieM'h H3'h usnilcTHOfi TeopeMr.r ,ll;erw.pT8.. TcJ!IIIO 'l'aJ;JKe r.:Iy-
1 

'Iafi, KOT,'l,a qucJia lXi pa~iOHa.'IbHbiJI, IIOCp8ll;CTBOM'T, I!OII;!:TU.IlOBKl! ,r p =!I 
rrpBBOII;HTCJI · K'h Ilp81I;IDBCTBYIOIH8MJ'. 

ilOJIOlliHM'h ,n;a.:tte, 1J:TO 'IHC.lla ai RailiH yrO,!l;HO, HO, 'ITO Bdl IIOJimKli

TCJI1H1I6 KOpHii ypaBHeHiJI (25) pa3.l!U'IH1I Me.lK,ll;y cooo:lt Ec.ul oeaii.OliP'IHO 

MaJIO B3MiJHllT1 IlOKa3aT8JIU ypaBHeHiJI, TO 6e3KOH8'IHO MallO li:!M'li!!.llTCH U 

KOpHH; IIOBTOMJ' Kalli,Il;OMJ ITOJIO.lKHT8UHOMy KOpHIO ,D;aHHaro ypaBHCIIiJI oy
,li.BT'b COOTB1JTCTBOBaT1 O,ll;HH'b ITOJIOiEUT8JihHbifi !t0p8Hb H3M'}li!ellJrrtrO ypaB-
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HeHi.li, u HaooopOT'b, n6o r;oMruer.:cHue rwpHn nem;ecTB8HHaro ypanBeHi.li 

ncer,TI,a rrorrapHo corrpHmeJmhre. Tar:IIM'h oopasowh 'IIICJIO rro.wmuTe,1hHhiX'1 

IWpHefi )l,:1HHaro ypaBHeHiH TO me, 'ITO u:1~dlH8HHar0, HO B'b 8TOM'L UOCJit,TI,

H8M'1 ncerJI:a MOiKHO rrpe11,rro:roamTI> rroKa:mTe;m pa.uioHaJihHhiMil. C.llt,TI,oBa

T8.lJ:hHO, 1I!IeJ10 IIpOCThiX'h TIO:roamTe:II>HhiX'h h:OpHeH ypaBHBHiH (25) He MO

meT'b rrpem,umtTh '!HC.'Ia !IepeM1m'h sHaitOB'b pH,TI,a a0 , a 1 , ••• a,. 
T'i>~11, <r.:e crroco6oM'J, y61JJK,rr.ae:Mc.a, TJTO 'l.IIC.l!O pasJIH'l.HhiX'L TIOJ10iRH

Te.'IbHhlX'1 h:OpHetl H8'!8THOU l~paTHOCTII He MO:IK8T'1 IIp8BhJillaTh 'IHC•1a 

rrepeMtH'h 3HaiWB'h pJI,TI,a a0 , a1 , .•• , a,. Ho HaM'h ocTaeTCJI eliie IIOKa-

3aTh, 'ITO 1Il!C.'IO KOpHefi B3JIThiX'b C.'b llX'b CT8II8HbiO KpaTHOCTII TaKme He 

npeBhimaeT'h yrroM.aHyTaro <me.m. A-'UI sToro coeTaB.!!J18M'1 ypaBHeHie 

d 
- [.r1-aoQ (.2:)] = 0, 
dx 

H 3aMtTJa8M'b, 'ITO KaJIC,!(hifi KpaTHhlfi KOpeHh ypaBHeHiJI ( 25) JIB.~JI8TCJI B'b 

TOJKB Bp8MJI !WpHeM'b ypaBH8HiJI (25bis) C.O CTerreHhlO I;paTHOC.Tll Ha O,!(Hy 

B,TI,HHHUJ M8HhiiJBIO; KpOMt 8Tl!X'b KOpHefi, ypaBHeHie (::25 bis) IIMi>BT'L eme 

He MBHte pa8.1lil1Hh!X'b IIO,'J()jl\!IT8JihHh1X1, !WpHefr H8'l.8THOfi KpaTHOC.TH, 'lhl'b 

ypanHeHie (25). Tm:Ill\1'1 oopa30M'b 'll!C:ro !WpHefi ypaBHCHi.ff (25bis) B3JIThiX'b 

C'h I!X'h CTI"IIE'HhB) r;paTHOC:TH He ME'Hhllle 1!IIC.:ra KOpHefi ypaBH8HiJI (25) 
B:JJITh1X1, C1, IIX'h C.TeiieHhiO r;paTHOCTII; tJHC!IO me pa3JUI<JHhiX'b r;opHefi ypa

B!lCHiJI ( 2;Jti-) HP 1IeTIIOlr l<p<tTHOCT!i HC MeH'B8 'l.HC.'la BC'ilX'h pa3illllJ.HhiX'L 

1\0pHerr HC 1JeTHOli li.pctTHOCTI! ypaBHBHiJI (25), JBe.l!H"l.BHHarO Ha 1IllC.10 

pa:-wrPIHh!X'b iJ,BOlrHhiX1, r;_opHefi rroc.TB.II;I!Jiro ypanHeHiH. Hs'b 8Toro c.rrt,!\yeT'b, 

'!TO eC.11I Mhl I!OCTYIIllM'b C'b ypaBHeHieM'h (25bis), KaK'L C'b ypaBH8Hi8M'h 

(25) H T. ,TI,., TO Mhi rrpilt,rr.e:M'b HaKOHeU'b R'b ypaBHeHiiO, 1!RCJ10 pa3:Int!HhlX'h 

KOpHefi IWTOparo He'leTHOfi r;paTHOCTH 6y,LI,eT'b He MeHte 1IHC..~a KOpHefi ypaB

HeHi.ll (25) B8.RTMX'1 c'l: ux'b cTeneHhiO KpaTHOCTH. Ho BTO rroc.1i>,QHee ypaB

HeHie 6y,n:;en TOTO me BH,!\a, 

1ITO II ypamreHie (25), IIpH <IBM'b b;.a; > 0, TaK'b 'ITO <mC,10 rrepe111i>H'h 

3Harm Bl, pJI,!\t b", b1 ••• b,. TO me, 'ITO II Bo pJIII,t a0 , a 1 ••• a, . Iloaro111y 

<JHC:IO pn..'3J1ll'IHbiX'h !WpHefi H8'leTHOfi ItpaTHOCTH ypaBHeHiJI ( 25ter) He rrpe

BWUaeT'b 11IIC.1a rrepeMi>H'b 3HaKa B'b pH,!\il a0 , a 1 .•• a., ; T'f>M'h 6o.1te H 

oomee 1IIIC!!O llO;IOiKHTBJ!hHhiX'b ROpHefi ypaBHBHiJI (25) B3JIThiX'h C'b HX'b 

CTerreHhiD !lpaTHOCTH He MOiEBT'b IIpBBhll!ItlTh '!HCJ!a rrepeMi>H'h 3HaKOB'h 

pB)I;a n0 , a1· ••• an. 
CntACTBie. Tf1iC.llo 1/.0.llOJ/CUnW.ll't/HibtJ."i, 1cop'Hefi ypa8'HB'Ififl (25) 'He npe-

6'btutaemo n. 
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33. TeopeMa. Cyuferm16yema uwJWKo odua cy.1r.~w cnwneueli, 

i:.=n 

R,.(x) = ~ B,..xCJ." 
i=O 

ua1MteUJ'be yJC.Jt01UlJOUia1l !Jo npo.lteJK:ymJCJb AB om-o ifJ.IfU'ICI~in f'(.r ). lljm 
amoJa, pa3uocm'b f(x_)-R,.(l) iJocmwaema ue AteuJu', •utJ.!f-7, (n-J-:n pa.1a 

t!JOeW 1f.au60Jt'b1UaW (£0CO.It10r!Wal0 3Ua'WUiJl, nO!' JtlbiJOIJWII e.ltMW .lfJ/I?tJ/ J/ f'IIOii 

.JUa'/i,o. Jfe'/i,.AJou..eHie .ltOJK:em?, npeiJcmafl .. MIJn?;!'H Jtuu~1,, eC.!lH ;;uw Hanr)o.Jtl,wer~ 

JUa'ieuie pafJuo J ((0) /, npu a0 > 0. 
B'b caMOM'b ,rd;.nt, o6osHaTJ:asr qepen x1 , .1:2 • •• • xk nospacT<umuitl p.H,l!,'n 

rmce.n. ;IJ,'IJI KOTOpblX'b pa3HOCTh f(x) ·- R,(x) ;a,ocTHraeT'h rroc,rll)l,OBaTe:IbHO 
Ha.fi6o.1hiiiaro a6coJIRJTHaro SHaqmrLrr, MinlflJI snari.'b, naxo;a,m.n Hn OCI!OB<t
Hin coo6palKeHifi, IWTOpbiMJI Mhi rro.~b30Ba.mcr, ntcrw.nr,rw pa.:n, B'h 1-tl r,mrrh 

( CTp. 11), 'ITO ypasHeHiJI 

b0xfo + ... + b .. xfn= f(x1)- R,.(r1) = ± L 

b0xgo + ... + b,.x~"= f (x2)- R .. (x2) = =F JJ 
(2fi) 

)l,O.llKHoi 6b!Th H8COBMiCTIIMh!MU, ec.m R,..(x) rrpe;II,C'l'3.BJ1JI8T'I, eooofi CJMMY 
yKasaHHaro Bl!;IJ,a, HanMeHte yrtJIOHJJIOlliYIOCJI on f(x) na OTpi>3I\.'B AB. Ho 
.1erKo y6i,II;IIT1CJI, qTo ypaaneHiJr (26) 6I,IJIH 6u coBMtCTHMI>I, ec:m 6I.I k< n-f--2, 
:rr60 HH O;Il,HH'h J.I3'b orrpe,n:iJ,111T8,1efi 

He Momer'h 6MT1 paaeH'b HY JIIO: sTo crrpancwmBo MJI p = o, HO ec,ni 
d'p-1 ~ 0, TO H d'p ~ 0, Tart'h rtart'b B'h ypaBHeHiH 

a0.JPo + ... + ap :r:cxp= 0 

ROBcpcpHII,iCHT'h ap = Op-1 ~ 0, H IIOSTOMY 9TO ypaBHeHie H8 co6.niO)l,6HO TOlK
)l,6CTB8HHO; HO ORO HM'B8T'h p ITOJIOlKHT8UHhlX'b 1) ItOpRefi .r1 , • •• Xp, II CJit
,n:oBaT8JI1HO 

1) ECJII! X 1 = 0, TO Jtoaip<Pnl\ieFIT':b a0 = 0, R TIOTOMY cyr.nra Op, COCTO.<ili(ai! TOJ!LKO 

H3'L p CJiaraeMll!X'L, He HMilCT'L 6oJiile (p- J) ROpHl'!. 
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o = a x:>a + ... _;__ a :r:>p .::2_ 0, 
p 0 p+l ' P P+l 

TaKl!M'b o6pasOM'b 2-H '!aCTh Teope)Ibi ,n:oKasaHa. ,ll;onycTMM'b Terrepi>, 

'ITO I;:poMt R.,(x) cyru:ecTBYPT'h eru:e cyMMa R~(x) HaHMeHte yKJIOH.aroru:aRCH 

OT'h ,n:aHHofi <PYHKT~iu l (x). B·h TaJ\01\I'h e.~yqat, B'h cuy TOJhKO 'ITO p;oKa-

saHHaro, pa3HOCTh 

B'h TOqKaX'b J\, X2 , .•. .Tn+2 6y,J,eT'b IIOCjit,n:oBaTe.TbHO :M'llHHTh 3HaK'b ll.llM 

paBHa nymo. 

lloaToMy, eeJin Q(xi) -:z_ 0, Q(x,+I) -:z_ 0, ... Q(xi+k+l) -:z_ 0, TO Memp;y 

J'; II .r,+k+J rro KpafiHefi Mtpt k + 1 KOpHe:t!; TO'IHO Tanme, ec.ur Q(xi+I) = 

... = Q(x;+k) = 0, TO 'IllC.10 KOpHefi (B3.HThlX'h C'b l!X'h CTeiieHhlO KpaTHOCTll) 

He M€Hte k + 1, TaK'b Kart'b BTO q]:[CJIO He MeHte k, H !i:pOMt TOTO pa3HOCTh 

Memp;y HllM'b ll k + 1 ,n:o.~mHa 6h1Th qeTnoil:. 0TciO,n:a BhlTertaeT'h, qro o6.r.u;ee 

'Il!C,10 ITOJOJEHTe;JbHhiX'b KOpHe:fi ypaBHeHiJI 

Q(x) = 0 

He MeHte (n + 1), qTO HeBOSMOa\:HO Ha OCHOBaHiii .1€MMhl (32). TaKliM'b 

o6pasowi> cyru:ecTByen TOJibl\O O;I.Ha cyMMa R,.(x), HamreHte Y!i.J10H.aroru:a.acJI 

011> tpyHE:HiJI f(.r) B'b ;r,aHHOM'h ITpOIIIeJEyTKt. 

II p n ~~ ·ll 'I a Hi e. Heo6xo;I,nMo noMHUTh, qTo npiiMtHeHie ;J;OKasaH!roii Teo

peMI>I B'h C.IJ''Iat a0 > 0 I! X> 0 3aKOHHO Jlliiih, eCJ11I f(O) = 0. 
34. 06o6w.eHHaR reopeMa de Ia Vallee Poussin 1 J. OmK.MJne•1de 

i f'(xl- Rn(x)' He .1tO:JJCemo 6o npo;Ate{)f()ym'lC~b AB ocma6ambCJl nocmo.R'If,'lf,O 

.lt!'%1'bC nan.1centwaw ~t3o ana'ieuiu if(x)-P.,(x)l 6o (n + 2) mo~'lCaxo, UJ1b 

f(x)- Pn(:J:) nOC.ff,1'b006ame.ff,b'ILO .\f11>nflemo 31ta'1Co, ecJr,u P,.(x) cy}.t:Ma mow :J!Ce 

6noa, 'limo R,.(x). 
B'h caMOM'h ,D,t.1lt, p;onycTll.M'b uponmHoe. Tor,n:a B'b (n + 2) TOqKa:x.'b 

pa3HOCTb 
Q(x) = P,.(x) -R,.(x) = (f(x)- R,.(x))- (f(x) -P,.(x)). 

TIOC.'It,n:oBaTeJihHO MtHHeT'b 3HaK'b, H C.JiiJ,n:OBaTeJ1I>HO, ypaBHeHie Q(x) = 0 
HMten TIO Kpa.:fiHefi MiJpiJ (n + 1) TIOJIOlKUTeJihHhlX'b KOpHe:fi, qTO H8B03MOEHO. 

3a.wo>iauie. 3Ta Teope:Ma 6b1Ja ,n:OitasaHa de la Vallee Poussin B'h 

c.1yqat MHoroq.\leHOB'h, npH qe:M'h npoMemyTOK'b AB Tor,n:a Momen 6h1Th 

ItaKOfi yrO)l;HO; oqeBll)l;HO, qTO ,n;aHHOe 3)1;1lCh ,TI:OitasaTe,1hCTBO IIpllrO,U:HO II )J,JIH 

yrroMs:HyTaro c,1yqas:. 

1) De la Vallee Poussin. Sur les polynomes d'approximation et la representation 
approcMe de l'angle. (Bulletin de l'Academie de Belgique, Decembre 1910). 
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35. Onpe.n.tneHiH. Tormu x 1, x2 , ..• ,xk, r;~1; lf'(.r) - R,.(.rll ;I,UCTIIraerh 

HaH60Jinrnaro sHa'leHiJI, Mhl 6y.n;eM1l HasbrBaTh 'IIW 1t1ca.m~ ul!lll.lf,01fi'Hill. 

0.Itp:yeT1l 3aM'ilTHTn, 'ITO paCIIOJIOJKeHie TO'Ieli.T> OTIUJOirelliJI li:L OTp·h:!

Itt AB MOJK8T1l OhlTh TieTnrpeX1l pop:OB1l. A nMeHHO: 1-ro po;(a, IiO!'JI,a of1:1. 

KOHn;a A 11 B JIBJIJIIOTCH TO'maMu OTKJJOHeHiJI; 2-ro poJI,a, IiOl'JI,a TO.'Ihi;o 

A--Toqrm OTK,10HeHiJI; 3-ro pop:a., rwr,11,a TO.JihKO B-·TO'ma oTii .. 'IO!If~ni.H; -t-rn 
pop:a, rwr.n;a Bet TO'litll OTK.JIOHeHiJI Haxop:JITCJI BHYTPII oTp·h:nw, A JJ. Pacno
J10JKeHie 1-ro po.n:a JIBJIJieTcJI noo6nre Harr6o;r!Je ofiii\HM'h c.1IY'InnM'r •• OiUIHI;o, 

ecJIII a0 > 0 rr A= 0 ('ITu 6oJihiiiero qacThiO Gyp:eT'h HM'hTr, M'hc-ro In. J~n,:u,
Htttmnx1l IIpH.IOlK8HiJIX1l), TO paCIIO!IOJKeHie 1-ro pO,ll,a II 2-rn po;(a oy)~l'T'I, 

H8B03MOlKHO, Tait1l Kait1l BC.Qt)I,CTBie IIpHMiJ 'l aHiJI It'b TCOpU!II'B ( 33) HOOOXO

JI;IIMO, TJ:T061l ((0) =0; B1l 3TOM'll c.~yqat, o6~>rrmoBeHHO npe;(eTaBJrJreTcJI p:tc
IIOJIOJR:eHie 3-ro po.n:a. 

" 36. OcHOBHaH reopeMa A. Ec.~tu C;if-W~a P(:c, 1) = 2: a,.:t:~ .. , nltll.lre-
o 

nne yxAonRrow,aRCJI na ompna1CJb AB orm, w.~to.ltoprfj%111t rfjyu.Jttcin J..f(.r) + 
+(1-1)rp(x), tMmema (n+2) '1110'1.](1~ om·JC.!IOUI'1fi!t orJnow n muw mrr' pot!a 
npu IJC.H.1W.Mo 1(0< }.< 1 ), mo xoarf3if3uzfiettnuA cy.lt.3£bt P(:.r, }.) n ruic1(1/CCI>I 

mo'ieKa om1,.wueuia ma?Co O!Ce, 'IWKo t~ 11-a1{>MCHW..iee omx.JLom'Hif', HriJ(.ffi/JI/I.Cil 

W.JtO.MOprfim,lhlU gJyttX~i.Jl.1tU napa.1tempa l, np~t lfC.ILOfliU, '1'1/W ao OU,ifllljiCH-

. F."--=" nuxo 'ltW1t1W.Xo omn~onen1.H. ,.:2::0, noJut?.aJt 

F(x, 1) = 1f(x)-!- (1- i.)rp(x:)- P(x, 1). 

,ll;ocTaTO'IHO 6y.n;eT1l pa3CMOTptTh, HarrpuM'Iip•n, c.Iy'latl: 1-ro POI\:t pac

IIOJIOJKeHiJI TOqeit1l OTitJ10HeHiJI; p:pyriiMH C.~OBaMU, rrpe.D;IIOJJOlKI!M'I,, 'ITO, IIpll 

BCJIKOM1l 1 (0 < 1 < 1 l, KOHIJ;hi oTp'il3Ita A rr B JIBJIJIIOTCJI TO'!Kmm oTroro
HeHiJI. B1l TaKOM1l cJiyqaiJ JI;JIJI orrpe,IJ;iJJieHili P(:~;, 1) Mhl 6y,n;ewr, IIM'BTI> 

2n + 2 ypaBHeHiJI: 1) 

F:(xi, l)=lf'(xi)+(1-1)rp'(xi)-P'(x;, }.)=0, 

[ F'(xi, 1)]2 = D, 

[F(A, 1)]2=L2, 

[F(B, 1)] 2 = D 

{i=l, ... n) 

(27) 

C1l (2n + 2) H8II3B'ilCTHbiMH: BHyTp8HHHMH TOqKaMU OTl{JIOHeHi.H x
1

, x
2
,., .X,. 

(paCIIO!IOlK8HHhlMII B1l B03pacTaiOin;8M't. IIOp5l)I,Kt), K03cflcp:rrn;ieHTaMII a
0

, a
1

, .•• , a,., 
II OTK!IOHeHieM1l L_ 

I) E . 
CJIII a; = ~. TO llpOJielKyTOK'h .AB llp01!8BOJI8H'h; B'h 06UJ;6M'h li!C CJiyqaf. rrpO,li;IIO-

JiaraeTCJ!, qTo B > .A ~ 0. 
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IlpH BCJIROM'b OIT[)8All.18HHOM'b :maqeHiii }. = 10 , CIICT8Ma ypaBH8Hifi 

{27) l:!MteT'b O)I.HJ BIIO,mt OIIp8,il;'llJ18HIIpO CIICT8MY B8U~8CTB8HHhlX'b ptiiieHifr, 

~OOTBtTCTBJIOIIlJIO 81JJ1HCTB8HH0ll CJMIIlt, H<lliii18Hte Jlt.l!OHJIIO~efic.a OT'b <iJJHKTI;iH 

lf(x) + (1 -· l)q:>(x). IlosTo:~ry, ec.m clJYH"'JJ;ioHa.lbHLLfi orrpe)l,t.mTe.n, ypaB

HeHifi (27) OTHOCI!T8~1bHO HemmtCTHb!X'1 OT;1I!ll8H'b OT'b Hy.1JI, TO Bet H8-

ll3B'iJCTHbi.H 6yp:yT'1 aHa!II!TH 'I8CI\Ill\HI qJyHRJJ;iJJl\Ill napaMeTpa J.. TartHM'b o6pa-

30MT, )l,:1JI )I.0l{aolnTe.1hCTBa T80p8Mhl ,!l,OCTCLTO'IHO OJ,ll;8T1, IIOKa3<1.Tb, 'ITO Bbiiii8 

yrroMHH}'TLifi qJytii\I~ioHa.1bHLiil orrpe,IJ,t:mTe.'lb He paBeH'I:. Hpro. Ho 9TOT'1 

orrpe,II,t:rHTe.1L ;J p::u~ern 

n+ 1 n + 1 ---.-- ---·--
0 .... 0 A",A"'· .A7 n 

0 ..... x~o ••.••• X~n 

1)»+10 .... o B~o ..... B~ .. (<JL)"+2=+F"• p"2 F"•[L1 L1 . L1] (':>Lln+2 
0 F"

2
0 • ~ - x( :c~··· ;i':n A+ x1T··· B ....... .J, , 

"'J ••••••••••••••• 

0 o F~:, ............ . 
- I ........................ I 

0 ........ F';2 •••••••••• 

" 
r,II,t 

x~·:rr' ... :x-~n ' 
x~u ..... X~n' 

A"o ... A"n j 

x~u .... .. T~n: 
>O, !l:r,= > 0 ll T. ,!],. 

CJrt,IJ,OBaTe,lbHO, Ll11 + Ll,, + ... +Lin> 0, a IIOTOM}' L1 ~ 0. 1!. H. T. ,!l,. 

llpu.Mib'ta'll.ie. MomHo saMtnrTn, liTO npu ,!l,OKasa.Te.lhCTBt HHKaKoti: 

])OJIH He Hrpa.'IO TO OOCTOHT8JibCTBO, 1ITO rrapaMeTp'b l BXO,!l,HT'b B'b BII,II,t 

lf(x) + (1 -l)q:>(.T); BC8 pa3CJIE,Il,8Hie OCTa8TCJI B'b CHJit, 8C.ITH pa3CMaTpH

BaeMaJI <fJJHKJJ;iJJ I'O.l!OMOpcpHa OTHOCIIT8.'IbHO }.. 8TO 3aM'B'laHie I!pHBO,!l,IIT'b 

HaC'b It'b ,IJ,pyro:ll: I!0,183HOfi ,!l,JIJI rrpHMtHeHifi <fJopMy.mpoBidl OCHOBHOfi T80p8Mbi. 
i=u 

37. OcHoBHa!l reopeMa B. Ec.Jt/1,~ cy.~t>~ra P(x, J.) = ~ a,x"i, nmu.te-
•=o 

HIDe 1fK.ltOI'flJUU(a.RCR na ompnal\1b AB om;; if51fHJw,iu {(.?:) + (l-1)Q(x), 
u.ilmemo (n + 2) mo>mu omx.n,oneuiR oduow u mow aJCe Jloda, npl{ 8CR1COMo l 

(O<J.< 1 ), u F~, = f;, + (J.- I)Q~,- P:,~ 0 eo 6C1bXo rmympemmx; mo'l-
i=n 

'Ka:x:o omxJtoHeuiH, mo, no.n,awR, 'Ll'lnO Q(x) = ~ bix~i ecm'b C1fJ1Mta, 1taUMe-
•-=O 

une y·JC.n,onRJOU(aRC.Jt om a f(x) na omp1o31Cio AB, Koaif5if5uwielimM P(x. l) 
'lna1Co DICe, 1W'Ko aOCU,UCC'bl m01l81Co Oin1C.It01i8Hi.fl U 01n1CA,OIWHie, C1fin'b W.JtO

.• lctOpifjllblfl ifiyll'la~iu J., npzv 1te.Mo P(x, 0) = 0. 
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38. npi!MtHeHie OC!roBHbiX'b reopeM'b. TeopeMOfi A c.•l'l;;(yi'T'f, IJO.II,:m
i=n 

BaTbCJI, eCJHi XOTJIT':& orrpepj;JJHTh cyMMJ ~ a,;C'J.i, H<liiMOJI'hP yli.TOIIHIOIHY!!>C'J! 
i=o 

OT':& f(x), 3HaJI CJMMJ TOfO me BHp;a HaHMeHTie JKJIOJUIIO!l\YlO!',H OT'h ;lpyrofi 

.n;aHHofi cpymtn;iH cp(x). TeopeMy B rrpHMimJIIon, rwr,~a xoTJIT'h Ol!!H'il'h.'ll!Th 
i=t\ i~n :., 

CJMMJ ~ a,x'J.i HaHMeHte J!WOHJIID!Il;JIOCH OT'b ((.c), :mn,H eyli!MJ ~ h,,x;t'i, 
i=O '::=II 

COCTaBJJeHHJIO H3'1 ,1\pyrHX':D CTeiieHefi 1, HUHMeHte Jlt!IOHJI!Olll.Y l!it.;l! O'l"J, TOti 

me cflyHK:qiH. 
He TPYAHO IIOHI!Tb o6m:H! rrpiei\1'1 rroJJh30I3<LHiff ynnMJIHJTI>IMH TPopP-

MaMH, K'1 :rraJJoJReHiro KoToparo Mhi cefiqac':& uepe.tLWM'I,, ofipaTHH'i> ocofior 

BHHMaHl!:l Ha BOI'IliCJ1eHie cflyHK:qiH L(l), IIpC,liCTaB:IJIIOII\8!1 H<UI~IPHI>IIIPe OT

K.I!OHeHie JWI pa3JJH'lHhlX'1 3Ha'l8Hifi napn.MeTpa } •• 

Ec.'Ia ,llaHHaJI cfJYHK:qiJI f(xl He aHa.U1TJPrecrwJI, TO ll!lPi\I!aprrrn.rr.Ho 

Ha,[\0 6y,lleT'1 3aM1JHHTb ee aHaJJHTH'leCIWfi, )\OCT<LT0 1IHO Ma.'lO OTJIII'liLIOJI(PfiC.H 

OT':& ,[\aHHOit B':& paacMaTpHBaeMOM':& upoMeJ!tyTrd3. Talii!M'I. nopa30M'I· B'h il<kiJ,

Ht:l!meM':& Mhl Bee BpeMa npe.i\no.l!araeM'1 ,n:aHHYIO rpynr;.I(iiO f< x) aHa:IIrrn
qecKoil:. ,li;JJJI rrpHMimeHiJI TeopeMni A Bhr6upaeMT, H'lmmopyw )~pyryw ana

JJHTH'leCKJID !flyHKJJ;iJO ([ (x ), )\JIB: !WTOpO:fi Hal!M8H1Je JliJJOHJ!IOII\:l fi(;Jf CJMM<t 
i=n 

Toro me BH,lla P(x) = P(x, 0) = L, bix'li rr:JB'BCTHa u, KpoMi> Tnro. ofl.m-
i=O 

,n;aro:rr:r;yro CBOfiCTBOM'1, '!TO <!JJHKTI;iJI F(x, l) = J.{(.:r)+(l-l)cp(a:) -f'(x, i..) 

J,liOBJJeTBOpJieT':& JCJJOBiiD, qTO BO BCtX'1 BHJTpeHHllX'IJ T0'1li.C1.X'f> OTli . .'JOI!lll!lH 

iJ2F 
OX

2 
~ 0, IIpl! 'leM'1 p0,!\'1 pacriOJJOmeHiJI TO'!eK'1 OT!i . .'IOHeHiJI H83aBJWHM'J, OT'h l. 

rJP () 2P 
I!OCJJ1J 9TOI'O Bhl'!HCJJJieM':& II0CJJ1J,liOBaTe,1bHIJI.ii llpOU:JBO)l.HWI · · , - 0, -

rJl ch2 

If T. ,!\. !l:JJJI l-= 0. MnoroqJJeH'1 liJJH cyMMa cTeneHefi P(x, l) p~wJia.rawreJr 
TaKJIM'1 o6paaoM'1 'B'1 cTpOKY Tait.l!opa OTHOCHTe.~hHO l, upe)ICT<tBJJ.HKlll\YIO 

fOJJOMOprpHJIO cfJJHK:qiro rrpH BCtX':& 3Ha'!eHiJIX'1 l(O < l < 1 ), 3Haqenie KOTO

poit P(x, 1), rrpn l = 1, paBHO uctoMoil: cyMMt, nauMeHte yruroHJIJOII\eficJI 

OT':& cfJYHK!IiH f(x). Eemr CTpOKa T3il:.rropa HM1leT'1 pa,lliJC'1 CXO,[\HMOCTH M8HI,

IIIe e.rum:rr:qhl, TO )\JJJI Bhl'!HCJJenis P(x, 1) MOiRHO BO BCJIIWM'1 c.~yqat npn

MilHHTb crroco6'1 cyMMHpoBaniJI MHTTan-jJ ecpcfJJrepa. IIoc.,Itp;o:aaTeJihHIUJI rrpo-

iJP a2P 
H3BO.IIHJJIJI dl = P1 , 022 = P2 H T. A· rrpH l =-= 0, rrpe,llcTaBJiaiOu~in co6o:fi 

cyMMhl cTerrenefi Taro me :an,n;a, 'ITO H P(x), rroc.:rt}\OBaTe.~hll'O BWLHCJIJIJOTC.ii 

e.~rh)I;yiD:rr:r;l!M'1 o6pasoM'1. 

llpe.m,n;e BCero aa~!'haeM'L, 'ITO :8'1 n + 2 TOIJKaX':& OT!U:OH8HiJI X~, CO

{)TBiTCTBJIOJJJ,llX':& l = 0, :a, ITO IIpe,ll,IIO.IIOiKeHiJO, Jl8BilCTHhlX'l>, HMil8M'1 
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± L(O) = cp(xi) - P(x;, 0). 

iJF dxi 
3aTtM'b, TaK'b K3K'b B'L BTHX'b T01l!\aX'b, - = 0 HJIH lEe d' = 0, TO 

dx; /;. 

d L(O) iJF(xi, 0) 
± -(r;:-=-0-J.. -=f(xi)-cp(xi) -P1(x;), (28) 

npn: treM'b sHai\'b nepBofi tracTir paBeHCTBa (28 J Bcer.rr,a TOT'b me ,li,JIJI onpe

,ll,t,1eHHaro i, 'ITO II ll'b npe.U,1I.U,JW:eM'b paBeHCTBt. 

dL 
TarmM1, o6pasmn .rr,Jra onpe.rr,t,1eHiH dJ.. n ( n + 1) KoailJ<f!HIJ,ieHTOB'b 

CYMMhi P 1 IIMteM'b (n+2) .1[!1HefiHhlX'b ypaBHeHi.li C'b (n+2) HeH3Bi!CTHhlMll; 

rrpll 'leM'b OUpe.rr,tJIHTe.'In, COCTaBJieHHhlfi H3'b K08W<fliiu;ieHTOB'b 8THX'b ypaBHeHifi 

l 
--·1 

xao ••••• • x~ .. 
0 0 

X~'· •.••. X~n 

!(~~)~~~~~~~::: ~~i·l 
OT.'IH1J:eH'b OT'b HJ.Il.li, TaK'b 'ITO ,ll,JIJI Ka.JK.U,aro H:i'b HeH.SBtCTHhlX'b ITOJIJ'!aeTC.ff 

BCer.rr,a O,ll,HO BIIOJIHt onpe.rr,tJieHHOe 3Ha'leHie. 

d2L 
)L.'I.li oupe.rr,t,reHi.li dJ.2 n P2 , saMt'!aeM'h, '!TO, eCJIH Xi rrpe.rr,cTaBJI.a:eT'1 

eo6ofi H6IIO)I,BllmHhlfi KOHerr;'1 OTptsKa (AB), T. e. COBrra.rr,aen C'b A II.lill 

C'b B, TO 

eCJill me T01J:Ka X; BHJTp6HHJI.ff, TO 

iJ2F(:J:__i_l_l!) dJ.. + iJZFCxi, ~ dx· = 0 
axaJ.. ax2 ~ ' 

c.~t.rr,oBaTeJihHO, 

( 
02p)2 ( 02p)2 

d2L 02p axaJ.. dxaJ.. 02p 
± cl/.2 = (}J..2 - 2 ()2F + iJZF = (}).2 

( 
()2]?)2 

axaJ.. 
iJ2F 
ax~ 

(saMt'laHie OTHOCl!Te.~nHO 3HaKUB'b TO j!{e, liTO B'b paBeHCTBaX'b (28)). 

(29) 
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YpaBHeHiJI (29) H (29bis) npe,U:CTaBJJJIIOT'b CHOBa ei!CTOMY ('11 · :- 2) .Ill· 

HefiHhlX'1 ypaBHeHifi C'1 (n+ 2) H8ll3BilCTH1IMll: 1\.0iJipcJll!l~icHTaMJl MI!OI'O'I.H'l!<l 

d2L :~. ·fi P2 II clJ...
2 

• Ilpu 3TOM'1 OITp8,I\nJIHT8JIOM'1 3THX1> ypaBH8Hl C.'IY.lKliT'h Tll'!"I, jJiP 

orrpedJJHTeJI1 o, OT.IIH'IHhlfi OT'1 HYJIJI, 'ITO u pam,me. 

TtM'1 me crroco6o~n MoJimo nwmc.mTL ll noc.!I'llliYIOII(iJI 11pOIWHtliiH r,w; 
3TO BlJI'lHCJI8Hie BCer,u:a IIpHBO,U:l!TCJI 1''1 p'lJrneHiiO ~IWTPMJ,I (n-+<!J .lll!l!f'Ji

HhlX'1 ypaBHeHifi C'1 Cn+2) HeusBtcTHOIMH, y IWTopr,rx'1 Ii.OMII({JIII~i<'Hn.r upu 

H8l!3B1JCTHhlX'1 ,I\JIJI IIpOH3BO,U:HJJIX'1 Bc1JX'1 IIOpJI,Il;KIIB'h O,l(f!H II T'll;r;e. 

Ilpu rrpHMilHeHin TeopeMhl B, Bhl'IHCJieHiJr coBepmemw aHa .. IOrJI'll!I>I; 

B'1 lJ:aCTHOCTH paB8HCTBa (29) lf (29hi•) OCTa!OTCJI 083'1 1!3M'flUC.lHifi. 

39. Bb1BO,ll.'h .a.syx'h HepaseHCTB'h. B'1 rrpH!JOJJWHiJIX'b, eocT<t.BJIH HIIIUIX'h 

C0,!\8plitaHie CJI'lJ,n;yrorr~efi r.Jiall1I Mil oy,rr:eM'1 orpaHH 1llinaT1CJI !I8pllr.IMJI :UlYMll 

ueHaMH cTpOKll: Tafi.IIopa: a nMeHHO, sa npu6JrmReHHOP :-ma •wnie Ilf'.IWM<LI'O 

OTKJIOHeHiJI L(l) Mhl 6y,u:eM'1 6paTL L(O) HJJH L(O) + (!~1°). llepBI>nrr, n:n, 

8TllX'1 3Ha'!eHifi HaM'1 IIpH,U:8TCJI IIOJI130BaT1CJI B'b pa3.:ut 1lHI>lX'f, 1IaC'f'Hh!X'f, 

C.1y'laJIX'1 H B'1 COOTB'lJTCTBYIOIIV!X'F, MilCTaX'h 6y,n;yT'J, yr;a.:mJII,I PI'O (IO.WhO ll.'Il! 

MeHile o6rn;iJI CBOllCTBa. HarrpOTliB'b Mhl OCTaHOBl!MCJI ;wfieh j!W Hit BTII

pOM'1 3Ha•IeHiH, y,n;OBJJ8TBOpS:IOIII;8M'1 BO Bc1JX'1 r.JIY'IaJfX'L HepaBOHCTBY 

L(l)>L(O) + d~~O)_ (30) 

QqeBH,U:HO, 'ITO nepaBeHcTBO (30) 6y,!\eT'1 ,n:ormsaHo, er..ur 6y,'IJ!1"I, oGH<t
pymeHa .n:.ur Bc.a:~taro 2 crrpane,n;:TJ.JBOCT1 HepaBeHcTna 

MOO 

r,u:t 0 < 2 < 1. 

cl2L(A]_> 0 
dl2 = ' 

L(l)=L(O)-.L dL(~ + d2L(A] 
I a). 'Jcl).2 ' 

(31) 

Ho nepaBeHCTBO (31) BJJITeKaeT'b H3'1 cpopMy;r'1 (29) n (2\Jbi•), nMilio

mnx'1 M'lJCTO II pH BCJIKOM'IJ 2 ( 0 < 2 < 1 ). 

B'IJ caMOM'1 .n:tJ1t, sHaK'1 + B'1 B1rme ynoMJIHYTLIX'IJ qJopMy;rax·r, Ge

peTcJI, rwr.n;a L=F; sHaK'1 - 6epeTc.a:, Kor,n;a L= -- P. Ilo3TOMy, ec.m6'r, 

HepaBeHCTBO (31) OIJUO 6hl HerrpaBHJI1HO, TO BO BHlllliH HX'L TOtmaX'1 OTKJIO-

. ()2F 
neHIJI OhlJIO 6hl iJl 2 • F < 0; BO BHyTpeHHHX'1 me roqKaX'1 oTrt.mHeHi.a, r,n;t 



Mhl 11Mil.1H! 611 

lUll 

l! TilM'b OO.TB8 

55 --

iJ2P 
F> o, T. e. 1)-----o- < o, x-

cJ2F iJ2F 
1).2 . ax~ > o; 

iPF 
a BO BHyTpeHHl!X'b TOqRaX'b OTR,IOHeHiJ-1, T,!l,1J F < 0, T. e. -

2 
> 0, TaKHM'b 

- 6 ~ me oopasoM'b rro.'ly<nr.m LI 

li TI08Tmly T<U\JKe 

iJ2F 
!)).2 

(:.:~f 
rPF > o, 

rPF a2 F 
iJJ." . iJx2- > 0. 

C;ril)J,OBaTe.lbHO, Bo Bctx'b TOTJKaX'b OTK.'IOHeHiJI HMilJo 6hl M1lcTo He-

paBeHCTBO 
cJ2F 
-"'o .F<O. 
uA.~ 

(j2F i=n 
TaKUM'b o6pasoM'b cyMMa cTeneHe.t! dl2 = .~ ci:z·Cl.i )J,OJiiKHa 6n:ura 611 

•=0 
JlMilTb !TO KpafiHefi M1Jpt ITO O)J,HOMy KOpHIO M8JKAY Xi li .2'i+1, T. e. UMiJJia 

611 He MeHte (n + 1) liO,IOJKJ1Te.'IbHbiX'b ROpHe.t!, TITO HeB03MOlliHO. 

tlTaK'b HepaBeHCTBO (31), a BM'flcT'f> C'b Hl1M'b l! HepaBeHCTBO (30), 
)l,OKaSaHbi. 

3aMtTinl'b, lJTO HepaBeHCTBO (30) MOJKHO Il0~1y'l.HTb Ht'ITOCpe)J,CTB8HHO 

na'h TeopeMhi (34). 
B'h caMOM'b At,lt, saM'ilHJ-!J-1 B'b iflopMyJrt ( 28) g;(xi) trepes'b P(xi) ± L(O), 

H<LXO)l,l!M'b 
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TaKHM'I> o6pa30M'I> rrpn6.mmeHHaJI cyMMa P(:r) + P1( 1:), ITO.ilj''IaKlll(aseJr, 

ecJIH B'b cTportt Tsti:Jiopa coxpaHuT:o TOJI:OKO rrepBr.re fi:JHI •r.·reH:l, OTIUIOIUif:'TeJI 

( 
dL(o)) 

OT'I> f(x) BO BC'BX'I> (n+2) T0 1IKaX'b :x:i Ha ± L(O) + ---ru.- ; e.ThiJ:OBa-

TeJihHO, Ha OCHOBaHill yrta3aHHO:fi TeOpeMbi MOJKHO JTBGjlJfC,!(aTb, '!Til OT!iJIU

HeHie CYMMDI TOrO JKe BU)l;a, HaHMeHte JIC.mHJIIDII~efiC.H 01'1> f'{:r) HP MeHtP, 

dL(O) 
'!J:tM'I> L(O) + ~' T. e. 

L(l) > L(O) --j- ~~~O). 

llpnMt<raHie. CorJiacHo Tepr.ruHo.~oriH de la Val!L;e PouRsin (In. yno

MJIHyTott Bnrme CTaT:ot ), 

eCTb CJMMa CTelleHefi, HaHM8H1Je JKJIOHJUOII(aRCJf OT'b f(.r) B'h 11,<1HHhiX1, (n-f-- :3) 

TOqKaX'b Xi, IIpH qeM'b, CJI1Jf(OBaTeJibHO, 

L(O) + dL(O) 
d~ 

GCTb HaHMGHhillee JKJIOHeHie B'b 8TllX'I> TOqKaX'b. 



rnA B A rv. 

npu6l1HIHeHHOe BbllfHCJieHie HaHMeHbwaro YKliOHeHiH I X I OTb MHOfO

lflleHa AaHHOH creneHH. 

40. 3a,D,a'la. Onpeon.Jtum?J cpeou 6C1bXo .wnozo1l.Jteuo1Jo cmene~tu n, y 
'I!:Omop?>txo 'l!:o:Hfirfiuuieum'O npu xP(O <P < n) paeeu;, 1, mom;,, 'I!:Omopu~"i 

uauMemae y·~e,;wnflemc.R om1> ny.Mt, eo '11pOMe:J/Cym'l!:1'b 01. 
i=n-1 

EcJIH IICIWMIJ:fi MHOrO'lJI8H'I> P,.(x)=xr-R(x), rid> R(x)= ~ aixa.z, 
i=O 

npn 'l8M'I:. ai = i, KOr,ll,a i < p, n ai = i + 1, Kor,n,a i > p, TO R(x) ecTb 

CyMMa CT8II8H8:fi yKasaHHaro BJI,ll,a HaliM8Hte YIOIOHJIIO~aJICJI OTI> XP B'b IIpO

M8HtYTKt 01. CJit,n:oBaTenHo, sa,n:a'Ia 6y,rr,eT'b ptiiieRa, ecJIH MHoro'IJI8H'I:. P.,.(x) 
6y,n:en n:MtTb (n + 1) TO'IKII OTK.'IOHeHiJI (§ 33) Ha OTptsKt 01. Ho ,li,.'IJI 

3TOrO ,U:OCTaTO'IHO B3J!Th MHOrO'IJI8H'b 

n C ) _ cos2narccosy x 
In X - A , 

2p 

+(- 1)1__!'!:____ (2n-Z-1) ... (2n--2Z+ 1) n-l+ J 
.. . '221-1. Zl X ... ' 

H A2r paB8H'b Iwa<P!flmJ;ieHry rrpH xP, B'I> MHoroqJieHt cos 2 narc cos Vx n.m 
Koe!fl!flu:u;ieHTY rrpH x2P B'I> cos 2 n arccos x, a HM8HHO, 

A = (- )"_P22P .n.(n+p-1)(n+p-2) .. • (2p + 1) 
2p 1 (n-p)! . , 

ec.rrn p < n- 1, A2n-2 =- 22
"-

2n n A 2,. = 22
"-

1
• 

B'b caMOM'I> ,ll,tJit, MHoro'IJI8H'I:. P,.(x) nMteT'I:. K03!fl!fln:u;ieRT'I:. rrpH :rP 

paBHhlit 8,li,IIHH:U:t H KpOMiJ TOrO OH'b l!MteT'b. (n + 1) T0'18K'b OTKJIOH8HiJI 

- 2~:rc :t. ·-o :t. .:t. 01 xi- cos 
2
n' r,n,·Jj ~- , 1, .. . n, Ra OTp!i3Ko • 
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1 
8TO OT!tJIOHeHie TaKHM'l> o6pa30M'l> pa.BtiO :T,-:; Hn.IIplnt1;p'I.. ;(:IJI ji = 1, 

. 3 i. CJ! I 
OHO pa.BHO 2 ~,; ,ll;.lJ! p = 2, OHO pa.BHO 2n2( ;;2-l) II T. ;(. 

41. 3a,n,a'la 1). Onped1MHmlJ cpeiJn !JCJb.n Jmow•I.!II'HIIIi7> f1ill'nru 11 u, 11.\FibHI

u~uxo 'IWEirfiffiuz~ieumo npu. xP pa!Juurii euuuUli/1>, ~r)u, 0 < Ji ~ n, . 1mu 10 11.11'/17, 

uauJtemoe JJX.!Ioufliou~iuc.n omo uy.lf.Jt 117, npo.lte:JI(',IJ/}1 ~t·u, ( -· 1, i- I ). 
llycTh cHa'HUia p 6y,n;eT'1 'lllC!WM'b ·>tenw./,t.lfo. D'L T<lliOM'f· t'J:>"r:d;, t·r~.m 

xP + Q( x) J,II;OB.~eTBOp.lleT'b 3::J..,II;aq'f>, TO T'ilM'I> l!W rBOfteTBilM'J, Ofl,'I:I;\:lf'T'l> I! 

XP -i-- Q(-· x) l! T'ilM'b 6o;r1;e MHOrO'UeH'b xP+ l{(t)__ y( ~:c) fiy,'\1' l"h Ta!ii!W 
I ' 1 ~ "" • 

HanMeHte yK.'IOHJIIDIIl)lMCJI OT'b Hy.'IJ! B'L llpOMeli\YTJd; ( -- 1, -f- l ); Jill :noTJ, 
IIOC:11J,II;Hi:fi MHOrOq!JeH'b 6y,n;eT'b COCTCI.B.l6H'1 n:n, O)l)!HX'f, TO.'IJJliO 'II'TI! loiX'L 

CTeiieHelt ilOaTOMy OCTaB,1Jl.ll B'b CTOpOH'll BOIIpOe'h, OJ/Wl''h .Ill HTO fl'lil!It'Hie 

e,LU!HCTBeHHhlM'1 (qHTaTe!Jh ;reriW y61l,n;HTCJJ, 111'0, XOTJI :rru I! l!f' B!.I'J'I'I;aPTf, 

Herrocpe,n;CTBeHHO U3'1 06ll(e:ll: TeOpiH, HO .11 81, ,II;<LHHOM'I, C:!J'I:d; JYllliiPIIif' oy
,u;eT'1 TO.'lnKO O,II;HO ), M01R8M'b orpaml'IHThCJ! JI,OUJU~eHic!t.J'I,, 11'1'0 (/( .r) I'III'.'J'<I B

.16H'1 TOm,KO .113'1 TJeTHbiX'h CTeiieHefi. 

II OSTOMY, rro,mraJI .x2 = y, MI>I M0lf\PM'1 npnsecTH !fa Illy :!<1,\H'IY li'l• 

upe,n;hii\ym:efi. C11t,n;onaTe:rnHO, HCIWMr,rfi MHoro•r;rewr, oy;\OT'r. 

xr + Q(x) = cosn~ceos.1:, 
p 

6CJUI n qeTHOe 'lliC.'IO, U 

rJ( ) cos(n-l)arccos.c 
x+l~X= B . , 

p 

ec.m n He'leTHOe lJHC.~o, r.n;t BP paBeH'1 r~oarprpRr~ieHTY IIPH ;tP wr. 'IIH~.IllTP!I'h. 
l1HhlMH CJIOBaMR, uau.~rtyliwee npu6.~rtu:Jtceuie .rP=.T2k npu !IO.Itott(·l6 .ltuoto

'1-"eua mneneuu 2n UJ!U 2n+ 1 ua omp?b3X1b (- 1, + 1) 1110 mer, •1111o 1W1f.lfiJ't

wee npu6.~rt~W/Ceuie x" npu 1WMou~u Jot-1JOW1!J!e?ta cmeneuu n nrt mnpnah:l/, (0, 1 ). 

,ll;orrycnrM'1 ,1\aJite, 'ITO p 11C•1emuoe 'lliCJro, p = '2k -f- 1. J3'J, Tai\C>M'r. 

C,1yqa1J, eC.1H :!r!HOfO'WeH'b r-P + Q(x) ,II;U6T'b ptmeHie 3HNL'Ill, 'fO '!'1lM'I, liCP 

CBOfiCTB0)1'1 06Jia,n;aeT'1 H MHOrOlJ,18H'b XP- Q( -- ;t), a. T'f>M'I, OoJiile MHOfO-

Q(xJ- Q(-x) 
TJ.IeH'1 x·P + · 

2 
6y!l.eT'O HaHMCH"Be yKJJOHJIIO!I~HMeJI OT'I, Hy.:IJr rm 

0TpiJ3K'il (- 1, + l ). C~It)(OBaTBJI1HO, MOlEeM'1 orpaHH'IHTI>CJI rrpe,n;llOJIOjKC

HieM'1, 'lTO HCIWMhlfi MHOTO'l.1JeH'1 COCTaBJieH'1 H3'1> 0)\HHX'f, T0.1hiW He'!CT

Hh!X'1 CTeiieHefi. 3a,n;a'la CBO,!I;HTCJI TaKHM'1 OOpaaOM'L lt'I> OIIpe,u;iJ!IBHiKJ CJM

MI,I HeTJeTHhlX'l> CTeiieHefi J:, x\ .. x2k-I, x·'k+\ .•. x" (l!.m :~:••-1, cc:m n 

TJeTHOe 'IHCJIO), HanMeHte YK.'IOH.l!IDITI:8fiCJI Ha OTpofl:mt 01 OT'L ,1'P = .z-2k+J; 

1) 3ra aa,!l;a'Ia, KaK'I> 11 yarra.11> nrrocnt;(CTBiu, Gwra. yJKe pilmena npu noMo~n APY
rnx'l> pa3cyiK,!I;eniii: llL yrroMaayroM:o Bhll!Ie CO'!HHeuirr B. Map1r.ona. 
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n-1 
'lllCJIO STRX'b CT8II8Hefi paBHO 

3 
n-3 

8CJ!ll n H8'l8TH08 'lHC.ITO, a 8CJHI n 

'I8THOe tJHC.1o, OHO paBHO ---. C.rrt,u:oBaTe.l!nHO, sa.n;aqa 6yi-\8T'b pili!IeHa, 
2 

n+1 n 
8C.1!1l CYMMa xP + Q(x) HM'B8T'b ---,aBO BTOpOM'b C.1Iyqa1J- TO'lKll OTK.IT0-

2 2 
HeHiR Ha OTptsKt 01. Ho aTitM'I> cBo:ltcTBOM'b o6,m.n;aeT'b 

IIpH n H81!8THOM'b, ll 

xP + Q(x} = cosn~ccosx, 
p 

xP+ Q(x) = cos(n-1)arccosx, 
Bp 

rrpH n 'l8THOM'I>, r.n;t Bp K09tlJtlJHII;ieHT1, rrpn xP tJHC.'lHTe.1JI. 

IIycr1, HarrpHMilp'b, p = 1. Tor;~;a 
n--1 

(II pH n H8'l8THOM'b ), II 
n-2 

B1 = (- l)~(n- 1) 
( IIpH n 1!8THOM'I>). 

IIpu:Mt'laHie. TaKH:M'1 o6pa30M'b cyM:Ma x + a 1x 3 +· .. + anx2"+ 1 B'h 

1 
npo;IemyTidl ( 0, 1) He MOJR8T'b OCTaBaTbCJI MeHte ---, IIpll &TOM'b cy:M-

J 2n+1 
.11a ama, albucnwwJze.Jtb'IW, ue npe8blUWemo 

(-1)"' . 
"IJteuy ---- .cos(2n+ l)arccos.r. 

2n+ 1 

--- ec.Jtu 011a pawna -1t1tOW-
3n+ 1' 

42. npeo6paaosaHie 38,D,8'1M Bbi'IMCJieHifl YH.IlOHeHifl lxl. B'I> BRAY Toro, 1!TO 

lpyHKII;i.H :xi 118THa.H, lllbi 3aK.1Kl'laeM'b, KaK'b B'b lip8i!.bii-\JIII;8M'h §'t, 'ITO MHorO

tJ.1!8H'b, HaMMeHte JKJIOH.Hro:rn;B!cs OT'b ) xI Ha orptsKt ( -1, + 1) MO:iRHO rrpe).\

IIOJIO:iRHT1 cocTO.HII!MM'h TOJJ1KO MS'b 'leTHhlX'b crerreHefi. CJit.n;oBaTenHo, 3TOT'h .. 
MHOfO'l.18H'h 8CTb Hll'ITO HHOe, KaK1, cyMMa ~ bix2i, HaHMeHte JKJIOH.HIOIII;a.HCJ! 

i=O 
OT'b :l' B'b rrpOMeJKyTKt 01; HO BMiCTO TOrO, '!T06'b H3CJI1JJJ;OBaTb 9TJ CJMMJ, 

Mbi 6yJJ;eM'b pa3CMaTpHBaT1 CJMMJ, COCTaBJI8HHYID TO:IbKO H3'b 'l8TBhlX'b CT8-

II8Heil: x 2, X4, • .. ,x2" (683'1) HJJI8BOfi CT8li8HH). ,!J:pyriiMII C,10B3MH, Mhl 6y

,11;8M'b nsytJaTb RaRMeHte yK.TIOH.HIDII!ilic.H on I xi M3'b MHOrO'lJieHOB'I>, paBHhlX'h 

HyJiro rrpH x = 0. EcJIH Mnr o6osHa'IllM'h qepe:n E~:. HauMeRnmee yKJIOHe

Hie, COOTB1JTCTBJID!II88 CJMMt IIOC.1!1J,ll;H.HrO BI!Aa (6E'3'b IIOCTO.HHHaro '!Jl8Ha ), 

a qepes'b E~.. HanMeHniiiee yK.liOHeHie, coorBtTcTByrom;ee rrepBoHatJa.~:oHofi 

CJMM1J, TO JIE'fKO y61J,lJ;Il.TbC.li, 'ITO 

E' >E >_!._E'. 
2n= 2n= 2 :2n 
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llepBOe H3'b 9THX'b H8paB8HCTB'b 01!8BH)l;HO; BTOpOe BLITCimeT'h ll3'r, TO!'IJ, 

liTO, ec.m MHOf0'1<18H'b P2n(:r) YK.10HJI8TC..H Ha E2., OT'f> [:r!, 1'0 1'2n(.r)-1'2,(()) 

o6parn;aeTCJI B'b HYJib ITp!! X== 0, H He yri..WH.l!8TCJI 0'1'1> l;i:! OO.'I'he, 1Ii\M'J, 

Ha 2E2,. (He TPYAHO 6r,uo 6r,r y61lA!!TbC.H, TITO :maim pa.BeiicTB<I In, IIPpa

BeHCTBaX'b (32) MOlKHO OT6pOCI!Tb ). 

llpnMiJqaHie. Ec.1Irr MHOrorueH'bP(.1:) HaHMewhe YIUIOHJieTC.H OT'J. .r[ 1m 

OTpiJ3Kil ( -1, + 1 ), TO hP ('f) 8CTb MHOr01IJI8H'I, HUILM8H'he }'1\.'IOHJ!IOII~i!krr 
OT'b [x[ B'b ITpOM8lEJTK'B (-h, +h); C.liiJ)l;OBaTe.Jn>HO, WtiiMl1libll!eP )'Ii.'IOHCHie 

npOITOpii;iOHaJibHO )J;;1l!HiJ npOM8iiCyTKa. 'Jh. 
43. TeopeMa. HauMe'WbllWe yumteHie ua omp7b31Cih OJ C,IJ.~t.lfbt awla 

t'=n t..=u 

~ a,X'li Om'O X 60.tb!UB 1WUJ.IB/l'bW.a10 y?C.tO'HBitifl Olno .1'.' C,ll.ll.l,tl>l 6/lt)a ~ hi.r'iJ/ 
i=l i=l 
ec.tu a1 >{:11 , a 1 >/12 , ••• an>f:l,., npu "<B.Ho aoofiiiW 61'/b {:1.1> 1. 

llo,JOJEHM'b CHatJ:aJia, 'ITO 

f:lt < al < f:l2 < a" < ... < fl,. <a,. 

llycTh cyMMa Q(x) = B 1a.:'l, + ... + B .. x'l,. 6y)J;en HU.HMuirlw yK.'I<J

HJnorn;eficH on x Ha oTptsK'l> 01. B'b TaKOM'b c.~y'Iat HecoMH1lHHo 

B1 > 0, B2 < 0. B3 > 0, H: T. )];., 

n6o ypal!HeHie X- Q(x) = 0 )l;O!IlEHO IIMiJTb ITO ltpafiHefi M'Bpi> n ITO.'IOlEII

T8JibHhlX'b ItOpHefi. 

,l{JI.l! llpHMiJHeHi.li reopeMbi ( 3 7), CTpOliM'b rlJYHIGiiiO 

F(x, 2) = x + (,?. -1)Q(x)- P(x, 2), 

r.n;t P(x, l) ecTb cyMMa Bn.n;a ~ a;x'l;, HanMeH'he yrwoHJIIOII\<tHCH on 
i=l 

.1:+(2-l)Q(x). He TPYAHO y61l.n;urnc.l!, TITO B'b )l;aHHOM'b c;JYrmt rrpnu·h

EeRie yKa3aHHO.it T80P'eMbi 3aiCOHRO. 

B'b caMOM'b AilJit, n:oariJqmu;ieHTbi cyMMhi 

~: = 1 + (l- l)Q'(x)- P/r:, 2), 

ITpH l < 1, He Moryn liM'ilTh 6o.l!'i;e qiJM'b n trepe.n;oBaHiit 8HaKOB'I,, IIOSTOMy oF 
OX = 0 liM1Jen He 6oJI1Je n HOJIOlEliTC.llbHbiX'b IIpOCThiX'b ROpHefi, Tawr, liTO 

ITpH BCJIKOM'b 2 KOHCIJ;'b 0TpiJ3Ka 1 Oy)J;eT'b TOl!IWfi OTK.liOHCHiJI, H KpOMiJ 
r)2p 

Toro, Hll B'b OiJ:HOfi H3'h BHYTP8HHIIX'b TOTICK'b OTK.IJ:OHeHiii He 6yAeT'b ::>"2- = o. 
u.x 

I1TaK'b BbllJHCJIH8M'b llp0ll3BOAHYIO ITO napaMeTpy }., 

·~~ = Q(x) -P~(x, 2), 
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KOTOpa.H o6pa.I.IJ;aeTCJI B'b HY>1b He )ieHte, 'lhl'b rrpn n IT0,10jRHTe.11I>HhlX'b 3Ha

'leHiJIX'b X. 0TCIO,ll,a C.1tAyeT'b, 'ITO 11l1C!IO 'Iepe,11,0BaHifi 3HaKOB'b KO<l~~nu,ieH
TOB'b He MeHte n, a IIOTOMY nepBhlll KOBcpc}IHIJ,ieHT'b B'b - p: fl,O.!lmeH'b 6blTh 

I. 

B .~., iJF" .~., 
0TpllUaTe.1bHhlM'b. 'b TaKOM'b C.I)"'lan ()). OyiJ:eT'b llll!nTh pOBHO n Il0,10lR!I-

Te.IJhHhlX'b IWpHefi, U, Hpii X BeChMCL Ma.10M'b, B'b 1IaCTHOCTH B'b 6-U!lEafiiiie:ll: 

aF 
K'b 0 TO'IKt OTK:10HeHi.JI, ()}_ 6y;LeT'b HMtTh :maK'b CBOero rrepBaro l!.1eHa, T. e. 

dF 
(JT < 0. 

Ho B'b BTO:tl TO'!Kt F(x, J..) > 0; c.1t,n;osaTe.1IhHO n 

dL 
aT<O, 

OTKy,n;a ilaKmoqaeM'b, 'ITO OTK.lJ:OHeHie L(J..) n;r,eT'b y6brBaJI, B'b TO BpeMfl KaK'b 

J.. sospacTaeT'b OT'b 0 .n;o 1. TaKHM'b o6pasoM'b 

L(lJ < L(Ol. 

H3'b rrpasn.1hHOCTII TenpeMbi B'b T0.1hKO 'ITo pascMOTptHHOM'b c.1yqat, 

.1erKO saK•1IO'lliTh es crrpaBe,n;.mBocTb B1, ca~ruM'b o6lll,eM'b c:ryqat. ,ll,.~.a: <lTOro 

;LOCTaTO'IHO co~.:TaBIITh c.rt,n;ymmyro Ta6:unry nor,asare,1efi: 

u1 + (n ·-- 2).81 . 
n- 1 '.82, .. .8,.-1, a,, 

.81, .82, ...... . {ln. 

CpaBHHBa.a: KaJK)UJfi p.a:,n;'b rroKasaTeJiefi C'b rrpe,n;hl,n;y.I.IJ;HM'b, Mhl BH)l;RM'D, 

'ITO OHU Y,!I;OB.1eTBOpJIIOT'b yc.1IOBiJIM'b TOi1hKO lJTO pa3CMOTptHHhlM'b Ha:MH. 

ilO<lTOMY 6epH IIOCJit)l;OBaTe.TJ:hHO CJMMhl CTeiieHefi, COOTBtTCTBYIOIIJ,i.S: KalE

,!I;OMy p.H,U:Y, IIO.JIYIJ:HM'b a fortiori, liTO H B'b 06IIJ,eM'b C.1yiJ:at Hai!MeHhii!ee 

yK.10HeHie x OT'b cyMMhl Bn,n;a ~ aix'J.i 6o;r1me HaHMeHhrnaro yKJioHeHi.a: OT'h 
i=n ,J:=:l 

cyMMbi Bl'!)l;a ~ bix~•. 
i=l 

. 44. CntACTBiH. A. Hau,1teu'bwee y'/Uonenie tta ompn3xrb 01 Mnow-
1 

ttAena 11uoa A 1x2 + A 2x4 + ... + A,.x2" om a x Men'bw.e, <trb:Mo 2n + 1· 
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B•n caMOM'b ,n:t.1il, JI3'b § 41 Mhl :maewr,, <JTO IHLHMf>IIhlllt'P. p;:IOHPHie 

Ha orp·llaKt 01 cyMMhl HeqerHhiX'b crerreHe.l! a1.'r3 -+- .. + a,..r2"+ 1 OT'I • .r 

1 
paBHO ') +-1 . 

~n 

B. Hau.~tenhutee Y"K.IlOneHie omo x· .WifOW'l.!U~'IU/. rmrJa 111.t' 1 + .. , + /1".1·""+~ 
1 

ua omp1b31C1h 01 6o.I!IJWC, >tn.Ho _) ____ • 
':..n+ 1 

45. TeopeMa. HauJ.{eur,uwe yJcAoue"Hie E~,. .lt1UJW 1t.ll1'1W fie.J;, r·aor)orJnaw 

1i.llena cmeneuu 2n omo J:rJiw OJllfJ1b31CJb (-1, +I), npn n> 1, /fli!ill.lli'!IIBo

PJiC'!no uepa6euc?JUJaJ.to 1
): 

__ 1 ___ 1_ < R' < __ !__ __ 
2(l+V2) · 2n -1 2

n 2n-f-1. 
(3::l) 

B'I. caMOM'I. ,n:t,'I1l, E~, ecr1 B'b TOlfte BpeMJr Hf1HMeiHIUPt' onuoiWJiir 

DT'b x Ha orpilsrtt 01 MHOrorweHa Bll,n:a A 1.1;2 -t- A 2.J'4 + ... + A ... ~·~"; C.7dl

,n:oBare.1JhHO, BTOpOe H3'1 H8paBeHCTB'1 paBH03Harmo c;d>,Tf,CTBi 10 .I I!Jll' )\l>li~Y
m;aro §'a . .li:~1Jf ,1\0Kasare.llhCTBa rrepBaro HepaBeHCTBf1 pn,;wyJitJI,aP:M'r, c:rll;(yro
II\HM'I. o6pa30M'b. 

ilo rrpe,n:ITOJIOaJ:eHiiO 

lx- A 1x2 -A_,x4- ... -A x2"j < E' ... n = ~,, 

Ha OTptsK'l; 01. iloaTOMJ IIpH BCJfltoM'b IIfM0lftllT8.'IbHOM'b 3H<Vlf'Hill fl 0}'1\CM'T> 

rtM'b 6o.rrte HM1nr, Ha TOM'I. JKe orptaidl 

I 
,T ( X )2 I , 

1 + ,u - A I 1 + ,u - ..••• i < lo~,.' 
OTKy,l\a 

HO BbiqJ!Ta.J:I H3'b 8TOTO HepaBeHCTBa HepaBeHCTBO (34), IIO,'IJ'lllM'f> HepaBCH

CTBO Bll,l\a 

1! HaKOH8IJ;'1, 

!x-B1x4 - ••• -B,_1x2"! <E;n.( 1 +.u~~+ 1 
I 

1) OJiyqali: n = l Henocpe)l;CTBeHIIO npl!IJO)Il!TCJI K'h ptmeHiiO xBa)lpaTHaro ypaBHeHiR, 

E l l 
1!3'h KOToparo noJiyqaeTCJI 2 = . 

2c1 + V2l 



~·' - U•)-

C'b Apyrofi cTopoHni, ns'b c.TB,ll,CTBiJI B rrpe,ll,LIIJSIJJ:aro §'a Mhl saaeM'b, 

'ITO \x- B 1x< -- ... - B,._1.r~"i !J:0.1iima (npn n > 1) cTaHOBIITbCJI 6oJite, 

1 
•d>M'b - -- CJI'B!J:OBaTe.:IbHO, 

2n -1 

_1 ___ < E' 
2n-1 ~~~ 

(1 +.u12 + 1 

f.i 

KaKOBo 611 HII Ohi.'IO no.IOiiWTe.rr,aoe 'IllC.IO ,u. 
Ho 

,ll,OCT!iraeT'b MIJ.HHMpia llpl! ,u = V 2; Ta!W:Mb OOpa3UM'b B'b '!aCTHOCTii 

OTKy)l;a 

1 E'' ')(1 I .19) 
2---< ., ·- TV""' n -1 "" 

E~ > 1 . __ 1 __ 
"' 2(1-1-V2) 2n-1 

llpll:M'B'laHie. Ha OCHOBaHil! HepaBeHCTB'b (3~) n:(33) MOJKeM'b 3aK

.1IO'll1Tb, 1ITO 

___ !___ > E, "> 1 
2n + 1 -" .... 4(1 + v' :J) 

1 

2n- 1 

46. npMMtHeHie HepaseHCTBa (30). Kar'n Mbl BH)l;1lJIII B'b § 43, rrpnM1>

H8Hie Tt>Op8Mhl (3 7) .llB.1.lleTCJI BITO.'IH'i> 3ai\OHHhiM'h, 8C!U! 

F(x, J.) = x + (l- 1 )Q(x)- P(x, 2), 

r)l;t Q(:r) MHoro'lJieH'b BH)l;a B1x 3 + B2x5 + ... +B,.x2"+1, HaHMeH'i>e YKJIO

H.lliOIJJ;ificH OT'b x B'b npoMe.myn;:t 01, a P(x, 2) MHOroq,JeH'b BH.n;a A1x 2 + 
+ A 2x 4 + ... + Anx2", HaHMeHte YKJIOH.liiOIJJ;i:ll:cJI OT'b a::+ ( 1- 1 )Q(x) B'I, 

TOM'b .me npoMe.myTK1>. M1r sHaeM'b, 'ITO 

n 

f-1)" 
x- Q(x) = 2n·+ 1 .cos(2n + l)arccosx 

1 
L(0)=2n+ 1' 

3 nepBOHaqaJibHhiMH TO'IKaMH OTIUIOHeHi.H CJiyJEaTo 

~:n: 
X·= COS---. 

' 2n+ 1 
(i=O, !, .• II) 
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TaKHM'b oopasOM'b 
l- Q(1) = (-1)"L(O), 

cos-x __ Q (cos x ) = (--1)"- 1L(O), 
2n+1 2n-t- 1 

a" • • a • • • o '"• • • • • • • • • • • • • o • o o • • • • • • • • • 

........................................ 
nx Q ( nx ) _ 1 (O)· 

cos 2n + 1 - cos 2n + 1 - ~ ' 

a ypaBHBHiH, COOTBilTCTBJIOIIl)JI ypaBHBHiJIM'b (28)1 IIM1lmT'f, rpop111y 

Q(1) -P1(1) = (-1)" d~i0\ 

Q (cos 2n1~ 1J -Pl (cos 2n~ 1) = d~~O). 
CKJiafl:IUBaJI Kam.rr;oe ns'b paneHCTB'b rrepno.tl rpyrrmr c'J, cooTBilTCTBJIO

m;nM'JJ ypaBHBHiBM'JJ BTOpofi rpyliiiiJ, IIOJIJ'lHM'JJ 

[ 
dL(O] 1-Pt(1)=(-1)". L(Ol+af-, 

cos---P1 cos =(--1)"- L(O) + ------x ( x) 1l dL(O)] 
2n + 1 2n + 1 · dJ.. ' 

(35) 

nx ( nx ) dL(O) 
cos 2n + 1 -P1 cos 2n + 1 = L(O) + rll~. 

MHoro'IJIBH'L P1 (x) HM'ilBT'JJ ilJopMy A 1x 2 + A 2.x4 +· .. + A..x~". CJJil
.rr;onaTB.IbHO, ypaBHBHiJI (35) BIIOJIH'il Ollpe.rr;ilJIJI.IOT'b ero KOBrprp.H.IJ;iBHTIU, a TaK-

dL(O) ~ . . 
IKe (J = L(O) + dJ.. -. ,n:.~JI y.rr;oocTBa ptrrreHI.l:I BTHX'b ypaBHeHr:!t, saMilTHM'b, 

'ITO K'b HHM'b MOlKHO IIpHCOB,Il;liHliTb ypaHHBHiJI 

(n+1)x p ( (n+1)x) 
-cos 2n + 1 - 1 cos 2n + 1 = (l, 

(2n + 1)x 
-cos ') + 

~n 1 
p (cos (2n + 1 )x) = (- 1)"P· 1 2n + 1 
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TaKHM'L o6pasoM'L MHoro'l.JreH'b P1(x) ecTb MHoro,vreH'b cTerreH:rr He Bhl
me (2n + 1), KOTOpbl:fi 6JiarO,ll.apJI paB8HCTBaM'b (35) li (35bi•) ,ll.Ol!lK8H'L B'b 

+ ?:Jr . 
( 2n 2) TO'lKaX'b Xi= COS 

2
n -7-l ( t = 0, 1, ..• 2n + 1) !IpliHIIMaTb 3Ha-

'leHiJI Xi- Q(- 1 )n+i, 8CJ1li i < n, ll -Xi + Q(- 1 )"+', 8CJIM i > n, KO
TOpbiJI CTaHyT'b OIIpe,ll.t.18HHbiMM, 8CJIM Q BhlOpaTb TaK'b, 'lT06'b P 1 (0) = 0. 
il03TOMy, rrpm.rtHHJI H3BtCTHYIO ipopMJJY )l;JIJI MHT8piiOJI1IpOBaHiJI, IIOliJ'!liM'b 

(36) 

r,11.t 
S(:x:) = sin(2n + 1)arccosx.lh- x2 

MHOfO'!JI8H'I, CT8II8Hll 2n + 2, MMtiOrrrifi KOpHJIMli Xi(i = 0, 1, ... 2n + 1) 
Y cJioBie, '!TO P 1 (0) = 0, rrpHBO)l;MT'I> Hac'1 K'b ypaBHeHiiO 

i=n Xi _ Q( _ 1 )"+i i=:;:2n+I Xi_ Q( _ l)nti _ 
~ S' -I; et'( ) - o, 
i~O Xi (Xi) •="+! X1u Xi 

:rrn IWToparo orrpeJJ,t.nJieM'L Q. ,ll,;ra: 3Toro saMt,raeM'L, 'ITO 

X 
S'(x) =- (2n + 1)cos(2n + 1)arccosx- v-= sin(2n + 1)arccosx, 

1-x2 

OTKJ,U:a 
8'(x,)=-(2n+1).(-l)', ecJili i=1, 2, ..• 2n, 

li 
S'(x1)=-2(2n+1).(-1)1

, ecJI:rr i=O :n:.m 2n+l. 

TaRMM'L o6pasoM'L 

CJit,n:oBaTenHo, 

liJlli 
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1 
(J= j_,. 

1 +2~ ix 
i=l cos --~~-~ • 

2n+1 

(:-:l7) 

ilOJib3JJICb HepaB8HCTBOM'b (30 ), Mhi II0,1J'HIM'L OTeiO,n:a HmRHIOJO rpa

mm;y ,n;JIJI L( 1) = E~ .. , a IIMeHHO, 

1 
E~n > Q = '-" 1 

1 -i-2~ . 
. 

1 
·IX 

·= cos') I I 
... nl 

Ho 

1 +'~"--1 -< +j" dz 
~ in nx zx 
1= 1 cos--- cos--- cos-----

2n + 1 2n + 1 0 2n r 1 

nx 
cos-----

2n+l 

I 

I 

.. ~ '1/Jr 

+ 2n + 1J
2

n-t-l d1JJ = 1 _ + (2n + l)locr ~~~i~1 2~1 ± 1 = 
X COSU nx X 

0 
?IX 

cos cos -- - -~-

0 2n + 1 2n + 1 

•• •• x 2n -r 1 - --~---1:-(--~--...,-)~s-- + 2n + 1 log (1 +sin __ ?I~~ -) --

4n+2 -6 4n+2 + 

+ 2n + llog (2 - x2 . + ... ) + 2n + 1 log ~~±~ -
.7t 8(2n+ 1)2 X X 

_ 2n+ 11 (1 - x
2 

+ ) = 2n + 1 1 §?!'_ + ~ + 4n + 2 +en, 
x og 24(2n+1)2 ... X og X x 

r,n;'l! Bn CTp8MHTCJ1 K'b HJ.IIIO, IWr.n;a n B03paCTa8T'b 6e3IWHeqHo, U, IIpM BCJI-

1 
KOM'b n, Bn < 2· 

CJ!'l;,n;oBaTeJibHO, rrpn BC.aiWM'b n, 

E' > X .,,. Q> [ 
- (4n+2) 2+log 8n:~]. (38) 
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HepaBeHCTBO (38), KaK'b Mol Bnp,l!M'h, ,IJ,aeT'b 3Ha'IIIT8UHO MeHte 6JHI3-

KJIO K'h E~ .. muEHIOIO rpaHll1IJ, 'l"BM'h nepaBeHCTBO (33). 
4 7. 3aMtHa npM611111HeHHarO MHOrO'IlleHa P1 (x) ,ll,pyrMM"h MHOfOL!JieHOM"b. 

BMtcTo Taro, '!To6'1 rrpO,IJ,0.1lKaT1 cacTe:MaTwrecrwe rrpnMtHeHie o6m:aro Me
To,n;a, pa3CMOTpHM'1 MHOro•IJIBH'h R(x I CTBIIBHI! 2n, OIIpe;I,il,'IJIBMillfi yr~.TIOBi.HMII, 

( 7,· +!.) Jr 

. . 2 (k ) 'ITO OH'h paB8H1, I :r i B'b TO'!IiaX'b Xk = (',OS---- . = 0, 1, ... 2n-1 , 
· 2n 

r,n;t T(:c) =cos 2n arc cosx = 0, n KpoMt Taro paBeH'b HJ.III0 rrpu x = 0. 
3a:r.d;'laeM'h, 'lTO 

') . 2 
1

,, ) _nsm narccosx 
(.T = t/ • 

v 1-x2 

ll09TOMJ 

1 1)-(k+9)n (k+- n 
( k • - ( l)k - 2 x1\xl k~n-1 -1 ). sm --~-n- 1.:::.2n-l- . sm 2n 

R(x) = 211- ~ --- ----(----~)-- ~ - ( 1) . (39) 
k-=<J k + 2 Jr k=n Jc +2 Jr 

:r- COS X- COS--::---
2n 2n 

Ho, C'h ,n;pyrofi cTopoHnr, 

0TKy,n;a 

. )k . ( 7. 1) Jr ( 1' k . ( k 1 ) Jr 
T( ) k=2n-l(-l. sm '"+::;- ~ - T( )k=n-1 - ). Slll +::;- ~ 

x-R(x)=~_!__ ~ . -~-= x X ~ ,:, u11. (40) 

k=n x-cos k+- - k=O x+cos k+- -n.:::.... ( 1)x n'""' ( l)n' 
2 2n 2 2n 

H TaK'b KaK'h MHOrO'lliBH'h R(x) npe,n;cTaBJI.HBT'h co6ofi cyMMY 'lBTHhlX'h cTe

nene:tt, TO !x\- B(x), KaK'b rrpH rroJiolKHTB!IbHbiX'h, Tait'h n rrpH OTPilii;aTeJib-
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HhlX'1 aHa'leHiJIX'1 x, paBH.HeTcJI paaHOCTn .-r- R(.r), B8JIToti TO.:II,IW ,:I;MI ?10-

.w:J/CttmMWbtXo 3Ha'leHiit X. 

llpeo6paayeM'1 cyMMY 
1 

:rc 

.k=n-1 (-l)ksin (t.: + :l) '2n 

H=-"£ 
k=O 1 ( ,1).1[ x-cos k-~- -

I I 3 ;2n 

IIO.liaraJI ,ll)I.lf orrpeJJ;il.iieHHOCTH n 'l8TH1IM'1. 
Terrepr, JierKO y6t,l\HTnC.lf, 'ITO ,ll;MI BC.lfrtaro urqJcliJt,.lfi'IIU((.Io rro.wmu-

Te.iibHaro 3Ha1feHi.lf x, 
1 

rrpe,ll;. xH(x) = r;. 
n=:co .;.J 

k:rc 
x 2 cos - _;_ x ;:_ 

(42) 

JC 2n 1 
X r ~ ;t(:OSa + 1 1 

rrpe,n;. xH(x) = rrpe,n;. ~ -2 ( k ) 2 = 0 ( -+- . .) 2 da = -'l. 
n=co .. =oo k-1 3 n :rc ~ _.c eos a ~ - · ,... x+ cos- • o 

2n 
TaKHM'1 o6paaoM'1 

jxi-R(x) cos2n;:ccos:r. + e,.(a;)~_os~~~~~t~co_~:C., (43) 

rrprr '18M'1 e,.(O) = -1, H rrpe.n;. e"(x) = 0, ec,1H I xi> 0. 
n=co 

48. Onpe,D.tJJeHie HHl!IHeii rpaHHqbt E;,.. MHoro•I.JieHOM'1 H(x) Momno Boc-
IIO.Jib30BaTbC.lf .1\.ll.lf OIIpe.n;iJ.JieHi.lf HIDKHefi rpaHH~hl R;,. IIpH IIOMO~I! 0000-
IIIeHHO:II: TeopeMhl de la Vallee Poussin. 

,II;.JI.lf 9TOrO IIOKaH£eM'1 CHa'la.Jia 1 
), l!TO IIpU BCliiWM'1 X > 0, 

H(x) > 2n~l [ +l :rc ---+2~ +1-] 
X - X --- :rc • (44) 

4n 4n 
------

1) MI>I npep;noJiaraeM'l> n~2. CJiy'laii, Korp;a n= 1, He npep;cTaBJiaeT'L HUKaKl!X:L Tpyp;
HOCTeit, It&K'l> aTo yl!(e OhiJ!O aaMil'leHo paHie. 
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B'l> caMOM'l> .n:t,TB, 

R (x) > sin~. L 1 
1 

1 = 
2
n 1 3 -l[x_t_cos(k---)~][x+cos(k+·-)!!_] • · , .... n 1 2 2n 2 2n 

. n ~ 1 >;lll-

>" ~n 1 'J (:r+(2k-l)n)(x_t_(2k_j-l)n) > 
· ····· · 4n 1 4n 

n ~ 1 >-- ) > 
~n+1' ~I (2k-1)n][ +(2k+1)n., 

13 x+---- x ----, ···· 4n 4n 

n " I >2(2n+l)~ ( 2k-1 )( 1 2k+l )= 
1 :~ n x+---n x-

1 
---n 

'···· 4n 4n 

0TCIO.Qa 
n 

3ai,J1IO'laeM'b 6en Tpy.Qa, 'ITO IIpll X > -
8 - n 

x.H(x·)> 2 1~ (-31- 1 3); 
n 1 1 4n+ 

a IIOTOMy, KaK'l> 6hl MaJio Hl!. 6hlJIO 1, MOJKHO :B3.ffTb n .QOCTaTO'l:HO 60Jib
illl!.M'b, 'l:T06'b HM1JTb 

ilOSTOMy pa3HOCTb 

1--8 
x.H(x)>-6 . 

x- R(x)= x.H(x).T(x). 
n . 

'ln 
Zi=COS-2 ' n (i=O, 1, ... n-1) 

IIOCJI1J.QOBaT8.'IbHO MilH.li.li 3HaK'b, CTaHOBllTC.li IIO a6COJIIOTHOMY 3Ha'l:eHiiO 60Jib-
1-s n 

me -- II, HaKoHeiJ;'b, CHOBa rrepeMtRHB'I> 3HaK'b, B'b TO'l:Kt - rrpeBhlmaeT'b 
~ ' ~ 
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IIpHM1lHH.H o6o6ru:eHHYIO TeopeMy de ht VaJJee Poussin, saK3Io•meM'1, 'ITO 

E' ~c 1'(_!!_) 
2" > 6n · 8n ' 

ll.JIH, IIO.llaraJI n JI;OCTaT01!HO 60JlbllillM'h, HaXO)l,IIM'1 

E I > _I_ _2__ 
2n 3V 2 . 2n. 

;r., }'',I I IIpHMtiiaHie. JerRo 6r,r.llo 6r,r rrpOBhpliTh •ITO ', · -.--- i~:IJI 
, 2a __.. fi 2n 

BC.Hitaro n; HO i:lTO HepaBeHCTBO MeHte T0 1JHO, 111lli!'J, HepaB('J[(',THO (33), liO· 

TOpoe TIOJiyqeHO 6:DIJIO yme Bhiiiie )l,pyrn~n, CIIOCOOOM'J,. 

B'1 rrpn.mraeMOM'1 HHliW )l,OOaBJieHill li.'b ::nott r.·mwl; p1PII> Gy;r,PT'h llTTlf 

o rrpH6JTI1JReHHOM'1 BWU!C.lleHilf E 2,.. LJ:ro me rmeaeTeJI f·}~n' ro. l!n.rr.syJJer, 
6o.~:rte TO'lHhlM'1 BhPIHCJ1eHieM'1 :z:H(x), )J,JIH BechM<L ooJII>Illl!X'h :wn.•JL'Hiti n, 
MOJKHO IIO!IJ'IHTI>, 110Jib3J.l!Cn T1JM'b me MHOfO'!JiellOM'J, Jl(.r), 

E' > 0,34 
~n 2n · 



.Qo6asneHie l) Hb rnast IV. 

BwmcneHie E2 •• i xI ,ll,nH secbMa 6onbWHXb aHaYeHili n. 

49. npeo6pa30BaHie pa3HOCTI1 jxi-R(.r) ,D,n!l BeCbMa 6onbWMX"b 3Ha'ieHiH n. 
Cor.racHo o6o;ma'IeHiJIM'L § 47, paBeHCTBY { ±0) :r.roacHo rrpn,ll;aTn BII,!I;'L 2) 

, xl'(x).H(x) 
!xi- R(x) = -'---------' 

. n ' 

Ho npu 6e3IWHe'IHOM'L B03pacraHin n, xH(x) crpeMHTCJI, ol!eBn,n;Ho, 
K'n TOMY me rrpeA·by, 'ITO n 

kx 
x 2cos-+x 

xHl(x)=;n L [ ( rl1 ( lrr 
k=l, 3 , ... x+cos k - 2 2n x+cos k +2 2n 

rrpn 'I8M'L pa3HOCTb xH(x)- xH1(x) paBHOMflpHO CTp8MIITCJI K'L Hymo, 
ecJn 0 < x < 1. TaKHM'L o6pasOM'L 

J) Baamtllmie peayuTaThl aToro ii:06aBJieHiJI OhlJIII coo61!\eHhl ~!Holl IlapmKCKOH 

AKa,J;e>Iin HayK:~> 22-ro JIHBapH 1912 ro)la; aaMt'ly rrpn 8TOM:h, 'ITO HepaBeHCTBa (3) yuo

IIIHHYTaro coo61!\eHiH ;J;OlllKHhl OhlTD aa~d'laeHhl HepaBeHCTBaMl! (59) ue'laTaeMaro HlllKe 

TeKcTa. 

~) Ilpi!HI!MaJI BO BH!IMaHie, lJTO Mbl l!MteM'L B'b BHi\Y JII!illb BeCbMa OOJ!blliJI 3Ha'l:eHiH 

n, M01KHO orpaHI!'lllTbCJI paacMoTptHieM:h 'i6THhlX'b aaa'!eHill 11, 6.:raro,11apH 'leMy T(x) = 
= cos2narccosx = cos2narcsinx. 
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T(.?J) 
lxJ- R(x) =- [xH1(.x) +an], 

n 

r!l;t an pa!i'/WJ.tnpuo IIpl!OJ!li::EaeTC.JI K'1 HyJIIO, KOr)l;a n B03pacTae'r'I> 6r:mOH8'Ill0. 

JI roBopro ~aJite, 'ITO paBuocmt 

(.JG) 

maxJ/Ce paBuo.mopuo cmpe.Hwnot ?Co uy.Jtw npu ucaxone11Uo.m, 
cma'lliu n, ec.Jtu 0 < x < 1. 

IJO.J)Jit· 

)j;,TH TOrO, 'lT00'1 B'1 BTOM'1 y61J,li)1TbC.JI, 3aM1Jlfa8M'1 C!I8pBa. 1ITU 

BepeM'1 )l;aJite HtitoTopoe rrpon:sBOJibHO Ma.T!oe 'lHCJIO .-:~·0 . Ibn, ~ -1 7 
Mb! ym:e 3Ha8M'1, 'lTO, rrpn: X> x0 , xH(x), a IIOBTOMY H :rHt(x), IIp!! n )J,O· 

1 
CTaTOTJ:HO 6o.n,mOM'1, paBHOMtpHO rrpn6Jil!lKaeTc.JI IC'1 2; HO He TPYi\HO Bl!-

,ll;'BTn, 'ITO It'1 TOMY me rrpe)l;t.~y paBHOMtpHo cTpeMIITC.JI ( rrpn :l' ~ ;~·0 ) u 

JC X 'I.' . 
F(v) =xR,(x) =- "'5' . - = ~ ------ (.!Gb") 

~ 2n .:..J ( b)2 .n: 2 "'-~ 1 ' I, a, ... x+- ___ 1,s, ... (v + k)2 __ 
2n 16n2 q 

2nx 
r)l;t V =- 6e3KOH8TJ:HO B03pacTaeT'1. )I;t~CTBl!TBJibHO, 

.n: 

f
co vdz <2 2; v <foo vdz +2 ____ v ___ ; 

1 
(v+z)2-~ l,a, ... (v +k)2-± 

1 

(v+z)2-~ (v +1)2--~ 

IIOSTOMy, rrp!! V = oo, 

•CO 1) ~ 

L v 1 J vdz v + 2 1 
rrpe,n;. = rrpe~.- = rrpe,u:. -log---=--

(v + k)2 _ ..!_ 2 ( + 2 1 2 1 2 1,a,... , 1 v z) -- v+-
-r 4 2 
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PascMoTpl!M'1, C'1 ,n:pyrofi cToponLr, snaqeHi1! :r < :i'o. )l;.rr11 9THX'1 sna

qeniil: paso6r,ew1 Ha ,n:Bt qacTll eprMy 

9 • kn x·sm --
x L 2n xH x =-

1( ,) 2n l . ( 1) ;r 1 [ . ( 1) n l + 
1, 3 ... x+sm k- 2 :2n I x+sm k+ 2 2n 

+: ~ :l' • 

- n 1, B, ... r.t +Sin (k- ~) ~] lX -1- Sin(/.; _j_ ~) _!!_] 
2 2n ' 1 2 2n 

H ' ) Jr X 
.T l(x.=9~ . 

~n 1, 3, ... fx ..L sin (k- ~) .!!_] [.:r + sin (k ..L ~) ~] 
' 2 2n 1 2 2n 

'Jnx 
3,n:iJC1 MDI M0jf(8M'1 CHOBa IIO.'I0jf(HT1 1~ = ---, TaK'b 'ITO 

Jr 

xH;(x) = 1 ·~·· [t' ..L 2n sin (k- ~) .!!_J lv + 2n siu(k..L 2:_) -~. 1· 
1 n 2 2n n 1 2 2n 

B'b aTofi cyMMil paseMaTpHBaem, BO rrepBLIX'1 'l<18H1l, y KOTOp1IX'1 

Rm,n:Lrfi H3'1 STHX'b tiJieHOB'1 namnllel\!'1 B'1 Bn,n:t 

TIP II 'I8M'1 Taltjf(e 8' < ~ 11 e; < ~. OTity,n:a HaXO,!l)iM'1 

I' 



74-
o6osHaqa~ qepes~ 

v /) 
I'--------------=-----------

k-[v+(k-~)ll~'+(k+~)] (?;+k)
2 

--} 

coorBilTCTBYIOIIJ:i:fi q,~eH~ pH;~:a ( .JJ:i bi•). TaK11M'b o6paaol\!T, II 

1 .21' > .21 > .2!' 

( 
x0)2 k k k 

1--6 

)l;JJI 3Hal:JeHifi k, J,ll;OB.lBTBOp!HOlli)IX'b HepaBeHCTBY 

1 3n , 1-
k+- <- y .?:0 • 

3- Jr 

Ilepe:fi;J;ellf'b Terrepn R'b OCTC1.'InH11M'b 1I:reHal\I'b. ::htMiFWCM'h, 'ITO HOOOllLf~ 

sin nb > b ( ecJIIr 0 < b < 1 ); rroaroMy 
3 

TaKIIM'JJ o6pasOM'JJ cyMMa Bctx'JJ 11.1JeHOB'1, ,I!,JIJI Koropr,rx1, 

1 2n , 1-k-+-- > - v a·o 
' 2 n ' 

MeHDIIIe, qiJM'b 

x x,~ 

9 v :;rnx0 ~- v :r0 

----"'- < =---~------; 
2 (2nVx0 )= (2ny"Xo ) 3 1 ,;- 1 v+- ----1 2nx0 +2 ----1 -~ vx0 -~;t-"--=-
Jr n x x n v x0 

ll09TOMy, B3.HB'JJ n ,ll;OCTaTOl:JHO OO.~nlllHM'b (a HMeHHO, n > :J, Mhl MOlft8M'.b 

C,U:ilJiaT& yRa3aHHJIO CJMMJ MeHnllieiO, 1dlM'JJ n V x0 • J1CHO, 1ITO IIOCJdJ,n;Hee 

yrBep.m:n;eHie rtM'b 6o.~te 6y.n;en crrpaBe,n;JIHBO ,n;JIJI cyMllfhl cooTB'BTCTBYIOII~lfX'I, 

1 
l:J.'!eHOB'b p.H)l;a ( 4 Gbi•). 0TCIO,n;a C.Tt,n;yen, 'ITO, rrpH X < X0 H n > Xo, 
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rr ( H' :cH.-,(X) .;-
Xn2 x) < (C 1 (:r) < -( --.;.~)2 + Jr v :r0 , 

1--
6 

II.1li, saM'Bl!aa. 'ITO xH2(x) < 1, 

OCTaeTez, H::tKOHeJL'h, err~e :JaM'BTIITb, 'ITO rrepBaH rraeTb 

" . kJr x·sm 0 
·H"( ) - ~ Y - ~n 

.r J .r - 2n ~ [ , . ( 1) .n J[ . ( 1) Jr ] 
1, 3, .•. ;r-j--Slll k- 2 2

n x+ sm k+2 2n 

eyMMhl .xH1 (x) MeHte, II'BM'1 .1:2 H;(:r); e.Tllp,onaTe.1bHO, 

xH2(x) < xH1(x) < xH._/x) + 5.ro + nV x0 • 

TaKHM'1 o6paso:II'h, pasHOCTb 

ImK'h p,,1JI ;l' > Xo, T<lK'b I! ,:J..1H X < .1'0 paBHOMtpHO CTpe:MJ-iTCJI K'h HJJIJO, 

ec.1n n BospacTaeT'h 6e3KOH8IIHO. 

lloaTOMY .IJ:.'Lli BctX'h 3HaiieHifi :l' MOlR8M'h HaiiiiCaTh 

. T(x) 
!x1-- R(x) = n [xHlx) + ,8,], (47) 

n.m 
T(x) 

lx; -R(x) =-· [F(v) +P .. ], 
. 1l 

r_n:t fin _pltB%0 ttnpuo CTp8MUTCJI K'h Hy.:IIO. 

C.lltACTBie. II_peiJ1M~ :.r.:H2(x)_paeeu~ 2:.., ecJtu nx eo:Jpacmaem'O 6e31C01Je'-l1W. 
2 

TaKHM'h o6pasoM'h 

, , T(x) 
jx,-R(x)= 

2
n [l+s,.(x)], 

r.n,t s,.(::r) cTpeMHTCH K'h HY,1IO, ecJin nx BospacTaeT'b oesKoHellHO. 

50. OnpeAt.neHie sepxHei1 rpaHHU.bl E2,.. llocTpoRM'h MHoroTI.rreH'h 

Q(x) = R(x) + T(x) 
4n 

( 48) 
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JI roBopro, 'ITO MaKCIIMYM'D pasHOCTII !I xl - Q(.T) I pa,Ben'b ~ + f:, r.nj; c: 
.j II 

CTpeMHTC.H K'b Hy JIIO IIpil n = oo, 

B'b caMOM'b ,n;ilJit, 

. 1'(x) r rr ) 1 _j £) ] lxi- Q(x)=n 
1

xn2(x - 4 -rf.ln . 

TartHM'b o6pa30M'b, Harne yTBeplK,n;eHie 6y,n,eT'D ,n,orta!'laHo, ec.m Mhi y6t-
,ll)lMCJI, 'ITO 

(49) 

Tart'b KaK'b 11'(x) I < 1. 
IIpeo6pa3yeM'b ,n;JIH sToro BhrpalKeHie 

xn"(x = (v)=-""' ------=21' ----, --+~-, ----~+ ... ,(4b '") rr ) F "" V l 1 1 1 1 J .,. 
- k=l,8, ... (v+k)2 -~ 2u+1 2v+3 2v+a 2v+7 

4 

BOCIIOJib30BaBIDl!Cll HiKOTOphlMl! KJiaCC}fli6CKHMII pesyJihTaTaMH H3'h Teopill 

¢YHKJJ;iH F. 
llsBiJCTHO, 'ITO 

'1/J(a)= dlogF(a) =-r+(1_.!_)+(2 _ _!_)+···+(-1 __ . _1 )+ ... 
da a :l a+ 1 n+ 1 a+n ' 

r,n:t y 6CTb IIOCTOJIHHa.H (3fiJiepa). Il09TOMY 

F(v)=~j(y-y)-[(1--1 _ 1 __ 1 )]-[(~---1 -)-
2) v 1 ·v 3 2 ·o 5 -+- -+-- . - +-. 2 4 2 4 2 4 

Epmrt Taro, H3BtCTHO 1
) Tan<Ee, TJ:To 

. 1) Encyclopedie der mathematisr.hen Wissenschaften. Bd. II (1'eil !2). Brune! ,Be-
sttmmte Jntegrale" § 12. 
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U T. ,II;., HaKOHell,'L, 

X "X =F(v =-- 1+-- + + + . 51 1L v [ 1 1.2 1.2.3 ] 
J ) · ) 2v+1 2v+3 (2v+3)(2v+5) (2t'+3)(2v+5)(2v+7) ··· ( ) 

3aMilTIIM'h 1), XOTJI MLI STIIJ\l'h CBO:llCTBOM'b II He 6y)l;e~l'L IIOJ1L30BaThCJI, 

1ITO IIOJIY1IeHHhiit p.H)l;'L rrmepreo:MeTpli'IeCKiit ll, COrJ1aCHO o6merrpHH.flThiM'L 

o6osHatJ:eHi.HM'b (Jordan, Cours d'analyse, t. I, § 379), MOIRHO narrncaTh 

F(v)= 2v~lF(l, 1, v+~. ~)· 
Ms'L cpop:r.ryJihi (51) JierKo BhiBecTn, 'ITO 

1 
xH2(x:) = F(v) < 2 . ( 49) 

)l;t:ficTBllTeJihHO, 3l1MtHJIJI B'h cpopMyJI'B (51) Bet lJ:JieHhi, CJiiJ)l,yiOmie sa 

H • 1 
tJ:eTBepThiM'h, tJ:JienaMn reoMeTpHtiecKo.u rrporpeccm C'h snaMeHaTeJieM'h 2, 
TIOJIY'lllM'h 

HepaBeHCTBO :me 

1) clJopMyJia (51) MOlK8T:b 6hlTb T&KlKe llOJiy'leHa H9ll0Cp9)l;CTB9HHO Il3'b (46bis) !IpB 

rroMOII\B npeo6paaoBaHili 8ii:.11epa. 
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npi!B8,li;8HieM'1 R'1 00Il(8MJ 3HaMeHaTe.'!IO IIpHBO,li;IITC.li li'b HepaBPHCTR}' 

105 
2r2 +10c+T> 0, 

KOTopoe, KOHG'IHO, COflmo.n;eHO ITpll I'> 0, a IIOTOM}' CTrp<llle)~.'ll!BO II HCpa-

B8HCTBO (49). 1 I c 
.I1TaK'1, J!UIOHeHie MHOrOlJ,1GHa Q(j') OT'b !xi pa.mJO -! .• f)l,'l; l CTpe

-.n 
MHTC.li K'1 HJJIIO rrpn n = 00, 

51. Onpe,ll,tJJeHie HMlKHeif rpaHMU,bl E2". IT pocTt:lJrniii rrpit'M1, mrpe,n:h
JieHis HHlfi:Helt rpamm;nr E2, sarwroqaeTccrr B'b rrocTpoenin MHOl'O'r.:renu, aH:c

JIOrii'IHaro MHOrO'W8HJ ( 48 ). J! J!talfi:J .'JIIIIIT> XO,ll;1> Bhi'IHG!IeHiit, IWTOIJWT .'!Pf

KO npoBi>pHTh, no.lnsyscn Ta6.mugfi :ma•reHi:lt cpynrnU11 P( t) II, wr, •raeTI!OCTn 

saMi>'IaJI, 'ITO F(~) > 0,282. 

MHoro'I.1IGH'1 

rrp:rr n BeCnMa 60JibiiiOM'1, o6.TiaJI;aeT'b CBOfiCTBOM'1, TJTO pa:mocTI, 

0 067 
IIOJIO<KHTeJTbHa ll He Me Hie I), 'Iof>M'b -' -- , 

2n 
Orcro.n;a c.1t.n;yeT'1, 'ITO MHororueH'1 

Ql(x)- Q,_l§!_ 
2n 

31Hlli!f> ( -- 1 )k' 

KpoMil roro, wr. 

B'1 JKa3aHH1IX'1 TO'IKaX'1 HMieT'1 JRJJOHeHi.li OT'b !xJ HCMeHhiiiiH, TJ':JJM'I> 
0 • 24~, 

2n 
H IIpll TOM'b 'Iepe.n;yro:rrr;HXC.ll' 3HaKOB'h; IT03TOMJ, Ha OCHOBaHiH TeopeM1I ue la 
Vallee Poussin, Haxo.n;nM'h 

1
) aaldHl!li ;;., .ii!J}'TH!Itl: 6JIRBKIIMR R'L 9TOMY 11HCJIY 3Ra\!t>Hillb!J!, :.!Oll>HO 6l>IJIO 61>! llO

Bh!Cll.Tb HHlltHIOJO rpaHBI\y, EO He 60J!'B8, qf;M'h Ha 2 HJIH 3 ThiCSl:\!Hh!ll. 
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0,2-±8 
£., >- ---" 211 • 

8Ty Hl!in:HIOIO rpaHllllJ MOiKHO Hilct;Q.Th!W IIOB1ICIIT1, IIpHMllHJIJI ,n:pyro:l1 

npieM'h. 

52. BTopo£1 cnoco61> Bbi'IMClleHiH HMl!IHei1 M sepxHei1 rpaHMLI,"b E:!n. llo-
cTpOIHI'h MHOPU'i:I8H'h 

(1 ·) = 1!(· . + !Jaj :n'"a , B. T(:r) 
r2(.1 ' x) . 3 i ' 

4n " . o Jr n 
.r-~sm--

4n 

rJ;t a H B IIOCTOllHHhlJI B8.Ul'HIH1I, KOTOpWI Mhl IIOCTapaeMCJI OIIpe,n:t.JIHTb 

Ha116o,1te 6.mrorrpiJITH1IM'h o6pasow1. ]l;JJI BecbMa 6o.'I1IIIHX'h SHa'l:eHi:fi n, 
rrepB1Ifi un ,n;o6aBO'IH1IX'b 'f.~eHOB'h MomeT'h 61ITb saMilHeB'I, tJ.rreHOM'h 

Jrt' 
r,n;t ITO npemHe~lJ .'C = 

2
n, TC1K'h 1\aK'h, JJ:.IH f\OHe'iHhlX'h 3Ha'IeHifi v, MHOrO-

'IJieH'I> T(.x:) 6eaKoHeliHO ~ra.Tn oT.m•raeTcJI OT'h cosnv, a npn 6esr;:oHe'IHOM'h 

B03pacTaHin v rrepBhlli lJ.18H'1 U8BI\OH8'1HO M<\.1'1 llO cpaBHeHiiO C'h BTOphlM'h. 

By,n:eM'h CHOIHt pa:3CMa-rpnHaT1 BH<L'IeHiH j.1·!- (J2(x) B'h Ti>X'JJ me TO'!-

. 1 
RaX'b. ]l;OCTaTO'lHO fly,rJ;8T'h orpaHl!'1UT1CJI Bhl'lliCJI8HieM'h HX'b )l:JIJI V = 0, S' 
1, 2, TaK'h I\.aK'lJ He TpJi!,HO 6y.n;en y6t.IT;HThCJI, liTO B'1 IIOC.Tit,n:yi()]l~ll:X'lJ TOlJ:

RaX'h yK.~OHeHie 6y.n;en HTTH yBe,m'lHBaJici>. Haxo,n;HM'h, 'ITO 

n. [j.Tj- Q2(x)] = 4a- B, npll v= 0; 

n.[JxJ-Q2(x)] =~F'(~) + 3,6a- ~~ 1 
npu v = 3; 

n.[Jxl-Q2(.r)]=-F(1)-T-~a+B, rrpH v= J; 

4 
n. [I xi- Q2(.r)J = F(2) --

15 
a- B, rrpn v = 2. 

(52) 

IIocTOHHHhiH a n B onpe.n;t.1JieM'h TaK'h, IJ:T06'1 1-e II 3-e sHa,IJ:eHie 

6wm paBHhi Mem.n;y co6ott, a 2-e n 4-e 6DI.m paBHhl Mem.n;y co6ofi, T. e. 

4 l 4a~B=-F(1l+-a + B, 
3 

1 1 B 4 -F(-)+3 6a--=F(9)--a-B· 
2 3 ' 2 ~ 15 ' 

(53) 
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l!CK.'IIO'Ia.ll B, TI0.1Y'THM'1 

a= 
2
\

5
2 [ -!F(2)- F(1) -- 2P( ~)} 

OTKy,IJ;a 
0,049 <a< 0,0501. 

PasHOCTb 1rem,n:y -1-M'b JI 1-M'b sHa•IeHieM'1, paBHaJI 

F(•)_64a 2 15. 

He M8Hie, C.11lJI;OBaT8JbHO, 'liM'b 0,26. 0TCIO,D;a 3al\J1I0'Ja8M'1, li.[l.K'b B'b npe

)l;hl,ll;J1IleM'b §'t, 'ITO 

E 0,26 
2n>-')- • 

~n 

1 
l\1Qjf;H0 1IpOH3B8CTll Bbl'IIICJieHiJI, sa~dlHJJJI BTOpOe 3HlVJ8Hie I'= ,n;py-

3 
rl!MII 6.m8KIIMH eMy, Ho sHatJme:rbHaro yBe.'mlJeHiJI HlliKHeti rpatmr~r,I n
KIIM'b o6pa30M'b He TIO.~J'll!TCJI. 

C'h ,n;pyro:fi cTopoHbT, MHOfO'I.18H'1 Q2(x) ,n;aeT'1 BORMOJKHOCTI, 3Ha•m

TeJI:OHO ITOHI13l!TD B8pXHIO!O rpaHnn;y E2n• )f,tficTBllT8,'IbHO, IIOCTpOml'L ~moro

lJJeH'b Q2(x), B'b KOTOpOM'h IIO.'IaraeM'h 

(
1 )' 1 1 1 1 1 ( 1 1 B = F - =---+ ---... =-log 2, a=- F -) =-log •) 
2 2 4 6 2 8 2 1 G ""' 

ll pa3CMOTpllM'b MaKCIIMYM'1 MO.i\YJJI pa3HOCTH 

n.[ixl- Qlx)]=T(x) [xH(x)-B- a.x
2 

] • 

4n2 
( x2- sin2 ;:) 

Ec;ru n 6esKoHelJHO BOspacneT'b, :na pasHocn 6e3KOHe•mo Ma.'IO or-

.JIII'laeTCJI OT'b 

tP(v)=cosxv [F(v)-B--~]' 
. v2 __ 

4 

Tip.R KOHe'lHbiX'b 3Ha'leHiJIX'b v; a np:n 6e3KOHelJHOM'1 B03pacTaHil! V Mart

CHMJM'b vTOfi pa3HOCTI1 6e3KOHetrHO llpi10JIHJKa8TC.ff K'b 

o=F(oo)-B=~-B. 
Ta:rt'b KaK'b 
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B > 4a., To, rrpH v = 0, 

- clJ(O)= B- ±a> 0. 

B'r., ocTaJhHhlX'I:. jKe n ToqKax'I:., r,a;t T(x) = ± 1, pascMaTpnBaeMaa 

pa3HOCTh :rr~dJeT'I:. 3HaK'I:. T(x), II B'h TO'IKt x =sin!!___, r,a;t T(x) = 0, oHa 
4n 

TIOJIOJKJIT€,1bHa. 0TCIO)l;<L C.'It)l;yeT'b, tJTO Bet YaKt;l!MYMhi Haiiiefi pa3HOCTU IIO

.'IOlKUT8.1hHhi, a Bet Ml!HIIMYMLI OTpnu;aTe.lhHhi. lloaTOMJ Tip II JI3MtHeHiii V 

on 0 11;0 ~. Han6o:ILIIIee :ma'IeHie- W(c) 6y;1;en B- 4a. Ha:n6o,1hiiiee 
2 

3HaqeHie + clJ(v) B'I:. TOM'I:. jKe rrpoMemyTKt 6y)l;en He 6o.1te, l!.tM'I:. Ha!f-

6oJibruee sHatieHie 
acos:n:v 

1 ' v2 __ 

4 

TaK'I:. rtait'I:. B- F(v) = F ( ~)- F(v) > 0. Ta!i.I!M'I:. o6pasoM'I:. Han6o.1biiiee 

sHaqeHie + clJ(v) B'I:. aTOM'I:. HpoMemyTKt ne 6o.1te, qiJM'I:. 4a. Bc.~t)J;CTBie 

Bbi6paHHT>IX'I:. HaMn 3Ha1IeHil:l: )l;.'IJI B n a, naxo)l;IIM'f> 

B- 4a = 4a= ~ P(~) =~.0,34657 ... 
1 

np!i v > 2, 3HaK'I:. IP(v) OT•I:ntieR'I:. on sRaKa cos:n:v, TO 

cos:n:v 
I W(v) I < a --.1 ' 

v2 __ 

1 
TaK'I:. KaK'I:. I) F(v) >B. Ho, rrp:n v > 2, 

4 

1cos:n:v 
a --

1 
<a:n:. 

v2 __ 

4 

I) .l.IerKo BHp;iln, qro <jlymm;ix F(v) Boapacraer'l>, noxa v <]Is; HO aTo He oqe-
2 ]1-

BHI\IIO, p;JIH 6oJII>illHX'l> aHaqeHiii v. Op;HaKo He Tpyp;Ho aaMtTHTI>, qTo, npH v > ~, 
2 

F(v)>~ > ~ >0,4>F(i). 
2v+l J/3+2 -

(CM. npHJiomeHHYJO B'L JCOHJ:\ll Ta6JIHIIY aHaqeHiil: <jlyHKJ:\iH F(v) ). 
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HaKOHCIJ;'b, ecJIII fP(v) uwlieT'b 3Hal''b cos Jrv, TO nan6o.n,mec 3Ha•lo

Hie [ f]J ( v) I ne npeBLilllaen 

J-__B = J-_- F ( 1
-) = ~.0,307. 

2 2 2 2 

TaKHM'b o6pasoM'b, BOOUII\e 

CJI'il,D;OBaTCJI1HO, 

IIo.1y•leHHhl:tt pespr,TaT'b MOJKHO en~e y;ry•mmTI>, coxpamm'I, aa~vwnie B, 
B 

HO li3M13HHB'b a1 IIOJiaraJI JIJ!I!Ih IIO!ta (t < -f· llcpCCM:1TplilW.JI IlpC)I,hi,D;YII~CC 

BhPUlCJieHie, Mhi BH,D;l!M'b, 'l'fO llfbl HCCOMH'DHJIO npeyBCJJ]['JIIJII! 3Ha1JelliO +- <JJ(v) 

B'b IIpOMClRYTK'il 01; onpe.n;1JJII!M'b ero T01Ul'D8. <fJ ( V) l\MI MaJIT,JX'I, :1WV!Cllifi V 
rro rrpeJKHeMy OTpim;aTeJihHO; OHO MO,KCT'b CTaTh 6oJr1le I (/J(O) I = B- ,1a 
TOJibKO, CCJIH 

a 
-
1 
--+F(v)-B> B -4a; 

-- v2 
4 

TaKHM'b o6pa30M'b MOJKCM'b orpaHI-I'lHThCJI pa3CMOTp1mie~l'b 3JHVI8Hiii r, ,IJ,O

CTaTO'IHO 60JiblliHX'b, 'lT06'1J 

ll.U! 

a ---> 'lB--4a 1 ~ ' 
--v2 
4 

v >. /1- 2a 
V B-2a' 

H TaK'b RaK'b B > 7a, TO V > J-_. ~~. B'b TaiWM'b CJIJ'lat, COSJrV < 0,4. 
2 v 5' 

C;rh.n;oBaTeJihHO, rro.n;Jiemai!IiJI pascMOTp1mim aHa•rcHiJI 'IJ MO/rmo on~e ynemr

'lHTb, orpaHH'lHBlliHCb JIHllih y.n;oBJICTBOpHIOill;J1MH uepaBencTny 

HJIU 

0,4[~-+F(v) -B] > B-4a, 
--v2 
4 
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0Trty.n;a 

v > } . / 1 __ 8a 
:.. V 7B-'20a' 

TaK'L KaK'L no rrpeameMy B > Ia, c.Tt,J,oBaTe.1bHO, 

1 (21 -r > -- - > 0 4·J·, 
2 29 ' -'--'· 

( 
425 

IITa;')'L BMtcTo rrpor.rejKyTrw. ( 0, ~), .n;ocTaTO'!HO B3HTh rrpoMemyTOK'L 

lOOO , 2 ; B'L 9TOM'1 IIpOM8a>J'TKt 

42.n 
cos-

cos.nv 100 
<P(v) <a-----< a < 3,±a. 

1 ,, 1 0 17' --1'- -- (j.J-
J J ' 

Terrep1 rro:TOmion 

IIoaToMy 
B- 4a = 3,4a < 0,16. 

E <
0,3'2 

oJn. • - 2n (54) 

53. Tperiif cnoco6"'b Bbi'U1CJJeHi!l H11lHHeif rpaHMU.bl E2.,. BoshM8M'1 Ha 

OTptsrd ( -1, + 1) TO'!rm ± sin"; , rrpH i = 0, 1, ... n, II ± /], rrpu •reM'L 
.n 

IIOKa OCTaB3.fi8~!'1 /] UpOII3B0.1bHbiM'1, Tpe6yJI ;1llillb, tJT06'1 /] < Sin;~. :MLI 

3Ha8M'1, Ha OCHOBaHi!I T80p8Mbi (3-i), 'ITO, 8C.[ll YK.'IOHeHie HtiWTOparo :MHOrO

lJ:,'l8Ha f (x) cTenemr He BJ,Ime 2n -!- 1 on lx 1 B'L yrta.saHHhiX'L 2n + 3 
TOtJrtax'L, rroc,1tl!;OBare.JihHO MtHJIJI 3Hart'1, paBHO ± (>, TO I(>! 6y,n;en HIIjKHeii 
rpanm:~;efi E~n+t = E~... BbitJHC.lieHieM'L tJliCJia (> Mhl cefiqac'L ll sn-.t!MeMca. 

IloJiaraa 



-84-

S1(x) = (x2- (J2). v'1--x2. sin2narcsin:r = (x2 -/P·) .S(x), 

HaXO)I;HM'1, IIpHM1lHJili tlJOPMJ.nY HHTeprro.~HpOBaHiJI Jia.rpamrw., 

i=n Sill-- (- 1 'Q i:::n 8111 -- - 1 'Q 

L 2n L ~n ~ 
. in ). . ix ( ) . 

f(x)=S1(x). . . + - . . + . ·t:n , . z:rr; . 1:n . , . tn •=1(x- sm ~) 81 (sm ·;:;-) i=J (x+ sm 0 ) 8 1 (sm -;---) _n _n ~n Jn 

(55) 

Ho, eC.T(H CT8IIeHh MHOrO'l.leHa {(x) HC BWIJC ('2n + 1), TO Q OllpO

p;1JJI.li8TCJI ypaBH8HiCM'1 

• '/Jr ( . 
i-=n sm-- -1)~Q 

':1'\' 2n + Q +2(;3-Q) 0 (5G) 
"'~ 

8
, ( . in) s;(o) - s;cii)-- = · 

•=-1 1 Sill 
2
- n 

s;(x) = 'JxS(x) + (x2- (J2)S'(a:) = 

= 2xS(x) + [2ncos2narcsinx- V x _ sin'Jnarcsin.1·l. (:r2- /]2), 
1-x2 J 

l!MiJCM'b 

S' ( . i:n ) ·( irr ) 
1 

sm
2
n =2n(-l)'sin2

2
n-(J2 , npn i=O,l. .. , n-1, 

s; (sin~)= 4n(-1)"(1- (32), 

S~((J) = 2fiS(/i). 

liOSTOMy ypaBHeHie (56) rrpeo6pa3y8TCJI B'1 

[

i=n-l 1 1 1 n ] 
11 ~ in + 'J(1 - .o2) + 2 .o2 + .os·'-((J--) = 

•=I sin2- - jj2 ... ~-' ~-' ~-' 
2n 

r
. ( 1) .. in ] ~=n-1 - •srn-

_ '\' 2n (- 1)" n 

- .ft sin2 ;n- /]2+ 2(1 ·- (32) + S((J) • 
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J.Jr 
)l;orrycrn.M'h re.rrep:&, 'ITO 11 Bospacraer'h 6e.sKOHe'1HO, rrpn 'IeM'b (J = 

2
n, 

r,rr:t ). < 1. B'h raKOM'h Cc1yqa1J, BTopyro qacT:& paBeHCTBa MomeM'b Harrncar:&, 

BhlHOCJI n 3a CK06Kll, 

1 
r,11,1l e cTpeMIITc.a K'h HY JIIO BM1ler1l C'h -. Ho 

n 

( )
• • l:Jr 

i=n-1 - 1 •nsm-

L · 2n 
!2= . 2 2 

o • _, 1JC }. x· 
·-1 n·sm-----,_ 2n 4 

rrpe,li,CTaBJIJieT'b co6ofi 3HaKOIIepeM1JHHbLfi p.H,li,'T>, B'h KOTOpOM'h, KaK'b He TpJ,li,HO 

y61J,ll,llTbCJI, TJ.qeHbl ll,li,JT'h IIOC.liJ,li,OBaTe.UbHO y6LIBaJI, II03TOMY 

. . 'IX 
i=i,-1 (- 1 )'n sm ---

!2 -- '\' _____ _}n 
• 1o1f- ? o:lr 

nsm 2n 2 

.i..J o . o -ix }.2x2 
i=1 u-sm- 2n-4 

<----< . 
9

• 
2
ix }.2.n2 .. , J.~x2' 

n-sm --- - t"---
2n 4 ° 4 

CJI'iJ,li,OBaTeJibHO, MOlRHO yrta3aTb, He3aBllCIIMOe OT'b n, '1llCJIO i0 , qr06'b pa3-

CMaTp!!BaeMaH pa3HOCTb 6:&ma MeH1Je BCJIKOfi ,ll,aHHOfi BeJill'1llHhl a. llocJI1J 

TOrO KaK'b 1.0 Bhl6paHO, MOlRHO 6y,ll,eT'h n B3JITb ,li,OCTaT0'1HO 60JibillllM'h, '1T06'b 

cyMMa 

( )
. . 1Jr 

i==i,-1 - 1 'nsm -
'\' 2n 
.i..J i 7[ ).2.n2 
·-1 n2sin2----
~- 2n 4 

OTKy,ll,a, HarwHeiJ,'h, 
2 i=cx> (- l)~i 

rrpe,11,. S2 =- ~ .2 J..2 • n=co Jr i-=1 1 -
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TioaTOMY BTopaJI •racTn paBeHCTBa (5Ghis) rro.lyrJaeT'1 <flOpMy 

(57) 

r,D;t rrpe,n;. a= 0. 

r.n.t npe,u:. r = o. 
3aT1JM'1 Mhl MOJReM'L OIIJlTb yrca33TL H833BIICIIM06 QT'I, n, ,U:OCTaTO'IHO 

6o.umoe qHc.'!o i 0 , 1IT06Lr cyMMa 

6mra CKO.llb yro,n:HO Ma.'Ia. TI09TOMY rwa!JJ<Imrriel!T1> npl! (! oy,n:cT'J, paiJeH'I, 

4n2 [i=co 1 1 :rc ] 
~ ~ i2- x~ + 222 + n sinh+ r' _ ' 

r.n.t rrpe,u:. r' = 0. 

TaKHM'll o6pasoM'1, o6osHa•raJI •repes'b r/ uarmy10 •racTJ, (1, T. c. l!O

JiaraJI, t.!TO n((/- (!) IIM1JeT'1 rrpe.n.1J30M'1 Hy.lb, Up I! n =co, lTO.'IY'IIlM'I, 

JC i;;::cCJ) (- l)~i 

Sin?..~+ 2 ~1 i2- iil-
2n(!' = 2:rc. --:-. --=-. 

JC 1 >-00 02 
sin in +1 + .~1 Z2-"'-;y 

«<>opMyJiy (58) YA06Ho ern:e rrpeo6pasonaTL c.Tt.n.yronl)IM'1 oGpaaOM'h. 
3aM1JTHM'L, lJTO 

1 i=ro 22 
:rccotg:rc2 =-+ ~ --

1 &t 22 -i2. 

JC 2 2 1 - cos l:rc 2 ;;rr; -. -,-+-- :rccotg:rc2=-+ :rc-. ----- =-+ :rctg -l 
sm.r~.:rc 2 2 sml:rc 2 2 

(58) 
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C1> p;pyrofi cTopoHLI, 

i=ro ( _ 1)ii i=co ( 1 1 ) ~lz). +,,-I. 
{(?..)=2 ~ .2 ; 2 = L (-1)~i .+ 1 +-.-- 1 =- + 1 dz. 

i=l Z - i= [ l A l - A v 0 Z 

Ho 

a 

--'--
1 -"-dz = --

'

I 2 1.-1 -L .,.-/. :n: 

1 +·z sin:n:1' • 0 

C ~\+_/~-! dz = ~; 
• 0 

II03TOMY 
1 

:n: 1 f zl. 1 2 ·( + 1) -.-+f(J..)=--2 --d.,=----F 1 - . 
sm :n:l 1 1 + z ?.. ?.. + ]:_ 2 

0 2 
TaKHM'1 o6pasOM'1 

)I,,1R BLiqnc,IeHiR (/ iJ:OCTUTO'IHO c.Tiil,ll.OBaTe.~hHO 3HaTh TY JKe cpymm,iro F, 
KOTOpofi Mbi YJIW IIOJ1h30B8-JIHC'.h B'1 IIp8iJ:hlAY1I\HX'h §§'aX'1. 

QqeBHiJ:HO, nyamo Bl>IOpaTb }. TaK'b, 'lT06'1 f/ 6h!JIO B03MOlKHO 60J!b

IIII!M'1. He OCTaHaBJ!l!BO.JICh Ha TO'!HOM'1 ptiiieHiU 9TOfO BOIIpOca, orpaHl!
•) 

'Il!MCJI 3HaTJ:8Hi8M'1 1) 1 = ';. 
0 

Tor.rr.a 

, :n: 
2nQ = 5 . 

1-§_F(~) 
9 10 

:n: 
1 +-;- tg360 

0 

IIo,mraR, C'1 TOqHOCThiO p;o 0,00055, 

F(-~) = 0 419 10 , ' 

H axo,J;IHI'h 

') I_.:_~ ~~-- 1,256 _ 1,256 _ 0 2 709 
~nq- . - - - ' . 

5 :Jr: 0 ') 7 10 + 1 45 A 4,537 
1 +5. ,L :n: , , 

1) IlOBl'!AKMO'dY1 MaKCIIMYML p' BeCbMa MaJio OTJII!qaeTCH OT:D TIOJ!)""'ICRHaro HI!lKe 

3HaY:eHilr. 
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TaKHM'1 o6pasoM'1 

2nc/ > 0,27. 
A ITOTOMY 

E., > 0,27 
.n 2n 

I1TaK'1, Han6o.rrie TtcHbLli rpaHHI\hi, IWTOpr.r.rr Mbi Hanum fl.'Ul E2,., cJrl;

J.IYIOII\i.a: 

(59) 

IIoc.rrt TOro, RaK'1 ).I.IIJI E2n Hafi.n:eHLI yJic'1 ).IOBOJibHO T'ilcnwr rpaUJII\IJ I), 

Borrpoc'1 o6'1 orrpe.n:1JJieHirr E2.,, C'h Karwro yroJI;HO To•mocnro, TeopeTIPiecrm 

He rrpe).lcTaBMI8T'1 O'leHb 6o.TJbll!HX'1 Tpy.n:HocTefi. 

0).1HaKO ).\.IIJI CHCTeMaTH'l8CICarO pilllieHiJI <JTOrO BOIIpoca IIpH ITOMOIIUI 

COOTBtTCTBJIOII\aro M8TO).\a IIOC,~t,l\OBaTC.IIbHMX'h IIp!IUJII1lK8Hifi H800XO,l\l!MO 81J(e 

JCTaHOBI!Tb HiKOTOphlJI 06II\i.li CBOfiCTBa MHOrO'I!IeHOB'I,, Hf111M8fi'BD JK.IIOHJHO

II\HXCJI OT'1 jxj, K'1 BbiBO).\J KOTOpiU'b MLI cefi'l3C'1 nepefi,li,CM'1. 

54. TeopeMa. Ec~u P(x), npH n aocmarno•11to GoJt!JWOJ.ro, ecun .~mow
'll.Jena cmene11u 2n, rWUAte'IIJOC y?C.IlOU1170111iilcJt omu j.'l':l Ob npo.itC;JtC/Jtn?ciiJ 

(- 1, + 1 ), mo ypaeuenie 

r;(x) = P(x)- R(x) = 0 

• UM1bC?n'O oauu-o u moJtb?CO oduuo 1copcna (JlJ ?CaatciJo.~to u.n 2n npo.!U',?trymKOIJo, 

. k:n: . (k+ l).n 
8a1C.J?O'IICUU'biX'O J.fCJICOY Sill- H Sill ----(k=-n,-(n--1), ... 0, l, ... n). 

2n 2n 
B'Il caMOM'Il JI,t.rrt, rrpH fl,OCTaTO'lHO 60.'Ibilll!X'1 3Ha•reHiJJX'I, n, 

0,32 
l!xj-P(.1:')1< 2n' 

• k:n: 
HO B'1 TO'!ICaX'b Slll- IIpH BCJJKOM'1 k > 0, 

2n' 

. I R( I 0,32 IIX - x) > 2n' 

II KpoMt Toro, .n:.rrJI Bctn k 2': 0, 

1
) ,ll;lll! npall.Tl!Kl! 6b!JIO 6nr TaKJKe HHtepecno ycTaHoBl!T&, ua<ml!all OT'b KaKoro ana

'!eHiJI n HepaneHCTBa (59) cotiJIIDI\eH&r. Ecu OH!! OKalKyTca, HanpHMtp'b, npanHJibllhl /J.il.l! 

2n;;; 18, TO yKa8aH!I:Dlll Hepal3el!CTBa D03BOJ!l!IOT'b yTBeplK)IaTb, qTO IIH3IDaSI CTCUGH& MHOro• 

'IJ!eaa, yKJioHarom;aroCJI on lxl MeHile, qt,M'b Ha 0,015 ua otptaKt ( -1, +IJ, paBHa 20 HJI!! 22. 
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C.wB,n;oBaTB.'IhHO, BO BC'BX'h aTHX'h TO'lKaX'h 

P(x) -R(x) = ?J(x) 

HMileT'h TOT'h jR8 3Hai~'h, lJ:TO jxJ- R(x), a IIOTO:MY 

r;(x) .( -l)k > 0, 

. kx 
OTKy.zta 3aKmoTiae1n, 'ITO Mem,n;y sm 

2
n n 

Mi!pi; 0,1\HH'b K0p8Hh ypaBHBHiJ:I ?J(X) = 0. 

. (k+ l)x 
sm ecTh no rtpafiHefi 

2n 

Ho, rrpu x = 0, P(x) > 0 u R(x) = 0; noaTOMY MBJRAY ± sin~ n 0 
2n 

TaKJKe BCTh ITO O,ll.HOMY KOpHIO ypaBHBHiJI r;(x) = 0. 
TaKHM'h o6pa30M'h ypaBHeHie cTeneHrr 2n, ?J(x) = 0, nM'ileT'h no Kpa:tl

He:li M':Bp'iJ ITO O,ll.HOMJ KOpHIO B'h 2n rrpOMf\JRYTKaX'h, a IIOTOMJ B'b KaJR,ll.OM'h 

II3'b BTllX'h IIpOM81ItJTKOB'h OliO H8 HM'iJeT'b 6o.rr1Je 0,1\HOfO IWpHJ:I. l£. II. T. ,ll.. 

55. Onpe.a.t.neHie. C/JynJC1~i1~ Qn(x) ua3bt6a'/Omcfl acu.~tnmornn'llecJCu.Mu. 

aupa{)fCeu£JlJ.tn .~tuow<t.JleUOBo P,. cmeneun n Jl,an.lteune YJC.JtOUJliOU{UXCJl 071/.o 

oauuou rfiywx1~in f(x), ec.Jtn yx.JtoneuiJl E~ gjyuxz(iH Qn(x) 07no rfiyn'}(,l~iu f(x) 
yi)oa.llemaopmomo yc.JtoBiiO, <mw 

E'-1._,' 
n " 

En 

cmpe.lut-mc!l ?co UfJ.Illo, npn n = co. 

56. TeopeMa. 1lfumo1t.lleuo P(x), uau.l!eune yi(.JtOIUlww,i{MFt omo i xI Bo 

npoJteaJCym1fn (- 1, + 1 ), u,.woema acLv.1tnmomiPteCJC1fJ.to Bbtpa:J!Ceuie3to 

Q(x) = R(x) + ('i!_- E2.,) T(x) + (J,(x), 
~n n 

(70) 

~an (J,(x) cmpe.~rumcfl JCo 'HY.Jtlo, cc.llu nx2 aoapacmaema 6e3'}(,0Ue'tuo. 

)I,.TIJ:I ,I\OKa3aT8JlhCTBa IIpllnOMHHM'h IIp8lK,Il;8 BCero ~OpMJ.'IY ( 43), KO

TOpyro MomeM'h HarrucaTh 

2n [!xJ - R(x)- T~:)] = s"(x). T( x). 

r,rr.i; .Q(x) BCTb MHOrO'l.l[8H'b CT8II8HH 2n HallMBHile YKJIOH.ffiO:m;ifiCJ:I OT'h s,(x).1 (a:); 

II pH BTOM'h JK.TIOHeHie .Q(x) OT'h s,.(x). T(x) paBHO 2n. E;n. 
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UoaroMy Harua. reope.Ma flyii,eT'b ii,Olift:1mm, cc.m Mhi IIOIWiice~n, 'ITO 

MHOTO'WCH'1 .Q(x) mrBeT'1 aCJn!nTOTlJ1IeCKOC Il!.Ipnllif'llif' 

(fiU) 

,;I:JTJJ. aroro aaM'll'Jaewr,, 'ITO s,.(.r) craHOBJ!TCJI erum, yro;\HO M:L'II,JM'1, 

ecJU! njxj >A, r.u;t A ;~ocraro'IHO Go.1I>lliOe 'll!CJIO. Ilo:lTmry, nw)upa>r A 

COOTBtTCTBYIOil(ll11'1 o6pa30M'1, MOliit'M'I> orrpel\il.'li!TI> IIeTipCphllllTJ'lil (fiyiJI<I\iiO 

0 ,.(X) yc.~OBi!lMll 

cf"(.:c) = s,.(.r) .T(x), rrpu jxj < ~~, 

' I> A rrpa ·
1
.r _ -, 
-n 

rarn, 'lT06'1 

1 
r,n;t a,. CTpe:MJ!TCH li'b Hy.TIO BMtCTfl C'b -

n 

QqeBn,n;Ho, 'lTO MHOTO'li1eH'1 S21 ( x) crerremr 2n, ua HMCII'l>e ytuou H IOII\iit en 

OT'b cf,.(x), 6y,n;eT'1 acnMITTOTIPJecs.am, ur.rpamenic:r.rr, )J,~ur S.!(.r), cor.rwcuo 
orrpe,n:tJieHiro § 55, raK'1 RaK'1, o6osHa1Ja!l 'JePC~J'L 2,. yiuJO!lf'llic £2 1 (.r) OT'n 

cf,.(x), MMteM'1 

CTpC:MHTC!l K'1 Hy.TIO. 

TaKHM'1 o6pa30M'1 OCTaeTCR IIOKa3aTb, 'ITO MHOT0 11.1Pll'l> .!21 (.t), mUIMe

HiJe JK.'!OH!liOII~ifiCJI OT'1 ci',.(x), UMiJCT'b qJOpMy (GO), l'!dl (J"(.r) GTpCMHTC.l:! J('f, 

HJJIIO, CCJII! 'Y/:1:.'8 B03pacraeT'1 6e3KOHC'IH0. Il3C.'Jt)\OBaHieM'T> MIIOrOTJ.'IeH<t 

Mhl rerrepo 11 3a:fiMeMCH. 

Mem,n;y il.BYMJI TO'Ht:nm OTKJOHeHiJJ MHoro1DeHa .!21 (x) OT'1 (J,.(x) il,OJJ

meH'1 6hlTb !10 KpafiHefi Mtpt O,D,HH'1 !Wpt>Hh, 1Wh:'1 ypaBHelliJI S~1 (:.t')-1f,.(x)=0, 
raK'1 n ypaBHeHifl 2 1(x)- sn(x)T(x) = 0. Ho aTo noc.~iwwe ypaBnenie 

HMtCT'1 ipopMy 

.Q1(x)-s,Jx) T(x)=A 0 +A1x + A2x2+ A3x4 + .. ·+ A,.+1x2n = O, (61) 

M rroroMy mlten He 6o.llte, '!1JM'1 ( n + I) no,TOlimreJinHblX'1 ItapHeit. IIo
eroMy, TaK'b RaK'b 'lllC;IO TO'!CK'b OTK.IOHeHiJJ Ha OTptsw:IJ 01 lie MeHte n+2, 
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TO OHO paBHO n + 2, IIpi! 1IeM'h !\OHIJ;U 0 H 1 TC1IOR8 ,JJ;o.:mmLI 6b!Tb TOl!Ka

MH OTKJIOHeHis:. Tarunn o6pa30:.J'b, 

A0KaJK8M'h, 'ITO Q1(x) UJllbC1iio -tnlllb no~OD!eume-tbll'bte JW1CCU.~tyu·bt J.1f 

n omp~~z~ameJtbHbte Jrztnu,1ry.1t1Jt m; npu .J11!03to 

O,:J > .M > 0,09 11 -0,73 < m < --0,09. 

JC 
llpem.n;e Bcero, 3allrhiJaJI, 'ITO, rrpu x > 4n' 

la,.(x) . .T(x) I= I2P(v) -11-l cosnu I < 0,18, 

HaXO,ll;llM'h, 'ITO, IIpH 9THX'h 3Ha1J8Hi.HX'h X, 

-0,18-- 2,. < QJ{x) < 0,18 + 2,, 

(65) 

(62) 

II M8:1K,li;J ,li;BJMS: KOpH.HMH ypaBHeHi.fi ( G 1) 8CT1, .'Ill60 O!J;HH'h MaKCI!MJM'h },[, 

.11!60 O,II;I!H'h MllHHMJM'h m, y,li;OB.18TBOp.HIOJJiifi HepaB8HCTBC1M'1 1) 

0,5 > 2,. + 0,18 > M> 211 -0,18 > 0,09, l 
0,09 >- 2,. + 0,18 > m >- 2,.- 0,18 >- 0,5. 

Pa3c~roTpi!M'h ,n;Ba npe.n;rroJiomeHiJI. ,l!;ouycTHM'1 cHa<raJia (l!T6, KaK'1 Mbi 

IIOimiR8M'I> .n,a.'U,Ill8, I!Mi>8T'h MtC\TO B'L .n,1rfiCTBHT8JlbHOCTII), 1ITO 

.Ql(x) 

B'1 TO<IIdJ 0 l!Mten MIIHUMJM'h. CJrt,n;oBaT8J11HO, Ha BC8M'1 OTptsrd ( -1, + 1) 

JC 
HO, TaK'1 ItaK'1, IIpU X < 

4
n, 

s,.(x)T(x) < 0, 

TO, BC.1i>,JJ;CTBie HepaB8HCTBa ( 62), lJMte:wn TaK:IK8 Ha BC8~1'1 0Tpt3K1J 

TaKHM'1 o6pa30M'1 Ha BCeM'1 OTptsKt, 

1) TaK'b Kaii'b 0,27 < /.,. < 0,32. 
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H C.TI'BlJ;OBaT8JlbHO, Ha OCHOBitHiH TeopeMI.I (:2), B6JII!!Jl! X= 0, l!M'lie~n, 

(63) 

EcJTH6'1 B'1 rrpo~remyndl 0 < x < Jr:~ owro Gu ne fio,The o;\HOit TU'IIW oT-. 4.n 

KJIOHeHiJr, TO Bet ~raKcHMJMhl 11 Ml!HI!MJMhr .ll.OJiiRHf>I owll! t!1>r Yi\OB.HJTROpJITI> ne
paBeHcTBaM'1 (62h1"J. Ho II0;10'RI!M'r,, 'JTO TfYrern, o·r·rtrnnrnbr n·r. np(H!PJfCJTW!l 

:Jt 
0 <X<- He MeHte ,!l;BJX'1. B'I. u:rmrmtlmet! l\.'1 0 TO'Id OTli!IOHeHiH 

4n 

.nvo 
Xo -'-- - lJ;OJllEHO 6LITb 

2n 

Ho rpyHKIJ;iJI [2F(v)-~ l]cos.nv u.n;erL no8pacT~lJf, ll, rrp11 I'= o.~, eT. 
TOtiHOCTbiO )!.0 0,001, 

[2F(v) -l]cos.nv =- 0,4G6 < -0,4G; 

X. 0, 2.n 
CJIJ:S)!.OBaT8JlbHO, V0 > 0, 2, nil Xo > -<) -- • 

~n 

JI rOBOpiO, tiTO B'1 CJI1JlJ;yiOm;eil: T01Hdl OTE\:JIOH8HiJI ;{:1 , r;rfl S.:\1-B,(.r). J'(x)>O, 

H8 TOJibR,O 2 1 He MOm8T'1 6niTI> OTpHn;aTCJ!hHniM'f,, IIO, l!Ct'.OMH'll!IHO, 

.Ql > 0,09. 

,Jl;tiicTBHT8JibHO, )I;OITJCT!lM'1 OUpaTHOe; TOril,:-t B'f, TO'IIt"h .X 1 

a rroTOMY 

Ob 
X < _l __ _ 

l 2n ' 

TaK'b KaK'1, C'1 TOtiHOCTbiO )l;O 0,001, 

[2F(0,4) -l]cos 0,4x =- 0,115 >- 0,18. 

Ho B'1 TaKOM'1 cnyqat, Mbi HM'liJnt 6r,r 

B'1 TO Bp8MJI KaK'1 

0,3.n 
Xl-XO <--2n' 

.Ql(xl) - .Ql(xo) > 2).n > 0,54, 

H, cnt.n;oBaTeJII>Ho,. M8.lltlJ:Y x 1 u x0 cym;ecTBOBa.m ur,r 3Ha'Ieuie x, rp::!; 
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dQl ::i,4 
--~>-n. 
dx JT; ' 

'!TO llpOTliBOpil'IRT'lJ HepaBeHCTBY (63). 
TaKHM'b o6pa30WI>, Ha'!HHaH OT'I, X 1, Ka.JE,I\Ofi TO'l!dl OTK,~OHeHiJf, r,ll;'B 

S21 - s,.(x)T(x) > 0, COOTBl3TCTByen 110 KpafiHefi ~l'Bpt 0,!\llH'b TIOJIOJKIITeJI:O

Hbifi ~IaKCiniYM'h !2 1 , r.n:t Q1 > 0,09, .ll Ka.liC,I\Ofi TO'lK1J OTK.10HeHiJ:I, B'b ROTO

pofi !21 - c,.(x)T(x) < 0, COOTBiJTeTBY8T'b OTPHI1aTeJIDHbifi M.l!HHMYM'I> .21, 

r.n:t S21 < ~ 0,09. C'I> TO'IKOfi 0 1Bre.1o BTHX'I> ~raKCHMYMOB'I> n MHHIIMJli!OB'h 

COCTaBHT'I> n + 1, OTKy,I\a eJit.n:yen, 'ITO .ll:PJrHX'b MaKCUMJMOB'I> II MHHHMy

MOB'I> y MHOrO'!J18H::t S21 6b!Tb He MOJKeT'JJ. 

)l:orryCTHM'JJ ,l\a:11Je, 1ITO .21 IIMiJJ11J 611 OTpl!U,aTeJI:OHhlfi MaltCIIMJM'b IIpH 

X = 0; B'I> Ta!WM'JJ C.1J1Iat ypaBHeHie 

IIMiJ.lJO 6:or He 60:11Je (n- 1) I!OJ10lKl!Te,1I,HI>lX'b IWpHefi; B'L IIpOM8iKYTKiJ M8:lK

.ll:Y 0 H HaHMeHblill!M'JJ KOpHeM'JJ a1 ypaBH8HiJI .21 = 0 ,I\OJlRHO 6:or,10 6:or 

6biTIJ IIO KpaiiHe:li MiJpt ,l\BiJ TOlJKll OTK.10H8HiH (KpOMt 0), TaK'JJ Kalt'JJ M8JK,l\J 

,1\BJMH TO'lKaMH OTK,lOHeHiH, .lJeJEai!IHMH BI!paBO OT'JJ a 1 , Q 1 = 0 l!MiJeT'JJ He 

M8Hte O,l\HOrO KOpHH. 

C.Jit,I\OBaTeJIIJHO, .21 < 0 BO BTopo.li TOTIKt OTI\JIOHeHiJI x 1 , a IIOTOMY 

s,.(x1). T(x1) < - 0,27, 

:rc 
OTKJ,I\a 3aKJilO'la8M'JJ, '!TO X 1 < Gn • 

IIycTIJ, C'JJ .n:pyrott cTopOHbi, 

m=--1 +2,.- h 

6y.n:eT'JJ 3Ha"!eHie MIIHHMJMa .21 B6JIH3II 0; B'b Ta!WM'I> C,'J:yqaiJ IIOJIHOe H3MiJ

H8Hie (variation totale) MHOrO'!JieHa S21, KOr~I;a x, nsMtHJIJICIJ OT'I> 0 )I,O x1, 

IIpOXO)I,liT'I> CHa'laJia 'l8p831J TO'lKJ, r)l,t S21 MllHIIMJM'b, a 3aTiJM'b 'I8p83'I> 

II8PBJlO TO'lKJ OTKJIOHeHiH Xo, 6y,!(eT'b 6oJite, 'liJM'JJ 

2h + 21,. > 2h +0,54. 

Ho, no.n:o6Ho rrpe~I;hl,I\JI!IeMy, MDI 3aMt'!aeM'I>, '!TO 

I dd~l I< (1,2 + h)n, 



OTKy.n;a 

- 9:1:-

x 1(1,2 + h)n > 2h + 0,5-1; 

~ (1,~ +h)> 2h -I- 0,54, 
6 

h <O,Oo. 

Ho B'1 Tar;ow:r, CJIY'Ia'B, Bn(x0).T(J'0) > -1 + :22,. -h > -0>52, T. r. 

O,I5.n 0,2n J 
x

0 
> --. OTKy.n;a a:·1 -X0 <- -, 'ITO IIpOTIIHOpJJ!II!T'f,, li.:lfi'I> BfJilff', lfl'-

2n · 2n 
paBeHCTBY (63bis) c.TB,li;OBaTe.IJ,HO, S~1 HC MOli\CT'L IIM'hTI> 1\II!IIllMYml BO.Il!:m 0, 
n rrpe.n;rro.TomeHie, 'ITO S21 (0) ecTn lii<LI;cHMYM'I,, .D,wmmo 6r.r'J'r, oTflpoureno. 

MTaK'b HepaBeHCTBO (65) .n;orta3ano. 

TaKnM'b o6pa30M'b 6o npoc\tC.JIC!f?n'I01, (- 1, +- 1) .\11l·OW'11.ltC1!7J .Q1 (;~:) 

UJMbemo (2n+ 1) :ua'JCCH.MZfNOIJo u NU'I-IH.lf?J.MOrn; npn J/1/o.m,, er-.lln n! .rJ >A, 
mo mnu j\W'JCcu;,ry.ltU u .MWtU.VJ)J,lbt paailot 2,. no afieoJtJmmiO.ll;lf .'11UPteniw; 

1 
ocma.-tbUbt.e OICC 3a-IC.IIdO'te1tbt J!CO!CU!J 32 li - /.. , It<Lli.'J, ;rro Bl!J~HO I!3'I, 118-

paBeHCTB'b (65). 
n 4 " 

Bc.I!'B!\CTBie ~noro, Bet rwpmr ypaBHCIIiJr 

u ypaBHenia 

(G 7) 

A 
66nmie, rro a6coJIIDTHOMY 3Ha'I8Hiro, rrJ'J!I!'n -- 6y.n;yT'I· o611~ic. HpoM'h Toro, 

n' 
BdJ OCTa.TbHLie KOpR:a ypaBHeHi.li (G7) Ta!\JI(8 BeiJ~eCTH8llllF>I, II, MH OIIpe

,IT;BJICHHOCTH, pa3CMaTpnBaH JIIUIJD IIOJIOJKUTe.~bll!Jie IiOpHII, aarWI01Ieilhi MC'K)l,y 

IIOJIOlEllTeJILHhl!IUI IWpH.HMI! /J1 <· .. < fik ypaBHeHiJI .Q1(x) = 0, rAil /h 

nan6oJiniiiifi H3'1 rwpHe:fi .Q1(x) = 0, rwTopLdt ne 6o;d;e :'!.. Ypamrenie (G6) 
n 

TaKlRe IIMileT'b ITO ABa Be~e(',TBeHHLIX'1 KOpHJI 1\fBiit,ll;y f]f, II t3i+l, eCJIU Ml1Tt

Cl!MJM'li (HJIH MHHllMYM'D) S21, 3aKJII0'ICHHblfi Mem.n;y tJi ll /3i+I, ITO aocomoT

HOMY 3Ha'IeHiJD He Mente I.. • n 
CJiyqafi, IWrAa COOTBiTCTBYIOIIJ;ifi MaKCHMYM'b (J!.1IH MIIHllMYM'I>) MCH1JC 

2,., IIpHBOAHT'h K'1 IWMIIJieKC,HhlM'D KOpHJIM'D ypaBHCHiH ( G 6), OTHOCli.TCJILI!O 

ROTOphlX'1 JIORalKeM'D CJiiJ.n;yro~ee: 
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v 4 Buympn mpanezu·u /J;/hr- 1CD, 6btcoma h·onwpon paB1W -, n 'h"OmopaR 
n 

~L~llbeJno 60h"06bWn CII!OpOUC/.Itn 1/]Jfl.ltbUl /JiD II {J,+ 10, o6pa3JJIOUtiJI. Co OCUOBa-

'HlC.Mo (J1f1,+ 1 Bll!Jmpermie yubt D 1iil3i+I II 13,(3;+1 C pa61lbte Bx, ecmb no 
v v "' . (GG 2 '}{pau11ett .~tnpn ouzmu 1.:ope11b !}fJai311Cillfl · ). 

B'b Ca:I!OM'b p:tJit, H<L BCJI!Wll :umin, C08P,IIHJIIOlll;8U CTOpOHY {J,D C'b 

(J,+1C ,il,OHJRHO unrTL He ~reHte O.J:Huir To•nm, r,J,t liiHIIMaJI llaCTb .521(x) o6pa

ru;aenH B'b np1, TaK'I, JWK1, npnpaiiLeHie aprpreHTa S21 rrpu rrepexo,J;t OT'b 

KaKOU Hl!O}',IT,I, TO'IKII !Ia CTOpOHt /3i+I C K'b TO%iJ, paCIT0.10llieHHOfi Ha (J,D, 
6o.~ile n. TarmM'b o6pa3o~n, r~pnnaH 8, Ha r;oTopofi MHI!llta.ll <racTh .. Q1 pan

Ha Hy.'IIO, l!CXO!l:.ll H3'b TO'IKH /i, paCII0,10jf(eHHOfi Mejf(,'r:y /Ji II /Ji+l, r,n;t 

d~l = 0, uyp,eT'b rrepeC'hrtaTb BCJII\YIO IIpi!lii}'IO rrapa.ue.lJbH}'IO CD; II, TaK'b 

KaK'b BHYTPII pascMaTpiinae~wfi Tpaneii,in r;pnBaJI: 8 He lllOffieT'b IIM'BTb ,n;nofi-

"· d!21 . . HOfi TO'IIW (IIOTOMJ 'ITO BCn KOpHII -
1
-- = 0 Bell(eCTBeHHhie), TO Bell(eCTBeH-

r.c 
HaJI 'laCTh .91 oy;r:eT'b l!TT!I, B03pacTaJI ILO aoe0.1IOTHOMY 3Ha'!eHiiO, ee.m C.1iJ-

,il,OBaTh no Kpnnofi 8 OT'h TO'IK!! /i ;r,o rrepnolt TO'I!ill H rrepeet'leHiH S eo 

cTopoHofi CD. Ilo9TOMY )l,.IH Toro, lJTOD'h y6t;r,IITbcJI, •ITO BHJ'TPH Tparreii,iu 

fJ,fJi+lCD eCTb IWpeHL ypetBI!eHi.i! (GG), ),OCT<lTO'!HO 6y,il,eT'b ,il,OI~a::JaTb, 'ITO 

B'b TO'!K'B H 

)l,Mr wroro, 6epe~r1 MHoro•r.:reH'1 'l'(x) = cos 2n arc cosx; ero apryMeHT'L 

B'b TO'll\il H o6o3HalJ:HM'b 6yKnol1 ({', 11 .n;orrycTIIM'b, Harrpm.rtp'h, ,n;.1JI onpe-

:r H ,iJ,iJ.~eHHOCTII, 'ITO 0 < Cf < 2. 3nTtM'1 1!3'1 TO'!Kll IIpOBe;J;eM'b IIpJIMyJO, rra-

pa.'IJ18.1JbHYIO fltD, ,il,O rrepectlJ:eHiJI c'b neii~ecTBeHnofr ocbJO B'L TO'IIit E; rrycTh 

x0 6y,n;eT'n Han6o.~hlllifi rwpeHb ypaBHeHiJI: T(x) = 0, MeHhiiJifi, 'Ii>M'L E; coe

,il,HHHM'L .·r0 C'L H, n rreprreH,!I,IIKf'JJI:PHO l\'1 x0 H rrpoBe,n,eM'b na'b H rrpHMYIO 

,il,O rrepeciJqeHiJI: C'b Bell(eCTBeHHO.fi OChiO B'L TO'IIiiJ E'; B'I, TaiWM'b Cc1Y'ILtt 

Memp,y E' n x0 M01KHO Bhl6paTL T0 1m.y Jlo TaK'h, 'IT06'1 ,n,po61 

H-yo 
H-x0 

II!I1iJJia apryMeHTOM'b- rp; Tip II 9TOM'b, MO,ii:y.Jb 3T011 .D;p06JI 6y,iJ,eT'1 He MeHile, 

1 
titM'b v1. 

l109TOMY IIpOH3BeAeHie 

~ -y0.cos2narcsinH 
-xo 
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6y,n:eT'b Bem:ecTBeHHhlM'b 1). Ho, noJiaraJI 0 < f9< 1, Mo;KeM'h na.nncaTh 

f9A 4i . . (a -1- bi) 3 

H=-+--= sin(a+ b1)= a-f--bl---~-- +· .. ; 
n n 3! 

H C~TlJ,n:OBaTe,11HO, OT6paChiB3JI 6e3IWH81IHO MU..1W! lli>ICillllX'I> IIOpJI,lJ;ItoB'b, 110-

JIYTIHM'b 
4 

b=-· 
n' 

OTKy,n:a, KaiCo B'b § 7, naxo,n:nn 

Il03TOMY ypaBH8Hie C'b B8IIJ:8CTBeHH1IMII K03cpqmi\i8HTal\!l!, 

X-1) 
.Q1(x) = fl- 11

• --~..2 cos2narc sin.1·, 
· x- x0 

B'b KOTOpOM'O 

nMteT'O 1topen1 paBnhl:l!: H. 
Ho He Tpy,n:no saMtnrTh, c1, ,zr;pyro:lt cropoHhi, 'ITO, ec.'!H 

TO ypaBHeHie (68) He MOlKeT'O IIM'ilTh KOMIIJI8KCHhlX'O !WpHefi. 

,lf,1J:ltCTBHT8JlhHO, 

X-~ . ~-~ 
--cos 2narcsmx= cos 2n arcsin x +--·--cos 2narcsin.x; 
X-X0 • X-X0 

2A 2A 
TIOBTOMYJ TIPH -- < X < -n= =n' 

lx-y~ cos2narcsinx \<1 + 2n(x0 -y0)<1+2n (~ + .::_) < 21} 
x--x0 n 2n 

(68) 

TaK'b KaK'O pa3HOCT1 Mem,ll.y ,Ir:BJMJI COC'il,Ir:HHMH !WpH.f!MH ypaBHeHiH J (x) = 0 
7C 

:Mente 2n; 

1) HanoMl!HaiO, 'ITO cos2narccosx = cos2narcsinx, ecJIH n 'lBTHOe tiHCl!O. 
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Ha OCTaJibHOfi me 'IaCTH OTptSKa (-1, + 1), 8TO HepaBeHCTBO TtM'b 6o;rte 

,_ lx-y 
COOJIIO)J,eHO, TaK'b KaK'b 1--__Q, < 2. 

lx-xa, 

TaKHM'b o6pasOM'b, ecJm ,u" < ~' MHoro'!JieH'b 
4.21 

:C-If 
.Q1(x)- fi- 11 

--'-
0 

cos2narcsinx 
x-.ro 

HMteT'b 3HaK'b .Q1(x) B'b TO'IKaX'b, r,n:t .Q1(x) )J,OCTHraeT'b MaKCHMJMa HJIH 

MliHHMJMa, ll CJit,n;oBaT8J1bHO, BCt KOpliH ypaBHeHiJI (68) Bem;eCTB8HHhl8. 

0Tcro,n;a saKJIIO'!aeM'b, 'ITO 

T. e. 

TaKHM'b o6pasoM'b ypaBHeHie ( 66) HMten, ,n;tficTBHTeJibHO, o,n;HH'b KO

peHn BHJTPH TparrerriH /1;(3•+1 CD. 
CJit,n;oBaTeJihHO, ec.m CHMMeTpnqHO K'b flifl•+l CD IJOCTponTh Tparrerriro 

(l;fls+IC'D', TO BHYTPI! rJmrypr,r (J,D'C'(Ji+ICD 6y,n;eT'b Bcer,n;a He MeHte 

,ll;BYX'b KO~!IUI6KCH1IX'L l!JJH B6ID;8CTB6HHhiX'b KOpHefi ypaBHeHiJI ( 66 ). Ilpll-

6aBJIJIJI em;e KOpeHL ypaBHeHiJI (66), Haxo,n;am;i:ll:ca Mem,n;y 0 u !31 , saMt

qaeM'b, 'ITO ,n:pyriiX'b KOpHefi, KpOMt 8Tl!X'b (H paBHhlX'b liM'b, HO C'b o6paT

HhlM'b 3HaKOM'b), ypaBHeHie (66) HMtTL He MOlK6T'b. 

TaKHM'b o6pasoM'b, 

4n2. [ .Q;Cx)- ;.~J = (a~~x)r (x2 -1 l. Y(x), (69) 

r,n;t 

(x2 -17~) [ x2-(fl1+1]1)2] [x2-(f11+1]2) 2] ••• [ x2-(flk-r+1J2k-2)2] 

Y(x) = x~[x2-(fl1+e1)2]2 ••• [x2-(i3k-1+C'k-I) 2J2 ' 

4 4 
rrpn '16M'b, lei I </1;+1- /1i, H I1J2i-ll <- + fli+r- fl;, I1J2i/ < -+flc+I-fli· n n 

CJit,n;oBaTeJILHO, 
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r,11;t I !9i\ < 3, ecJIIf \nx\.> 2A. 
II osTOMY 

IIpli '18M'h rp CTpeMHTCJI K'h HJliiO B:Mi>CTi> C'h h. 
Ho He TPY)l;HO yKa3aTn TaKoe orrpe,n,tnenHoe 'mc.~o p, '1T06E>r, npa 

BCJIIWM'h i, 

a IIOTOMJ MOlltHO TaltlKe yrta3aTb BIIOJIHt OIIp8,!1;llJI0HHOe '111CJIO t TaR'h, 1IT06r,I 

( A)~ A 
11Tart'h, rronaraJI Y(x) = 1 + 2l - , Mbl BITJI,HM'b, 1ITO, eCJIH - cTpe-

nx nx 
MHTCJI K'h HyJiro, TO Ill ocTaeTcJI MeHile HilKoToparo orrpe)l;i>JieHHaro rrpe)l,tna. 

Ho H3'h ypaBHeHi.a: (69) nonyqaeM'h 

2nv~~~ Qi=v1ax x2 (t+l(~YJ · 
Cnt)l,oBaTennHO, 

a.rccosS2.1(x)=2n l 1 
dx [l+l(A)2

], 
±ln J,;V1-x2 nx 

H, IIpHHH:MaJI BO BHMMaHie, 'ITO n 'I8TH06 'lMCJIO, nepe)l,'h l,. na)l,O B3JITb 

.:mart'h -; OTity,ll;a 
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arccos .Q1~) = 2n(l +s)arccos.:r, 
n , 

r11:t 

[sl < l -(A)2 
' nx 

IIo&TOMY 

.Q1(x) =-2.,cos2n(l + s)arccosx. 

A2 
Ho ns CTp8MHTCJI K'b HyBro, 8CJIH -, CTp8MHTC.fl K'b Hpro; .II;JJJI &TOro ,!J;0-

1/.X-

CTaTOl!HO (IIOCJiil TOro Kait'b l!IICJIO A orrpep;iJ,leHO ), 1lT061J nx2 B03paCTaliO 

6e3KOH8'IHO. Ta.KHM'b o6pa30M'b 

s~l(x) =-2,.cos2narccosx + 2;3~(x), 
r,rr;t /J:(x) CTp8MHTCJI K'b HJJIIO, 8CJIII nx2 B03pacTa8T'b 683KOH81IHO; II, IIpH

IIOMHHa.&, liTO l,.- 2nE2n CTp8MHTCJI K'b HJJIIO, 

(60) 

c.'It,u:oBaTe.lhHO, MHoro1IJieH'b P( x) l!MteT'b acHMIITOTH'Iecr:m.n mrpameHi8M'I> 

Q(x) = R(x) + [ "2~!- E2 .. ].1 (.r) + q<;r\ (70) 

r.rr.t fJn(X) CTp8MfJTCJI K'b H}'.~Kl, 8C.UH 11X2 B03piicTa8T'b 083!WH8'IHO. T.J:. ll. T. JJ:. 
ilpHM1l'IaHie. 3aMtTHM'b, 'ITO rpOpMyJia (70), ROTOpa.a, ,!J;.~JI Oilp8,ZJ,il

JI8HHOCTU, ,!\OKa3aHa, IIpH IIp8,D,IIOJIOlE8Hill, 11TO n ll8TH08 'IllCJIO, crrpaB8,U:JIHBa 

.n;;ra Bctx'b 3Ha1renifi n, ecJin no.n:omHTh 1'(x·)=(-l)"cos2narccosx= 

= cos2narcsinx. 

57. TeopeMa. IIpu 6e.J'IWIIB'tll0.1to eo3pacmauiu n, npO!tBeeiJenie 2n.E2., 

cmpeJ.tumcR ?Co 61W.!!1l1b onpeo'JbJleuuoNy npeolb.!I·Y l. 

ilyCTb MHOfO'!Jl8H'b Q(x) CTCTI8HII 2n HMiJ8T'b aC>niiiTOTHll8CRIIM'b Bhl-

pameHieM'b 
.Q(~l(x) = -- ,;( .. cos2narcsinx + 2;3,(x); 

Tpe6yeTCJI IIOKa3aTb, 'ITO ln He 3aBHCHT'b OT'b n. 
Harne yTBepmJJ,eHie 6y.rr,eT'b, O'I8BH,U:HO, ,rr;oKasaHo, ecJin Mhi y6t,n:nMc.H, 

'ITO MHOI'O'IJI8R'b CT8II8RH 27m, 

.QC~nl(x) =-2,.cos 2knarcsinx + 2(J,.(kx), 

rp;'.li k IIpOii3B0•1hH08 Jit.TI08 'li:ICJIO, CJIJlEI!T'b aCHMIITOTll'I8CKI!M'b Bhlp31It8Hi8M'h 

.IJ;JIJI MHOI'O'IJI8Ha S2(x) CT8II8Hll 2kn, TaR'b KaK'b ll31J <JTOfO MOlEHO 6y,zr;en 

3aRJIIO'IHTh, 1ITO }·kn = 2.,. 
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BoshM8M'1, .u;.1H orrpe.u;ilJieHHOCTH, k = 2, H o6osHa'IllM'J, 'Iepes'b x 1 , 

x 2 , ••• Xh, TO'l£0! OTKJIOHCHi.S: (KpOMiJ 0) S2(~)(x) OT'b 0 ,Jr), OTCTOJIUJ;i.S: He 

,n;aJiile OT'b 0, qiJM'b V ~, r,n;t A Hilnmopoe ,n;aHHOe BC~bMa 6~hiiioe 'IHC

J10, KOTOpOe O,li;H3KO 06JiaAaCT'b CBOfiCTBOM.'b, 'ITO n ( vJ) = v ~ = "/ CCTb 

1 1 1 
'IHCJIO BCChMa MaJioe. B'h TaKOM'b c.Jiyqa·:S, B'b TO'IKaX'b 2 x 1, -2- :r2, •.. , 2.r,. 

OTKJIOHeHie Q~2~•) OT'b rJ2,/ X) 6y,n;eT'b CKOJ!b yro,n;HO MaJIO OTJilf!IaTbCJI OT'h ± l,.: 

TaK'b KaK'b, p;.~JI paSCMaTpHBaCMbiX'b 3Ha'!CHitt ~: 

S2,(2nl ---'- = -l cos4narcsin -+2;3 (x.) = -1 cos 2n .r. -- -
(
x -) .1:

1 
( + Bx~) ~ 

12 n 2 "' " '3 

+ 28.,(xi) = S2<•;l(xi) + e'y, 

r,n;il I 6>1 < 1, I e'l < 1; n c'b ,n;pyrott cTopoHhi, Boo6rn;e, 

IIpH ,li;OCTaTO'IHO 60JibillHX'b 3Ha1ICHiJIX'b n. 
Ho, BCJI'BACTBie rrpe,n;nr,n;yrn;e:fi TeOpeM.bl, Xh H BC'fl CJiiJ,n;yiDIIIi.S: sa .?.:h TO'IItll 

OTKJIOHCHi.H: x1+l' Xh+Z'. • • ll T. ,ll;. Q(~) OT'b 0 .,, ,li;OJ!lKHbl O!IpC,li;TIJI.S:TbCJi 

<flopM.y JiaMH 

. x(k1 + a0) . x(k1 + 1 + a 1 ) 
arcsmx" = " , arcstnxh+I = " , ... , 

~n ~n 

rp;iJ ai CKOJib JTO,li;HO MaJibl.S: BCJIH'!HHbi ( CCJIH A BS.S:TO )l;OCTaTO'lHO 60Jli>

illllM'1), TaK'b RaK'b (:J.,(x) cTpeMHTCJI K'b HYJI£0. TaKHM'b o6pasOM'b k1 =h-1. 
CJiil,n;oBaTCJihHO, rro.~araH 

. 1 _ x(h + i) 
arcsmx"+i+I - --4n' (i=O, l, ... 2n--/1) 

Mbl SaMil'la8M'b, '!TO B'b TO'!KaX'b x~+i+I pa3HOCTb S2(~"l(x)- o
2 
.. (x), IIOCJITI,ll;O

BaT8JI:OHO MilHJI.H sHaK'b, 6esKOH8'IHO MaJio OTJI!l'!aeTc.s: OT'b ± 1... BM.tcTt 

C'b 0 ll C'b IIpC,ll;illCCTBJIOIIU!M.ll h TO'!KaM!l (~1 , i, ... X;) 8TO COCTaBJIJICT'b 

2n+ 2 TO'IKH Ha OTpiJSK.iJ 01, r,n;t 03Ha'!CHHaa: pa3HOCT:O IIOJiyqaeT'b, IIO-
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CJTBiJ:OBaTeJl:OHO M':!lHJfJl' 3HaK'L, 3HaTieHiJI, CKOJib yrOiJ:HO Ma.'IO OTJIH'laiOIIJ;iJICJl' 

OT'L 2,., a ITOTOMJ HaHM8H:Olll88 YKJIOHeHie MHOrOTIJieHa CT8II8HR 4n OT'L 02n 

6e3KOH8'IHO MaJIO OTJIHTiaeTCJI OT'L An. 
CJit.n;oBaTeJibHO, $~(2tl JrBJIJreTCJf acnMITTOTlHeCKHM'L BhlpaJReHieM'L iJ:JIJf 

MHOrOTIJI8Ha, HaHMeHte YK.llOHJIIOIIJ;arOCJf OT'L 02n, '1. H. T. iJ:. 

llpllMt'laHie. Mor MomeM'L Tenepo rrpn.n:aTb .n:pyryro (_popMy Hepa·· 

B8HCTBY (59), a I:IM8HHO 

0,32 > l > 0,27. 

BMtcTt C'L TilM'L M:OI BH!l:HM'L, 'ITO !l:JIJI TIOJiyTieHiJf 6oJite TtCHb!X'L rpa

Hlll\'0 iJ:JIJI l, MOmHO 6yiJ:8'f'h IlOCJiil!l:OBaTeJibHO ycoBeprneHCTBOBaTb rrpieMbi 

§ 52 H 53. 
T(x) Jt2a 

BMtCTO OiJ:HOrO iJ:06aBOTIHaro 'lJI8Ha BH)l;a --
3 

• , KOTOphlfi 
4n 2 • 2 Jt 

x -sm-
4n 

Mhl BB8JIH B'L § 52, iJ:OCTaTO'lHO 6y.n:eT'L BB8CTR HilCKOJI:OKO 'l.~8HOB'L BH,n::a 

T(x) Jt2a, . 
-

8
-. . ( ~ = 1, 2, ... ), 'IT06'L IIOJ1YTIHTb 3Ha'!eHie 2, C'L CK0.1:0 

4n . JC~ 
x2 -- stn2-

4n 
yrO,ll;HO 60JibiliOfi TO'lHOCTbiO. 

ToTIHO TaKme, rrpHMilHJIJI MeTO!l:'L § 63, Ha.n:o 6y.n;en BMtcTo o,n;Horo 

IIpOR3BOJibHaro 3Ha1IeHiJf (], OCTaBI!Tb Heorrpe)I,t.JieHHbiMH HilCKOJibKO, i0, TO-

'l8K'L OTK.~OHeHiJI, COXpaHHBIIIH TO'IKH ± sin ')?Jt fl:JIH i > £0 • 
~n -

JI IIOJiaraiO, 'ITO, npiiMtHJIJf JII060fi n;:n, JKa3aHHb!X'L M8TO,ll;OB'b, il:OCTa

TO'lHO 6y,n;eT'L BB8CTlf O,ll;IIH'L ,n::o6aBO'lHhlfi 'IJ!8H'L, 'IT06'L yMeH:OIDI:ITb ,!1;0 0,01 
p a3HOCT:O It18lKP:Y rpaHI!I(aMH )l;.liJf 2. 



rJIABA V. 

PaanH'IHbiH npMnomeHiH ocHOBHbiXb reopeMb. 06o6w,eHiH reopeMbl 
BeAepwrpacca. 

58. TeopeMa. Ec.lliu, npoz~31JOOnbul (n + I )-ro nop1!o1Ca OIJ,If.1Jo giymcv,iii 
f(x) H p(x) yoo!J.tem!Jop,momo 6o npo:~.te;;wymK?o AB ?oepaaeumnoa.1to 

mo rtaUMeuowif! yJC.toueniJl E,.[f(xl] H E,.[p(x)] pnJcMampu!JaeMM:ra giy?oJCv,ii'l 
omo MnOW'I{.teuo!Jo cmenenu n ua omp?b31C1'b AB yoo!JJI,emaop;uomo uepaaeuemoy 

E,.[f(x)] < E,.[p(x)J. 

B'I> caMOM'I> ):r;hnt, cocTaBJIR.H ~YHKII,i:ro 

F(x, l) = lf(x) + (1 -- J.)p(x)- P(a.:, l), 

r,II,t P(x, l) MHOrO'l..'leH'I> cTerreHH n, HaHMeHte yrtJIOH.a:roruj:ttc.H OT'J, ~f(x) -}
+ (1 - l)<p(x) Ha 0Tp1l3K1J AB, Mbl BH,li,HM'I>, 'ITO rrpH BCJIIWM'I> ). pacrrO,WlKe

Hie T01J.8K'I> YKJIOHeHi.H 6y,II,eT'I> rrepBaro pO)J,a, H BO BHJTpeHHHX'I> TOtmaX'b YIW0-

118HiJI F~, z 0, TaK'b KaK'I> Ha BCeM'b OTptartt 

R c.llil,II,oBaTeJII>HO, F~ = 0 l!Milen He 6oJ1te n rwpHeit 

TartHM'I> o6paaOM'b Mhi BupaBt rrpRMilHJITh TeopeMy (36), l:l aaMt'l.aeM'h 

BMilcTt C'I> TilM'I>, 'ITO B'I> rrocJiil,II,Hefi TOtmt yrtnoHeHiJI F > o, T. e. F=L. 
Ho ypaBHeHie 

oF -f-m-P'-0 
(}).- 'Y A-

l!Mil8T'I> (n + 1) KOpHe:li, TaK'I> rtaK'I> 
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aF aL 
-=----<0. ()). iJ J. 

L(l) = E,.[f(x)] < L(O) = E,[!Jl(x)], 

'!. H. T. ,!1;. 

mo 

mo 

59. Cnt,.!l,cTBi!l. A. Ecj(,u 6a npo.~w;;JCymKJ'b AB 

E,[7p(x)] < E,[f(x)] < E,[cp(x)]. 

B. Ea.Jtu 6o npo.Ate{)JCymun A B 

lfCn+IJ(x)! < 9l(n+ll(x), 

E,[f(x)] < 2E,.[!Jl(x)]. 

II OSTOMy 

II c.rril,n;oBaTeJibHO, rtM'h 6o.1te, 

E,.[(] =E., [( + 9l t f- 9ll < 2E,.[ 9l]. 

C. EcJtu 6a npo.Ate{)JCyrnu?o AB, OJtuna uomopaw 2h, 

0 < N < (f"+1l(x) < J1I, 
mo 

2N (h)n+I 2j}f (h)"+l 
Cn+l)! 2 < E,.[f(x)]<Cn+l)l 2 · 

B'h caMOM'b ,n;1l.11t, Ha ocHoBaHiH cJit,n;crBiJI (A), 

a IIOTOMy, 3aM'il'laJI, 'ITO 

IIOJiy'la8M'b 
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D. EMu eo npoJ.teO/cym'K!rb AB o.tUJt'bt 2h 

I f<n+Ii(x) I < JYI, 
mo 

4JYI (h)n+l 
E,.[f(x)] < (n +J5! 2 . 

8TO :BhlTeKaeT'D H3'D CJI'B.!\CTBiJI (B). 
E. EC.Jtu tro npoMeOI(]ym'JC1b AB 

mo 

ee.tu Ol(]e 

mo 

f<n+l)(x) > k lf'<n-l-2i(x) I' 

2E,.[f(x)] > lcE,.[f'(x)]; 

lf<n+ll(x)l < kf<nt-2i(x), 

E,.[f(x)] < 2kE,.[f'(x)]. 

8ro B11TeKaeT'D H3'D CJI'B)l;CT:BiJI (B). 
F. EMu eo npoMeOI(]ym'JC1b AB(x > 0) 

mo 
r<n+J)(x) > 0, f<"+2l(x) > 0, 

E,.[f(x)] < n! 
1 

E,.[xf'(x)]. 

B'D caMOM'D )l;ilJI'B, rroJiaras: 

HaXO)l;HM'D 

cp(x) = xf'(x), 
n+l 

60. npMMtpbl. llpe)l;bi.!\YII\ie pesynTaTbi, ITOJiytraeMbie npn IIOMOII\H o6-

:rn;aro MeTOiJ;a, 6CJill orpaRHtiiJ:BaTbCJf TOJihKO rrepBhlM'D 'IJI8HOM'h COOTB'hTCTBy

IOIII;eit crpoKn Tsil:Jiopa, B'D RtrwropLIX'h cJiytras:x'h )l.aiOT'D )l;OBO.TinHO rilcHhiJI 

rpaHHIJ,hl )l;JIJI HaHJiyqmaro rrpH6JI:HllteHiJI E,. 
PascMorpnM'D, HarrpnMtp'D, HaHJiyqmee Ha orpilsKt ab rrpH6JinmeHie 

E.-.(e"') qlyH~in e"' rrpH IIOMOIII;H MHoroqJieHa crerreHH n. IIpHMtHJIH cJit)l;

cTBie 0, HaXO)l;RM'D HeMe;n:JieRHO 
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B'JJ IJ:acTHOcTn, Ha oTptsKt (- 1, + 1) 

PascMOTpnM'lJ em;e Han.J.!yqrnee rrpu6.mJI>eHie <iJYHKIJ;in sinx Ha oTpts

Kt (- h, +h), r)J,1J h < ~' IIpH IIOMOITI;H 1l!HOrOlJ:JI8HOB'b CT8II8Hil 2m ll.l[!i 

HJIH 2m- 1 (HeTpy,n:HO BH)J,1JTb, 'ITO TaK'lJ KaK.'lJ sinx 8CTb H8lJ:8THa.H <lJyHIUV.H, 

MHOrOlJ:JI8H:&I, Ha.l:!M8H1Je YKJIOHJIIOITI;ieCJI OT'JJ Sill.l" Ha 0Tp1J3K1J (- h, +h), 6y

AJT'b TaKJKe H8'I8TH:&IMH <iJyHKIJ;i.aMn:). Ha ocHOBaHi:u: Toro :me cJit,n:cTBi.H C, 
IIOJIY'IHM'b 

2 cosh (h)2m+1 
'> (h)2m+I 

(2m+ 1)! 2 < E2m-l(sinx) <(2m+ 1)! 2 ; 

:n; 
Haiip:U:M1Jp'b, 8CJIH h = S' TO 

OTKy,n:a 

rroJiaraJJ: h > 0. 
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B1> qacrHocrn, ecmr h = 1, To 

YnpaoKY'Henie. IloKaaaTh, npu noMornH c;rt,n;crniJI (C), 'ITO na orpta

Kt 01 
E (x"+I+h) < 'l (n+ 1 + ll ... (1 +h)(_!_)"+! 

" " (n+ 1)! -! 

ecnii h < o. 
60. np~MtHeHie reopeMbl de Ia Vallee Poussin. Mr,r MO.liWM'I> II011J''l:IITI> 

Hli<RHIOIO rpaHIIIJ;y E.,(f(x)) Ha 0Tp1J3Itt (- 1, + 1 ), IIp!!MTIHJIJf HepaneHCTBO 
(30), T. e. 6epJI nepnore ,n;na 'IJieHa crpoKH Ta~t.~opa, npe,n;cran!IJIIOII~efi MHoro
'IJI8H'b CT8II8HH n, HaHM8H'il8 JKliOHHIOIITifiCH OT'b J.{(.r.) + (1- A)(jj(:r), 
r.n;t gJ(X) = x"+1. 

Ha ocHonaHiH npuM'il'laHi.lf K'b § 39, aru nepnr,w ,n;na. TJJreml crpoKn 
TaJ!Jiopa npe,n;CTaBJIJIIOT'b BM1Jt;T1J C'b T'ilM'b MHOT01W8H'b Q(::r;), 1!<1UMerr1lC yr,,10-
HJIIOrni:fic.a: QT'D {(x) B'b (n+2) TO'IKaX'b Xi, r,n;t pa3HOCTh i!fJ(.'L')-P,(x)l 
,n;ocrnraeT'b MaKCHMyMa (o6osHa'lali qepes'b P,.(a:) MHOTO'!JieH'J, crerreHI! n 
HanMeHte yKJIOHJIIOrni:licJI OT'b gJ(x)). B'l>,n;aHHOM'b CJiy•rn:ll, !Jl(x)=x"+1, no-

t:rt 
9TOMY X;= COS n+ 

1
. 

Ilycrn 

HMter'b pa,n;iyc'b cxo,n;IIMOCTH R > 1. 

l\:IHOrO'IJI8H'b Q(x) CTBIT8HH n JAOB.~BTBOpJI8T'J. (n + 2) ypn.BH8Hi.f.IM'h 

Q(x,.) = ((x;) + (- 1)i(>, 

IIpll'l8M'b II? I, KaK'b Mhl BH,ll;'ilJIH, JIB.IIJI8TC.lf HH<RH8fi rpaHIII.J.Bfi ,ll,JI.f.I B.,[('(x)]. 
ilpiiMilHJIJI ipopMJJIY llHT8p!IOJIHpOBaHi.lf JiarpamRa, HaXO,ll;llM'b 

r.u;t S(x) = lh - x 2 sin(n + 1)arccosx. 
TaK'b ItaK'b crenein Q(x) He Bhlme n, ro 
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i=n~l f(x;) 
Q = ± ~ S'(-:-). 

i::O X~ 

,·=.••+I ((.i'i) _ 1 ~ f'(.r)dx 
~0 S'(.ci)- 2ni J 0 S(X)' 

r.n;t C Karwfi mr6y,n:h ItOHTyp'h, OKpy.marorn;ill: 0Tpil30K'h (- 1, + 1 ), HO He 
nrurroqarom;ifi Hn o,n:no:fi oco6o:fi TOqKn <IJymw;in f(x). 

IToeTollly, 3aMt'Ia.H, qTo 

I 
n2 -L

1 
3n - 2 ,, 

x"-~ 
I ::J4.2! 

(n-3)(n2 + 3n-4) n-4 + 
26. 3! X 

+
(n-4)(n-5)(n2 +3n-6) 

11
_ 6 _ J 

2R.4! X ••• ' 

- s!x) = ~~~[x .. ~2 + n t 3 x"~ + (~-±~f~~lj- 5
) x"~e + 

(n+5)(n+6)(n+7)_1_+ ]· 
+ 26 .31 x"+8 • • • ' 

H CJJ1J,U:OBaTe.'IhHO, 

__ l_r(a0 +a1x+···+ctnx"+ ... ) [-1-+n+3 .-1-+···]dx= 
± Q - 2ni I 2" · x"+~ 22 x"+4 

" c 

1r n+3 Cn+4)(n+5) ] 
= 2,. a,.+1 +~ Ctn-1-3+ 24 . 21 a.,+5+· · .. 

TaKnM'h o6pa30M'h, Ha oTp1l3It1l (- 1, + 1) 

B'b 'IaCTHOCT:a, Ha oTptsKt (-1, + 1) RMtmn 

l) CM. § 46. 
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n+3 
E [xn+SJ _ E [x·n+3] > ·--

" - n-l ' ::l"+~, 

(72) 

................................... 

61. npeo6paaosaHie CTpOK"b TaifJJopa B"b P!IAbl TpHrOHOMeTpK'!eCKKX"b MHOro

'!JieHOB"b· 
ll3'n T0lK,ll;8CTBa 

(
. eit + e-it)"' 1 [ 

(cost)m= 
2 

= 2,;,_1 _cosmt+mcos(m-2)t+···+ 

+
m(m-l) ... (m-Z+I) (· "!l) + l! cos m- ~ t ... 

BhlBO)J;IIM'b, rroJiaraJI x =cost 1i T,.(x) =cos narc cosx, 

m 1 [T ( + T ( ) + m( m - 1) r ( ) ] • X =
2

m-! m X) 'In m-2 X 21 -Jm-4 X +... , (73) 

II CJii>)J;OBaT8JlbHO, 

. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . .. . . . . .. . . . . . . . . . . .. ~ ... 

........................................................... (75) 
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CorrocTaB.TleHie HepaBeHcTB'b (72) e'b HepaBeHCTBaMH (75) rrortashl

BaeT'b, qTo KaKOBO 6ni HH 6hiJIO onpeiJJb.Jl,8HiiWC IIi>JIOe qffCJIO k, Ha OTpil3-

IdJ (-1,+1) 
E,.(x"+2k+t). 2 n+2k. k! 

rrpe,n:. ----------- --- ----------- = 1. (76) 
n=c.o (n+k+2)(n+k+3J .. . (n+2k+ I) 

Boo6ilie, rro.mraa 

3aMiJqabM'b, 'ITO OCTaTOK'b, IIO,'IyqaeMhlfi, 8CJU! OT6pOCI!Tb B'b pa3JIOiK8HiH ( 7 4) 

'J.lieHbi cTerreHn Bniille n, He 6o.'Ite, qiJM'b 

I).,. I + l2n+II + • · · ; 
II09TQ1.!Y 

J2nJ < E,.[{(.Z')] < 12, J + l2n+ll +• • • (77) 

( rrepB06 H3'b HepaBeHCTB'b ( 7 7) 6CT1 HHlJ:TO HHOe, KaK'b HepaBBHCTBO (71)). 

12n+l l + 12,.· o! +· .. 62. Cnt,D,CTBill. A. Ec.JT,~~ ' ·
2 

.,... cmpeJ.tumaR 1Co tvy.xro, 
n 

npu n = oo, mo 11a ompna1C1b (-1, + 1) 

rrpep:. E,[t(:x:)] = 1. 
n=co 2, 

B. Ha omp1b81Cib (-h, +h) 

E,(ex). 2'.' (n+l)! _
1 rrpe,n:. h"+I - . 

n-==co 

B'h caMOM'b ,rr,tJit, E,.(ex) Ha oTpilsKt (- h, +h) paBHO E,.(e''x) Ha 

0Tpil3Kil (-1,+1). Ho 
h"X" 

ehx- ""-~ I' n. 

h>~+l 

2". (n + 1)! [1 + e,.], 

lln+li+IJ.n+2J+• • · 
r,n:t a,. cTpeMHTC.ff lt'b HYJIIO rrpH n = oo; II c.lltp:oBaTeJibHO, 2n 

TaKJE6 CTpBMiiTC.ff K'b HJJIIO. 

C. Ha omproa1C1b (- h, +h) 
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II 

,ll;oKaaaTe.u,cTBO ITOA06Ho npe,!\DI,a,yrn;eMy 
1 
). 

D. Ec.{n 
a,. 

rrpe,n:. R" = 1, 
?t=m 

mo ua ompnaxn (- 1, + 1 ), npu n iJocmamo>mo 6o.Jtbuw.m,, 

zan, F oaua>taema zunep1eOJtempu'l{eC1CYIO rjjy'fi,1CI(il0. 

)I;JIJI npOCTOTbi ITHCbMa, ITOJIOJKHM'1 an= R" ('lTO COOTB1l'fCTBYflT1• 

f'(x) = _2_B-). B'1 TaiWM'1 c.lly'lat., 
· 1·- X 

Ho HeTpyiJ:HO y61iAIITbCJI, trTo 

(
n , n 3 ) F - ...,_ 1 - + ~ -n + 9 R2 2 I l 2 2 I ~, 1 

(
n 3 n ) > 2' 

F - +- -+ 2 n + 3 R2 3 2' 2 ' ' 

' 1) Couacao :repMHHOlloriu, npe)ll!oJKeano:ii: n:o ,11o6anJieHiH K:o IV rJiaBt, npeo6paao· 

BaHie § 61 llpHBO)IHT:D BO Bci>X:O STKX:O Clly'IaRX:O K:O aCHMIITOTH'I8CRHM:O BI.IpaJKeHiRIII'L 

liiHOfO'Il!CUOB:O, HaHMeHtc yK.I!OHJ!Rltqi!XCH OT:O paacMaTpE:BaeMl\l:X:D 4JyHKI\iR. 
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eCJili 3aM'l>TI1Tb, 'ITO OTHO!lleHie (p 
'l.1eHy 3HaMeHaTe.'lJI paBHO 

l )-ro '!.:rena 'IHO.mTe.'lJI K'h (p + 1 )-My 

a IIOTOMY 

R"+1 (n n 3 ) 
2,. F 2 + 1, 2 + "2' n + 2, R2 < En[f(x)] < 

l1HTepeCHO cpaBHUTb IIOJIJ''leHHLifi pe3y;1hTaT'b C'h TeOpeMOfi (29). 
He ocTamtB.TIHBaJich na 8TOM'b, nepett,TI.eM'h K'b pa3cMOTp1miro He aHa

JIHTII"'Iecrmx'b cpyHKII,iii. 

62. TeopeMa Bei1epwrpacca. Br,me,TI.eM'I, ntn:oTopwr cllt,TI.CTBi.ff 1I3'b He

paBeHcTBa 

E I I 
0,32 

2n .r <-')-, 
~n 

(54) 

HM1ll0ll\aro MtCTO Ha OTp1mKt (- 1, + ] ) ,ll.:1.H )l;OCTaTOlJ:HO 60.TihllliiX'b 3Ha

"'l6Hifi n. 
Xopo!llo H3BtcTHO, '!TO H3'b Toro, 'ITO 

rrpe)l;. E,..la:l = 0, 
n..=ro 

BhlTertaen TeopeMa BefiepmTpacca, T. e. 

rrpA)l;. En[f(x)] = 0, 
n.=oo 

)l;JI.ff KaiWfi yrO)l;HO HerrpepblBHOfi cpyHKII,iJI 1
). 2: XO'!Y 3aMtTI!Tb _TOJlhKO, lJ.TO 

IIpH ITOMOll\H cpopMJJI'b, . yKa3aHHhlX'b MHOfi B'b 1905 r. B'b Bulletin de la 

1) He GeanoJre3HO o6paTI!Th BHllMaHie na TO, 'ITO Herrpeph!BHOCTb ¢YHKI\in f(x) ecTh 
ycJIOBie Heo6XOI\llMOe II ;~;ocTaTO'lHoe ,ii;Jil! Toro, 'lTOD'l> npeiJ;. E,.[f(x)] = 0. 
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Societe 'Niathernatique de France, H3'1 HepaBeHcTBa (54) li!O.lKHO BhlBeCTM 

B'1 Hll!tOTOphlX'1 c.JiyqaJIX'1 .n;oBOJlbHO TO'!HJIO BepXHIOIO rpaHHD;Y !l;JI.ff E2n[f(x)]. 
llycTo f(x) 6y,I\eT'1 HerrpephlBHa.a Ha orptsrd; 01 rfJYHKI~i.a, n rrycn 

y = {n(X) 6yJJ;8T'1 ypaBH8HieM'1 .10MaHHO:fi ,;nmin} HM1HO~efi B8pUUIHUMJI TO'Iltli 
k 

Ha Jil!Hin y=f(.r), C'1 a6cn;nccaMn Xk=-(.r=O, 1, . .. n). 
n 

YrroMJIHYThl.H MHOIO tflopMy.Ibi sartJIIOllarorc.a B'1 TOM'£,, 'ITO 

k=l1-l 

f,.(x) = ~ Akjx- xkj +A+ Bx, 
k=-:1 

A=~[f(O)+nf(n n 
1
)-(n-1){(1)} 

3aMllH.H.H jx-:aj rrp:rr6.1IH.lE8HHhlMll MHOTO'!JI8HaMH {n,p(X) CT8II8Hll p, 
IIOJiyt.IaeM'1 IIpHOJilllR8HHhl:li MHOTO'l.'I8H'1 CT8II8HH p ,1\.IIH {n(X) H 3aiWIO'!a8M'1, 

'ITO, rrpn p .n;ocTamcmo 6ojibiiiOM'1, ornn6rta jf,.,p(x)- f,,(x)l n, Ti>M'1 6oJI'l;e, 

Ep[fn(x)] 6y,n;eT'1 Y.I\OBJieTBOp.liT1 HepaBeHCTBY 

0 39 k,;::tl-1 

Ep[{,.(x)] < ~ ~ I Ak j. 
p k==! 

(78) 

OrpaHII'lHMc.a TOJlbKO pascMOTptHieM'1 cJiyt.Ia.a, KOT,I\a <flYHKIOJI f(x) 
Y.I\OBJI8TBop.aeT'1 yc.'IOBiro ,II;HHn-JTrrrrrnnn;a, a HMeHHO, rrycT1 

, f( , h) f 
1 

a( h) 
i Xi - (X) < poghi' 

T,I\t o(h) CTp8Ml!TCJ.! lt'1 BJJIIO BMilCTt C'1 h. 
B'JJ TartOM'1 c.rryrrat, o'leBn,n;Ho, 

ll, C'1 ,1\pyro:li CTOpOHhl, 

2o(~) 
Jf(x)-fn(x)j < -1~; ogn 
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TaK'b Kalt'b 
nd' (~) 

I Ak I < - ---- . II osToMy no.mraJI p = n2, HaXOJI.IIM'b 
logn ' 

(79) 

AHa.1orwmoe HepaBeHC.TBO ;Hl.'I'b Lebesgne B'1 n;wrnpoBaHHofi B1Ime 
pa6oTt 113'1 Annales lie Toulouse. 8aMtTI!M'b, 'ITO B'1 c.~yqafl cymecTBOBaHilf 
ooo6ID;8HHaro YCJJOBiH )I;HHH-.1urrnm:u:a, HepaBeHCTBO (79) co6mo)l;a8TCJI He ,ll)IJI 
BcilX'1, HO !J:.~JI 6es•mc:reHHaro Mno.mecTBa :ma'leHifi p. CJiilJI.oBaTeJnHO, npn
HHMaJr BO BHH1fa.Hie pBOlJJI1TaT'n § 27, HaXO)l,l!M'b, qTO yc.JWBie ueo6:XOOU.ltoe 

H OOCIJiaJ1W1l'lf.0('1 >OilOO'bt ifi.'lf'HKV;iJt f(.'T) yiJO!J.J(.C11tBOpH-W o6·MJCU088UUOJf,lj 

yc.!loeiw ,J,w!~t-JlnnulU7{a SaJi.J(.J01faemcJt !Ja uw.lro, "111W6'bt, npu BCJtK0.1to n>n0, 

rrpe11,. E 11[((xl] .logn = 0; yc.J(.oeie ueo6:x:oihuwe u oocmamo·>moe, "lm06bl· 

rfjyuJCt(iJl f(.T) yiJoMC111!JO}JJt.lta o6o6u(euuo.~t!J yMoeiw l{nuu-.liunmUl(a, sa

J.'.J(.JO>wemcJt Ba 1/IOJto, ·1imo6nt, npu 6es·•mc.JteuuoJto .lt'IIOJ/cecm81b slla'<euiit n > n0 , 

npe.n;. En[f(x)] logn = 0. 
64. nepsoe o6o6w,eHie reopeMbl Be~epwrpacca. ECJT,U oauo 6eS'IWI/81l

}{1JlU pJtoo 1tuce.J(.o 
a1 < a 2 < ... < a,. < ... , 

o0.!/.aclwou( i·ii c8oi'icnwo.lfo, 11mo H < ai < K, u)1b H l£ ]( o8a ueaa!JUCU.lt·btXo 

ann i no.JtoJ;cume.J(.hUU.X'o "lUCJT,a, rna o.JtJt !Jr.'Jt1W11 uenpep'bt!Jifou 'Ita omplbSKlb 
i=n 

01 (fjJJUIZt(ht ttx J JfO.JICllO cocmaeum'b cyMMY L Aix?.i mau'O, 'tmo6bl ua !JCC.lto 

a mp1b3li1b i=I 

[ f(x) -i~A,.xai \ < s, 
I i=l 

IWXo 61Jt J.W.Jto uu 6'bl-"'O ·>mc.Jto s. 

' 1 ) ( Y Ka3aHH1IM'b CBOfiCTBOM'b 06JI<l)l;a!OT'1, HaiipHMiJp'1, 'lHCJia ai=l-2i · 

Hamtl TeopeMa 6y11;en, o<IeBH)l;HO, )l;or,asaHa, ec.IJn Mni rrortamewL, 'ITO 
ORa CIIpaB81l,JIHBa )l;.~Jf f( X) = xP, r)l;iJ p IIpOHSBO.IJhHOe I!iJJI08 'l!ICJIO, 60.'ln

lll88, 'IiJM'b 81l,HHHI!a. 
,If,,TJI aToro saMtl!aeM'1 cHa'laJia, 'ITO, Ha ocnoBaHiH pascym:)J;eHiJI co

BeprneuHo rro)l;o6Haro )l;OKasaTeJihCTBY TeopeMhl ( 43), MOlKHO YTBepm:ll,aTL, 'l.TO 
uau-"'yliulee npu6.JtuJ/CeHie xP ua ompnsu1o 0 l npu no.'ltOU(1t cyMM'bt ev.oa 

i=n 
~ A,xa; ece1oa NeH/uwe uau.llyttmaw npu6.UtJ!CeuiJt npu JWJ.tOUfU cyMJ.tot 

1:=:1 i=•i 
f!UOa ~ Bix~•, ec.1m p > ai > fli > 0. 

i=l 



-114-

C'L ;J;pyrdl: cropoHni, rro.mraJ:I B'b HepaBeHCTBax'h (7 5) :c2 = !/J BniBo
.D;HM'b H3'b HHX'b, qTO W1 OTp1J3IdJ 01 

E . ( .m+k) (2m+ 21.:) ... (2?11 + k+ 1)[1 + k + 
m-l X < 22m+2k-l k! '2111 + k -/- 1 

k(k-1) J 
+(2m+k+l)(2m+k+2J+···' 

n, TilM'b 6o.~te, o6osmvmli qepen E;,(xP) HaiWJ'IIDee rrpn6.mmeHie :rP Ht1 
i=n 

OTp1J3IdJ 01 IIpli IIOMOII(ll CJMMbi ~ A{:ti, IIM'ilCM'b 

I,· 2p ... (p+s+1)=
1

p(p-l) ... (p-s+1) 
· 22P-7(p- s)! 0 (p + 1) ... (p + s) 

liOSTOMJ 

1 I -1 I +I .tJ(p-n ... (p-s+1) og s- og 0 og = 
(p + 1) •. . (p +s) 

= log I 0 +[log ( 1-~) -log ( 1 +};) J + ... 

+ [log ( 1- s 
1
; 

1
) -log ( 1 + s_JJ 

1
)] -log ( 1 + ~) < 

2 4 2(s-1) s s2 < logi0-----••• ---- ___ __)__ = 
p p p p I 2p2 

s2 s2 
= logi0 -- ·+-p 2p~· 

I =~~-1.3 ... 2p-1 4 
0 22f1-;l(pl)2- 2 .4 <- . . 4 ... 2p Vpx 

Ho, upn p > 1, s > 0, 
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(80) 

)l,tfiCTBUT8JlhHO, 3TO HepaBeHCTBO paBH03Ha'IH0 HepaBeHCTBY 

•" 1[·_:'_ _ _1__] 
e2

P" < ~ e P 4P + 1 , 

8 1 
lWII, IIO.Ilara.H U = p, a= 

4
p, paBH03Ha1IHO HepaBeHCTBY 

u2 

((u)=2e2 -" -e-" <e-a, 

CIIpaBe,ll;JIHBOCTb KOTOparo HymHO, C.IIiJ)l;OBaTeJibHO, ,li;OKa3aTb. IIpii rrpe)l;IIOJIO

lE8Hili, 'ITO a < ~, 1 > u, > 4a. Ho HeTpy,n;Ho BII)l;ilTh, liTO, rrpii pascMaT

puBaeMMX'h sHalieHi.HX'h u, f '' ( u) > 0; rroaToMy HaM60.1hiiiee sHaiJeHie f ( u) 6y-
1 

)J.8T'b paBHO {(1) l!.llli /(4a), Talt'b liTO )l;OCTaTOliHO saMiJTI!Th, IJTO, IIpl! a<B, 

-- -1 -~ 8~'-4o: -4C! -<l 

((1) = 2e 2- e < e II f( 4a) = 2e - e < e . 

I1:3'b HepaBeHCTBa (80) 3aKJIIOTJ.aeM'h, 'IJTO 

a IIOTOMY 
s 

4 s -~ 4 SVp -•' r. < ;- e p dz = ,;- e dz. 
~ p:JT: V :Jr H-l 

s-1 Vp 

CJit.n;oBaTe!lhHO 1), HaiWHe:o;'h, 

1) YKaaaHR08 3)1'i>Cb Bhlqi!CJieHie aHaJIOrl'l'lHO TOMy, KOTOpOe .!I C)li>Jiali'b B'b 3aMf,TK1> 
,Sur le calcul approche des probabilites par Ia formule de Laplace" (Coo61l.\. X. M. 0. 
T. XII no 3) n npi!BOJIRT'b K'b Clli>JIYIOII.\eMy peayJ!bTary ~JI.!I Teo pia B'kpO.!ITHOCTe:li: ec.m enpo.llm-

1 . 
nocm1> co61>1mi.fl paena 2• mo, npu 2p(p>l) ucn'blmanuzxo, enpoRmnocmt, 'lmo wco~o m 

noJie.teuiu co6btmia yaoeAmneopaem'~> 'Xepaee'!lcmey Im-p I ;;;;zoVr, 6oo~ne, <tnM"b <P(zo )= 

2 J'o __ ,, = V1t 
0 

e dz. 
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w 

U31) 

TaKHM'b o6pa30M'1 R~(.rP) cJII})('.lfiiiii{'Jt ~<<, Hff.rlo, 1·r·.rn IJO.J}Ja-
l"p 

cmaemo 6esJ.-ouelf'H·O. IIoeroMy, B'b 'I<LeTHOCT!l E:,Cr1"') L'TPPMIITI'Jl r;:r. ny.H1, 
ec.nr, rrprr n;aHHoM'b p, n B0:1p<wraeT'1 fie:Jr;onc•mo. 1 In, uo.I:ll'aH .r" = !!• 
MLI BH,l\UM'1, 'ITO E,;(x'") eCTb B~rEC.TTI C'I, T'b!'T. II <II!.'fY 1 llll!~P H pllii.l!IJJ\Pilir~ 

·i=n i 
cpyHKII;iii xP rrpU IIOMOIT(II C. }'MMhi ~ JJ;;rn Im Tom. j£\1' f 1Tp•brd; 01. C.ThJI;o-

i.:ol 

BaT8JbHO, 6.:raro,n;apH 3aM1>1JaHiiO, C,TI,'!J.WH!TCJMY B'h llil'lcl.'!']; ;(flliii.!JiiTf'.'lJ,C.'J'Ila, 
t=.a 

rrpn6.Jin.meHie xP rrpu rro1ronur cymru 

1 

Bll;\<1 ~A u:"'i e:rpf'MI!Tr'.JJ Ii'h uy.nn 
i-=:( 

BM1JCT1> C'J, -, TaK'1 ItaK'1 (BBe,II.JJ, ee;m 
n 

IIOml;I,oiiiiTC_'.JJ, HP[lf'1!'l-\Jli!J111 .1:k I!11'h-

cro x) Bcer.u;a MOj!mo rrpe)l;IIOJIOJRJJTJ,, 'ITO 1 ~ H < a.-, •r. 11. T. ;r. 
llpnM'lPraHie. Orp1l3oK'1 01 MOlfCC'J"r, or,rT~> :lnM'lHIPII'f, Irpoiwnrur.m,nn 

orp1l3IW~!'1 AB Ha rro;rmrmre.~LHO:tl ocu; I! Icpowh Tnro, !IPTpy11,liO yti·J;;r.IIThf'JT, 
'ITO, ec,m orptsoK'1 A B He )l;OXO!J:UT1, }\O o, TO yr::IIIBil'. •IToor.r !I> o, !\. > o, 
MOlKeT'.b OhlTL or6poiiieHo. 

65. 8Topoe o6o6w,eHie TeopeMbl Beliepwrpacca. Rr·.m 'lt.o·l(ri.III.JJII'.!In a,. 

eoapacmmomo 6ea1wue1wo IIM'ibCm'Jb c?J n, mo ?tr/IIJI.'f'lltu·c u;mu.rlr:Jir'r"llie 

uenpep'bteuou !fiymctiiU f(x} 'H>a omp1b.1'/C'Ib 0 t np-n IW.IIOIIIU. .S"'l,X7 i t'lll)!r'

an 
MlllllCJ/, Ito UY.l!JO, eC.JtU -

1
-- em pe.1~~WICJ£ 'l<b 11/j,lJO,' 1/flii)JOII/'/IIJb, 1/11/t./f,ljltllii'C 

n ogn · · 
npu6.l!uJ/Ceuie lie Mo.?/Cema cmpe.ltu1111!CJl ·Jco 11-,IJ.!Uo, ('e.;m enm, uuu;rw 'Nif.l!O t, 

'!{mo a,.>n(Iogn)2+• tMU a 11 >n(logn) 2(1oglognjl-fz u 111. r!. 

3afi!I!8MCJI CHaTJa;ra )l;OKa3aTe.11CTBOM'b nepnoli '!aC'rH 'J'('Opf'Mhl. 

,ll;ocrarotiHO 6y,n:en pascMorptrh r,;ry•ra.fi, IWr;'\:t (( x) = .1.''· r;r:h 11 upo
ll3BO.TbHOe n;tJioe rro,lo.mnre.Tu,Hoe 'll!C,lo, ec.m fipaTI, TO.ilhiW T'h a~, Ii.OTopr.re 

6o.11II1e p, n, TilM'1 6oJ!te, )l;ocraTO'IfTO 6y)l;CT'n !J.orm:1n:rr,, 'I'ro, rwr;·r. or,r Ma:w 
Hn 6hl,10 'IllC.'IO cf, B03MOJRHO Ha BceM'1 OTP'B3Idl 01 y.u.ou;wTBopi!TI• IICpaBE'HCTBY 

(8:2) 

U60, 8C.'Ill 8TO HepaB8HCTBO HMten MicTO, TO, !WHC'JHO, 

llycTh 
I#- i=f"Aix'J.i I< d'.t:P- 1 $ cf. 

•=•a+ I 
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a,= <nnlog( n+ 1); 

B'b TaiWM'h CJiy4at, riO rrpe,II,IIO.'IOlReHiiO, KaR'b 6ni Ma.~o Hll 6nUO 'lllCJ10 (', 

li!OiKHO yrm:san, ;J,tJCTaTO'IHO 6o.'II>llloe 'IHC.w n0 , 'Iro6nr, npn n>n
0

, MMtTn e,. <r. 
Ha ucHnnaHiJ! TropeMLI ( 43 ), nepaBeHCTBO (82) MOlReT'b 6niTb ocyiiie

CTB!1BHHO, BC.IJ! l[:JR1lf"fHO, 'ITO 

r,il,'B 

.Jir,r YBM,II,MM'h B'h c.li'Bil.YIOI!Ieil r.~ant (n sro BnrreRaeT'b raKme H3'b rrpM

li!'B'IaHiJI c !('1 reopeMt (1 G)), lJTO ~rra pa3HOCT1 ~!OlKBT'h 6ntTn c.n;t.llaHa 

b 
l\IeHte 1k, r)J;t b -He:1aBliCI!MaR OT'b n H k IIOCTORHHMI. TaKMM'h o6pa30M'b 

n' 

ec.mr 

b 
d<--n'/k' 

k 
a,,+,.-p + 1 _ ei,,+h(i0 + h)log(i0 +h) -p + 1 

> . - h . h 
(83) 

,Jl,.l!R 3Ha1I8Hilt h, KOTOphlJI MBH1III8, 'ItM'b 1·0 , ll MBHniiiB, 'ltM'b n0-i0 , 

HBpaBBHCTBY (83) MOlRHO y,n;oBJIBTBOpHTb, B3JIBIII!i )l,J!JI Jc H':BKOTOpoe BIIOJIHt 

orrpe)l/t.~eHHOe 11l!C.liO k0 ; A.~JI OCTa,1bHhlX'b me 3Ha48Hifi h, HepaBeHCTBO 6y

,ll,BT'b C06JIIO,II,8HO, BCJill B3J!Tb 

k ~= 2y log 2n. 

TIIol!tHO rrpeAIIOJIOlKHTb n HaCTO.IlbitO 6oJiniiil!M'h, 'ITO 2y log 2n > k0 • 

CJit,n;oBaTBJibHO, 

b b b _!. o <--1 -=~,;- < e 41; 

nli'l'!og2n e2'l'log2n 

008TOMy o MOlKBT'Io 6niTb C)I;':B.IlaHO CKOJib yrOAHO MaJio!1, l! rrepBaJI TJ:aCTb 

T80p8Mbl AOKa3aHCL. 
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,il;.lJl P,OKa!'laT8<1bCTBa BTOpOfi '!aCTH Teope~lhi aa~I'B'HlCM'h, 'ITO HaJWY'I-
i=.n 

rnee rrpu6.1IH.1E8Hie X Ha OTpi:miJ 01 rrpn IIOMOIJ~ll CJM!HI 
1

) ~ A;x"'i (rAil ai> 1 ), 
i=l 

IJ,., JP,OB,l€TBOp.l!8T'h, rrpH BCJIIWM'D ITOJIOlKUTe.;IbHOM'b 3H<V!eHil! fl, Hepa.JJCI!CTBJ 

.ll:iJiiCTBHT8JlbHO, II3'1 

lx+A 1x"'' + ... + A,.x'lnl < Bn 
3aK.IIIOlfa8M'1, '!TO H 

a ITOTOMJ 

lx(l +pyx.,-!+· .. +A,x'ln I < IJ.,(l + p)a,., 
omy,u;a 

jx[ (1 + p)'x,.-l- 1] + ... A~.-lx<Zn-1 I < ;i,[ ( l + p)<Zn + 1], 
H 

(84) 

ll3'1 HepaBeHCTBa (84) no;ry,raeM'h rreMe,n;,rerrrro 

(85) 

fP,iJ 0; KaKiJl JfOi!:HO IIOJIOEHT8JI:&HhlJl 'IHCJla. )LOCTaT011HO T€IIep:& 6y)l;eT'1 ITO

Ka3aTh, 'ITO llpH COOTB1JTCTBYI0~8M'1 Bhl60pil 'H!C8JI'1 a·,, rrpOH3B8,li:8Hie, CTO

Jl~ee BO BTOpOii lfaCTH HepaBBHCTBa, ue CTp8MHTCJl K'D HJJIIO, IIpH n =co, 
eCJUI a,.> n(logn )2+e IIJIH a~> n(Iogn )2(log logn) 1+e H 'I'. ,rr;. 

1) ECl!I! 6:or OJI;HO l!8'1> '!HC6ll'l> "'i 6:&IJIO 6:or paBHO I, TO BMilCTO HallJIY'!lliaro npHtiJIH· 

JKeaia x MOlKHO Oh!JIO 6hl paacMaTpHBaTb HaHllY'!mee rrpH6l!HlKeHie xP, r~~;il p ~a~. 
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Ho 

IIoaToMy pascMaTpHBaeMoe nponsBe,D,eHie He l\!OlKeT':h cTpeMl!ThCJI K'D 

Hy.no, ecJ1l! o6a pR.n:a 

6y.n:yT'D CXO)l;.HJI.\lll\IHC.l!. ,71;.1IJI CXO,ll;IIMOCTH rrepBaro p.H)l;a, JJ:OCTaTOl!HO B3.HTb 

l!JIH 
2 

O,. = J (l J )I+E ll T. p;.; n ogn og ogn 

B03hMeM'h, HanpHM'Bp'D, rrepBoe Hn BT!!X'D sHa'leHifr. B'h TaKOM'D cJiy'rat, 

H P.ff,ll;'b 

6yp;eT'b CXO.U:JIII.\IIMC.H, 8CJIH a!> i(logi)2+•. 
B'h caMOM'h .n:·ht, o61I.\ifi '!J18H'h aToro p.a.n:a MeHnllle, 'ri>:M'h 

[ 
2 ]i(logi)

2+• 
1 + '(J ')I+" ) ~ og 1 -

T. e., llpH i ,ll;OCTaTOl!HO 60J1~IllOM'h, MeHhlll8, 'li>M'h 

1 
e2log' = ~; 

1 
a IIOTOMY P.l!il:'h ~ ( 

1 
+ 

0
,i )"• CXO)l;JIII.\ific.H, n c.:rtp;oBaTe.llnHO, BTopa.H 1racTb 

TeopeMhi ,u:oKasaaa. 

IIpHMi>liaHie. 0TptsoK':h Gl MomeT'b 6hlTh saMtneH'h npoH3BO.llhHhlM'D 

oTpi>sKOM'D AB rroJiolKliTenHofi ocn. 



.Dto6asneHie t<b rnast V. 

PaanomeHie npoMasonbHbiX"h QJYHK~iH B"h HOpManbHbte pH)J,bl. 

66. HopMa.nbHble pll,a,bl. HopMam,m,rM'h p.H)J,OMT, Ha oTpi;swh OJ mwi.r

BaeTc.H p.H)J,'h Brr.n:a 
p=ro q=ro 
.2; _1; Ap, qxP( 1 - x )q , 

p=O q::..U 

a6coJrroTHO rr paBHOMtpHO cxo.n:.Hin;HicH Ha i:lTOM'h orptr~wh. B'r, ~weMT, eo<w
HeHiH « HacJit)J,oBaHie H IIHTerpHpOBaHie ,n:ur}lqH~peHu;iaJJI,IJI>TX1, yparmeHifi C'r, 
'!acTHhlMH rrporr3BO)J,H1IMH 2-ro rrop.Hp;rta 3JIJIHITTI!'recrtaro TJIIHt.>> )l,<liiO ( BO II 
rJiaBt) paaJioJEeHie B'h nopMa,1bHhlil: pH)!.'h, npnro,n:noe ,n:JrJr Bcmroft rpyHin~ill, 

nMtroiiJ,efi HerrpepniBHJIO rrpoHsBO)J,rryro Ha orpt3I(.t 01. EcTeCTRei!Ho sa)(n,TL 

ce61J BOIIpOC'h, MOJK8T'h Jill COB8piii8HHO ITpOli3HOJII>HaJ.l H8IIpBpblBHUJI riJYHIW,i.H 
6hlTb pa3JIOlK8Ha B'h HOpMaJibHJ,rf!. pR,D:'h. 

OrBtn Ha sron Bonpoc'h, Kart'h MI>I JBH)J,HM'h ll,HJI'lle, rma3I>IHuerr,JI 
yrBep.n:Hre.InH1IM'h. A nMeHHO, Mhl yKaJrieM'h rrpieM1> ).(JIJI npeoGpaaom1niJI 
IIPOH3B0,11Haro, paBHOMtpHO CXO)J,JI IIJ,a!'OCH pH,n:a MHOI'OTJJI8HORT, l!'f, HOpMa,Jib
Hhlif p.H)J,'1. C1> srolt u;tJII>IO pasptiiiHM'1 npe.n:BapnreJrr,no eJI'll)J,Jioru;yw a:rre-
6parrqecrtyiO sa.n:aqy. 

3a,a,a'!a. llpeo6paaoacum .lf'IWIO'L.l!e'H:o 

Bo Bbr,pao/Ceuie 
P(x) = a,x" + a,._1:.t"- 1 + ... + a1:r + a0 

tJ+q=m 
P(x) - "" "" A xP ( 1-T)q -""--.!...I p,q •. ' 

p::;::O q=O 

~an m ~ n, ma'ICo, 'ltmo6bt J.W'/Ccu.vyJ.to cy:M.lt'b~ 

p+q==m 
LL /Ap,q/xP(l-x)q 

p=O q=O 

ua omp1b3'/C'Yb 01 Ub~.l!o BOB."#O:JIC1W .~ta...to. 

B1> Brr.n;y Taro, 'ITO 'IHCJIO KosipiprruieHTOB'h Ap, q orpaHH'IBHo, Ba)J,atm, 
O'I8BH)J,HO, llM1Jen p1JmeHie, T. e. MOlKHO B1I6paT1 llTll Koaipipm~ieHTbl TaR'!> 
'IT06'h MaKCIIMYM'h CYMMhl 
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p+q=m 

L,l:, 1Ap,q 1:l:I'(l-x)? 
p=Oq::::O 

,:J;OCTUra:n Cll08l'O Hli3IIIaro rrpe;~t.:ra; 3TOMY Mf!HilMa.1bHOMY 3HaqeHiiO MaKCH

MyMa Mhi ;.t;.TIT r;paTKOCTII ,II;aJ,llM"h H:13Ba.Hie ?tOp ~WA:b?taW Jtaii:CU.1tyMa cme

ne1/d~ Ill ,:1;3.HHaro MHOf0 1L18Ha. Ha 0Tp'E3Kt 01. 
Bec&Ma saM1Frare:rbHO, 'ITO nocraB:1eHEia.a: sa)l;aqa. pa3ptiiiaerc.a: coBep

meHHO a.1e1reH'rapHo, npu '!ell!'h o6HapyamBaercJI HHrepecHhifi !)_laKT'b, qro 

?Wp.1taA:hUbltt .IWKCn.vy.lto cnw1wnn m Jl/Ooow .1t1WW't.llenn F(.x) n.maemo npe-

0/b.llO.~to, npu 111 =co, .ltaKCU.ltY-1(.7; 'P(x) i Jla anunO.Kb omp1b31Cib. Hc1WMOe 

ptmeHie BhiTeKaen H3'h rrpocroro 3aMiFiaHiJI: ,IJ,ouycrnM'b, qro 3a,:J;aqa pt

meHa, n HJCTh BLrpameHie 

J'+q=m 
P(a;) = ~ 2: ap, qxP(l -x)q 

p~-=0 q::::O 

ecru OJJ:Ho II31> B03MOlRHhiX'h ptiiieHilt H roBopiO, 'ITO, ec.rru cpe)I)I q,'IeHOB'b 

ap, qXP(l-x)q 8CTb TaKie, CT8II8Hb KOTOpbiX"h p + q = m- k, f,IJ,'B k > 0, 
TO ptmeHi8M'b 3a,II;aqa 6y,II;8Tb e.'IyiiWTb li TO BLipalKBHie, KOTOpoe IIOJIJqllTCJI 

OT·:& 3aM1JHhi ap, qxP(l - x)q cyMMOfi 1L18HOB1> CT81I8HH 111, 

II09TOMY CJMMa MO)J:yJiett rrpeo6pa30BaHHaro BbipameHiJI He MOlRBT"h IIp8Bhl

CIITb c YMMbi MO!l:Y .rrefi )l,aHHaro BhipalReHiJI. 
Orcm;.~,a cJit,D,yeT'b, qro cpe)l;n ptiiieHifi sa)l;aqu Bcer)l;a ecrh o,rr:Ho pt

IIIeHie, B'b !WTOpOM':b CYMMa !IOKa3aT8.'I8lt p + q ='ln. ,RpyrHMII c;!OBaMII, 3a

,n;aqa 6y)l;eT'o ptmeHa, ec,ui rrpe)l;cTaBHM'I:. P(.r,) B"h BI!,D,t 

OcraercH B&rqncJIHTb KoaifJ!)?IIl:J;ieHTLI Ai raK'I:., 'lro6r,r nMtTh rom)l;eCTBt'HHO 



Ao=ao, 

A 1-mA 0=a1 , 
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(86) 

• • • • • • • • k m(m -1.. (m-k±_1) _
1 

_ r 
A<-(m-k+ 1 lA<-1 + ... + ( -1) 1 . 2 .. k " o -· 1<, 

................... 
Am-Arn-1· ............. + (-1),,Ao= ((,"'' 

r,uj; a< = 0, ecJIH k > n. 
P1nneHie ypaBH€Hi:l1 ( 86) He rrpeJI,CTaBJIJieT'1 rpy;~a 11 ;~<LC'l"h HeMe;r,JieHHO 

Ao =ao, 

A 1 =a1 +ma0 , 
m(m-1) 

A 2 =a2 +('m-1)a1 + -3 · ao, 

................... 

Ck = m(m-.2-_Um-- k + 1). 
111 • 1.2 ... k 

(87) 

MraK'b rrocTaBJreHHaJI BaJI,a'Ia p1nneHa; uop.!ta.l£bllotii .lfrt?CcU.11.1f.lt7, mue

neuu rn iJauuazo J.mow•t.J£eua paBeuo ,1tWWUJ.t?fJ.ty cy.At.ltbl 

k=m 
~ IAklx"'(l-x)"'-", 

k::::O 

~iJn, IW&ifjrjjwdeumbt Ak onpeihMR/01/WR rftop.~ty.xaJ.t~~ ( 8 7 ). 
67. MacntAoBaHie ee.IIM'IMHbl HOpMil.llbHaro MaHCHMyMa. (l>opMyJiy, onpep;ll

.1JUOiliYIO Ak MO.lEHO rrpeo6pa30BaT1 c.dJI,yronrHM'1 o6pa30M'1: 

= GJ a,+ _k_ a:+( _k_)'a, ~L .. +( _k_r,.·· ( 
1-*) ( 1--}) ·+~=:I l]. "l m m 1-1 m ( 1 - ~) ( 1 - ! ) ... ( 1 -· ~~~) 

l:I3'b IIOJIY'I€HHO:li ¢opMyJI1I BHJI,HO, liTO, IIPH 6e3ROH8l1HOM'J,> B03paCTaHill m, 
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Ak (k) rrpe,n:. Qk = rrpe,n:. P - . 
"' m 

(88) 

,lf,1lfiCTBllTCJ!bHO, 8CJU1 k CCTh OIIpe,n:i!JICHHOe 'IliCJIO, TO BCi! 'IJI8Hhl cy:M

Mhl, COCTO.H!rrefi II3'h ,n:aHHaro 1IIIC•1a n -t 1 CJJaraeMhlX'h, 

1 
1--

Ak k ( k)2 k 
Ck = ao +- (Ll + - a2 --+ ... ' m m 1 

"' 1--
m 

KPOMt a0 , CTpCMJITCJI K'h HYJIIO, D09TOMY 

Ak (k) rrpe,n:. 0~ = a0 = P(O) = rrpe,n:. P 
1
n • 

EcJiu me 7c TaKJKe B03pacTaeT'h 6eaKoHe'IHO, TO 

rrpe~. ~! = npe,n:. [ ao+al ~ + a2 (~r +·.·+a~ (1~rJ = upe,n:. p(~). 
CJit,n:yeT'h rrpn6aBHTh, 'ITO pa3HOCTh 

d\=----"-P-A (k) 
Qk m 

m· 

rroaTOMy 

loki< (~rl~l [1- (1-})]+ ... +(~f!an/ [1-(1-~) ... (1-n~l)l < 

< (!Y1a2l·i+ .. ·(~rlanl· (n kJE <!, 
r,n:t B=ja2 j + 4ja8 \ + ... + (n-1)2\anl; 

r~t 
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C.wll,n;onaTe.'IbHO, 

k~mJAdxk(l- x)"'-"= "f IP(1~) + ()'k 1

1

. C!.T"(I -x)"'-" < 
k=O k=O 

o6osHaTia.H 'Iepen },f ~m!I'.CHMJM'I· MHOrO'IJiena P(:r) m1 OTP'B3Idl 01. TartlfM'L 

o6pa30M'D 0603Ha'Ia.H TI8p83b },fm HOpMa,11Hbi!t Jl!aKCIIMJM'L CT8lleHII Ill ~IHOrO

'U8Ha P(x) na oTptsrd; 01, uMteM'h 

(SU) 

C11t,a,craie. Echu .ltuOZO'I.IWWo P(::c) noJto.?ICWIICA-eu?, IW ompn.IIC!b OJ, 
mo, npu m docmamo'!{UO 6o.l!bUto.Ato, 6Cib 1COJifjrfhllfieum'br. A k no-tO.J!C/r.me • .f.l:lll>t. 

68. TeopeMa. Bc.fi//Wfl uenpep'bl61/aJl It([ omp1b.1!i11J 0 l rfj/flliCU,iJl Jm.I

Jr,ataemc.fl 6o uop3taA-t1lbtu pfloo •rw amo.~to omp1b.11C11>. 

B'Il caMOM'Il ,n;tJit, na ocaonaHiu Teope~n,r BeiteprllTpacca, H(~JIIiyro He
rrpephlBHyro WYHK~iro f(.7J) MO.JEHO rrpe,n;eTaBHTI> B'I, nH,n;t paBHmrhpHo cxo
AJriiiarocJ:I p.R:,n;a MHOTOTIJI8HOn'D 

f(x) = Qo(x) + Q1(.x) +· .. + Q,(x) +· .. (80) 

HarrucaHHorlt p.R:,l('D MO.JEHO 6y.zr;eT'L rrpeo6pa:3oBaTr, B'D nopM~tJ!bHhifi IJ.R:)!.'Il 
eJI'B.ZI;YIQIIIHM'Il o6pa30M'JJ: eoe,n;HH.H.H nM'flCT'fl, eeJIH 81'0 UOHa)!,061!TeJ.I, ITO H1l

eKOJibKO 1fJI8HOn'D, p.H,n:'D (90) npeoopasyeM'Il n'I, p.li.D:'b 

B'D li.OTOpOM'Il net MHoroTI.'IBHI>I Ps(x) (npu s >OJ y,n;onJieTnopmur'I, yeJioniro 

1 
IP.(x)! < 2•. 

lloeJit aToro rrpe,a:cTaBHM'D net MHoroqJieHr,r Ps(x) n'D Bir,n;t 

k=m 
P.(x) = L ACZ)x"(I- x)m-1'. 

k=O 

lloJiaraH m ,n;oeTaToqHo 6oJihillllM'D, qro6'Il.HOpMaJinH1Ifi MaKeRMJM'Il M<~ MHoro
'IJieHa P. He rrpenhliDaJI'Il 6oJite, qtM'D n'Il 2 pasa ero o6IUKHOB8HHaro Matt

enMyMa, IIOJIJTII!M'Il 
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.11:1uraJI TOliW rrpeo6pasou::1Hie ;n;.~JI BlihX'L s, Mhl, u'lemrp;Ho, rrpeo6pasyeM'I> 

p.ll,il,'L f(x) B'b HOpMa.llhHhiii PJIA'L; 'I. n. T. ,n;. 
Cnt,D,CTBie. ;7,JtJl BCJl'JCOii nenpep'bt61taii fPYii1Ctfiu u.ltnema Mncmo pa

Beucmoo 1) 

k=m ( k) f(x)=upe,n:. \.' f- Qkxk(l-x)m-k. 
~ m "' m=co k=:.:O 

B'b CaMOM'h ,n:tJI'B, ec;m f (x) = P(x) eCTb MHOI'OIJJieH'h, TO Ha OCHO

BaHiii paBeHCTBa (88bi"J, 

IP(x)- }' P ...':. C"xk(l -x)"•-k < -. I "="' ( k) I B 
! k~o m "' , m 

(91) 

Ec.1n me f (.r) eCTh rrpOI13BOJihHaJI cpyHI\II,iJI (9Qbi•), TO, rroJiaraJI 

P0 +P1 +· .. P.=P, 

f- Pi< _1:_ 2• (92) 

IIOBTOMJ, IIpl!MtHJIJI K'h MHOI'O'IJieHy P(x) HepaBeHCTBO (91) 3aK,'IID1faBM'b, 'ITO 

! {(:I·)-- k~m t( k) C"xk(l- x)"'-< i < _1_-+- B. 
I 

"-J ?)1, m ! 2··- j I m 
k=O : 

TarmM'b o6pasOM'b, Kart'I> 611 Ma.'Io Hli 6LIJIO lfl!CJIO a, Bhl6HpaeM'b s 
p;OcTaTO'lHO 60J1biiii1M'L, qTOObl 

IIOCJit BblOOpa s, MHOI'OlfJIBR'b P il ItOSiprfJllii,iBHT'b B 6yp;yn. O!Ipe,i],il.IIBHhl, :a 
C.~t,n:oBaTBJ!bHO, Bhl6Hpaa m AOCTaTOqHO 60J1blliiiM'h, Ha:tt,n:eM'h 

T. e. 

lJ. il. T. p;. 

1) 3Ta iflopMyJia Bh!BeiJ;eHa MHO!O llp!I IIOMO~ TeopiR Bflpo.f!THOCTeK B'L Ma.leHhKOR 
aaMflTKfl <Demonstration du tMoreme de Weierstrass fondee sur le calcul des probabi
lites>, rroMflJIIeHaoii: B'L Co'o6Il(. Xapi>R. MareMaT. 06Il(. T. XIII n° 1, 1912 r. 



LfAOTb TPETbA. 

PaanoHfeHie HenpepbiBHbiXb ~YHKUiH Bb PH.D.bl T~HroHoMeTpH~ 
~eCKHXb MHOfO~RBHOBb. 

r JI A sA vr. 

0 npH6JJHl-HeHiH, ocyw,eCTB/IHeMOM'b nocpe,D.CTBOM'b pa3/IOl-HeHiH QJYHK~iH 
Bb pHA'h rpHroHoMerpHYeCKHX'h MHorolfJJeHoB'h. 

69. Cpe,li,KliR HBa,a,paTM'!Haa OWMClHa. 0ThiCJtaHie MH0r<)1IJICHa, p;<U!HOJi CTe

IICH!I, Ha:aMeHile yK,10H.ffiOIIJ;arOCJI OT'b H13ICOTOpOfi rJlYHiil~iH j'(;r), 1Ipe,n:cTa

B.l!JieT'1, Itait'1 :3TO Bllp;HO U3'1 rrpe,II,IUCCTBYIOIIJ;HX'h TJiaB'I,, aap;:.t11Y '!pe:JRbJliatl

HOil: Tpy,n;HOCTR. I!OSTOMy RHTepecmo BbiJICHMTb, KaK.yio BI,ITOILY ,II,JIJI p•]nlleHiJI 

STOfi sa,n;a'IR, MOJKHO H3BJ18'Ib R3'1 piJil18HiJI Apyroit aHa!IOTJI'HWit, HO HeepaB

HeHHO 6oJite ;rerrcoit, sa,!(aqn OThicKaHi~r MHoroq;reHa R,.(:t:) eTerreHii 1t no 
YCJIOBiiO, qT06hl cpeOUflJl 11:8aopa?IIU'!/UGJl OWU611:a 

J:p(x). [f(:r) -· R,.(x) ]2d:r 

(rrpn ,II,aHHOM'1 encn p(x) > 0) 6wra 611 B03M0.1ItHO Ma.'Iofi. IIo,mraJr, p;;w 

orrpe,n;1lJ!eHHOCTH, a =-1, b =+I, Mhl orpaHiil!HMCJI paaCM<)Tp'fmieM'1 CJIY-

. 1 
qaJI 1), KOr,n;a p(x)=-=--=· 

V1-x2 

Ho 

a~= r+1

[f(x)-Rn(x)J2 .; dx -=S'Itu(cose)-R,.(cosawdo; (93) J -t v 1- x2 o 

1) 06o6m;eaie peayJioTaTOB'h, ROTopbie 6y)lyT'h noJiy'leHbi B'h ~TOM'b cJiy'la'll, He npe,~~;
CTauaen cepneaHLlX'h TPYIIHOCTei!. CM .. Haar ,Orthogonale Funktionensysteme" Mathomat. 
Annalen B. 69. 1910, n B'h 3anncRau ARa,~~;eMin HayR'h, B . .A. Cme~>..rOB"b ,Sur Ia theorie de 
fermeture des systemes de fonctions orthogonales", l911. 
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II, 3aMt<raH (§ 10), 'ITO 

R,.(cos8J = A 0 + A 1cos8 +· .. + A,.cosne, 

H[1XO.IJ:HM'h JC.1IOBiJI H806XO.IJ:ilMhlJI II ,'I;OCTaT0 1IHbUI )l:.nJI MMHHMJMa o: 

A 0 =~j·rrf(cose)de = 2_ \"o:f(cose)de 
n 0 2nj 0 

(9-!) 

l! 

A 1, = .:. f (cos a). co spade =- _,/( cose). cospede. ')S" lso- . 
n o n o 

<l>OpMJ!Ibi (94) )J:a!OT'lJ Hll'ITO I:!H08, KaK'lJ XOpOlliO H3BiJCTHoi8 K09!fl

qJHI1i8HTbi <I>ypbe 1
) pas.mmeHiJI !pyHiw;iH (['(6) = f(cose) B'h TpnroHo:Merpu

'recKilt pH!J:'h. 8TH me rwa!p¢JMI1ieHThi Mbi HaXo!I,HM'h n .IJ:.TIJI pas.llolKeHiJI f(x J 
B'h p.H.IJ:'L TpiirOHOM8Tpli1I8CKHX1J MH0f0'l.ll8HOB1J l',.(x) = COSnarcCOSX, 

a MHOf01I.ll8H1J 

Oopa!WllUIIIifi B'h MHHHMJM'h Cp8.D;HIOIO KBa,ll,paT!-l'IHJIO OIDHGKJ, IIO.~yqaeTCH, 
E'CJlll B'h pa3JIOlK8HiH (95) OT6pOCHTb 'W8HIJ CT8II8HJI llbllli8 n. 

B1J '\" r nBt (§ 61) Mbl yme pascMaTpnBa.m rrpH6JinJKeHHbie ~moro
'l.'I8Hhi R,.(.r) n BHAil!m, 'iTO B'h HtrwTopbiX'h pt,ll,RHX'h eJIY'laJIX'h OHM )l;aiOT'b 

acHMIITOTil'IecKiJI Bbipa:ru:eHiJI MHOrO'lJleHOB'h HanMeBte YR.IIOHJIIOIIIIIXCJI on 
)J:aHHO:Ii riJYHI>.I1iH. Bo MHOrnx'lJ cJrytiaRX'h, KaK'b Gy)J:en rroKasaHo )J:a.'lhme, 

1 < J,.[f(x)l ____. k 
E,.[f(x)] ' ' (96) 

r.J,t Jc H83aBHCl!MaR 01'1. n IIOCTOJIHHaH, a J,.(f(x)J 8CTb MaKCllMJM'h pas

HOCTII lf(x)- R,(x)l. Ho yme O)J:HH'b TOT'h <flaKT'b, 'ITO CJIII8CTBJIOT'h H8-

npepblBHblJI !pyHKWH, KOTOphiJI He MOfJT'b 6hlTb pa3.WlE8Hbi B'b CXO!I,JIIIIificJI 

Tp.UrOHOM8TpH'l8CKi.it pH)I;'h, IIOKa3biBa8T'b, 'ITO H8paB8HCTBO (96) H8 Bcerp;a 

HMil8T'b MiJCTO, Tait'b KaK'lJ BOSMOJKHO, 'ITO E,.[f(x)J CTp8Ml!TCJI K'lJ RJJIIO, 

M8lKAY TilM'b KaK'lJ I,.[f(x)] BospacTaeT'b 6esrWH8'IHO. MscJI•B)I;oBaHie yc.~oBi:!!:, 

RaKHM'b ,ll,OJllEHa y.n;OBJl8TBOpSTb <fJJHKI1iS f(x), 'IT06hlHepaB8HCTBO (96) 6bl.'l0 

C06!IIOp;8HO, SB.IIJI8TM TaltHM'lJ o6pa30M'b H8IIOCpep;CTB8HHblM'b. rrpop;O.Ilm8Ri8M'b 

ltJiaCCII'I8CKOfi T80piii. pa3.1IOJK8HiS !pyHRI1ifi B'b TpHrOHOM8TpU'I8CKifi pS)J:'b~ 

1) Koaifliflnn;ieHThi npn cnHycax'l> paR!!Iil HJl!IO. 
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70. HtKoropbill cntACTBiR 113b TeopeMbl P11cca. IIpej];,I,P 1IilM1, rwpetiTu 
K'IJ H3Y 1IeHiiO HanMenwraro yr;.1oHeHiJI C'IJ HOBOJ1 T01lll.ll :Jjl'hHiJI, tl:l. I\OTopyro 
M1I CTaHOBH.It!C.li B'1 9TOfi rmm1J, C,RiJ.Iaewr, H1JeJto.'Ih!W aar.l'l3 1Ial!iii n Ml1HJI

}JyM1J cpeJ;Hefi Iman:paTJ!'JHOfi OIIH!6K!l, He l!.M1JJOU(iJI rrpJ!MOrO OTHOIIIt>HiJI i;'I, 

)l;a.'IbHifiiiie:My. HarroMHIO cHaTJa,m TeopeMy <flp11!1;puxa. PJit·.r~a 1 ): rJJlJt m.oiiJ, 

•tmo6bt rfiY'Il·JOiifl q(e) UblJW JC6aiJpamwn1o n'll·JJU:IpnplJC.lra (m. c. 'llltor!M un-

11Wl)Ja.llo J: g:2(B)do, nplt 0 <a< b < 3n, ~~:~ecnUJo(JaJln IJo r.lfhre.w, .1dina ~) 
Hco6:coiJuJto tt docmmJIO'l'llO, 1t'i/IOObl }JJIOo ~ ,·J" 61>1JP, c.mrJJw(U.11CN, ovo.J-

_. 1' 
P=n 

Jl(t>utR 11C)JP3'b A/1 'JC03fPffjtt11,iC'Il111bt cfJypbC (04) rh.t'llJ>t(in q(O); ?IJ!n .J11lO.llo, 

IIpmrBHJIJI TeopeMy Pncca Il'n qJyHii.l(iii 

-q_'(B)=f'(cosB) sine=/'(J') Vl--=-.r:2·, 

y KOTopoii Koa<lJqnm)eHThi tllyp1e paBHLI pAr,, HaXOi\IIM'J,, 1!TO yc.roBie Be
ofixo,n;IIMoe ll ,n;ocTaT01IHOe i\•1JI Toro, <JTOObi unTerpa.n 

rb[f 1(x)] 2(1-x2)d;;; 
j" 

CYil\BCTBOBa.n (B'b CMLTc.11J Jf e6era), 11pn - J < ct < b < J, :JaK.'IKJTJaeTcn 
p=ro 

B'b TOM'1, 'ITo61r pR,!I;'b L p2A; 61r.n cxo;vrll\HMCJI (KOi:J!fHJi!n~iewnr Ap ;(a.HI,I 
p=I 

<PopMy.rraMH (94) ), r. e. lJT06Lr cyMMa 

CTpeMH.l!aCb K'b Hy.'IIO C'IJ B03pacTaHi8M'IJ 1Jo. 
Ho 

II03TOMy 
p=ro 

(Po+ 1)2o;o < n;JPo < (p0 + 1)2o;" + L (2p + l)o;. 
------- p=po+l 

1
) Fr. Riesz ,Untersuchungen tiber Systeme integrierbarer Funktionen" Mathern. 

Annalen B. 69. 
2
) Lebesgue ,Le~ons sur l'integration et la recherchs des fonctions primitsv~2". 



-129-

TarmM'J, o6pa~:~~ll!'b. no.mr,ur cl P = .P -f-1, BlliU!M'1, 'ITO d.-ut C!Jil(ecm8o-

aaniJt uunwtpu.Jta [/"(:r)p(l-.!·2)d.J· neo6.codu.1w,_ •lmoqbt cp = op.(p-i--1) 
·- a Jl-00 c- p=oo 

cmpe.lru.!loCb ;,_·7, Mif.llJo, u r)oc-ma nwwHo. •uno6bt pRrh 2:; --"- = L (p + 1 )!J2 
p=tP + 1 11=t P 

r7ut.!l7J cJ:ocJmrm.\ltH. lloc:rb;J:Hee YC.lOBie co6JIO;r,aercH ec m c < __ l __ 
. ) . ~'= 1 

1 (logp)'T+'l 
H.'Ill -s:: ·

1
· ·---:-(·-·- . -~-- II T. ;r .. AHa:rornqHJ,Ie pe3y.11T<1Thl MOlKHO IT0.1y-

( ogpn-tloglogp)-;;-+" · 

'li!Tb II ,J,:JJI TIOC.I'B,IL}'IOII\llX'1 1Ip0118BO)l,HhiX'1; He OCTaHaB:IliB3..HC1 Ha 9TOM'1, 

:Ja!ldJTJIM'b TU.'IhKO, 'ITO Bl'.'JI1'II!Ha Ml!Hli11Yl1Ht c.pe;J:Hefi KBa,'lpaTl!lJ.HO:fi OllUJO

IUI rl~ Ta!c'I> liie T'BCHO CBJl3aHa C'h U%111e1pa.1b'HO-dllgjg5f:')JC'IU(ia.llb·Mbl.liU CBO.fi

CTB1U1ll cfJYHI\I~in na acP.ltlJ npoJre.J!C!JiiiKib, KaK'h HaJIMeH1rnee yK.iiOHeHie E,[f'(.1'J] 
CHH8ClHO C'h tlti[p[/jepP%!fia.lliJ1lbl.ltn CBOfiCTB<1MII CrYHIU\ill B'1 K3i'K,!I;Ofi OTJ:'B.li>

HOii To•nd~ (r:mBa II). 
IlpnM'lFlaHiP. H8'1 paBeHCTB'b i93lll (D3bis) BH,[(HO lJ.TO o,<E ... y;; 

T!O::JTm.Iy 

V-·1;,+fT A;,t2+ ... < E .. [f'(:r)] < .. .Jntl: + . An+~'+ ... ; (77bis) 

8TO HE'pa R8HCTBO HE'MHOfO TO'IH'Be HepaBeHCTBa (7 7), eC.ll! :m~li>Tl!Th, '1TO 

..:1ntt= i.n• 
71. TeopeMa. J..;vt IJC'ft~.:otl 1tCIIJ!Ppbtl31i01'i rjiyH//cztiz~; f'(x) u.Jllbemo JObl'iJtO 

'IU'}J!l6t'IICIJ/()U ( ('OJ'jJ((H.Jifl OOO.'n/.((1/CIIif{, § 69) 

(971 

uJ1v k1 ·nc.JWfltCnJWH omo n ~~ omo ¢!J'WKltiu ((:r.:) nocmomtHaJl. 

8Ta Teope:Ma BhiTeicf18T'1 H3'b a.Ha,10riJ!IHofi reopeMbi, :\OKaCJaHHOfi .1e

fieroi\n, B'l> ~IITHpOB<tHHO:ti yme paRte pa.6ort , Sur les in tegrales singuli1L 

res" 1 ), oT.'Ill'miOru:eficJI OT'1 Harne:li reopeMbi Ti>M'1, 'ITO y Hero In ecrr, 
p=a 

MaltCIIMY~JT, pa8HOCTJI !f(x)- ~ Apcosp.r+Bpsinpx!, r,11,t AP II Bp Roa¢-

p=o 
!JmrUennr <Dyp1e, a E, Haii.TJ'llllee rrpM0.1HmeHie f(x) rrpn noMoru,n rpnro-

HOMerpH'IecKo:lt cyMMhi n-aro rrop.H,n:Ka. TaKHM'b o6paso~I'b, ClJ.HTa.H reope.My 

.1efiera )I:.UI Tp!1fOHOM8TpH'leCIWX'h CYMM'1 )l,OKa3aHHOfi, Mbi IT0.1YIIHM'1 Repa

BCHCTBO (\!7 ), ec.:m, KaK'b B'b § 69, C,[(iJHaeM'1 IIO)l,CTaHOBKJ X= cos e. 

1 ) Ann ales de Toulouse, t. I ( 1909 r.). CM. TaKJKe yuo~I!H}'TYJO Bb!me pa6ory D. 
Jackson. B'L pa6oTt ~Lebesguesche .Konstanten und divergente Fourierreihe", Journal 
fiir die reine und angew11.ndte Mathematik, t. 138, 1. Fejer npoH3BO)I;llT:L Bb!'IHCJieHie, nai> 

. 8 
KOTOparo Bb!T8Ka8T'L, 'lTO K031jliflnn,ieHT'L k1 Bi> ipopMyJit (97) HMten npeii:i!JIOMi> .jt'l' npll n==· 
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72 Cllt,O.CTBill. ] ) .ile6en Bb1BO)U!T'1 Il3'h CBOe:ti TeopeMhi H 11:n TOfO, 

qro Hany•rrrree uprr6,mmeHie E., 4Jymn~ilt, YAOB:1eTBOp.H!Oili,HX'h yc:rosiw Jl,HH!!

J1rrmmn:J;a, MeHte, TJtM'1 c,log(n + 1), r,n:t rrpe).l;. e,. = 0, 'ITO :mr lJlYHKI~iii 
n=ro 

paSJiara!OTCJI B'b CXO)IJI~iec.a TpHrOHOMeTp!I'!BCKie PJJ.,ll;l>l. .i\lr,r MOJKewr,, CJI1l-

)IOBaT8JlhHO, TaRJKe YTBepm,n;aTb Ha OCHOBU.Hili HepaBeHCTB'h (97) II ( 7D ), 'ITO 

IJCfi/IGafl rftynKl~ifl, JfOOIJ.J£emeopRIOII(·afl yc.l£ollil0 /{w.f;u-.lfuniiiU.Wt., Jm.uwoemt H 

llo cxoiJmt(i!1efl pRQo mputoHoJ.tempw~tecKtt;ro .Huow•t.J£euorto. :3aM·kmM'h r;poM1l 
Toro, TJTO, BCJ1ilACTBie sa1rtrraHi.a, saKaH'll!BaiO~aro § G3, r/i,IJH1Ct(ifl, pooiJ.Jl,e

mllopR'IOUfaH o6o6u(e1fJWJty yc.JI,oBiJO ,U:uun-.1unwu~a, Jla3.uu.aenwH fn }JRr!?, 

mpUW1iOMempu<teC1CUXb J(}IQW>/J/Cit08o, 1\011/0jJ'btii J.WJ/C'/10 c()1b.JI,(l'/1ib C'l'OiJillf(1Mf('Jl 

npocrnou tpynnupo81W!1 •t.JteUOBo. 

2) TeopeMa (71) rrorwshlBaen HaM'1, 'lTO, ec.1m, Boo6n~e, rropJT)IOli.'h 

y6niBaHiJI En HepaBeR'1 1,., TtM'h ne MeH'Be OH'h Bcer,n;a onpe,D,1>JIJien no
PJIAOK'L En, C'L TO'lHOCTb!O il.O >IHOJRl!TeJIH log(n + 1). YrW,jiWM'h, HarrpuMtP'h, 

BepxHIOIO u HHlKHIOIO rpammy II,!IH B2, I :r i B'h rrpoMeatyTKt -·· 1, + 1 . )~JlJJ: 
9TOro, pacKJia)IbiBaeM'b I :r! B'L cTpoKy TpHroHoMeTpiPiecK:UX'J, MHnro•r.'Il'l!OR'h. 
llpnMtHJIH rpOpMyJ!bi (94), HaXO)l)lM'b 

" 2J7t 4 ('2 A2k=.n 
0

Jcose!cos2kede=.nj 
0

cosecos2kade= 
;: 

-- [cos(27, + l)e + cos(2l. -1)e]de = -. ------~- ~-. - 2r:· . . . 4 (- 1 )k+l 
Jt 0 Jt (2k-1)(2k+1) 

(\18) 
!!09TOMY 

12"'=~ [c2n + 1)
1
(2n + 3) + (2n + 3;(2n + 5) +· · ·] 

TaRHM'L o6pa30M'1, Ha OCHOBaHiH TeopeMbi (71), 

~ E 2 
(2n+ l)log(2n+ 1) < 2

"' < n(2n+1) · 

IIepBaJI traCTh eToro HepaBeHcTBa 1), pasyM:teTcH, HecpaBHeHHO MeHile 
YD;OBJieTBOpl!T8JI:OHa, q'flM'b pesynTaTbi, Ha.:tt,D,eHHI>Ie HaMl! paRte; HO BTOpa.JI 

1
) 3TO H~paBeHCTBO HMteTCl! a B'b YliOMlntYTOH pa60Tll ,lJ;lKeKCOHa, EOTOpblit, HC3a

BI!CI!MO OT'I> M8HH, IIOJlyql!JI'D ero aHa.u:OrJiqHhli>!O o6pa30M'b. 



-131-

0 637 
qacTb Hepn.BeHCTBa )J,aeT'h i!.OBOUHo ToqHyiO BepxHIOIO rpamnw E;l,. < ~n. 
)l.pyrHMli CJIOBaMH, IIp:U6.1Il!lK8Hie !.r:, ROTOpOe 1J;a8'l"b CTO!lb IIpOCT08 pa3JIO
lK8Hi8 (98) .~nrm H83Haq:uTenHo xyJI'e HaMJIY'lUiaro rrpu6umeHi.a; a :uMeH
HO, IIpHIIOMHHa.a, Hepa~eHCTBa (59), l!MiJ8M'b (no KpafiHefi Mtpt, )I)I.JI B8Cb
Ma 60JibiiiHX'1 3Ha qeHifi n) 

t l2 .. Jxl ') 
1,9~ < E~J .~1 < .. ,36. 

2tt X 
(100) 

73. TeopeMa. Ec.Jtu rj}!J'H·JClfifl f(:r) yooe.llemBopHemo yc.lloBiJO .llunutuna 

cmeneuu a< 1, mo 
k 

E,[f(x)] < n(X, (101) 

10rb k uesaBUCU.M'btU omo n ?Cof!rjjrjjnz{ieurnoj npu f!nlOJ.to, .7•tiHO'l01{.teHbt cme

k 
neuu n, ocyu(ecmB.JtflJO?.!{ie np1~6.uw/Ce11ie ----;--, 1&o.!ty'iaJOmcR nocpeocrn60J.ro 

~l 

npu.~tnuem:JZ cnoco6a cyJ.uwpoBauifl We1lepa 'X:o paa.JtoaJCeuiJO pascJ.tampu13ae

.M011 rjjyH'X:U,i~~ Bo pROo mpmouo.1tempzt1teCICUXo .~t'HOW"i.JteHOI3o. (To oJCe caMoe 

mutatis mutandis UJt1be/11o NJ'bcmo u. O.ltf! mpmoHoMempu'ieC?CUXo cyM.J.IO). 

B'1 caMOM'1 !lil.'lt, rro,1ara.a x = cose u o6o3HatiaH tiepes'b 

Sn = A0 +A1T1(x) +·. ·+ A,T .. (x) = A 0 +A1cose+ •.. +A,.cosne 

CYMMY (n + 1) lJ.ITeHa pa3.\!0JK8Hi.fl {(x) = /(cose) = (jl(S), Mbl IIO!lYliHM'b rrpn-. 

6.1IllK8HHYIO CYMMY cl>e:tiepa (n- 1)-1'0 IIOp.a,n;Ka 

s0 +s1+ ... s .. -1. 

a,. --:- n ' 

H, npu STOM'1, ocmTOK'b R,. pn.BeH'1 1) 

r.: 

R =a - m(e) =- -.- [f!J(S + 2t) + f!J(6- 2t) - 2f!J(6)dt. 1 J2 (sin nt)2 
" " " · nn Sill t 

0 

ilo IIp8,ll;IIO.\!OlK8Hiro, 

Jf(x+hl-f(x)J < Nha, 

r,n;t N ,n;aHH08 '!HCJro; a cJit,n;oBaT8JibHO n 

j<p(e + 2t)- cp(&)! < N. (2t)a = lrft"-. 
lloaTo:My, 

1) Lebesgue. Le~ons sur les series trigonometriques (cTp. 94). 
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1': 3JIJ:! (sinnt)
2 

JR,.j<- -.- t~dt< 
nn SJnt 

0 

TarwM'1 o6paso:M'1, rrprr a < 1, 

I ' k 
f(x)-IJn: < ---, , . . na 

nJ;t k HesaBJICHM1Ifi on n Icoat!Jrpm!ieHT'f,, 'L 11. T. ;J;. 

llpnM'il'laHie. Hn )J:OKa3aTe:1J,cTBa BII,I\HO, •ITO, m,mowr. JW napy
IDMTCH, ec.m ,'J;ame N He IIOCTOJJHHaH BeJI!!'Il!HLl, a no:lpacTaeT'b oe:JJlOHl"IJIO 
rrpM x = ± r: C'b T1m'b o6cTOHTe;JLCTB011n., 'ITO O,'J;I-m 11 Tame oeo6emwcTh 
t!JyHKJJ,iH BHYTPII oTpilaKa II Ha IWHJJ,aX'b ero He O)J)II!<llwno BJhreT'r, mL Hpl!fl
;mmenie tFYHKil,iH rrpn TIO:IIOIIl,l! MHOTOTJ;J8HOB'1, 111l>I ynte BC.Tp'1> 1Ia.JII!Ch BO B'l'll
pofi r.1ant. He oeTaHaBJJHBaHCh Ha rro~J;po6H011'1 !1se.11WmaHiu :rroro Bon
poca, YKaJRBM'f> .TIUIIh O)J;llH'b IIpOCTufi llp!Hl'hp'b, Ha IWTOpOM'l> OT'Ie'l'J!IIBO BHk 
Ha cyiil,HOCTh aTofi paaHHil,hl: ll3'1 !J:OKasaHHO:fi TeopeMI>I ur,rreii.W'TT,, 'ITO 

k 
E2,.\x!e~ < (2n)e~' r,'J;t a< 1; rrpu 9TOM'1, .rrcno, 'ITO MHOTO'!.'!elf'r, cTellt'llll 3~<, 

Ha.JJMeHte YicJOHHIOIIl,ifiCH OT'1 /xj~, He eo,n:ep1KIIT'1 H8TJG'l'Hb!X'f. CTeili'Hefi .1:; 

noaToMy, rro.mraH ;:c2 = y, M1I BH!l:ILM'1, 'ITo HaHMen1mee yK,10HeHie R:,C,-J) 
Ha orptsrct 01 TaKliW y;J.on.1eTnopHen HepaneHcTny E'(yT) = B2,.\xle~< "_!_'~--. 

" (~n)" 

,,pyrmm e.10na:r.m, yc.1oBie .1unlli!IIJ;a cTerreHu a BHJ'Tpll OTpil:JJm mrhen ey
mecrneHHO Tome sHaTJeHie ,'J;:IH HamreHhmaro Yic:IOHeHi>r, TJTO yc:roBie .Imi

a 
IliUD,a eTerremr 2 B'1 KOHil,aX'b oTpt:ma. 

74. Pe3yJJbTaTbi ,LI,IIIeHcoHa 1). HeTpy;r,Ho sa)rtTUTb, 'ITO ocTaTO!t'I,, no
.1y'IaeMhlfi npu rrpHMtHeHin crroco6a 4>efiepa B'1 c.1y<rat, KOr,'J;a a= 1, He 
IIO,li;1Il!HH8TCJI 3aKOHY, B1!paJR8HHOMy IIp8)l:lll8CTBYIOIIl,8fi TeopeMoi!: B'1 STQm, 
C;1J 1Iat, MOJEHO yTB8piK)J;aTb TOJ!bKO, 'ITO 

R 
klogn .. <--. n 

1) D. Jackson. [her die Genauigkeit der Annahernug stctigor F::nktionen durch 
ganze rationale Funktionen. 3roT'!> §, pasyMile-rcJI, He MOl''!> BOll:TH n'l> nepBonaqaJbHY!O pe
p;alll:J;i.IO Moero CO'lnHeJI:ill, Rait'l> I! Boil CChlJUtl!· na pa6ory fl:meKcoua. 
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/])R8KCOW!,, He3aBJICllMO OT'h l\!8HJL II Tipll IIOMOIIlJ! ,n:pyroro M8TO,ll,a, IIO

.~}''IIW'h OO.TBe 3Ll!t0H'JeHHhlfr pe3pbTaT'J,: a IIM8HHO, OH'h IIOKa3a.:r'h, tJTO. 

npn a= 1, 

E,.[l(.r)] < ~. 
n 

(101 bis) 

• 
l:~p<mt Toro, OH'h .n:or;asa.n enre, 'ITO, ec.'ln f(xJ mrtern rrpousBO;J;HYIO 

p-nw IIOIJH)l){U, }'!lOB.1PTBOpil!Ol11YIO }'C.~OBiiO .1JIIllliJil\a CTeii8Hll a < 1, TO 

E,.[t (1') J < n:~l' (10:2) 

f)J,t k, r;ah:'h Bcer)J.a, He3aBl!CIIMaR OT'h n TIOCTOHHHaJI. 

Cnt,n,crsie. Ec.m rfi!JII'KI(ifl l(x) yooe.u:meopRema ycAofliiO JI~mutu~(a. 

cmenemt (a < I ), 1110 

I,.[{(:r)] < k2 Io~g-n. 
n 

(103) 

aTo BhiTCI\aen, 1131> HepaBeHCTB'h (101) II (10lbis), 6.'!arO,n:ap.li Hepa

BCHCTB}' (97). 
ll p rad; '1 aH i e. 8TOT'J, pe3yJ1I,TaT'L, .!l)l.lf TpllrOHOM8Tpllti8CI\:IIX'1 CJ'MM'1, 

6J,J,~'h TIO.'I}'tJeH'f, H8IIOCpe)J.CTBeHHO .1efierOM'L 1
), KOTOphifi ITOKa3aJI'1 TaKa\8 

'ITO nepxww rpaHI1!18, l,[l'(:r)] He ~romen ObiT1 IIOHnmena, ec.'!u o tiJymm;in 

l(x) HH'Iero oo:I'he He nsBtcrHo. 0Tcm.n:a c.1t,n:yeT'1, tJTO n BepxHJI.lf rpaHuu;a 

En[f'(x)], HafiJLeHH<t.lf ,ll,meKCOHOM'1 II MHOfi, TaiVKe He MOJKeT'h 6111'1 IIOHJ!

jJ\8Ha, ec:IJI B:J.liTh Heonpe,J,iWeHH}'IO tlJYHKl\iiO, y,n:OB.'leTBOpRiomyro .n;aHHOMy 

ycJioBiiO .1nrmunra. Ec.'ln upuHJITh HepaneHCTBO (1 02), TO H3'h Hero TOtJHO 

TaK:tKe MO/KHO IIO.'IY'll!Th, 111'0 · 
klogn 

In[{(x)] < nP+a 

,ll.'IJI rJlyrmu;i:tt, I!M'iJIOIIJ)IX'1 p-y10 IIpOIISBO,IIHyiO, y,n:OB.~eTBOp.BIOlllJIO JC.ITOBiiO 

.Turrrnnu;~1 creneHn a. 
Ho .s: nocnponsBe,n:y c'h He6o.~biDIIM'h ynpoll\eHieM'h cBofi rrepnoHatJa.llh • 

llhLfi BhlBO,II'1 HepaBeHCTBa (1Q3l!i•), l:W_TOpbi:fi npe,n:cTaBJ1JreT'h, 6hlTh MOiR8T'1, 

H 'iJKOTOp h!fi Tip II HI.\IJIIia.lJbHI>Ifi J!HTepeC'h. 

75. AoHaaarenbcrso HepaseHCTBa (1 03"i'). 3aMtTIIM'h npem.n:e Bcero, tJTO 

dP{(a:) . 
J'C•10Bie, tJTO --P- J'.TI;OBJI8TBOp.li8T'h yc.10Bll0 ..;1lliTIDllii;a CTeiieHH a, BJI81J8T'h 

dx dPrp(e) 
sa co6ofi cyru;ecTBOBaHie ycJioBiJI Jirmrnun;a cTerreHH a ,ii,MI ~. 

---------
t) Lebesgue. Sur Ja represe-ntation trigonometrique approchee des fonctions satis

faisant it une condition de Lipschitz. Bullet. de la Societe Math. de France. HllO. 
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Pa.sc~rorpHM'I> crrepBa. '!eTHhlJI 3Ha•reHiJI p = '2p. Ilycr1 

B'I> TaiW:M'h C.'Iy'l'at, 

flPfP(8) . , 1 J -ar;P = ± [A1cose -r- .. + nPA,.cosne 1 .... 

liOJ1aTaJI 

p,. = (n + l)P A,+1cos(n + I )e + (n + 2)~> A,.+2cos( n + :l )8 + ... , 
Mhl 3aK;II01JaBM'I> Jl3'1 HepaBBHCTBa (103), 1lT0 

klogn 
Ju,.j <--. n"-

A rroroMy, Ha ocHoBaHil:! nsBtCTHOit .1eMM1I A6e;ur, 

1 1 , \(laj klogn 
/R I =-!A +Jcos(n+ l)B 1 A +'cos(n--+-'))6 ~ I<----<----

,. , ,. ,. - 1 ~ 1 • • • 1 n+ 1 )I' r?J'+et • 

,ll;JIJI pa3CMOTp1lHiJI CJiy'!a.H, KOT,ll,a p = 2p - l H8 11BTHOe 1IUCJJO, BMBe

li,BM'1 IIp8,1I,Bapl!T8JI:bHO CJI'Jl.rr.YID1II88 HepaBBHCTBO, CilpaB8,ll,JlliBOe i~JJI BCJIKaro 

sHaqeHia: s > 1: ec,m 

klogn !Rn! =I An+Jcos(n + 1)6 + A,.t2COS(n + 2)8 + ... J < --;ns-• (10-t) 

TO 

IR,, IC 1)A . ( 1) ( 9)A . ( ')) I 2'+lk.log-n 
;= n+ KtlSlll n+ 8+ n+... nt2Slll n+ ... e+ ... <---1--• .--. 

" . (2"- -l)~ns- 1 

B'h caMoM'h .rr.t,1t, nn ( 1 04) BT:.ITei>aen, •rro 

lA ( , ) !-- , A I 2klogn nt 1 COS n-r 1 6- ... 1 2,.COS2nB < --;-, 
n 

a IIOTOMy, BCJI1l,II;CTBie § 10, 

j(n+ l)A,.tJSin(n+l)e-t- ... + 2nJ 2nsin2ne\ < !~~~~n. 
CJit,n:oBarenHo, 

IR' I< 4k [lo n+log2n + log4n ]= 47clog!! 2•::::_1_ 
,. n•-1 g 2•-1 4•-1 +.. . n·•-1 . 2' -1_ 1 + 

4klog2 2•-1 2•+ 1 k logn 
+ n•-1· (2'-l-l)2 < (2,_1 __ 1 ):~•-1 ' (105) 
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Ca~w C06ofi ITOHJITHO, 'ITO TOlK8 ca:r.we HepaBeHCTBO Mbl ITO.:ryqllM'I> li 

B'h TOM'b CJyiJat, IWr)l:a Rn COCTOJ!T'b IIS'b CIIHYCOB'h. 
IIoc.~t :=noro, 6epe:r.r'1 cpyHI-:ll,iiO 

W(rJ) = J: q;(e)de 

r~~:t, no rrpeame:r.ry, <p(e) = f(uose). 

B'I> TartoM'b c.1yqat, ocTaKOK'b R,. TpnroHoMeTpnqecKaro pas.lomeHiJI 
clJYHKll,in r!J (e), n:Mtrorr~en rrponsBOAHyro qeTHaro rrop.H,u;rta p + 1 = 2fl, 
Y!I:OB.~8TBOp.H8T'b HepaB8HCTBY 

1 
klogn 

'R, I< nPtlta ' 

a cJt,u:oBaTe.u,Ho, ocTaTOK'b I R~ I B'b pas.l!omeHiH cp (e) , Bc,lt,n;cTBie (105), 
6y,u:en :r.reHte 

2Pt 2 klogn. 
(2P-1)2. nPta' 

TrLKllM'b o6pa30M'b HepaB8HC'l'BO ( 1 03bis) CIIpaB8)l)IllBO, )I:,UI BC.HKaro p. 
Cnt.a,crsiH. a) Ec,1H clJyHI-:ll,iR ((x) B'b rrpoMemyTKt (-1, + 1) 

l!MteT'b Ilp0!13BO,U:Hbi.H Bci>X'b ITOp.H,U:KOB'b, TO 8.H pa3JIOlK8Hie B'b pH,U:'b TpHrO
HOM8Tpl!II8CKYX'b J.1HOroqJieHOB'b paBHOMtpHO CXO)l)ITC.H, TaK'b JK8 KaK'I> U 

p.H,IJ;bl, ITO.~Y'laeMbl8 OT'b Jl;lltPclJepeHll,HpOBaHili, KaK08 yrOJJ;HO 'lllC!lO pa3'1, 
pascMaTpHBaer.raro pas.:romeHia. 

b) EMIT <flyHKll,lJ! f (X) llMi>8T'b rrpOH3BO,U:HbJ.ir BCi>X'b IlOp.H,U:KOB'b B'b 

rrpo:r.~emynt ( -1, + 1), TO 

rrpe,u:. nP I .. [f(x)] = rrpe,u:. nP E., [f(.r) = 0, 

IIpll BC.HKOM'b p (TeOpeMa 22). 
76. TeopeMa 1). Ee.1;u ,-uooy""'b aua.f,umtt'!fec<Xou rfiYH<Xu,iu f(x) MmHM M 

euympu 9Jt..f:Unca E, u,\tn.IOu~aw if;o<Xyea.1m 1/W'-I:JCU -1 + 1 u ?W..f:ycyl.tMy 
.. 1 

ocmb paeny10 -, rno 
. () 21VJQn+l 

E,. [f(x)] <I,. [f(x)] <-
1
----'--
-Q 

1M~ omp1b31C1'b (- 1 , + 1). 
B'h caMOM'b ,u:tJit, corJiaCHO ¢opMyJiaM'1 (94), 

Ap=- ((cose).cospede, ls21'i: 
:;rr; 0 
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IIpH '!8M'1 IIOC.IlllJJ,Hifi HHTerpac1'1 B3HTT, ITO LlKPYlRHOLOTII C p:1;1,iyca IJ<lBH:Ho 

• C)l)IHI!IJ;ll. B'h TO Bpe~!.lJ:, !\aK'b KOMII.'l8IWH<LJJ: rrepeMTIIIII:\H ,?.: Oil!IC~h!B:teT'!, 

a;mmc'1 E, KOMII.'IertcHa.H nepe~l'BHHal! z· orrnc&rBaeTh, .'IIIGo o~;py1Iil!oen, C1 

C 
. 1 

pail,iyca Q, .11160 or-cpylRHOCT1 " paJJ;Iyca Q~, rar;T, Iwr;.·r. 

./' = cos 8 = } (' + ~). - .. 

Ho f(x), rro rrpe,J,rrO.WlReHiro, ocraercJI roaoMoptJI!roll BHJTjlii a:r.IImca 

(

,.2._!_ 1) 
E; rroaro:My f ·_· ~' - rao:lRe ro:rmrop<Jnma MelR,D,J m;pyjf\IJOCT.HM!! 0 1 11 U". 

2.:; 
CntJJ,oBa.TeJhHo, · 

!
1 

f =--'J- zP·-·l dz '- .' { .<---=-. ,.p-l rl·· 1 / '>JC 1/nl' :~(~2+1) • \'(-'''1) I 
"· I-' 2~ v '"' I .......... - ~ .... 

! .., a -·- ; .... c - . 
H 

I f--.~~ -, f ~- .---- '<2:rd/(11', : J (z2+ 1) dz i _ !, J (z~ + 1) d:: ! 

i a 2.z- . zP+l : i o, 2z . zpfl 

II, HartoHeu;'1, 

'l;Jf(l"tl 
1,. lf(x')] < [ 1 A .. p i + j A,.t2! + ... ] < .-::~_Q .. 

lJ. II. T. ,11,. 

llpnrt'ntHie. B'1 npe:I;IIIeerByiDru;rtl reopeM'h, Talt'b ll(c I><ti\'J. II B'I. 
yc.10BiJIX'1 reopeM'1 (22) u (29), Han:MeHniiiee yo:.'IOHeHie B,, MoJIW'l"I> fihiTh 
3a~I'BHCHO MHHlLMJMm.!'b cp8J!:H8fl 1\BaP,paTI!'llJ:Oii: OlllllOI\11 d,.. 

77. Pa3JJH'-1Hbt!l cnt.a.crsl!l 11 npHJJOIHeHi!l. 

A) EcAu rfiyHXl{iH /'(:1') Bo npo.1ti'J/Cym1Cn ( -1, + 1) U.lf.11,P.un upo·lu
eoiJ%y 10 nopflotea k, 1/0.JLIWe ua.mo1te11 ie (cm·iatio n Iota l e) 1cn111 opoii O't))((-
un'leno (bomee), mo , 

. . h' 
1,. [/(:r)] < k, 

n 

~Oib h' '1te3a6JW1Mtafl omo n nocmoflu1tall. 

B'1 eaMOM'h AilJrt, cor.IIaCHO <fiopMpt 1 94), 

_ J2
'" • , 1 J2

7t dkf ( COSB) ( k:rr) A2,-
0 

/(cose). cospeclG= .1(pk 

0 

__ ,daii·-·- cos JJB-~-2- do, 
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a l10TOMY 

h 
I Ap 1· < -,.-,1, 
. }J" T 

r).\TI h He3a.BIICI!Mhiit OT'h }J 1109<flQJIIIJ,ieHT'L; C.~TI;J;OBaTe.11HO, 

B) .Rc.w .rwHiH // = {(x) 1J,.l()l,emo ou'!ly 11.w 1/.J'bch·o.;rono nw•wno 
1!3JIO.lta, a .11CJtcf}y '//WWIW.ltU l!3.70.1W. l/UOBOU noaifi:jjzucieumo '/Weame.J!O?Wit 

yuoMenwopHelm nwco.ltlJ 'I/.U·6.z;du yc.;w11i/O .7umuw(a., 1110 

~<Ell [f(x)] < l,.. Lf'(;r)] < l!_, 
n n 

u)lb n u b r)aa ?teaaBUCU.llbt:ro omo u •mc.ra. 

Ih caMOM'h /X'll.lt, II}'CTh x0 II x1 6y.n.yn a6CIJ,l!CCbi TO'l8K'h H3.:IO~ta. 
B'h TaiWM'h c.'lylJat, 

r,n:h JJ n N noeTO.ffiiJihle Ic03cfl<flHIJ,ieHTL1, a q; (:1·) y,ll,oBJeTBOpJieT'h yc.liOBiro 

:r Immm~a Ha Be em, npoMemynd;. IlooTOMY 

E 11 [f(:r)] < l,. ff(xJ] < JJI[,. I x-:r0 I +NT,../:r-x1 1 +I,. [q;. (xl] < ~. 

01, ,ll,pyrofi CTOpOHLI, JWHO, lJTO HaHM8HhiJiee yK.'IOHeHie E,, Ha BCBM'h 

OTpi>sKi> ue MBHbiiie, <rTIMT, uarnrem,ruee y:s.mueuie E~ ua 'HLCTI! ero, co

)~epnw.mett .1H!IIIb O,II;HY TO'll'Y II8ciOMa, CJI'B.!LOBaTe.IbHO, 

E,[f(.r)] > E~[f(x)] > 1liE;Jx-.cr0 !-En[fJJ(:r)] > ~· 
C) E'c.JCu 

p=oo : }. 

~ AP cosp6 < 1:':, 
lp=n 

npu 'IC.lto 

1ihb E <a, mo 
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B'1 caMOM'1 ,n:t!lt, rrpmdms:s: .TreMMY A6e.:rs:, saM'B'laeM'I>. 'ITO 

P=~n-1 A i 2?.,. 
I ) _r cospo 

1 
< lfa' 

I P~tl p 1 n 

a IIOTOMJ, BC!IiJ,ll;CTBie § 10, 

:. p=2,.-1 I 42 .. . .. 
I • )' ~-tpSID]J6 ' < ---;;;- ; 
, -.J I n·~ 

I P=" 
OTKy,n:a 

] 
4 , ] ')''ta , 

I p:=oo . I 4 l 1 l2n 24,. _· "'-" ____ -~-- ~ 
lp~n.Apsmpej<na 2,.-r ~"-f-{a+ ... < na. "l·-2•-·"'-2a-:l•"na· 

HarrpHM'ilp'D, ec!ln 2,.=1ogn, li•1H 2.,= 1, TO s=O, (rro Ii.paiiHefi Mt

pt, ,li;!IJI ·BeC:&Ma 60!I:Oilll!X'I> :3Ha1I8Hi.fi n), TaK'I) 1lTO H3'1 HepaBeHCTBa 

BhlTeKaeT'1 

a .as'b 

BhlTeKaen 

iP=co I logn 
~ 2: Apcospe I < -
I p=.n J n 

I p=oo 1 Slogn 
I P~• Apsinpe j < -n-; 

I p=oo i 1 
I 2: Apcospe I < n 
I p:::n 1 

i :~~ Apsinpe \ < ~. 
CaMo co6o.l!: rroHs:rHo, 'ITO cos H sin MoryT'1 6hlT:& B3aHMHO rrepeMt

m;enr. 3TOT'1 pesy!I1TaT'1 3aC.'IYEHB8.eT'b BHHMaHiS: IIOTOMJ, '!!TO, BOo6m;e, 

ll.3'1 CXO)l;HMOC'l'H ps:,n;a COS He!1:&3S: B:OIBeCTH CXO,li;HMOCTII ps:,n:a Sill, H Ha060-

pOT'1. HarrpHMtp'b, cyMMa 

p=co SillpX :Jr X l: -=---
p==l p 2 2 

p=co COf:PX p=oo COSpX 
RoHelJHa, a :r.rem,n;y T1lM'1, He TOUKO 2; --, HO z: B03pacTaeT'1 
6e3KOHe'lHO. p=I p p=t plogp 
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0THOCllTeJibHO Me,n;JieHHO CXO)l,.IHil)!XCJI ps,n;OB'I>, IIpH IIOMOIIJ;ll rrpe)l:hl,II,Y

m;aro pa3CYlK!I,eHiJI, Be Tpy,D;HO IIOKa3aTb, 'ITO, eCJill 1) 

'p=ro I 
: L Apcospa I< e,., 
!v=n i 

r,ll,'B 'lllC.Ja e, ll.IJ:YT'I> He B03paCTa11, TO 

! p=:;co , 

l L Apsinpa; < 4(e, + e2., + ... ); 
IP=» i 

TaKHM'b o6pasm.n, TOJlbKO B'b TOM'b C.lY'IaiJ Il3'b CXOJI.HMOCTll pJI,D;hl KOCiiHy

COB'b MOlKHO BbiBeCTii CXOi!)!MOCTb pJI)l,a Cl!HJCOB'b, KOr,n;a pJI,TI,'b e, + li2n + ... 
1 

CXO!I,HTCJI, T. e., HaiipHMiJp'b eCJIH en< (l )ltct · ogn 
n=co (log logn )CL • 

YnpaJicueuie. lloRasaTh, liTO pR,n;'I> L smnx, rrprr a > 0, 
n=3 n 

He MOlii:eT'I> 6niTh CXO)l,.IHI~IIMCJI ;'1;:111 BCilX'b :mal!eHifi X. 

1) ~lli! onpe)\tlieRHOeTH, Mhi pa3eldaTp:trBaeM'h Bee BpeMl! Bet SHa'!eRill 8; RO 3.H3.l!O· 

rn'lHhil! HepaBeHCTBa MOryT'h 6hiTb p;aHI>l eCl!H BMtCTO BctX'h. 3H3.l!eHiii Q 6paTb B'h )l;aH

ROM'h HepaBeHCTBt a;£ 4 ;£ b, a 1l'h TOM'h1 KOTOpOe l'!3'h Hero BblTe:&aeT'L, npe)IIIO.I!araTb 

a < a' ;£ g ~ b' < b. 
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0 HtHOTOpbiXb CBOHCTBaXb QJYHHI.\iH .li.BYXb nepeMtHHbiXb. 

78. BBeAeHie. B'1 HacTo.Hmee npeMJI eru;e nechMa Ma.•ro ll3Jilerr'!, 1lon

poc'1 0 TOM'1, RaiWBa 331ll!CllMOCTb Mf~jR,lJ;}' C,IJOTICTB<lMII rfi}'ll!U~ill f(.~,·, ,t/), pas

CMaTpliBaeMO:fi, EaR'1 qJyHKUhi /LR}'X'L nepe~dlHHhL\:'1, li (~BOfiC.TB<1Mil ToJ! JI'e 
rpymm;in, pascMaTpiJBaeMofi, r;ar<'1 rJlyHia(iJI o,n;Horo TO.'Ihi:o :r 11 OJ\IIOro TO.'IhliO .'/· 

X' 'If 
H1HWT0pb!e ITpOCTLie IIp!n!Tiphl, Bpo,n;il r)lYHicUll! ,;; = . '• ,, . J\H.Jill !IOBO,rl;'h 

. · .r2 + y· 
rrpeyne.'lrrqHTb TpJ,ll;HOCTb 3TOrO BOIIpoea. )L'lJ.f:iCTRJITP.ijbiiO, rfJ}'III;I(iJI .:· Bei!(P

CTB8HHOfi rrepeM'llHHOfi x, r0;10MOprJma npn Br',.HIWM'1 onpei'l;t.:remrnM'h :31!<1-

'IeHirr B8lU8CTB8HHaro rrapaMeTpa ,1}, li TO'lHO TaKilte fJiJll!iiJ;iH ;; rO.'lOMOj)rpHa 

OTHOCHT8JibHO y IIpii BCflltOM'1 a:, a <1!8Jlt,l!;y T'i>M'h Ta.nte rflJHIW;i.H .:-, paacMaT

pl!BaeMaH, Ka!t'1 {flyHKIJ;iH X l! !f O,J,HOBpeMeHJIO, Upll X= !f = 0, HC TO.TbliO 

He ro.~OMOprpHa, HO HI' CTpe~IIITCli HI! 1"'1 I'aiWMy npe,a;•hJiy. 

IlOJJb3Y.liCb COOTHOIUeHi.HMII Mea>,n;y IIpH6JIHiRGHie~!'h rjlj'Hlil(ill ll()(',p8!\

CTBOM'1 lllHOrO'I.18HOB'1 I!.1ll TpllrOHOilll"fpi!'IerlWX'J, C. }'MM'h II eJI )\IH)HjlepeHu;i

a.11HO:fi rrpupo~ofi, MO.ifCHO O,J,Hal\0 }'Ica3aTb p.li,ri;'L TeopeM'h, JiOTOphUI no MHO

rl!X'I> C<1Y'Ia.f!X'1 II03BO:t.HIOT'h CB8CTI! 113C.1J'lJ.J,OB<lHie fJI,YHKI~iH J~B.\'X'I> (1!.111 '!1) 

rrepe~dlHHhiX'1 lt'h IJ:3C.11l,n;onaniro ,ri;BJ'X'1 (!I.'Ill n J q,ym;J~i:li O!\HOtl nepeMiniRotl. 

79. TeopeMa. Dycmb 
p=oo, q:::::rn 

f(x, y) = {(COS1l, COS I')= L Ap, qCOSpi~COSqr, 

n pRObl 
p=O, q=o 

a6COJ!101fZilO C.TOOR1llCR; Bo 11W?COJ.t'b C.!!Y'talb BCib 'lUC1n111Afl n]JOU38001l'b/.Jl no

iJkf 
1JJld'/Ca iJuliJvk-l ?C01Wl{U'bt u uenpep1.W11bl, u pRObt 
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((0COJl/U1!1110 C.l'OrJJIIJICJI, 

B'h cawrM·r, )l'BJrt, ec.m 

P=~~;,q=o) p=:.co,q:::co 

'\' pk i Ap,q i < JI, I, tl 1 Ap,q j < JI, 
11=0, q:::-0 P='~, q::::..O 

TO 
p=co,q=x 

~ Ihl-t! Ap,q; < :l1lf, 
p=w,q=w 

80. TeopeMa. Ec.lln nepio(Ju•tecKaR omHDCWIU'.~bHO (n, v) ffiynH1iifl 

a2cp chp 
rp (u, r), n.111W/Jlo 6mopb!Jl 'WCIIIMblft npon.Jeor}wbl1l ;;--

2
- 1! -,-----

2 
x6n(Jpamuwno 

uu du 

uume!pUp,IJI!.lf'blJt, m. e. 

l -·· -·· ~)-; -du dv < JI, ["~J••O-( )'> )'' 

v 0 0 
j'2r:J2r:(1)21p )2 ~- dndt< .ill, 

()r2 
() 0 

mu onn t~.VIbC7117J ma.H:.Hce JCea(Jpamn•nw nnmCipupye.lf.IJIO 'WCIWMYIO npo-
iPrp 

~taeuaH;iJIO ---- a u.1remw. 
rJu,c)c' · 

S""j~"( azrp )~ j2 .. f""rPrp a2rp . ---;:,- du.dv = ---
2 

• :l=> dndu < JVl. 
()Uu17 dn uv- · 

0 0 0 • 0 

B'b caMOM'h )l,t:rh, rro.•raraH 

1 i~-s·>-Ap,q= ;;r; 2 fJ ('n, 
• 0 0 

1 j''-j''-Bp,q = n2 rp (u, 
J 0 0 

r) cospncosqvdu-dv, 

(106) 
u) cospncosqccludu, 

!I T. ,n;., rro:ryrraeM'h 
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6biJI'n CXO)J,J!ID;IIMC.H, II TO!')J,a. 

J21t \27: (' ()2q, )2 I -. -- dudv = 8 . 
duik 

0 u 0 
Ho 

81. Teop·eMa. EcJtzt nepioou'l/ccJcaJt ¢lf'lliKI(iJl rp (n, v), pa.acJtamJJn
iJlcp 

eaeJ.f.aJl, xa'/Co g3y·wKz~iJt u, woMm.o •tac1mt,IJIO npou3eodnp10 ·aut, yooe.K-emeo-

p;tww,y/0 onpeolbJ!enno;~ty yc.wei1o J[wnuntz{(t cmcnmHt a, u ?nOI{'H.o UW'K:Jice, 
(Jlrp 

PaJCJ.!ampuaaeMaJt, 'IW'/Co rF.y'/1,'/CZ~iR t1, U.ll1be11/o 1l]JOU.1fl001/1f10 · ··' 
1
- , 'ljiJOfi.K-Ctll-

!f' • (}L' • 

eopR.wu~yJV yc,K,Qfl{/0 Jiunuut!{a cmene%~t a, mo rfiyuxz{ifi q, (H, 1J) ·~IJ.tii;C/1lo 

ecn. 'liacmubtJl npouaeoOH,'btJt nopRoxa l , ~~ anm noc.lm,iJni:t mmc,J/Cc yiJoe.w
meopRwmo yc.weiJlJ.to Jiunw.~tl{a xa'/Cou ywouo cmeneuu a 1 <a (mmwcu-
11le.?t'buo o61bUXo nepeM1bUUbtXo). 

II yeTI> 
p=m,q=oo 

rp(u, v) = L Ap, qcospucoSql', 
p:=O, q=O 

'r)l;i>, .D;J!Jl COKpam;eHiJI IIHC:OMa, Mhl 3aTIHChiBaeM'I> TOJI.bKO IJ:JieH'I>, COCTaB,18H

HDI:fi H3'I> KOCHHYCOB'I>. 

IlpnrroMHHaJI aHarrerrie IW3rpqJniJ,ieHTOB'I> Ap, q (106), rraxo,IT,HM'L 

p=n.,g=n 1 ~~~-¥sin( 2n+ l)t sin(2nt 1 )& 
S,.= L, Ap, 9cospucosqv = 2 --.----. · . -- . [rp(u+2t, v+ 2&)+ 

:v=o, q=o n 0 0 sm t sm e 

+<p(u- 2t, v+2o:+rp(1{+2t, v-2o)+q,(u--2t,t·-2o)]dtda. 

OrKy,n;a 
'"':' ~ 

R.,=rp(u, v)- s .. ==2PC;sin(2!~+1)t. sin(2~+ 1~ {[rp(ut2t v+2e) + 
Jt2 J 0 J 0 smt smo ' 

+rp(u-2t, v+2e)-2g:(u, v+2a)J+[q;(u+2t, v-20) + 
+rp(u-2t, v-2o)-2g>(u, v-2o)]+2[q(u, v+2e)+ 

+ rp(u, v- 26)- 2q,(u, v)] }dudv. (107) 
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p=a: 

t:p(u, v + 26) = ~ a.p(t· + 28)cospu, 
p=o 

p=o:> 

t:p(u,, t•- 26) = ~ ap(V- 28)COSp1l, 
p=O 

p=oo 

(/'(~1, v) = L, bp(u)cospv, 
p==O 

1 e.: 
ap(z) = n 1 t:p(u, z)cospudtt. 

-0 

1 ~o;: bp(u)=- t:p(u, t')cospvdv; 
JC 0 

II09TOMY 
,, 

P=')') 1 \~sin(2n+1)t[ ( 
fJn(u, 1'+28)= )', ap(v+2e)cospu= · - m u+2t v+26) + 

- n sint "' ' p=n+l • o 

+q:>(u-2t, v+2e)-2q;(u, v+2e)]dt, 

7: 

p=ro 1 r::>sin ( ')11+ 1) 
(l,.(u, v-2t)= ~ ap(u-2e)cospu=-- - ~ [gi(u+2t, v-26) + 

p=ntl JCuO SlUt 

+<r(u-2t, r-28)-2<p(u., 1·-2e)]dt, 

7: 

Q~ (u, r)= ~ bp(u)cospr=-- ---.--[rp(u, 
p=oo 1 j"isin(2n+1)6 

p=n+l JC 0 Slll 6 

+ t:p (u, v-26)- 2rp (11, r)] de. 

C.'lt,n;oBaTe.llbHO, Ha OCHOBaHiH HepaBeHCTBa ( 1 03b1•), 

A ITOTOMY 

k logn , . k log n 
lo,.(u, 1.•+2&)1 < lto: , IQ,.(u, v-'26)1 < zta , n n 

I , ( , klogn 
. (!" u, v) r < --z-to: . n 

71: 

i R I 4k lognJ~'21 sin(2n+1) t 1 dt 
I " < nnZ+a sin t 1 • 

0 ~ 

liOCll'B)I.Hifi l!HTerpa!l'b Bbi'Il!CJieH'b c:l>efiepOM'b 1); HO HaM'b )l;OCTaTO'IRO 

3aMtTHTb, liTO 

1t 1 71: 

S~ i sin(!~n~1)t I dt < J:ntl (2n + 1) dt+ ri·l si~t < 1 +~log (2n+ 1). 

2n+l 

1) CM. BhlROCKY K1> § 71. 



-14-:1--

C.1i>,D,OBaT8.1hHO, (J(.1S: ,ll,OCTa TO'lHO 00.1hllll!X'h II) 

JI rrpn BCEIW~1'h a 1 < a , MOlf\HO Bh!Opa.Th k1 TRK'L, 1ITOO'h 

Ho B'h TtUiOM'h c.1y1ra·.B, npml'imJIE peaphTaThi 3-Ji r.:raRhi ( §~ 1 iJ --17 J, 
tJlq.· 

y6tm,IJ:aeMCJI B'h C',YII(eeTBOBaHiJI BC'BX'h '!aCTHMX'h llpOll:lllO,ll,HhJX'J, -
1 

~i -
1 

-.1-, II 
I 1/, I I. 

B'h TOM'h, 'ITO uHt YAOB.leTPops:ron yc,;roniro .Innmm~fL cTel!eJJJI n 1 . II. 11. T. i(. 

llpm.dFiaHie. B'h 'InCTHOcTII, ec.m rf!yim~iJI g;(n, o) Yi\OR.WTBilpReT'I> 

yc,wniro ~Turrnmua cTerremi a no OTHomeHiiu Ic'h IWa\)r,oti uepewlmrwii n·r. 
OT,IJ:tJhHOCTH, TO OHa YAOB;IeTBOpJieT'h Tarm;e ye.IOBiiO .[IIIJIHIIJW CTUI!ei!I! t: 1 

OTHOCl!T8.1hHO 001JIIX'1 rrepeMi>HHhiX'h. 

82. CJJt,a,crBiH. A. Ec.llu g)ywJCt{i,~ f (.r, y) (ne nepiorltl'lCC"KrtH), }HU

c.ttampwwe.ltaJt, ?Ca?Co if5yu?Ctt,ifl oihww mo.Jr:I/JW .1.' n o')llow ltlrl.lt,;;o ,11, 

tutn,emo ~Biipmp~t 'll1b'IC011Wpaw 1C07tmyp(t C itpouar!orht,I;Jo JIU)JJ/IJ;m I, 
yooB.;leutiJO}JflJOa(yJo yc.ll06iJO .Junwu11a cmene1m a, nw ifi.tfii'Klt,in f'(.t, /f) 

u.1rnemo acn •wcmHbtft 11JJOttaiJoiJuttR IW]Jfl(hca l, n am1~ noc.;nbrJJiiH, rto rtcJl-

1CVU OV.WC/JlU 8 lf'}{ljlllflH ·}(O/l111.1fpa 0, yr)o(!Jle?JI60fJJIIOmo JfC•Wrii.H.It7> JfU'I?.?f/.1tl(fl 

.11106oi'i cmene111t a1 < a. 

B'h r:aMOM'h ,IJ:iwt, nero oG.mcn 8 MomHo rro:rutcniTr, BHYTPII wlw.r:o:u,
ili!X'h KBal(paTOB'h 01 , CTopoHJ:,r JWTOpnrn, He Bf,JXO,ll,HT'h l!3'J, KOirrypa. C. 
)(.~E Ollpe,D,t.1eHHOCTII, IIO:IO.lln!M'h, 'ITO ITJ.lJ!Mhi.JJ, 1!<1. r;OTOpiJX'h paeJIO:IfliiWHl>I 

c-ropOHhi KBa,D,para 01, IIMtron ypanHeHiJJ1m: .v = ± 1, y = ± 1. B'L T<L

ROM'1 cJiyqat, no:raras: x = cosn, y = cosr, 

((.1:, y) ={(cosH, cosv) = r:p(u, i') 

eCTh HepiO,ll)PiecKaH tPYHR~is: to, v, IWTOpaJI YAOB.181'BOpEeT'h yc.:JOBiRM'h TOJlhKO 

()l(p 
liTO ,ll,()KasaHHofi Teopellrhr. A rroToMy 'WCTHhis: rrpon3BO,D,Hhrs: --,----·. cyri(e

dz.~'r)l}-• 

CTBYIOTi> :n: YAOB.~eT:sops:ron yc.'Io:BiJJM'h <1Hrrum~a cTerreHu a1 • 

Ho 
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ridi Bdl rwat{Jqmu;ieHTI.I A,, k cyT1 JHIOJ!irh onpe,ll,il.JPHHIMI qJym,uiu a:,· y, 
IWTOpWr rO.TlOMOprjlHLl BHYTPH IW:l/l,p:LTa 0 1 , (Ha CTOpOHaX'b KBa,ll,pa.Ta OH1J 

p;h.1raroTcJI fie3IWHelJH1IMn). CJr1;,n;oBaTeJILHo, mryTpu S Bet 'HWTHhiJI npoua-

~.Jlf 
RO,ll,HhiJI -d . . · 

1
-1 , r.yH\CCTBYIOT'h n YAOB.IIeTROpJIIOT'h ycJioRiiO Jin!llllli"a cTe-:r'( I) ---• ..., 

rreHn a1 • • 

B. Rc.llu fP.1JU11l(iJt f(.T, y) rmympu, ·JtollJn1fPa. 8, %e 11.m'b101WtW ocmpb!Xo 

?J1JUHJo 1) PlJ..Jf!Mmnpurw.e .. \faJf, '~>m•;, rP.If1l1<'llifl oiJuow mo,n;bxo :r u oouow 

moJ/ib'~>O .t), U.\f!l,e/ltl, mpaull'~C1Utbl-Jl npm~J!JOO!lb/Jl ?caaJCiJmo nop.Rihca, 1110 o1w 
1-MUbe?no '/Jlali,?/Ce 61/..lfllljJU OVJtrtCmu, S O!pa%U~e1tllblJl ttaC11lWblfl npOU31JOcJHbtJl 

.lt/OUOW llOpJuJ?w. 

vla'r, 1IpC,ll,hl,D,yJUaro C.J!iJ,ll,CTBiJI BhiTeitaeT'h HCilOCpC,JJ,CTBeHHO Cylll,eC.TBO

JmHie ll orpaHJ.l'IeHHOCTh BciJX'h Ilp0113BO,ll;Hb!X'h BHyTpi! BC.llKOit 06J!aCT1l: 81, 

pacrw.~omeHHol'i BHYTPH S. lfTo6'1 IIO!>a3aTr,, 'ITO npon3BO,ll,HhlJI orpaHurieHhl 

BO HCJfitOii T0 1!KTI 111 IWHTypa 8, CTpOllM'I, KBa,ll,paT'L 01 , He Bb!XO,ll,JIIIJ,iti 

n:n. S 11 IIMTIIOII~ill O,ll,HY mn BepmiiH'L B'h TO!Jid AI. /I,JIH orrpe,Il,tJieHHocnr, 

MOJKHO IIp8ii,IIO!IOIRJIT1 CHOBa, 'ITO JtBa,ll,p::LT'L 01 COCTaBJ!CH'L llpJIMh!Ml! .·r= ± 1, 

.IJ = ± 1. Pa:uraraJI ipyHiu~iro f(:r, y) B'h pH,l\'L TpnroHOMeTpl!'ICCKHX'L MHoro

'l.lteHOB'L BHYTPH 0 1, II OTOpacr,TBa.rr 'WCHhl c:reueHJ! BLTTIIe n OTHOCHTeJJJ,HO 

.'l:' l!.'lH OTHOCIJ'I'l'.:JLHO .!J HaXOll,HM'h, Ha OCHOBaHiH l{lOpM}'.IT'L (l(JJbis) II (107) 
'ITO, J!,.DJI JI,OCTa.To•IHO GoJiblll!IX'L smmeHifi n, own6rta 

rmKoBo 611 HH fihuo 'Il!CJ!O p. A rroToMy Harne JTBepm.11,eHie ecTb npHMOe 

CJ!'£,1\CTBie ll3'J, TCOpeMhi (22). 
83. TeopeMa. Ilycmb [(.1:, y) 6yiJemo U1b1Wmopa.R if;yHxu,iJt oiJyxo IJe

u~ecJJUJe?~llblXo nepe.ltJ'bll!tblXo (x, y), o.auua.fl IJH,Ijmpu npfl.)IOYW.J,bHn"a C1 , 

oupaH06CL%UaW npllN-bt.J!U :1; = ± h, y = ± k. Ec.!(,U, npu lleJVI-~OJ.to Bfll(B

CiniJeU?W,lf-o .:r0(- h < :1:0 _< h), rP.1fiiiCU,ifl f(:.r0 , y ), ?O.AO.{tOjJrjjiUl 01fl.IWC1/Yi1B.A'b-

1t0 y, n I f(x0, JJ)! < l'rl, 1cmcJa JcO.ltn.J,excuaR nepeJnhJIIICUt .1! ua:rooumc.R 

euymp-n a.uunca E, 1l.'.{1b1014aZO if;onyca.lm (- k, +.k) 11 no.llycy.~uty oceii 

k 
-; u, npu BCJ/.XO.lt,o ee11lBCm!1euuo.'.{o y0 (- k <Yo < k), rfiyul>ttiR f (x, y0) 
Q - ~ 

W.ltO.lWprfina omuocume-!'b/{0 a:, H \ f(x, Yo) I < jJJ, Ko~aa 1WJ•tnABh'C/I([Jl nepe
.lfJIJii1utJl :r naxodumcR enympn aAJtunca E1 , 2Uf1bJOU(aw ifjOJ.:yca}.tU ( -- h, +h) 

I) Th!, I\OKa3a1'eJibCTBa Gyi\eT'l> DIII\HD, liTO sTo ycJionie BBOJIIITCH i\l.fl Taro, 'ITOG'l> 

BHYTPI! S MOlKHo 6hlJIO noMilCTI!Tb Ima)lpaT'L, RMbO!l\iii BeplllHHY B'h JII06oii TOtiKt KOHTY· 

pa S; HD, 3aMtHHll npHMOYfOJlbHhU! KOOp)\I!HaTDI KOCoyrOl!bH.bJMB, MO:HIHO KBa)\pan Sa!ltHliTb 

pOMOOM'l>i TaKIIM'l> o6pa30M'l> cyll\eCTBCHHO TOJ!hKO, l!T06'1> KOHTYP'l> S lie m!ilJI'l> TOtieK'l> B03BpaTa. 
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~ h ,r: · .~ f ) 1' U 1/.0.Jl,YC,IfJI·.11?J OCC~£ -: 1110 ~ylji!Jt'I(/Jl u8JJ.1.'u ni'JJ(.~11biiii1>1X'b (.r, /J W.IIO.IIOJlff!lla, 'II 
Ql 

. f ' 411[ (l 1 ) 1 ( x, y) i < [i-=-.l )2, < . , eo mo epe.lf.JZ 'ICMCo h:oAtn.l!mrc1ut,JI 1wpe. HJMt-

'/WJl y uaxooumc.f! 1:/uymplb 3.f,.A.UnC((. E' '10.\toifJrnw.ll/bU((.'IO C'b _}} u 'll.\11b/U1/((/.I() 

0 v k ) 
noAycy.1f..ltOII oceu R, a. 1WJ.tn.Jte·JCCH-Wt nepe.onl.'l/1/ftJl :r ua.1:or /111/r'-ll BII,IJnlpn 

3.1 .. mnca E; WJI.oifjon·a.H,1iiUlW co E
1 

'II U.1t1b1UillrtW 'i'IO.Jf,,11C,1J.!f.lf.lf uce'ii. 
1
7
:· , npn 

),1 

B'b caMOM'b ,n:tnt, rro;raraJT :c = hcosn, .11 = kcns'l', 11 paerura)~hlll:lJI 

cpyHKIJ,iiO 

B'b pJT!!,'b TpHrOHOM8TpH'18C.Kl!X'h MHOrO<JJIAHOB'h, Mhi BhiBO!l,l!M'!, Il:!'h 1l10pMy_,ll'h 

(106), TipR TIOMOIJJ;R pa3C.YJit!l,8Hiit § 76, 'ITO 

A rroToMy, Ha ocHOBaHiH nepaBeHCTBa (9), amuriO<meM'J,, 'ITO, (!1\JIH ?I 
HaXO!l,HTC.H BHYTPH a.nJmnca E', a x HaXO!l,HTC.H BHYTPH 3JI!III!lea R;, To 

ap bq 
p=co,-,q=co4JifQ1 a+b (l ~+b 

lf(x, Y)l < 1 ---- ' _q ___ --' 
pc=rJ, q:::O BJ..H 

KarwBhi Ohl HH 6hiJm rroJI01Iti!Te,11HhiJI 'IHCJia a 11 u. 
IloJiarUJI 

IIOJIY'U!M'b 
p=ro, q=ro 4.M 

jf(x, y)J< 4M ~ lPlq=---- 2 ; 
p=O q:::cO (l-}.) 

IIpll 3TOM'b, 0IJ8Bll,li;HO, 

a loglR1 

a+b=TogQ';' 
b loglR 

a+ b=TogQ'-' 
OTKJ)l,a 

(108) 
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Cnt,a.crsie. Ec.Jtu (! = (!1 mo 

_.{2 = ___ ?____ 
RR1 ' 

3TO BolTeli::'L8T'b H3'b rpOpMpbl (1 08 ), B'b IWTOpoti IIOJiaraeM'b (! = (!1 • 

84. npMMtHeHie Hb ypaBHeHii!Mb Cb 'laCTHbiMM npOM3BO,ll.HbiMM. Pe3y.~h

T<t.Thl rrpej(lllf:'CTBYIOII~I!X'F. §§ HilXO/I)ITCJI B'F. T1JCHOfi C.BJf31! C'b Teopiefi 

yparmeHifi C'b 1l<iCTHhl!llll HpOI!!lBU;.I,llhiMll, II fJbi.W 6r,I IIHTepeCHO B1IB8CTU 

!131> HIIX'L C.liCT8Ma.Til'I8eKH CBOHCTB8. ypaBH8Hifi 3.TI!Il!IlT!lqeeEaro Tlllla. fl 
orpaHIPIYCL TO.IJbli.O /I,BJMJI 3aM1J 1JaHiJJMH. 

1) .I JHUilte-llie .J.I1.1!1lnmwtccJ•CLw muna 

Ar+ 2Bs+ Ct=O (AO- B'> 0) 

1dn A, B, C 7W7Cifl ,IJWdtw ffipmo(in .L', y, .Z', p, IJ 1ie U.lt1belno wnbi.To 

jJ1011te1t·i1(, nepiodwtecxu:r;, olwnocuuw,wiW .x, y, o6.radwoupt-.ro ·Jcone'l'llibt.'>IU 

npoz~36ochtbiJ!t! nep6biX'o d6yxo nopJtihco6o 1), 1ipo.lr1o noonoJt'l/.nMt 6e.Jtwru.ubt. 

B'h caMOM'h ii:BJI'B, H3'h TeopeMw (80) Mhi 3HaeM'h, 'ITO 

II If II t(Ct+CJBs) 
s2d:rdy = rtd.rdy =- · A· · d:rdy, 

I I As2 + 2~st + Ct~ dxdy = 0 , 

a IlOTOMY 

t=s=r=O; 

CJI'B,li.OllaT8JihHO, Z 8CTh IIOCTOJIHm1li B8Jll1qUHa. 

2) EMu npou3600UbtJI. fP.IJUICl{i1~ .~, do nopRiJh·a k 6X.Jt/01{1une.Jt'bno, 

yiJoe.JteJJWO)J!ilOmo 6o nnJConwpou or}Jr,acmn S xaxoJ.t.y nn6yd'b yc.Jto6il0 .1/un

lllUl{a, tL JC]JO.lllb mow, ffiynKI?ifl z yiJo6.Jtem6op;wmo iJB.lJ.liO ypa6neuifl.llo 

dz iJ~z) 
y, z, iJx''"'iJyk ' 

iJz iJkz) 
y' z' ax l ••• ' iJy< ' 

(109) 

U)lb ( U ([! it.III~/Onto XOtlC'f.Ub&Jl. npOU360cJU'btJl 6C?'b.To nopll01C06o npu 1COtte'I{.

U'blXo 3Ua•wuiH.1:o nepe.Mnunbtxo, mo ifjymcz~ifl .z UJ{,1'bemo ma·x:O/Ce ?Wne.,VHMR 

npo·U.J6oiJn'blJl 6C?'bXo nopfliJ1C06o 60 8().fl1CO~(, o6.Jtacm1v sl 6nympu S. 

1) 3TO BhlTeKaen Talll!le ll3'h 060611\eHHOH TeopeMhl JliyBHJIJIH, yKa3ai!HO:ii MHOH B'h 

Comptes Rendus, !O-ro orna6pll 1910 r. 
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,liiBfiCTR!!TC.~hHO, 113'1 ypaBHeHiii (109) BhlBO~l!M'1 HCflOCpe)WTBOHHO, 'ITO 

a•+ 1.z o1+1z . , 
dxktl II ailf1 CYII\CCTBYlO'l"L II y~ol:l.ICTBOpJIIOT'L ycJIOBllO .'illl!lllii]\:L llo-

3TOMy, mt ocuoBaHil! cJd;.u;crBiJr (A) ~ 82, r1;M'I, l!W cHoli eTBOM1, uu.11 :t)\<t.IOT1. 

Bd; npoH!JBOII;HhiJJ nopJI~I\a (k+l) no Be.m·•oi! o6:1aCTJI 8 1' BIIYTPII 8. ,li,!!(JJ

tpepeHiiHPY·H uepnou ypCLBIIt.:Hie OTHOCHTC.'IhHO :t, <t BTopoe o'l'I!Ota!Tn.rih!lo .11, 

MI>I MOIKCM'1 TOliW pa.:JCYIK~\CHie llpllM'liHll'l'& J[1, 11pOll!JBU)I,IIhiM'h (k -[-2)-1'0 1111-

p.:w;.a; IIOC!l'B,ii.OBltTCJibHOC !\Hlf>cliepemvrpOBaHiC, 01\a!Jb!BaiOll\CeC.H BO!lMQj!O! hiM'!., 

llpHBO,[l,l!T'b TCLKHM'h o6pa30M'1 1"1' i\01\CWCLTCJII>C:THY llf,JC:ll<L!JaHr!al'O YTBUp.ilt)WHi.H. 



Ta61'1HU,a aHal.feHiA QJYHKu,ili: 

I '( ) ) l 1 1 I 1 1 , . 1 /) = :..v · -~- ·- - ~-- - . -, -~~-~--- -. . . ( C'b TlllJHQC,'fb!O JW 0 00056) 
:31J + 1 :3v + 3 1 3v + 5 · ' · 

11 
') 

F'(t)- ~ -'"
, -(2t•+J? 

v ~-~F(=="v) II v I P(v) II o I F(v) II v I F(r) 

0 . ~I 0,000 0,--!5 0,332 11,2 II 0,445 
0,06 i 0,070 0,5 0,347 1,3 0,451 
o, 1 I o, 127 0,55 0,360 1,4 0,456 
0,15 0,173 0,6 0,371 1,5 0,460 
0,2 II 0,212 0,7 0,3Hl 1,6 0,--l6..Jo 
0,25 0,244 0,8 0,406 1,7 0,467 
0,3 0,271 0,9 0,419 1,8 0,4 70 

I~:~[). g:~i! II ~,1 I g::;~ II ~· 9 I g:!~~ II 

II v I F'(v) II ·v I F'(v) II 

0 1,571 0,46 0,3H 
0,3 0,502 0,48 0,297 
0,32 0,471 0,5 0,282 
0,34 0,443 0,52 0,268 
0,36 0,417 0,54 0,254 
0,38 0,393 0,56 0,241 
0,4 0,371 0,58 0,230 

0,421 0,350 I ~,6 I 
0,21\1 

' 0,44 0,331 0,093 

~:i II ~:;;~ 
2,3 0,480 
2,4 I 0,481 
2,5 I 0,483 
:-3 II 0,488 
4 0,493 
5 I o,495 
6 0,497 



n 0 n PA 8 K A. 

,UormaaTe.•rbCTBO aepaseacTsa (Dl) aa cTp. 8:3-i-i, aaqumw OT'b cnon·h 'llo
ny•reaaE>rii pe3y.rrb'!'a'l''h ~IO~I>HO eru:e YJI:y'Ill!HTb » ( cTp. 8:2), .ll.OJJ<I-:110 ObiT!. u:lrwl>

aeao cJrt;J.yioo:urM'h o6paaoM·b: 

OoxpaRHH saaqeaie B=li'(~-) == O,:'l-!Ji57 ... , H uonamH ~~=0,047, na~l'l;
qaeM'h, qTQ tfJYHI{l(iH !li(n), rrpH H3M'imeaiu V OT'h 0 ;J.O 0,'1j, B03pacTaCT'h. )l'flt!
CTBllTCJlhHO, cpyHrtl(lH !/l(v) H8 MOnteT'b IHI-BTb 60Jiblli8 0,/.\HOPO MlUWIIMyMa B'b npo-

MClRYTK'B (o, ~ ), :arc'b Kain a6COJIIOTHOC 3Haqeaic pasHOCTH fa:f-- IJ2(x) IIMt,e•J"b 

B'h IIpOMC:dtJT!dl ( ~;., 1) HC MCH'Be n M:ilWIIMYMOB'b; rroaTOMY J!OC'!'aTO'!HO :~a~t1l
THTh, qTo, np11 v = O,-l2, 

F';( . + 2av v) -,---2 
1])'(1.·) (:1-v2

) 7 637 
!])(D)= a -rrlgrw> 0:615 ---rrtg75°3ti'>O,I8>!i. 

F(D) --B+ -----
1 2 :r-'IJ 

I 1 
Ho, F[v)<B, npu ·v<2 ; cn'B_n:oBaTenhHo, npr-r ·v< 2, 

42rr 
acosrrv acos 100 

!/l(v)<-1--<-
1
---< 3,38a = 3,38.0,04-7 <0,16. 

--v2 --01764 
4 -l ' 

A IIOTOMY 
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lfacTb nepsaH. 

0 Hi:.HOTOpbiXb o6u..r.111xo csoVIcTsaxo Pfl.r:IOBb MHoro4neHOB"b. 

1. MHoro"'JieHbl rranMeH-Be yrwOHlliOW:iecH OT'b H)'JW 

2. 'feope~m. • . . • . . • 

R' CJJi3.D;CTBiH • . • . . . . 

4. TeopeMa A. A. MaplwBa 

5. 0JJi3.D;CTBiH . 

6. TeopeMa. . 

7. CJJf..D;CTBiH . 

8. TeopeMa .. 

U. TeopeMa .• 

10. IIpnM11HeHie npe,ru>r.D;ymaro ~t'h TpnroHoMeTpH"'eCKHM'h cyMMaM'b 

11. ilpOH3BO,l.\Hb!.ll Bb!C!IlliX'h !!OpH,nKOB'h , , . . . . , • . . • • . 

r jH\81\, II. OnpeAt/leHi(' HH.'3W.aro npeAt./la YKIIOH('Hi$1 H('nf>ePI:oiBHOK IPYHKL!iH 

OT'b fo\HOI'Olf/I('Ha AaHHOK CTeneHH· 

9 
9 

15 
15 
17 
18 
19 
20 
21 
23 
25 

12. TeopeMa. • 27 
]3. CJI-B,n:cTaia . 28 
14:. TeopeMa. . 29 
15. 0JJi3,ll;CTBiH . :W 
lfi. TeopeMa. . 31 
17. 'rpHI'OHOM81'pi!'I8CKie pH,ll;bi . 32 
18. TeopeMa. . . . • . . . . . 33 
1 D. ,Il,o6aBJieHie K'h npeAIDecTayrow:efi TeopeM-B 35 
:20. IIpnMi3p'h cpyHKL(i:n, :nMi310IIIefi Henpepb!BHYJO npon3BO.D:HYIO nprr pacxo-
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25. Teope~m. . . . . . . . . . . . · . . . 
2U. IIpHJIOjReHiB npe,ll,ll!ecTsywmefl •reopeMhi 

Cmp. 
:1\J 
c}J 

27. Yenosie IJ;umr n .HammnJ;a 

28. TeopeMa JieGera • 
29. Teope~ra. . . . . . 

4acT"b sTopa$1. 
np111011V1l-HeHHOe Bbl4lo1ClleHie MHOr04JleHOBb, Halo1MeHi:.e YH110-

HAKJU.U-1XCA Bb .D.aHHOMb npoMe!-HyTHi:. OTb .D.aHHOIII <PYHHLJ,i~. 

r JIP.BR III. 06tqiti fol.eToA'b-

30. Bse,ll,eHie 

31. 06o6ru:eHiH 
32. JieMMa •.. 
33. TeopeMa . . 
3±. 06oGru:eHiraH TeopeMa de Ia Vallee Pouss[n 

35. Orrpe.rr!>JreHie 
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37. OcHOBHaH TeopeMa B. . 
38. Ilp!!M'BHeHie OCHOBHb!X'b T80p8M'b 

39. BhlBOJJ.'h Jl.BYX'h :aepase:ae'rB'h . . . 

r Jl#\51\ IV. ]1pH61IHIKeHHOe Bbi4HcneHie HaHfo\eHbtllaro YKIIOHeHiSI [.r I OT'b 

MHOrOlfJieHa jlaHHOH CTeneHH. 

40. 3a,n:aqa 

41 

-+2 
.J3 

41. 3;:t)].aqa • . • . . • . . • • . . . . . . . flH 

42. Ilpeo6pasommie sa.uaqn H&I'IHCJieHi.R yiWOHe:ai.H I xI . ;,!1 
43. 'reopeMa . • Ho 
H. Cn'B)].cTsie . ()) 

45. TeopeMa . . fi2 

46. IIpnMimeHie HepaseHcTsa (30) O:l 
-!7. 3aM'1lHa npn6nal!teHHaro MHoroqneHa P 1(;;r•) .upyrHM'b MHOl'O'IJieHOM'r, til 
48. Onpe..u1\JleHie :aamuei1 PpaHHIJ;hi E'2on • . • . • • • . • . • . OH 

Ao6asneHie Hb rnasi:. IV. 8bi4111ClleHie B2 .. [:t;[ .rlllA secbMa 6onb

Wlo1Xb 3Ha4eHiC1 n. 

49. IIpeo6pasoBa:aie pasHOC'l'H I xI -- R (x) )].JI.H sec&Ma 6onh!UHX'I, <JHa'ioHiil: n. 71 

50. Orrpe.D:-BneHie Bepx:aefi rpamnJ;&I E2n • . . • . • • . . • • . . . 7fl 
51. Onpe)].-hne:aie mo:mueH. rpaHUIJ;bi E;~.,. . . . . . . . . . . • . . . 7H 
52. B'I'opoli crroco6'h orrpe.rrl>ne:aia HlllKHell: II sepxtrefl: rpaH:UIJ;'h B~n . 7\J 
53. TpeTil-i crroco61> Bh{'il!CJieHiR HHlKHeit rpaHHIJ;bi E~n K:l 
54. TeopeMa . . . HH 

55. Onpe.D:-BJieHie Ril 
56. TeopeMa . H9 
57. TeopeMa . . • !HJ 
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