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0 HAIIJIYqfilEM IIPIIRJIIl3tEHIIII HEIIPEPLIBBLIX 
fllYHRD;Ilii IIOCPEJI;CTBOM MHoroqJIEHOB 

,il,AHHOH CTEIIEHll * 

BBE,ll;EHIIE 

Borrpoc o rrpII6mrnwmrn HerrpepnIBHbIX ifiymrn;II:ti: rrocpe):(CTBOM MHOroqJie

HOB IIJIII ApyrIIX rrpocTbIX BbipameHII:ti: orrpeAeJieHHOrO BIIAa, paBH03HaqHbIH 

BOIIpocy 0 pa3 JiomeHIIII ifiymni;II:ti: B COOTBeTCTByIOm;IIe pH):(bI, JIBJIJieTCJI OCHOB

HbIM B TeopIIII qiymui;IIil: Bem;ecTBeHHoil: rrepeMeHHo:ti:. H He 6yAy II3JiaraTI> 

3):(eCL IICTOpilII :=JTOro Borrpoca, rroyqIITeJILHO:ti: BO MHOrIIX OTHOIIIeHIIJIX; 

HaIIOMHIO JIIIIIIL BamHeiimIIe ee MOMeHTbl. 

TeopIIH pa3JiomeHHi1: lflymui;n:ti: B pH):(bI ofornaHa CBOHM B03HIIKHoBeHIIeM 

3aJJ;aqaM MaTeMaTIIqeciw:ti: cpII3IIRII, KOTOpLie BeJIIIKlle reoMeTpnI XVIII CTo

JieTIIJI IILITaJIIICL pemaTL rrpII rroMOIIJ,II 6ecKoHeqHLIX pHJJ;OB. Pa3yMeeTCH, 

B IICCJie):(OBaHIIJIX :=JTOrO BpeMeHII, IWr):(a .n;ame pa3HIIIJ;a MemJJ;y CXO):(JIIIJ,IIMIICH 

II pacxo):(JIIIJ,IIMHCJI pHAaMII 6hlJia He HCHa, o ToqHoCTll B co:::ipeMeHHOM CMI>ICJie 

<!Toro cJioBa He MomeT 6bITb II peqII. ToJILKo B rrepBo:ti: rroJIOBIIHe XIX CTO

JieTIIJI ,I.l;IIpIIxJie II RomII JJ;OHa3aJI II CXOAIIMOCTL HeHOTopbix pa3JiomeHII:ti: 

):(JIJI BeCLMa o6mIIpHoro HJiacca <f>YHKIJ;IIM II IIOJIOIBIIJIII TaKIIM o6pa30M 

OCHOBY COBpeMeHHO:i:i: C'fporo MaTeMaTIIqecKo:ti: TeopIIII cpyHKIJ;IIM BeIIJ,eCTBeHHO:ti: 

rrepeMeHHOM. 

Ho rrpomJio em;e rroJicToJieTIIJI, rrpem):(e qeM Be:ti:epmTpacc B 1885 r. 

):(Oirn3aJI, IIOJib3YJICL O.!l;HIIM IIHTerpaJIOM II3 TeOpIIII TeIIJIOTLI, qTo BCH

KaJI HerrpepbIBHaJI cpyHKIJ;IllI MomeT 6bITL pa3JIOmeHa B paBHOMepHO cxo

):(JIIIJ,IIHCJI PHA MHOroqJieHOB, II BMeCTe c TeM yKa3aJI rrpIIeM, XOTJI II )l;OBOJILHO 

CJIOlliHbIM, )l;JIJI IIOCTpoeHIIJI MHOroqJieHOB, CKOJIL yro.n;Ho MaJio OTJIIIqaIOIIJ,IIXClI 

OT AaHHO:ti: rrpOII3BOJILHO:ti: HerrpepbIBHO:ti: lflyHKIJ;IIII. 0TKpbITIIe :=JTOM 3aMeqa

TeJILHO:ti: no CBOei1: o6m;HOCTII TeopeMbl orrpeAeJIIIJIO AaJILHeMIIIIl:ti: xo.n; pa3BII

TIIH aHaJIII3a; c :=JTOrO MOMeHTa Teop1rn ifiYHKIJ;II:ti: KOMIIJI8I\CHO:ti: rrepeMeHHO:ti:, 

)l;OCTIIrIIIaJI B TO me BpeMJI CBOero BeJinqa:ti:mero paCIJ;BeTa, IIOCTerreHHO 

* «Coo6m;. XapbK. MaTeM. 06-Ba», cep.1UI 2, T. 13 (1912), CTp. 49-194 (43*). 
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OTXOp;lllT Ha 3a)J;HIIM IIJiaH, Bbl)J;BIIraH BIIepep; II3y'IeHIIe qiyma~IIM BemeCTBeHHOJI 

rrepeMeHHOM. 

IIocJie Beil:epnITpacca MHOrIIMII MaTcMaTIIKaMII 6nIJIII rrpep;JiomeHnI 60.:rno 

HJIII MeHee rrpocTbie p;o:nasaTeJibCTBa ero 1eopeMhl 1, p;aIOmIIe B03MOIBHOCTb, 

rrpII BCHKOM ; sHa'IeHIIII s, Hail:TII~ )J;JIH p;aHHoiI Ha] He:noTopoM oTpes:ne AB 
HerrpepnrnHoii <f!YHKQIIII f (x) rrpII6m1meHHbl8 MHOrOTJJieHhl Pn (x) p;ocTaTOTJHO 

BbICOR'.OH CTerreHJI n, 'IT06bI yKJIOHeHIIe If (x) - p n (x) I OCTaBaJIOCb He 6oJiee 

c Ha .n:aHHOM OTpes1rn. 

CorrocTaBJieHIIe pasJIIITJHbJX MeTO)J;OB ecTecTBeHHO BbI)J;BIIHyJio sap;aqy: 

HaKOBO )J;JIH .n;aHHOM 4JYHKQIIII f (x) HaIIJIY'IIIIee rrpII6JimneHIIe, KOToporo 

MOIBHO p;OCTIIrHyTn npII IlOMOmII MHOrOTJJieHOB .n;aHHOH CTerreHII, IIJIII, TOTJHee 

roBopH, :na:noBo HaIIMeHnIIIee B03MOJRHoe 3HaTJeHIIe En [f (x)] y:nJioHeHIIH s 

rrpII ;ri;aHHOM n? 
8Ta sa;ri;aqa 6hlJia IIOCTaBJieHa Il. JI. lJe6blIIIeBbIM 60Jiee IIHTII;rJ;eCHTII JICT 

TOMY Hasa;ri;, T. e. sa;ri;oJiro eme ;ri;o OTKPhlTIIH BeiiepIIITpacca. OpIIrIIHaJinHbIH 

aJire6paIITJec:nIIil: MeTo;ri; BeJIII:noro pycc:noro MaTcMaTn:na rrpnBeJI ero :n necn

Ma aaMeTJaTeJibHblM CBOMCTBaM MHOrOTJJieHOB, HaIIMCHee y:nJIOHJIIOmllXCfl OT 

;ri;aHHOH 4JYHR'.Qllll f (x), II B He:noTOpbIX 'laCTHbIX cJJyTJaHX II03BOJIIIJI eMy 

;ri;aTb rroJIHOe peIIIeHIIe sa;ri;a'III. O;ri;Ha:no B o6meM cJiy11ae MbI He Haxo;ri;nM 

y lJe6nIIIIeBa HIIR'.aKMX y:nasaHIIH OTHOCJITeJibHO BeJIH'IIIHbl HaHMeHnIIIero 

yRJIOHeHIIH En [f (x)], M :'JTIIM rJiaBHhlM o6pa30M 06'.bHCHHeTcH, rroTJeMy B 

cnoe BpeMH IlCCJie;ri;oBaHIIH lJe6nIIIIeBa He o:nasam1 BJIIIHHIIH Ha pasBIITile 

Teopm1 4JYHKQIIH. 

HacToHmee CO'IIIHeHIIe rrpe;ri;cTaBJIHeT co6oii rrorrnITKY rrpn6JinmeHHoro 

BbITJHcJieHHH HanMeHnIIIero y:nJioHeHHH En [f (x)] II nccJie;ri;oBaHIIH CBH3II Me

m;ri;y sa:noHOM y6nrnaHHH En [f (x)] 'II ;ri;ncpcpepeHQaaJibHbIMII cBOMCTBaMn pac

cMaTpnBaeMo:ii 4JYHRQIIII. lJT06bI MO/RHO 6nIJIO cy;ri;IITb 0 TOM, HaCKOJibHO 

rrpoCTOH II rJiy6oHoil: ORa3bIBaeTCH aTa CBH3b, ;ri;ocTaTO'IHO 6y;ri;eT y:naaaTb, 

uarrpIIMep, ;rJ;Ba rrpe;ri;JiomeHnH 2: ;rJ;JIH Toro 'ITOOhl <f!YHHQIIH BemeCTBeHHOH 

rrepeMeHHO:ii f (x) 6nma aHaJIHTII'Iec:noil: Ha He:noTopoM oTpesHe AB, Heo6xo

;rJ;IIMO II ;ri;ocTaTOTJHO, TJT06n1 HaHMCHbIIIee y:nJioHeHHe En [f (x)] Ha OTpeaHe 

AB y6nrnaJio c BospacrnHneM n 6hlcTpee, 11eM TJJieHnI HeHoTopo:ii y6hlnaromeii 

1 CM. Borel, Lei;ons sur les fonctions de variables reelles et les developpements 
en series de polynomes. 1905. 

2 OTII rrpe,[(JIOmeHHH II neCIWJihRO ,l\pyr11x 6blmI MHOIO yRa3aHhl B 3aMeTRe, npe,[(
CTaBJieHHOll cDpam:i;y3cRoil ARa,[(eMIIII HayR 28 qiCBpaJIH 1911 r. [2]. J/fa npe,[(rnecTBymm11x 
8TOH 3aMeTRe pa6oT B TOM me HarrpaBJieHHII CJie,[(yeT yRa3aTb BamHhle CO'IIIHeHIIlI 
Jle6era II BaJIJie IIycceHa, Ha ROTOphle B COOTBeTCTBYIOlliIIX MeCTaX 6y,[(yT C,[(eJiaHIJ 
CChlJIRH. EoJiee IIO,l\p06Hh!e 6II6Jinorpaqrn'IeCRIIe yRa3aHIIlI 'IIITaTeJih HaH,[\eT B pa6oTe 
,II,. ,Il,meRcoHa (D. Jackson) «Uber die Genauigkeit der Annaherung stetiger Funktionen 
<lurch ganze rationale Funktionen» (Preisschrift und Inaugural-Dissertation), feTTHH
reH. ABTOP 8T0ll HHTepeCHOll pa60Thl, TIOHBIIBIIIellCH B IJIOJie 1911 r.' IIOJIY'IHJI c aMOCTO
HTeJihHO HeROTOphle .113 pe3yJihTaTOB Moeii: 3aMeTRH, HOTopym OH IJ;IITHpyeT Ha CTp. 12 II 15. 
BMecTe c TeM C'IHTaIO HymHhlM 3aMeTHTh, 'ITO HaCTOHlliaH MOH pa6oTa, 3a IICRJIIO'IeH.11eM 
ABYX «,Il,o6aBJieHnii:» R IV II V rJiaBaM [3.1], rrpe,[(cTaBJIHeT, c He3Ha'IIITeJihHhlMH pe,[(aR
IJ;IIOHHhlMH H3MeHeHIIHMII, nepeBO.l\ MeMyapa [3.2] no,[( TeM me 3arJiaB.11e111, Y.l\OCTOeH
Horo rrpeM.IIJI EeJihrIIllCROii: aRa,[(eMIIH, Ry,l\a OH 6blJI HarrpaBJieH MHOIO B IIIOHe 1911 I. 
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i eoMeTpIIqecimii nporpeccIIII; ,!IJUI Toro TJT06r,1 <I>ymu1m1 f (x) IIMeJia npOII3-

BOAHhle BC8X nopH,D;KOB, Heo6xo,n;IIMO II ,D;OCTaTOTJHO, TJT06hl rrpII BCHKOM p 
HMeJio MecTo paBeHCTBO lim En[! (x)] nP = 0. Boo6rn:e, TJeM nporn:e JJ,n<I><I>e-

n-c>co 

pemi;naJir,HaH rrpIIpo,n;a <l>YHKD;IIH, TeM 6hlcTpee y6hlBaeT En, :a: o6paTHo. 

TaKIIM o6pa3oM, paccMoTpeH:a:e HaIIM8HbIIIe:ii B03Monrno:ii rrorpeIIIHOCTH 

npII rrpn6JIIIIB8HIIH <l>YHKD;IIII rrocpe,!ICTBOM MHOI'O'IJI8HOB B03paCTalOID;IIX CTe

IIOHe:ii JJ,aeT COBepIIIeHHO :,o6rn;ee OCHODaHIIe ,D;JIH rrroCJI8)J,ODaTeJir,HOH KJiaCCII

qm:nan;Ill':l II IICCJie,D;OBaHIIH BCex j l Herrpepr,rnHhlX <l>YHIHJ;IIH Bern;eCTB8HHOH 

rrepeMeHHOIT. 

Tfacm'b nep6an 

o-HEROTOPhIX OBII(HX CBOMCTBAX PJIJJ;OB MHOr011JIEHOB 

I'Jiana I 

IIPE,[J;BAPJITE.TihHhIE TEOPEMhl 0 MHOroqJIEHAX 

1. Mnoro•rne11L1, 11a11Me11ee y1rno11nrorri;11ecn OT nyJIH. B CBOHX 3HaMe

HIIThlX IICCJI8)J,OBamrnx 0 rrpII6JIIIIB8HHhlX MHOrOTJJieHax lfa6hlIIIeB IIOCTpmrn 

MHoroqJieHhl, HaIIMeHee y:nJIOHHIOIIJ;II8CH OT HyJIH B ,n;aHHOM rrpoMemyT:ne, a 

IIM8HHO, OH )J,OKa3aJI, 'ITO ll3 BCex MHOrO'IJI8HOB DII)J,a 

Axn + P1Xn-1 + ... + Pn, 

rJJ,e A - ,n;aHHaH BeJrnTJIIHa, a ocTaJI:hH:ble :noa<I><I>IIn;IIeHT:bI rrpoII3BOJI:bHhl, HaH

MeHee y:nJlOHHeTCH OT HYJIH B rrpoMemyT:ne (- h, + h) MHOrOTJJleH 

. x 
Ahn ( ) Ahncosnarccosh A 

2n-1 T n i· = 2n-I = 2r' [(x+ V X2 - h2t + (x-V x2-h2t]. (1) 

,Il;JIH :npaTKOCTil Mhl 6yJJ,eM B )J,aJlbHe:iiIIIeM Ha3bIDaT:b Bhlpamemrn BII)J,a 

cT n (x), rJJ,e c - IIOCTOHHHaH D8Jlll'IIIHa, mpueono.uempu'leCKU.MU .MHO<!O'l.rte

lla.uu, n Bhlne,n;eM HeRoTopr,rn IIX cno:iicTna, aHaJlorIITJHhle CBOHCTBY, OTRphl

TOMy qe6hlIII8BbIM. 

2. Teope~m. Ec.rtu .MllOW'l.!tell Pn (x) = p 0 xn + p 1xn-i + ... + Pn 06-

.1ta8aem ceoucmeo.M, 'lmo IP~ (x) V1-x2 18ocmueaem e npo.Me;»eym><e (-1,+1) 
3lla'tellUJl M, mo I P n (x) I m .MO;»eem e amo.M npo.ue;»eym><e ocmaeambcsi .Mellee 

M / n; ama noc.1te81tJlJl ee.1tu'lulla 1te 6y8em npee30u8e1ta .1tUUlb e c.1ty'lae, 10,oefJa 

Pn (x) -mpueo1to.Mempu1te~Kuii .M1tOW'l.1te1t. 

Ye6IJIIIeB JJ,orrycRaJI 6e3 )J,ORa3aTeJlr,CTBa cyru;ecTBOBaH:a:e MHOrOTJJieHoB 

)J,aHHOH CT8II8HII, HaIIMeHee yRJIOHHIOIIJ;IIXCH OT )J,aHHOH <l>YHRD;HII. Ho COBpe

M8HHhlH aHaJIII3 Tpe6yeT 9TOro ,D;ORa3aT8JlbCTna, TaR RaK HeMaJIO 8CT:b 3a)J,a'I 

0 MIIHIIMyMe, HarrpnMep. B napllan;IIOHHOM IICTJIICJieH.IIlI, ROTOpble He HM8IOT 

peIIIeHH:ii. BnII,ri;y 9Toro HaM Heo6xoJJ,IIMO c,n;eJiaTn HeCROJlbRO rrpe,n;BapIITeJln

HIJX 3aMeTJaHIIH, )J,JlH Toro TJT06r,1 IIORa3aT:b, 'ITO cpe,!Ill paccMaTpunaeMhlX 

MHOroTJJl8HOD cyrn;ecTnyeT ,!J;8HCTBllT8JlbHO O)J,llH llJill HeCROJlbRO TaRHX MHO-
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roqJieHoB, ,a:Jrn IWTOphlx Mal\CIIMYM I Pn (x) I iJocmueaem HaIIMeHhIIIero no3-

MOIBHoro 3HaqeHIIH. 

PaccMoTpIIM noo6rn;e IIpoIIsne,a:eHIIe I P~ (x) cp (x) J, r.a;e cp (x) - 1rn1rna-Hn-

6y.a;n HerrpcpnrnHaa <}>ymn~IIH (ro.rroMop<}>Haa IIpII ncex sHaqeHIIHX x ,a:aHHoro 

IIpoMemyT:na, :npoMe Tex, MomeT 6hlTh, r.a;e cp (x) = 0). Man:cIIMYM :=JToro 

IIpOIIsne.a;emrn m (p 0 , Pv ... , Pn-1) eCTh HerrpepornHaa o,a:Hopo.a;naa <}>pm

D;IIH IIepno:ii: cTerreHII iw:=i<}><}>IIn;neHTOB p 0 , Pv ... , Pn-1, TaK 1rn:n IIpII ,YMHo

memIH IIX Ha O)~HO II TO me qIIcJIO k, m 6y,a:eT ,YMHOIBeHO Ha TO me qIIcJTO k. 
3HaqenIIH :no:=i<}><}>IIn;IIeHTOB, y.a;onJieTBopmoIIJ,IIe ypanHemuo m = M, r.a;e M -
.a;anHaa nem1qIIHa, MOIBHO pas,a:eJIIITh Ha n rpyrrn: B IIepno:iI I p 0 I?- I pi j, 
no BTopoiI IPil?-IPil II T . .a;. (i=O, 1, ... ,n-1). 

PaccMoTpIIM, HarrpII~rnp, sHaqeHIIll IIepnow rpym1n1; B ,a:aHHOM cJ1yqae 

ypanHeHIIe m = 111 MOIBeM HarrIIcaTh TaH:: 

(.1 P1 P2 Pn-1 ) M Po·m ,-, -, ... ,-- = ' 
Po Po Po 

II:rn, rroJiaraa _!!..!_ = l,v ~ = ),2 II T. .a:., 
Po Po 

Ta:nIIM o6pasoM, Po ecTh H:oHcqnaa II HoupepnrnHaH <}>yHH:D;IIH IIepeMeHHhIX 

f,v ),2, •.• ' l-n-1, H'.OTOphle ITO a6coJIIOTHOMY 3HaqeHIIIO He rrpenhlIIIaIOT e,a:II

HIID;hl; IIO:=JTOMY MaH'.CIIMYM [Po (xn + l,1xn-1 + ... + J,n-1X) + Pn [ = \ Pn (x) 
ecTh HerrpephlBHaH <}>yHH:D;l1H ),v ),2, ... , 1-n-1, pn; rrpII :=JToM, oqenII,a:no, I 
MOIBHO orpaHIIqIIThCH paccMoTpeHIIeM sHaqeHIIii: I Pn J, He rrpenorIIIa10rn;nx 

HeH:oToporo qJicJrn H. Ho HerrpephlnHaH <}>yHH:D;IIH n rrepeMeHHhlX ),1, ),2, ... 

. . . , An-1, Pn, rrpIIHIIMaIOrn;IIx ncenosMOIBHhre sHaqeHIIll II3 HeH:oTopo:il: saM

H:HyTo:iI o6JiaCTII, ,IJ;OCTIIraeT cnoero MIIHIIMyMa ,IJ;JllI orrpe,a:eJieHHbIX 3HaqeHIIW 

rrepeMeHHhlX B :=JTOH o6JiacTII. AHaJiorJiqHr,rM o6pasoM MOIBHO ,a:oH:asaTi. 

cyrn;ecTBOBaHIIe MHOroqJieHOB, HaIIMeHee YH:JIOHHIOID;IIXCH OT HyJrn, COOTB8T

CTB,YIOID;IIX H:am.a;ow II3 n rpyrrrr :no:=i<}><}>IIn;IIeHTOB. Bhl6IIpaa Ty II3 rpyrrrr, 

IWTopaH .a;aeT HaIIMeHnIIIee sHa~ieHIIe ,a:JIH MaRCHMyMa I Pn (x) J, Mhl y6em.a;aeM

ca, HaH:oHen;, qTo cpe.a;.11 MHoroqJieHoB, ,a:JIH H:OTophlx m = M, .a;e:iicTBII

TeJihHO, ecTh o,a:11H IIJJII HecH:OJihH'.O TaH'.IIX, H'.OTOpbIX MaKCIIMYM I Pn (x) I 
paneH HaIIMeHnIIIeMy B03MOIBHOMY 3Ha'IeHIIIO. 

llTaH:, nycTb p (x) 6y,a:eT TOT II3 no,a:Jiemarn;IIX cpaBH8HIIIO MHOroqJieHOB 

cTeneHII n, H:OTOphlii: HaIIMei_ree yHJIOHHeTcH oT HYJIH. 06osHR'!IIM qepes 

Xv X2, ... 'Xk TOqH:II, B H'.OTOpoIX Mo,a:ym. p (:.r) IIOJiyqaeT HaJI60JibIII8e 3Ha

qeHne L, II qepes ~ - TY TOqH:y, r.a;e P' (x) cp (x) .a;ocTIIraeT Ma:ncIIMyMa M. 
H ronopIO, qTO H8Jlh3JI Haii:TII TaH:oro MHoroqJieHa F n (x) CTerreHII n, 

IWTOpoIH ,Y)IOBJieTBOpHJI 6hl ypaBH8HHHM 

F n (x1) = P (x1), F n (x2) = P (x2), ... , F n (xk) = P (xk), F~ (() cp (() = 0. (2) 

B caMOM ,a:eJie, eCJJII 6hl paneHCTBa (2) 6oIJIII ocyrn;ecTBJieHor, TO MOmHo 

6oIJIO 6hl nocTpOIITb MHoroqJieH p - /,F n CTeIIeHII He BhlIIIe n, BbI6pan 

noJiomnTeJihHOe qJicJio ), cJie,a:yIOrn;IIM o6pasoM. 0HpymIIM TOqH:II xv x 2 , ••• , Xk 
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npoMmRyTKaMII ;i:i;oc'raT01rno MaJiolMII, 'IT06hl P (x) II F n (x) coxpaHflJIII B 

kam;i:i;oM II3 HIIX TOT me caMhlH 3HaK, II OTHIIMeM 8TII rrpoMemyTKII II3 0Tpes1rn 

[-1, + 1]; Tor;i:i;a B ocTaBIIIeiica qacm OTpesKa 6y;i:i;eM IIMen I P (x) I < L - o, 
r;i:i;e 0 - HeKOTopoe orrpe;i:i;eJI8HH08 IIOJIOIBIITeJihH08 'IIICJIO (M8Hblll88, 8CJIII 

XOTIIM, qeM L / 2); rrocJie a-roro MM Bo16epeM IIOJIOIBIITGJToHoe lKOJIII'leCTBO )., 

HaCTOJibIW MaJihlM, 'IT06hl 6oIJIO ), IF n (x) I< o. B TaKOM CJiyqae OKasaJIOCb 

601, qTo MHOrD'lJIGH p - ),F n ITO a6coJIIOTHOMY 3HaqeHIIIO ncer;i:i;a M8H88 (II HII

KOl')J;a He paneH) L, TaK KaK B OTHHThlx rrpoMemymax IP - /,Fn I< IP I<=;: L, 
a B OCTaBIIIeMCH qacTII OTpesKa I p - /,F n I < (L - o) + 0 = L, rrpII'IeM 

[P' (() - /,F~ (()] cp (() = M. IloaToMy, o6osHa'laH qepes M 1 (M 1 > M) MaKcII

MYM I [P' (x) - /,F~ (x)] cp (x) j, y6em;i:i;aeMcH, 'ITO MHoroqJieH [P (x) - /,Fn (x)]: 
1 

no,IJ,nemaJI 6hl cpaBHGHIIIO, YKJIOHHHCo OT HYJIH MeHee, 11eM P (x), qTo rrpo-

nrnopeqIIJIO 6hl HaIIIeMy ;i:i;orrym,eHIIIO, qTo cpep;II IIO)J;JIGIBalll,IIX cpaBHGHIIIO 

MHOI'OqJieHOB HeT TaKoro, KOTOphlii yKJIOHHGTCH OT HYJIH MeHee, 'leM P (x). 
Cne;i:i;onaTGJioHO, cIIcTeMa ypanHeHnii (2) He IIMeeT pellleHIIH, a IIOTOMY 

m160 qIICJIO ypaBHGHIIii (k + 1) 60JibllI8 qIIcJia H8II3B8CTHhlX Koacpqmu;neHTOB 

(n + 1), T. e. k > n, JIII6o k <=;: n II nee orrpe;i:i;eJIIITG.""III (k + 1)-ro rropH;i:i;Ka 

MaTpIID;hl 

panHol HYJIIO (TaK KaK, oqenII;i:i;Ho, cp(()~O). 

1 

1 

0 

B rrepnoM cJiyqae P (x) ecn TpIIrOHOMeTpJI'leCKIIH MHoroTJJieH. B caMOM 

,[(GJie, TaK KaK CTGIIeHo MHOroqJieHa p (x) paBHa n, TO BO BCHKOM cJiyqae 

k <=;: n + 1; rroaToMy rrpII ;i:i;orrym,eHIIII, qTo k > n, Haxo;i:i;nM k = n + 1. Ta

KJIM o6pasoM, II3 3Ha'l8HRH X1' X2, ••• ' Xk )J;Ba paBHhl + 1 II - 1, a OCTaJib

Hbl8 cyn n - 1 KOpHen ypannemrn P' (x) = 0. TaK KaR, c ;i:i;pyroiI cTopom,1, 

nee 8TII sHaqeHHH o6pam,aIOT B HYJio P 2 (x) - £ 2, TO nee KopHII P' (x) = 0 
cyn )J;BOMHhle KOpHH ypaBHGHIIH P 2 (x) - L2 = 0, IIMGIOlll,ero eme ncero )J;Ba 

rrpOCThlX KOpHH + 1 II - 1. 0TCIO)J;a BbIBO)J;IIM p;ncpcpepeHu;IIaJioHOe ypaBHe

HJie l.fe6hlIIIena 

p2 (x) - U = (x2-1) !P' (x)J2' 
n (3) 

e;i:i;IIHCTBeHHhlM pau;noHaJioHolM peIIIGHIIGM KOToporo cJiyarnT L cos n arc cos x. 
CJie;i:i;onarnJioHO, P (x) = L cos narc cos x. 

Bo nrnpoM cnyqae k = n. B caMoM p;eJre, ecJrn 6hl 6i,mo k < n, TO 

P (x) + (ax + b) R (x), r;i:i;e R (x) = (x - x 1) (x - x2 ) ••• (x - xk), 6hlJI 6h1 

MHoroqJieHoM cTerreHII He BhlIIIe n. Ho, rroJiaraH Fn (x)=P (x)+(ax+b)R (x), 
Mhl MomeM, oqeBII)J;HO, Bhl6paTb KOacpcpnu;neHTbI a Il b TaK, qT06ol nee ypan

HeHIIH (2) 6hlJIIl y;i:i;oBJI8TBOp8Hhl; )J;JIH 8TOro )J;OC'l'aTO'lHO yp;oBJIGTBOpIITb 

ypaBHeHHIO 

P' (() + aR (() + (a~+ b) R' (() = 0, 
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I\ KOTopoMy rrpIIBO,D;lfTCH IIOCJie;n;Hee H3 ypaBHeHIIH (2), Mem.n:y. TeM :na:n 

nepBLie k ypaBHeHIIH y,n:oBJieTBopeHLI Tom,n:ecTBeHHO. YpaBHeHIIe me (2') 
Bcer,n:a paspeIIIIIMO, II6o He MomeT 6J.ITb op;HOBpeMeHHO R' (C) = 0 n R (C) = 0. 
Ho TaK RaR, no ;n;mrnsaHHOMY, ypaBHeHIIH (2) HecoBMeCTHMhl, cJie,n:oBaTeJIJ.

HO k = n. 
0,n:HaRo, :na:n MLI YBH)J;HM, ,n:JJa <fiyH:nnH:iI <p (x), paccMaTpHBaeMJ.IX Hal\m, 

BTopo:tl: cJiyqa:iI B006Il!e He MOIBeT npe,n:CTaBHTbCH. )J;JJH :=JTOro nepe:tl:,n:eM :n 
CJJe)J;CTBHHM, BbITeKaIOil!IlM H3 npe,n:noJIOIBeHHH, qTO k = n. 

Ilpem.n:e Bcero MLI saMeqaeM, IIOJJaraH F n (x) = p (x) + bR (x), qTO ypaB

HeHHH (2) rrp HBO)J;HTCR R e,n:IIHCTBeHHOMY ypaBHeHHIO P' (C) + bR' (C) = 0, 
IWTopoe 6y,n:eT HepaspernrrMo JIHIIIb B cJJyqae, :nor,n:a R' (C) = 0. Ta1mM o6pa-

30M, ( eCTb RopeHb ypaBHeHHH 

R' (x) = O. 
Ho 

R (x) = c (x2-:=:_r (x), 
r,n:e c - IIOCTOHHHhlll MHOIBHTeJib, ~ - TOT H3 ROpHe:iI ypaBHeHHH 

(x2 - 1) P' (x)=O, 

ROToporo HexBaTaeT ypaBHeHrrIO R (x) = (x - x 1) •.• (x - xk) = 0. IlonoMy ( 

y,n:oBJJeTBOpHeT O):\HOBpeMeHHO ypaBHeHHHM 

_!__ [(xZ-f) P'(.c)J = 0 II (x2 - 1) _!__ [P' (x) cri (x)] = 0. 
dx x-[3 dx 1 

(4) 

Jlenw o6HapymrrBaeTCH HeCOBMeCTHOCTb :=JTHX ypaBHeHHH, eCJJH <p. (x) = 

= 1 - x 2 • Tor,n:a, oqeBH,n:Ho, ( 2 - 1<0, TaK qTo BTopoe ypaBHeHrre o6pa

inaeTCH B 

d~ [P' (x) (1 - x 2)] = 0, 

BCJie,n:cTBHe qero rrepBoe ypaBHeHHe rrp1rno,n:HTCH :n P' (x) = 0, qTo HeBos

MOIBHO, TaR Ra:n \ P' (x) (1 - x 2) \ rrprr .x; = (, no rrpe,n:rroJJomeHHIO, ,n:ocTIIraeT 

cBoero HaII60JIJ.rnero 3HaqeHHH JJf. 
,IJ;o:nameM, qTo cJJyqa:l1: k = n Ta:nme He rrpe,n:cTaBJIHeTCH, ecmr 

<p (x) = V 1 - x 2 , :na:n aTo IIMeeT MeCTO B ycJIOBHH TeopeMhl. EcJIH Mb! rroJio

IBHM P' (x) v1 - x 2 =pl (x), TO ypaBHeHHH (4) rrpIIMYT <fiopMy 

_!__ [P Vi="X2] = 0 
dx 1 x-[3 ' 

dP1 =0 
dx ' 

l:IJIH 

d~1 (1-x 2 ) (x - ~) + P1 ·(~x -1) = 0, 

OTRy,n;a 
~x -1=0, 

1 
rroaToMy ( = T . II TaR Ra!\ \ ( J < 1, TO, CJie,n:oBaTeJIJ.Ho, 

1~1>1. 
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c gpyroii CTOpOHhl, .rrer:no y6eP,HTbCH, 'ITO p (x) ,Y)J,OD.JICTBOpHeT ;:(mp<Jie

pemurnm,HOMY ypaBHOHIUO DII;:(a 

p 2 _ £ 2 = (P') 2 (x 2 -1) (x 2 +bx --l-- c) 
n2 (.c _ ~)2 

(5) 

,IJ;oii:cTDIITOJibHO, MHOrO'lJieH P 2 - L 2 CTeIIeHII 2n IIMeeT [J,BOMHhlMII :nop

HlIMII Te II3 3Ha'leHHM X1, X2, ... 'Xn, f'OTOphle OTJlll'lHbl OT + 1 (TaK :na:n 
om1 o6pam;aroT n Hyni, P'), II npocThlMII 1wpHHMII Te II3 3Ha11eHIIH, KoTOphle 

panHhl + 1. IIoamMy P 2 - L 2 )J,eJIIITCH Ha MHoro11JieH (2n - 2)-H: CTeneHu 
(P') 2 (x 2 1) 

(x _ ~f , II TaH n:aH :nOJ<Jl<Jlnu;noHT rrepnoro 11rreHa µ,e.rrnMoro n n2 pa3 

MeHbIIIC Hoa<Ji<Jim~HeHTa rrepnoro 'I.:IeHa ,n;e.JIHTCJIH, TO 11acTHOe HMCOT qiopMy 
x 2 +bx+ r 

n2 , OTHy,n;a DhlTOHaOT ypaDH8HII8 (5). 

H ronopro, 'JTO rmpHII ypanHeHIIH 

x2 +bx+ c = 0 

nem;ecTneHHhl, HMeIOT TOT me 3HaH, 'ITO II p, I1 60JibIII8 8Toro 'lIIC.Jia no a6_ 

coJIIOTHOMY aHa11eHHIO. B caMoM /-(e.rre, ri,orrycTIIM P,JIH orrpegerreHHOCTII, 'ITO 

p > 0; n TaJWM cny11ae p > 1. EcJrn x, no3pacwH OT e)J,IIHIIIJ;hl, )J,OCTIIrawr 

3Ha11eHIIH p,, rr1e P' o6pam;aeTca n Hyni,, P 2 noapacTaeT OT L 2 )J,O HeHoTo

poro 11Hcna LI, 3aTeM P 2 y6hlnaeT; HO •raH KaK P' 60.rree He MeHaeT aHa:na, 

TO P 2, rrpoiI)J,H, rrpu x =I> p, 11epe3 3Ha11eH11e L 2 , o6pam;aeTca n HYJib, 

ll IIOCJie 3TOrO noapacTaeT [l,O 6eCKOHel:JHOCTll, npoXO)J,H CHOna 11epe3 3Ha11e

H1Ie L 2 rrpn x = o >I> p. 011ennµ,Ho, 'ITO I II o cyTb KopHn ypanHeHIIH 

x 2 +bx+ c = 0. JhaH ypanHoHIIe (5) Mm:neM HamrcaTb n BII)J,e 

P 2 -L2 =(x2 -1}(x-y)(x-o)(P') 2 (6) 
n2 (x-~) 2 ' 

npn11cM I> p > 0 II o > p > 0. (To me caMoe paccym)J,eHne rrprrneno 6hl, 

npu p < 0, :n uepaneHcTnaM T < p < 0 II o < p < 0.) 
C:1ori,onaTeJ1i,uo, µ,:1a Ix f < 1 HMoeM 

02 (U - p2) = (1- x2~ (P')2 ' (6') 
n 

r;\o 0 < 1; II03TOMY 

I P' V 1 - x 2 ! -< nOL. 

TamIM o6paaoM, OC.ilII 6hl k 6hl.JIO paBHO n, TO, HCCOMHCHHO, HaII60Jib
M M 

urnc ;rna<rnHno L Mo;1yna P (x) ygonrreTnopa.rro 6hl uepaneHcTny L :>-----c.- > - . 
nv n 

HarrpoT1rn, rrpu k = n + 1 Mhl HaIII.JIII, 'ITO P (x) = L cos narc cos x, o·rnyga 

l P' V 1 - x 2 j = Ln I sin n arc cos x j, TaK 'ITO n aTOM cny11ae L = -i: . C.'Iego

BaTeJJbHO, TOJibHO c:iy11a:M:, rmr)J,a p (x) eCTb TpI1rOHOM8TpII118CHHH MHOrO'lJICH, 
M 

rrpuno;~wr H HaHMOHbIIICMY 3Ha'leHIIIO )J,JIH L, rrpn11eM L = n, 'ITO II Tpe-

6onaJIOCb )J,OKa3aTb. 

3. CJie)'.(CTBMH. a) EcAu 
1 P;, (x) Vh2 - x2 j oocmucaem 

2 c. II. EepnrIITeiiH, T. I 

Ha ompeane [-h, +h] npouaeeoeHue 
3lta'teHu:i M, mo, npu npeono.w;>teeuuu, 'lmo 
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Pn (x) eemb .MH02ott.aeH emeneHu n, i Pn (x) I He MtoJICem Ha paee.Mampueae

.MO.M ompeaKe oemaeambeJt /yteHee M Jn. 

B caMOM ,n;eJie, noJIOIBIIM x = hx1 • B TaKoM cnyllae 

IlpIIMeHHH H Qn (xi) TOJibRO lJ:TO ,n;oRa3aHHYIO TeOpeMy' 3aRJII01IaeM, lJ:TO, 

TaH 1rnK Ha OTpe3Ke [ -1, + 1 J ni:,rpamemrn I Q~ (x1) V 1 - x 71 .n;ocmraeT 

3HalJ:eHIIH M' TO, CJie,n;onaTe:IbHO, I Qn (xi) I Ha TOM me 0Tpe3Re [-1, + 1], 
a IPn(x)[ Ha OTpeaRe [-h, +h] He MmReT ocTananca MeHhrue MJn. 

6) Ee.au Ha ompeane [a, b] npouaee8eHue IP~ V(a - x) (x - b) I 8oernu-

2aem aHatteHUR M, mo i Pn (x) I 11,a amo.M ompeaKe He oemaemeR .MeHee M Jn. 
a+b 

8To BbITeRaeT II3 ,n;oKa3aHHoro cJieriprBHH, ecnn noJimRIIM x 1 = x - - 2- . 

n) Ee.au I Pn (x) I~ L Ha ompeane [a, b], mo Ha mo.M JfCe ompea1,·e 

IP~(x) V(a-x)(x-b))-(;nL. 
B caMoM .n;ene, ecJIII 6hl IP~ (x) l 1 (a -x) (x - b) I .n;ocTnra.Tio aHalJ:CHMfl 

M = nL + s, TO I Pn (x) ), B cnJiy rrpe,rt;I>Ii\YII~ero cJie,n;cTBIIH, rroJJylJ:aJio 6b1 
M E 

3HalJ:eHIIe - = L + - , 1ITO rrpoT1IBope1I1IT ycJionmo. 
n n 

4. TeopeMa A. A. MapKoBa 1 • MHocott.tieH n-ou emene11,u Pn (x) Ha om

peane [-1, + 1] He oemaemc.n .MeHee M /n2 no a6co.a10mHo.My 3HatteHuJO, 

ee.au Ha mo.M Jfee ompeane Ip~ (r) I aoemu2aem M. 
01IeBH,[t;HO, lJ:TO BCH nepnaH lJ:aCTb ,[t;OKa3aTeJibCTBa TeopeMbl § 2 (i\O crro

IJ,llaJIII3aIJ,llll <fJYHKI~IIn cp (x)) ocTaeTcH B cnJie. B p;aHHOM cJiylJ:ae Mb! .n;omHHbI 

IIOJIOIBHTb B ypanHeHHHX (4) cp (x). 1; TaKIIM o6paaoM, eCJill MHOrOlJ:JIOH 

P (x), .n;arorrrnil HanMeHhrrree OTRJioHemre L, - He TpnroHoMwrpn1IeCKHH MHo

rOlJ:JieH Ill )J;OCTHraeT MaHCHMaJibHOrO OTHJIOHeHHH TO;:JbRO B n TOlJ:KaX, TO 3Ha

<IeHHe ~, rrpH HOTopoM JP' (x) I ;a;ocTnraeT MaI,CHMyMa M, y;a;onJrernopHoT 

ypanHemrnM 

d1P' (x 2 - 1) (x -- p) + P' [
0

2x (x - p) - (x2 - 1)] = O; 
( x 

(?:2 - 1) ~' = 0. (4') 

Cne;a;onaTeJihHO, JIH6o ~ = + 1, TOr}\a p = ~; m160 i ~I< 1, Tor;a;a 

[2 - 2Rr + 1=0 
- j-'":> ' 

TaK lJ:TO I p I > 1. 
B nepnoM cJiylJ:ae, nonaraa ,rt;JIH onpe,n;eJieHHOCT n p = ~ = 1, ynn,a;HM, lJ:TO 

HaH60Jihrrree 3HalJ:eHHe IP (x) I .n;ocTnraeTcH B n - 1 nHyTpeHHHX TOlJ:Kax, ri'(e 

P' (x) = 0, II B TOlJ:Ke x = -1. Ilo3TOMY P (x) 6y.n;eT y;a;onJieTnopHTh .n;ncp

qiepeHn;HaJihHOMY ypaBHGHIIIO 

p2 - £2 = (1 + x) (x - ix) (P')2 
n2 ' (?) 

1 A. Map Ko B. 06 op;HoM Borrpoce .n;. 11. MeHp;eJieeBa. 1889. !13 p;orrnsaTeJibCTEa 
A. A. MaprrnBa BbITeirneT B cyIIIHO('TlI Tamirn II TeopeMa § 2, XOTH OHa II He popMyJrn
poBaHa B yrrmurnyToii CTaTbe. 
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np11qeM 7. > 1, Tan Hai,, npn x = 1, P 2 < L2 • CJiep;oBaTeJTbHO, 

2x +a-1 P = L cos n arc cos 1 • a+ 

Bo BTopoM cJiyqao MHoroq;;:reH P Ta.nme p;oJimeH y;a;onJieTBOpHTh ypaBHe

mno (6) C co6.;:uop;eH11eM TeX me HepaneHCTB OTHOCIJTeJibHO ~' "[: (). IlO:=JTOMY 

rrorrpemtteMy 

02 (£2 - p2) = (1 -x2) (P')2 
n2 ' 

(6') 

n:~e 0<1. 
Ha.noHe~, n cJiyqae, .norri,a k = n + 1, P (x) ecTD Tp11roH0MeTpHqecm1rM: 

MHoroq.;:ien, YilOBJIOTBopmoUluii, .naR MhI n11p;eJIH, ypanneHHIO (3), Roropoe 

MOH\HO IIOJiyqHTb Il3 ypamiemrn (6'), llOJiaraH B IIOCJiep;HeM 0 = 1. 
Bnep;eM uonhie nepeMeHHhie, onpep;eJIHeMLie ypaBHeHHHMH 

P = + L cosz; x =cost 

(anaR + noanMeM, ec.:rn, np11 x = 1, 6yp;eT P = L, B npoTIIDHOM cJiyqae 

B03nMeM aHaR -); Torp;a ypanHeu11e (6') npeo6paayeTCH B 

ll2£2 . 2 - £2 sin2 z (dz )2 
v sm z--~ dt , 

OTRyp;a I ~~ i = nO. TaR RaH, npH x = 1, P = + L, TO MOIBHO rroJIOIBIITh 

z = 0 rrpIT t = 0. CJiep;onaTe.JibHO, z = n0 1t, rp;e I 01 I<1 p;JIH ypanHeH11H (6') 
u 01 = 1 p;Jm ypaBneH11H (3). OTJ1;y;a;a 

02£2 . 2 0 t = sin2 t (P')2· sin n 1 n" , 

IIO:=JTOMY 

L=j~-P'j>-M 
en sin n61t / n2 ' 

OCJIII 0 < 1, I 0 l I < 1, II 

L= M 
n2 ' 

ocJin 0 = 01 = 1, TaR RaH j P' f, oqennp;Ho, npnH11MaeT ua1160Jin11Iee aHa"!e-

1 
sin t I rrne M, Hor;a;a 0 . 6 noJiyqaeT Ha11MeHn11Iee aHaqeune (HoTopoe 6oJinllle, 

n s1nn 1 t 1 

11eM 1/n2, H nepnoM cJry•iae, n paBHO 1/n2 BO BTopoM cJiyqae). VlTaR, OT-

H:roueH11e L TpnronoMeTp11qecrwro MHoroqJieHa npTI TOM me M 6Lmo 6Lr 

MeHee oTmronemrn MHoroqJiem1 P (x), yp;oBJieTnopHro~ero ypanHeu11ro (6'); 
a rroToMy P (x) ne MomeT YilOn.rrernopHTh H ypanneH11ro (7), n6o n :=JTOM 

crryqae 6nwo 6Lr 

2x + a-1 
P (x) = L cos narc cos a+ 1 , 

2x + a-1 
2nL sin n arc cos + 1 

P' ( ) a 
X = 2x + a-1 ' 

(a+1)sinnarccos a+i 
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TaKIIM o6pasoM, I Pn (x) I ocTaeTCH B03Moamo Ma.:IhIM, eCJlH Pn (x) - Tpu

roHOMeTpIIqec:nnii MHOrOqJroH; HO ;::i:ame B ST0'.\1 CJ!ytiae MHOrOqJJeH p (x) 

.a;ocTnraeT 
M 

a6coJIIOTHoro snaqemrn L = -- , qTO n Tpe60BaJ1oci, .a;mrnsaT.b . n2 
5. CJie.a;cTsua. a) l1 a 

pbix iJocmu2aem iJaH1-to20 

Gc"ex .MH020'l.1e1toe cmeneHu n, npouaeoiJHaR nomo

a6co.ruom1to20 aHa11eHuR Ha ompea1re [-1, +'I], 
Hau • .,,,,eHee ynJtOHRemcR om HyJtst Ha amo.M ompear.:e mpu20Ho.Memp1Hecnui1 

.MH020'lJle It. 

6) EcAu Ha ompear.:e [a, b] npouaeoiJHa.H .MH020'l.1eHa 

Pn (x) iJocmuwem a6colllomH020 aHa'leHU.H. M, mo i Pn (x) j Ha 
lb-al M 

He ocmaemcR .MeHee 
2n2 

n-ii cmeneuu 

amo.u ompeane 

,Il;JlH--TOI'O qT06b1 B STOM y6e[J,IIT.bCH, )J,OCTaToqHo c,a:eJiaT.b mrnei"rnoe rrpe-
b - a b+a 

o6pasoBanne x = - 2- x 1 + - 2- · 

B) EcAu 1 Ha ompeane [a, b] .MH020'lJteH n-ii cmeneHu Pn (x) He npeebz-

w,aem no a6coJt10mHO.M'!J aHa11eHu10 L, mo IP~ (x) I Ha mo.ht ;ffCe ompea1re 11e 
2n 2L 

npeebiutaem b _ a . 

I dk Pn (x) I 
r) Ec.riu ua ompeane [a, b] i Pn (x) I He npeebtiuaem L, mo He 

dxk 
- 2 k 

npeebiuwem (b _a) n 2 (n - 1)2 ... (n - k + 1)2 L Ha mo.At ;ffCe ompear.:e 2 • 

8To B.bITe:naeT ns k-KpaTHoro rrouTopen:rrn rrpe,a:.bmym;ero cne[(CTBJrn. 

6. TeopelUa. I1 a ecex .lf,H020'lJteHoe cm9neHu n, npuHu.uaJ011fUX e iJamtoii 

5e11fecmeeHHoii mo'lne, He Jte;JfCa11feii Ha • om pea r.:e [ -1, + 1], a6 coJt10mHoe 

a1ta'leHue M, Hau.uertee yn.WHRemcR om HYJt.Jl Ha amoM ompeane mpu20Ho

.uempu'tecnuil, .MH020'lJteH *. 
B caMOM .a;ene, rrocpe,a:cTBOM coo6pamem1ii, coBepIIIeHHO auarrorIIqui,1x 

rrpIIB8,!l;8HHhlM rrpu ,!l;OKa3aT8Jl.bCTB8 TeopeMhl § 2, y6em.a;aeMCH, qTO cpe.a;n 

MHOroqJ!8HOB, rro.a;nemam;nx pacCMOTpeHJIIO, cym;ecTByeT TaKOII p (x)' IWTO

p.bIH .a;ocTuraeT uauMeH.bIIIero OTKJ!OH8HlIH L. 06osHaqaH ~rnpes x 1, x~, ... , Xn 

1 clTo eCTb <fiopMyJu:!pOBI\a TeopeMb:! A. A. MapIWBa, p:aHHaH HM B Ilb:!ll:!e yrroMHHYTOM 

cTaThe; R comaJ:1eHHIO, c <JToii: pa6oToii:, TaR me, RaR H c CO'lHHeHHeM B. A. MapRoBa 

«0 <fiyHRI\HHX, HaHMeHee YRJ:!OHHIOWJIXCH OT HYJ:!H» (1892), H rro3HaROMHJ:!CH J:!Hlllb rrocJ:1e 

TOJ:'o, RaR rrpep:BapHTeJ:!bHbie aJ:1re6paH'lecm:re Teope~lbI, COCTaBJ:!HIOII(He cop:epmaHHe Ha

cTomueii: rJ:1am.r, 6b:!J:!H MHoii: caMoCTOHTeJ:!bHo Haii:p:eHbI H p:oRa3aHbI. HecoMHeHHO, 6oJiee 

paHee 3HaROMCTBO c H,[\eHMH <lTHX y'leHb:!X yrrpocTHJIO 6b:! MOIO 3ap:a'ly' a TaRIBe' 6b:!Tb 

MOIBeT' If H3JIOIBeHHe 3TOM rJ:!aBb:!. Ho H3MeHHTb yme BIIOJIHe 3aROff'l8HHbie ,[\ORa3aTeJ:!b

CTBa H He C'leJI HymHbIM BBH,n:y BCIIOMOraTeJibHOM po:rn yrrolllHHYTb:!X TcopeM JI TaH 

KaH MHe Ra3aJ:!OCb, RpoMe Toro, 'ITO rrpHMeHeHHe 06u1ero MeTop:a B. A. MapRoBa, ~10ry

mero p:aTb p:ame 6oJibrne Toro, 'ITO HaM 3p:ech HYIBHO, He yrrpocTHJIO 6b:! H3J:!omeHHH. 

Paccymp:eHHH me A. A. MapRoBa, ROTopb:!MH B HeRoTopbIX cJiy'laHx, 6bITb MomeT, 6bmo 

6b:! UeJiecoo6pa3HO BOCIIOJ:!b30BaTbCH, B p:pyrilX CJiy'laHX, IIOBH,[(HMOMY, HJIB,[\aJlHCb 6bl 

B 3Ha'lHTeJibHb:!X ,[\OIIOJ!HeHHHX. 

2 B yuoMnHyToii: Bbillle pa6oTe B. A. MapIWB, no,n:o6Ho TOMY RaR <JTO yme 6b:!JIO cp:e

JiaHo ,[\JlH rrepBoii: npoH3BO,[(HOll, p:aeT MaRCHMyM, ROTOporo k-n rrpOH3BO,[\HaH p:eii:cTBll

TeJibHO MomeT p:OCTHrHyTh. Mb! me yRa3bIBaeM 3p:ecb ;;rnrnb BepxHIOIO rpaHHI\Y <JToro 

~IaRCHMyMa, BIIOJ!He, O,[\HaRo, ,[\OCTaTO'lHYIO ,[\JlH TeX BbIBO,[(OB, ROTOpb:!e 6y;i,yT cp:eJiaHbI 

n cJiep:yroIT1eii: rJiaBe. 

* C~r. CTaTbIO [10]. (Ped.) 
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:rna11e1nrn, n~e i p (x) l = L, a <repe3 ~ gaHHOe 3Ha1!8HII8, rge p (~) = M, 
HaxoguM, nogo6Ho nperi;h1gymeMy, •ITO HIIKaHoii MHoro11JieH F n (x) CTerreu11 

n no :v10meT ygomJOTBopnTL yparrnemrnM 

'ITO 6yri;eT I!M8Tb Mecro ;:nmlb rorga, iwn:i;ak>n. CJiegoBaTe.IIbHO, k = n + 1, 
u P (x) ecTh TpnronoMeTpH<recirni1 MHoro<r.:ieH; 11ro H Tpe6oBaJIOCb gmrn

sarb. 

7. CJie]l;CTBIIH. a) Ee.flu na ompeaKe [-1, +1] .MliOW'i.!len cmenenu n 
fJo::mu2aem .1iancu.uy.ua L, mo nau6o.!loUlee a6co.uomnoe ana'ienue, nanoe on 
.uo;»eem no.!ly'iumo e eeufecmeenuoii mo'ine ~ (He .rie;»eaUfeii Ha amo.1i ompeaKe), 
ecmo 

(8) 

B caMoM gene, y1rn3a1rnoe 3na11eHI!e M eCTb a6comoruoe 31rn11eHHe, rro

.rry11aeMoe B TO<rHe ~ cooTnerCTBYIDillI!M TpI!rOHOMeTpH'IeCHI!M MHoro11JieHoM. 

6) Ee.flu o6oana•wmo 'iepea R no.!lycy.tt.Hy oceu a.!l.riunca, npoxofJ.Riiteco 
'iepea mO'iKY ~ u u.ue10ute20 ¢onyca.uu -1, + 1, mo u.ueem .uecmo Hepaeen
cmeo 

(9) 
B caMoM geJie, rroJiomnM 

~ = + [(eb + e-b) cos a+ i (eb - e-b) sin a] =cos (a - bi). 

B TaHOM cJiy11ae, oc.:in b rroJiytJaeT orrpegeJieHHoe IIOJIOIBIITCJILHOe 3Ha

qeHHe, ~ HaXOll;I!TCH Ha .::JJI.:lIIIICe, I!M8IOII\8M <PoKycaMI! -1, + 1, a OCHMH 

eb + e-b J[ eb - e-b. c gpyroil: CTOpOHbI, 

J}f =LI cos n (a - bi)/ = i [cos na (enb + e-nb) + i sin na (enb - e- nb) [ = 

= ~- lf e2nb + e-2nb + 2 cos 2na. 

CJJegoRaTeJILHO, 

Ho 

ecTL rroJiycyMMa oceii paccMaTpIIBael\10ro aJIJirrrrca. 0Txyga 

fl p JIM 8 lJ a HI! 8. Jlerl\O IIpOBepI!T b, lJTO HepaB8HCTBO (9) OCTaH8TCH 

B CIIJie, eCJIII 0Tp830K [-1, + 1] 3aMeHIJTb JII06h!M 0Tp83KOM [ex, ~]; TOJibl\O 

R 6ygeT Torri;a o6o3HatJaTL OTHOIIIeHI!e cyMMLI oceii ::mJirrnca, rrpoxogall(ero 

11epe3 ~ II HM8IOI1(8ro qioxycaMll ex, ~. K qioKyCHOMY paCCTOHHIIIO. 
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8. TeopeMa. Ec.n,u Pn (x) ecmb .tt,llOeo 1utell n-u cmeneuu, u Ha ompean,e 
[-1, +1] cyUfecmey10m 3lla'JelluJt x, y, 0.1,Jt 1wmopblX 

E (x, y) =I pn (~ = :i: (y) i (1 - x2)"'2 (1 - y2)"'2 = M, 

M 
npu O<ex<1, mo IPn(x)i lle ocmaemcJt .Meuee ~ Ha amo.tt, ompeaJLc. 

n"" 2 rx 

B caMoM )J,eJie, rro)J,o6Ho rrpe)J,1>1)1ym,eMy, y6em)J,aeMCR B cym,eCTBoBamrn 

MHoro'IJieHa P (x), )..t;JIR HoTOporo MaI>CIIMYM JP (x) J )..t;OCTIIraeT Ha11MeH1>mero 

B03MOIBHoro :rna'leHIIR. HpoMe Toro, ecnII (x, y) cyT1> 3Ha'leHnR, )..t;JIH HOT0-

p1>1x E (x, y) - MaKcnMyM, n x 1, x~, ... , Xk - 3HaqeHnR, r)J,e JP (x) i - Ma

HCnMyM, TO ypaBH8HllR 

HeCOBMeCTUMbI. IloaToMy, eCJIU p He TpnroHOMeTpIIqeCHl1Ii MHOI'O'l.ITeH, TO k 
paBHO n, n, noJiaraa 

F n (x) = P (x) + b (x - x1) (x - x2) ••• (x - Xn) = P (x) + bR (x), 

HaXO)J,UM, 'ITO ypaBHeHUR (10) rrpnBO)J,RTCR I\ O)J,HOMY 

P (x) - P (y) + b [R (x) - R (y)] = 0, 

KOTOpoe 6y)J,eT Hepa3pemIIMO TOJlhKO ecmI . 
R (x) = R (y), 

T. e. ecnn 
P' (x) (x2 -1) P' (y) (y 2 - 1) · 

-x-[3 y-[3 

Ho, c )J,pyroii cTopoH1>1, 'lncna x, y y)J,oBJJeTBopmoT ypaBReHirnM, Bblpa-

marom;IIM, 'ITO J E (x, y) J - MaKcnMyM: 

(1 - x2) {P' (x) (x - y) - ex [P (x)---: P (y)]} - exx (x - y) [P (x) -- P (y)] = 0, 

(1 - y2) {P' (y) (y - x) - ex [P (y) - P (x)]} - ay (y - x) [P (y) - P (x)] = 0, 

HJIII 

P' (x) (1- x2) =ex P (x2=~ (y) (1 - xy) =A ~O 

P' (y) (1 - y 2) = ex P (x)- P (y) (1 - xy) = A~ 0. 
x-y 

TaKnM o6pa3oM, 
A 'A 

x-[3 = y-[3' 

'ITO HeB03MomHo, TaK KaK x ~ y. CJieri;onaTeJJ1>Ho, P eCTh TpuroHoMeTpH 

qeCKIIii MHoroqJieH, P = L cos narc cos x. 
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OCTaeTCH Bwrnc:mTn Mal\CIIMYM ! E (x, y) I )J.Jill aToro MHoroqneHa. C ::JTOii 
n;eni,ro rroJiaraeM 

x =cos 0, y =cos qi 

B TarrnM cnyqae 

E (x, y) = L . (sm 0 sm :p)" = I cos ne _ cos nqi • . I 
(cos e- cos qi)" 

L I (cos ne - cos mp)" ( 0 )1 ( . 0 . ) I / = [ a cos n - cos nm -" sin sin co " ~ 
COS v - COS qi . T • · 

-<,L 
( . !!.. )" Sill 2 (() - qi) sin 6 sin " !- 1 ( ' 1 qi) (cosnO-cosnq;-)1-"<21-"n"L. 
\ sin 2 (6 - cp) sin 2 (6 + qi) 

ITonoMy 

M <21-"n"L, 
OTHyp,a 

L> M 
21-rx n"' 

GTO II TpeooBaJIOCb )J,OHa3aTb. 

IT p II Me q a H II e. AHanorIIqHbIM o6pa30M rronyq11M, qTo HaH6oni,mee 

3HR'J0HII0 

I pn (x)-P: (y) I V(h2 - x2)" (h2 - y2)" 
! (x-y) 

Ha OTpe:rne [- h, + h] MeHnUie, 'IeM L.21-"(nh)". 
9. TeopeMa. llpouaee8e1tue 1Pn(x)Vi-x2 1, e8e Pn(x)-.Mno20¥.ne1t n-u 

M 
cmene1tu, 1te .MOi>f.Cem ocm'leambc.fl .Me1tee. n + 1 1ta ompeal>e [-i, +1], ec.riu 

1 d~ (Pn(X) Vi - x2 ) I Vi - x 2 8ocmueaem 31ta'leltU.fl M na amo.M ompeal>e. 
B caMoM p,ene, nop,o6Ho rrpep,i,1p,ymeMy, y6emp,aeMca B cymecTBoBaHRH 

MHOroqJieHa p (x), ocymeCTBJlHIOmero MIIHIIMaJlbHOe OTHJIOHeHirn, a TaHiI\0 II 

B TOM, 'ITO qJ:ICJIO k ToqeH, rp,e OHO IIM00T MeCTO, 6oJiee HJIII paBHO n. 
Crryqa:ii k = n, BCJiep,cTBRe HecoBMeCTHOCTII ypaBHeHII:ii 

npHBO)J,IIT H H0B03MOiKHOCTII ypaBH0HIIH 

d~ [P (C) Vi -C2] + b d~ [R (C) Vi - C2] = 0, 

OTHyp,a cnep,yeT, 'JTO C yp,oBJieTBopH~T ypaBHeHRIO 

d v--- [R (x) 1 - x2] = 0. 
dx 

(11) 
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IIpI1 aTOM nyarno 3aM8T11Th, tJTO ! P (x) V 1- x 2 I )J,OCTIIra0T :vrn1H"n:v1y\1a 

JJHlllh no nHyTpenHHx To•rnax, 06paru;a10u\HX B HY.:Ih Bhrpammrn0 

_rl_ [P (x) ]/ 1 __ x2j = P' (x) (1 -~)_-:- xP (x) = _Q (x)_ 
dx V 1 - x" V 1 - x 2 ' 

T. 8. 110 60.aeo tJ8M n n + 1 TOq1-rnx, YAOJW8TBopH10nurx ypanHon1110 

P' (x) (1 - x2) - xP (x) = O; nonoMy 

R ( ) = c_ Q (.r) 
X x-~' 

Tal\ lJTO y paBHCHH8 ( 1 l) rrp0BpaII(a8TCll B 

_rl_ ( Q (x) v~ '), = o. 
dx 1 x -(3 / (11') 

Ho 1l1, no rrp0;i,rro;rna>eHIIIO, - Han6oJJhlll88 3HatJOHII8 

[ :x-(P V 1-x2)] Y1 - x2 = Q (x); 

rroaToMy : yri;oB.718TBopH8T 'l'a:IOR8 ypaBH8HIIIO 

Q' (x) = O. 

CJiori;oBaT8JihHO, ypaBH8H1!8 (11') rrpIIBOll;IITCH (RaI\ B Teope:vrn § 2) i-; Bn;~y 

Q (x) (px ~ 1) = 0, 

lI Tan l\aH Q(:)~O, TO p=+, OTI\yri;a 1131>1. 
3aM8tJaH JJ,a:ie0, tJTO S = P V 1 - x 2 µ,oCTttra0T n pa3 Han60.;n,lll0ro a6co

JIIOTHoro 3HatJ8HIIH L, 3aHJIIOtJa8M, tJTO 

s2 - L2 = (S')2 
. \n + '1)" 

(x 2 - 1) (x - y) (x - o) 

(x-~)2 

H YTB0pm;1a10 [3.3], tJTO 1wpnu "( u o, 1wmopbie 110.MnJtenntbt u conpaJJCemi, 

man nan 8 2 - L 2 ~ 0 npu ecex eeu+ecm(JeHHbix 3na 1teuuax x, u.Me10m eeu+e

cmeeuny10 'lacmb moco JJCe 3Hana, 'lmo u [3, u 66Jtbuty10, ve.M p, no a6co.f1,10m

nou Be./1,U'lUHe. 

Ilp0JJ,IIOJIOIBIIM ;:i:Jrn onp0)J,8JI8HHOCTII, 'ITO p > O; Torri;a, nc;rn)J,CTBII8 cHa-

3aHHoro paH00, [3 > 1. B Ta HOM CJiy.Ja0 iS (x) = P (x)V x2 - 1, o6panrnlllIICr, 

B 0 B TO'II\O x = 1, )J,OCTHrH8T npn B03pacraHIIH x > 1 8)J,JIHCTB8HHoro 

Mal\CHMyMa (rrnII MIIHIIMyMa) B TOlJI\8 x = p II, 60r;l\OH8lJHO B03pacTall npII 

x----"' oo, o6paTIITCH cnaqaJia 0ru;0 pa3 B 0 B TOtJI\8 x = a> p II npIIM8T 

3HalJ8HII8 + L Hau - L TOlJI\8 x =),>a. CJI8/{0BaTe.:IJ,HO, MHOrOlJJ8H S2 , 

BC8 1rnpmr l\OTOporo B8li(8CTB8HHhI (Ropm1 + 1, n - 1 )IBOIIHhTX ROpH0ii 

BHyTpn 0Tp031rn (-1, + 1) H ri;Bo:ii:Holi: Rop0Hh a> [3), npnHIIMa8T 3HatJ0HH8 

- L2 B TOtJH8 ),. q0p03 TOtJHY A rrpo:ii:ri;0T, TaHIIM o6pa3oM, B IIJIOC1'0CTH HOM

mreHCHoii II8p8M8HHOH x HpIIBall, Ha HOTopoli: I 8 2 (x) I = L 2 ' 0Rpynrn10ru;all 

IIO HpaitHOlf M8p8 O)J,IIH HyJII, MHOrOtJJI8Ha 8 2 (x). ,Il;llIIraHCh B/10JII, 8TOJ1 
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Kpnuoii 113 ),, HarrpttMep B BepxHeii IIOJIYIIJIOClWCTll H'.OMIIJI8HCHOM rrepoMeHHOH 
x, Mhl BCTpeTMM neprreH,[(IIKYJIHp, BOCCTaHOB.~leHHbii'.t l{ ueru;eCTB8HHoii OCll ll3 
T01Jl\Il a, n H8l\0TOpoi( T01ll\8 jtf, B HOTopo}[ apryMeHT 8 2 (x) Il3M8HllTCH Ha 
yroJI 6oJibIIIIllI, 11eM 7!, Tal\ l\aH Bee Impnn S 2 (.x) .rro;+;aT CJieua OT a. CJio
/l:OBaTeJibHO, paHbUie 11eM Mhl nona,D;eM B T01IRY ]Jf' Mbl BCTpeT11iVI T01lf\Y l 
c Beru;eCTBeHHOH qacTbIO, 6oJibIIIeii a>~' B KOTopo:i:i S2 (·1) = L 2. 8nrn Hallio 
yTBepm,D;eHIIe ,D;oKasaHo. 

Ilo::noMy 

a2 (S2 - £2) = 
(:c 2 -1) S'2 

(n + 1) 2 

[ S' VJ -- x2 ! = [ Q (.x) [ < (n + 1) L, T. 0. 

Hanponrn, eCJIII k = n + 1, TO 
(x 2 - 1)S'2 . s2-L2 = ___ _ 

n+i 

L "' .M 
/ -__;::---1 • n I 

S = L sin (n+ 1) arc cos x p = Lsin(n + 1) arc eosx 

Vt --x2 ' 

M 
c:ie,D;oBaTeJibHO, L = -;;-+ 1 , lJTO u Tpe60BaJioc1> ,[(ORa3aTb. 

10. IlpuMeHeHue rrpe).l;bI).l;ym;ero R TpnrOHOMeTpll'JeCI\HM cyl\t.l\taM. y c:roBIIM
CH Ha3hIBaTb TpnrOHOM8TPll1leCI\OM cyMMOii n-ro rropH,a;Ha BbrpameHII8 BH,[(a 

A 0 + A 1 cost+ B 1 sin t + ... +An cos nt + Bn sin nt; 

ecm1 nee Bi paBHhl HyJiro, TO BhlpameHne 6yµ;eT Ha3LIBaTbCH (TprlT0HoMeTpu-
11ecnoro) cyMMOIO KoHycou n-ro nopH,D;na; ecm1 me uce Ai paBHhI HJJIIO, 
TO :no 6y,D;eT cyMMa crrnycoB Toro me noprr,D;Ka. Bee BhlIIIe ,[(OKa3aHHhre 
TeopeMbI npuBO,[(HT I\ aHaJIOrIIqHbIM npe,D;JIOIB8HIIf!M OTHOCHT8JlbHO Tpnrouo_ 
MeTpnqeCKHX cyMM, eCJIII IIOJIOIBIITb x = cost II 3aM8TIITL, 1!TO ncerri,a B03-
MO/KHO, c O).lHOH CTOpOHbI, OTOIBeCTBIITb BbrpameHHH 

a0 + a1 cost+ ... +an cosn t II A 0 + A 1 cost+ ... +An cos nt, 

II, c ,D;pyroli: CTOpOHhl, OTOIBeCTBHTb 

sin t [b0 + b1 cost+ ... + bn cosn t] II B 0 sin t + ... + Bnsin (n + J)t. 

OrpaHII1lMMCH :rnIIIh cpopMyJiupoBROH rrperi,Jiomeuuii, cooTBeTCTByroru;ux 
TeopeMaM §§ 2 II 9. 

EcJtu a6co.uomHoe aHa'leHue cy.M.Mbl Kocunycoe n-20 nopaona 

W = A 0 + A 1 cos t + ... + An cos nt 

ue npe61,zwaern L, mo a6c0Jt1om1we aHa'leHue ee npouaeofJuou 

- (A1 sin t + ... + nAn sin nt) 

He npee1iiwaern 1w;:o2fJa nL; noCJiefJ'Hee a1ui,'iertue fJocmu2aemca mo.zano npu: 

A 0 = A 1 = ... = An-1 = 0. 
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,Il;ettCTBIITeJibHO, TIOJiaraf! x =cost, Mbl npeBparr~aeM w B MHOroq,:loH n-i1 

-CTCIIGHII Pn (x); npII 3TOM 

rl::: = -P' (x) JI 1 - x2 • 

TaxuM mo TOqHo o6pa30M JIGI'RO BbIBOCTlI H3 TeopeMbI § 9 npe;:i:Jiomomro: 

Ec.iu a6co.ruomHoe aHa'lenue cy.M.MbZ cuuycoe n-20 no pa8Ka 

B 1 sin t + B 2 sin 2t + ... + Bn sin nt 

-1te npeewutaem L, mo a6co.uomHoe aHa'leHue ee npouaeo8noil 

B 1 cost + ... + nBn cos nt 

Jte npeebzwaem nL; noc.!le81tee aHa'lntue fJocmueaemcJl mo.!lblW npu B 1 =B~=· .. 
. . . = Bn-1=0. 

8TH ):\Ba npe)J;JIO}RGHHR MO}I\HO o6o6~HTb CJIGAYIO~MM o6pa30M [3.li]: 
Ee.flu a6cO.!llOmHoe aHa'leHue m pu20Ho.Mempu1t~CKOii cy.M.MbZ n-20 no pa8i;a 

yaoe.!lemeopJlem 1tepa.eeHcmey 

If (t) J = J A0 + A1 cost+ B 1 sin t + ... +An cos nt + Bn sin nt) < L, 

mo npouaeo81taJl ee f' (t) y8oe.!lemeopJlern HepaeeHcrney 

J f' (t) J = ! -A1 sin t + B 1 cost+ ... - nAn sin nt + nBn cos nt J < nL. 

,Il;eiicTBHTGJibHO, nycTb 

J f (t) J =I A0 + A1 cos. t + B 1 sin t +: .. +An cos nl + Bn sin nt ! < L; 

·Tor;:i:a 6ylleM IIMGTb TaHme 

Ho 

~ I I (t +to) - I (t - lo) l < L. 

n 

-} [/ (t + t0 ) - f (t - l 0 )] = 2} (- Ak sin kt0 +Bk cos kl0 ) sin kt 
k=i 

RIJJIRGTCR cyMMOll CHHYCOB II, CJie)J;OBaTGJibHO, BCJie)J;CTBIIe npe;:i:bI!J:Y~oro 

npe,D;JIOil\eHHR, OTHOCR~erocR R cyMMe CHHYCOB, JIMeeM 

n 

j 2} k ( - Ak sin kt0 + Bk cos kt0 ) cos kt [ < nL. 
k=i 

·TaH RaR 3TO HepaBeHCTBO cnpaBe)J;JIHBO npII JII06oM t, TO, IIOJiaraR t = 0, 
aaKJIIOqaeM, qTo 

T. e. 

n 

I 2} k (- Ak sin kt0 +Bk cos kt0 ) / < nL, 
k=i 

If' (t) I< nL, 
•qTO II Tpe6oBaJiaCb )J;OHa3a Tb. 

26 



1 J. 1Ipon3BOlJ;Hbie Bbicrnux nop11i:i;KoB. Ma nepnhlx )J,BJX rrpe,1J;JiomeHlIH 

§ 10 BbITexaeT, 'ITO ecJtu L ecrnb nau6o.ibutee a6coJt1omHoe ana'lenue cy.M.Mbt 
, n 

A0 + Ai cost + ... + An cos nt ( umi ~A.1: sin k6). mo uau6o.flbutee a6c0Jt10m-
k=I ' 

_ 1-we aHa'leHue ee p-oii npouaeoaHOii He npeewiuaem nPL (r:Jty'laii paeencmea 
u.Meem .Mecmo mOJlb1W npu A0 =Ai= ... = An-I= 0). 

8TOT peayJibTaT MOil\HO rrpeo6paaoBaTb, B03BpaIIJaRCb CHOBa I\ MHoro

'IJieHaM. I1MeHHO, rroJiaraR, 'ITO I Pn (x) I= I a0 + ... + anxn I Ha OTpeaRe 

{-1, + 1] MeHee L, MbI ,n;oJiil\HbI aaRJIIO'IHTb, 'ITO 

mm: 

IP~ (x) V 1 - x2 [ <: nL, 

IP~ (x) (1 - x2) - xP~ (x) I<;: n2L, 
II T. ,!J;. 

0,n;HaRO :3THMH HepaBeHCTBaMH Mb! B ,n;aJibHeiimeM IIOJlb30BaTbCR He 6y,n;eM 

H aaMeHlIM HX MeHee TOlJ:HhlMU, HO 6oJiee y,n;o6HbIMH. c :3TOH n:eJibIO aaMe

lJ:aeM, 'ITO 

I ' [ nL Pn (x) <;: Y ; 
1-x2 

HO B TaROM cJiy'Iae 

myrn:e (-Xi, + xJ 
p~ - MHOrO'IJieH (n - 1)-ii CTeIIeHH, 

nL 
ROTOpbIH B rrpoMe-

MeHee, 'IeM v----=· a IIOTOMY 
1-x7 

Ip" I n(n-1)L 
n(x) < V(x7-x2) (1-xf}' 

H, IIOBTOpRR TO me paccym,n;eHHe, Ha11:,n;eM 

[P~k>(x) \< n (n - 1) ... (n - k + 1) L 

Y( x~--1 - x 2) ••• (1- xf) 

1 2 _ 2 2 _ _ 2 2 _ 1 - x 2 

IIoJiaraa me - x1 - Xt - X2 - ••. - Xk-1 - x - -k-, IIOJIJ'IHM, Ha-

RoHen:, 

I p{k) ( ) ·1 ( k )k/2 n X < 1 _x 2 n(n-1) ... (n-k+1)L. (12) 

AHaJiorH'IHbIM o6paaoM MomHo rrponepHTb rrpaBHJibHOCT~ HepaneHCTBa 

k 

r 
p~k) (z) - p~k) (z1 ) I (l + 1) 2·+cx ( k) 

(z-zi)cx < 1'-x2 2n(n-1) ... (n-k+1) n 2 cxL (12') 

rrpu JCJIOBHRX 

lzl<;:x, 
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I'JtaBaIJ[3.5) 

OITPE)J,EJIEHHE HII3IIIEI'O IIPE;J;EJIA YKJIOHEHHH HEIIPEPhIBHOfJ 
<DYHIUJ;IUI OT MHOroq.;JEHA )J,AHHOI1 CTEITEHII 

12. Teopeiua. ll ycmb oart psliJ 

/ (x) = u1 + ... +Un+ ... , 

<oe Un (x) - .MH02o'l.1ert cmeneHu He ebnue n. Ec.iu amom pHo cxooumcJi Ha 

ompPane [-1, +1], u npumo.u 
. A 
\Un+ Un-l-1 + ... ! < - -, . , nP 

2oe A - nocmOJilil-taJi 6e.iu'lUTta, mo f (x) u.Meem 60 6'.'JiKOii mMKe 6llympu 

ompeana [-1, +1] HenpepbU17-ty10 u KOHe'lHy10 npoua600T-ty10 k-20 nopJio"A·a, 

28e k- Hau6o.ibutee qeJioe 'lUc.io, .Meflbutee, 'le.M p; npo.Me moco, ama npo

ll3600T-taJi yoo6.iem6o pJiem yc.106UJi.M. Jluniuui1a cmeneT-teii a cKOJtb y2001w 

6.riuanux n p - k. 

1:1 caMoM ge.:10, no:iararr 

Rn= Un+ Un+!+ ... 

MMooM, no ycnomno, 

Il09TOMY, n tJaCTHOCTII, 

A 
!Rnl<---; ' • p n 

CnegonaTeJTbHO, ec;m 0603Ha'!Hl\1 •rnpo3 Vm MHorotJ..--reH CTeneHII 2m+1 - 1 

(13) 
TO 

(14) 

TaKrrM o6pa30M, y:na3aHHo:l1: rpymrnpon:noli tJJieHOB MbI npenpam.aeM prrg (13) 
B a6coJIIOTHO CXO,[(HIIJ;IIHCH prrg· 

f (x) = Vo + V 1 + ... + Vm + ... , 
Hail\gbIH 'IJ18H HOToporo 8CTb MHOrOtJ:IeH CT8II8HII 2m+! - 1. 

,IJ;rrqicpepeH11,rrpyeM rrotJJieHHO k pa3 nonytJeHHbiii pHg, 3aMetJaH, 'ITO, ncneg

CTBIIe HepaBeHCTB (12) II (14), 

I V(k)(x)j<(_k_)k/2,(m+t)k 2v+1A = 2p+t (_k_\k/2A(-1-Jm+t. 
m \1-x2, 2 2(m+!)p \1-x2) 2v-k, 

CnegonaTeJihHO, 

I (k) I I (k) ( ) (k) ( ) I < Pm t = Vm X + Vm+t X + ... 
2v+i(_k_)k/2A[('_1_\m+1 , ('_1_)m+2 ] = 2r+1 (-k-)kf2_A_ < ,1- x2 2v-k) 1 2p-k + · · · 2P-k -1 1-x2 2(p-k)m' 
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a noToMy prrri; 
(I') (k) (k) f =Vo (x) + ... + Vm (x) + ... 

paBHOMeprrn (n a6co;;noTIIO) cxori;nTCH no BCHIWM npoMea.ynrn BHYTPII 0Tpea-

1rn [ -1, + 1]. 0TCIOAa BbITexaIOT cyrn;ecTBonanne Honeqno.H k-.H nponanogttoii: 

JI ee HerrpepbIBHOCTb. 

BToparr 'IaCTb TeopeMhI rro.;1yqnTCH, ec.:iu n;vrecTo irnpaneHCTBa (12) MbI 

BOCT10Jlb3YOMCH nopaBeHCTBOM (12'). Ilo.:iaraf! p ~> k + rx, naxori;nM 

ec.im I z j < x n ! z1 I< x, qTQ n Tpe60Ba.;roc1> noHaaaTh. 

II p n Me 'J a H n e. IlpnMeHHH CJICJJ.CTBI10 (r) § 5, MbI TaTrnM me o6paaoM 

y6eri;n.:incb 6b1 B i-.:oneq1rncru k-ii: rrpoIIsBori;no.H II B Hottu;ax oTpeaHa, ecJrn 

TOJibHO k < ~ . 
13. CJte)l;CTBHe. P.<1D (13) .MOJJCem 6b1mb 8u¢¢epeuqupye.M no'J.riemw k 

paa, ec.iu k < p. 

R caMoM ,[(O.iTO, ua npc11,llleCTHYIOI1J,ero ,[(01rnsaTe:1bCTBa BU,[(HO, qTo 8To 

,D;mpqwpenu;11ponanJic uo:moarno npu yc.;rnmrn coe,t(Irnenurr B OllHY rpyrrny 

•1.1enoB u2 m + U2m+1 + ... + u2m+1 _ 1 = Vm· Ho rpyrrm1pomrn (neo6xo,[(nMaH 
noo6Ill,e ri;:rn a6co.uomHoii cxo;~11MocTu) He HB.TrneTCH neo6xo)J,HMott ri;.:u1 paB

ttoMepHo.li cxo,D;JIMOCTII, JI6o :1crn:o H11geT1>, q'fo rrpu BCHI\OM N <_ 2m 

2JJ+l (_k_· _\k/2 A ('_1_\m+I. 
\ 1 - x 2 ) '.2J' k) 

14. TeopeMa. Ee.tu (npu npcJJc1tux 06oaHa11emuix) 

I un + lln+I + ... J 

u p.HfJ 

(15) 

cxofJ.HUfUUCJt, mo, npu p lfe,10M, rfiywirtu.H f (x) uMeem X'Olle 1my10 u Henpe

p1irnHy10 · npoua80ally10 p-rn nop.<1fJ1w 80 8t.'1110ii mo 11Ke 81tympu ompeaKa 

(-1, +1); 8 C/ly 1we ;JfCe, X'Ocua p = k +a, cue k - Hau60.llblUee qe;we 1lUCJl0, 

~tellbiuee, 11eM p, k-Jt npou380alla.H yuo8.tem80p.<1em 80 8C.HK0.4t npo.o,ie

:JJCymKe 8uympu moco :HCe ompeah·a yr.108u10 Jluniuulfa cmeneuu a. 

OrpaHirqHMCH c:iyqacM, HOr,[(a p - 1~e.-roe quc:rn, Tar' Hat.: nToparr qaCTb 

TeopeMbI non:aabrnaeTCH TamrM me o6paaoM. 

IloJiaraH, Hat.: B rrpc;(LIAYII\OM rrnparp&<_l;e, 
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HaXO)l,llM, lJTO 

A rroToMy, rroJib3YHGb HepaBeHCTBOM (12), 3a1mIOYiaeM, 'ITO 

I j(Pl (x) I -<Iv\:» (x) I + [ v~P) (x) I + · · · + I v~,~J) (x) I + · · · < 
< (i p x2Y/2(2P + 1) (A1 + A2 + A4 + ... + Azm) = (1 p x2t2(2P + 1) s. 

L!TO ll 'rpe6oBaJIOCb l~Ol\a3~Tb. 

15. CJie].(CTBIUI. B ycJioBllll TO:IbIW lJTO )1,0Ha3aHHoll: TeopeMbI He C)l,eJiauo 

Hll1'al\I1X rrpegnoJIOif\8HllH OTHOCHTeJibHO lJHCeJI An, 1,poMe CXO)l,llMOCTll 

pHga (15). 
0)1.HaHo Mbl MOif\eM saMeTllTb, 'ITO, rpymrnpyH, ecm1 8TO UOHa)l,06llTCH, 

lJJieHhl pHll,a (13), Bcerga BosMomHo rrpeBpaTllTb ero B pHll. Toro me Bll)l,a, 

HO o6JiagaIOII\llH CBOHCTBOM, 'ITO 'IllCJia An/nP llll.YT He eoapacmaH c B03pa

CTaHIIeM n; gpyrllMll CJIO aMll, paccMaTpllBall l\OHe'IHYIO c;yMMY U1 + U2 + .. 
• . . +Un xaH rrpII6n11meHnb1ii MHoro'IJH'H CTerrenn n cpynHIJ,llll f (x), MbI 

:-.rnmeM ne BBO)l.IITb (n + 1 )-ro q.;iena, ecJin on ne yBem1lJIIBaeT rrp116 m1m:e n 11 

An+i An 
TOr)l,a Un+! = 0 ll = -, 11 BBeCTH saTeM cpasy rpyrrny 'IJI8HOB, 

(n+t)P nP 
ge:V!CTBIITeJibHO yJiy1rnrnIOII\llX npu6m11Ren11e. 

B TaHOM cnrme JierKO y6e)l,llTbCH B c;Iel\YIOII\8M. 

Ec.riu ecmb mafioe 'lUCJlO p, 11mo 

A,11+1 An 

(n + l)JJ -;(i' 
mo pRObZ 

S A + A + A + + A + ~ A A2 A 3 An 
= ."11 2 4 • • • 2n · · · II "" = 1 + :f + :f + · · · +n-+ · · • 

UJtU o6a cxoOJtUfuecJt, UJtU 06 a pacxoOJtUfUecJt. 

)J;efICTBllTeJibHO, ec.an p > 1, TO 

A A A 
I = ~ + n+1 + , .. + ~ -

n n n+i :'.n -l -

An A +1 A2 1 
=-nP-1+ n (n+1)P- 1 + ... + n- (2n-1)P-1= 

nP (n+i)P ' (2n-1)1' 

=np-t [An_+ An+i (n + 1)', p-1 + ... + Azn-! ('2n - 1)' p-I] ~A . 2p-l 
nP (n+1)P n (2n-l)P n <_,_ n 

u, c gpyroll: CTopoHhI, 

In= nP--ilr An + ... + Azn-1 (2n-1)\p--1J ""> ('_n -)\p A ~ 
nP \2n - l)P n / 2n -1 2n,-I ,;r 

A A 
:?nP~=~. 
:/" (2n)P 2P 
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TataIM 0Gpa30M, 

A A A A 
~ / ___!':. + n+I_ + ... + 2n-1 <A .2p-I 

2.P ~ n n + 1 "2n - 1 ~ n 1 

H, c;ie;wBaTOJibHO, 

(p >- 1). 

Ec.rr11 p ~ 1, TO no):(o6ttbIM me o6pa30M noJiylJHM 

~--Ai<~<,, S 2· ~ ~ 

An+I ,,.An 
}lTa1;, npw npe):(no;imHeHIIII, ~ITO ---- "" - yc.rweue cxoou.Mocmu 

(n+1)P "'nP' 
p.'loa S e meopr>.Me § 14 MOJ/Cem 6bimb aa.Me1te1w pae1wa1w 1l!lbZJrt e.My yc1toeue.l-t 

cxofJu.uocmu pafJa 

I: = Ai+ ~· + ... + Ann + ... (15') 

,Il;JllI npaHTIIlJeCHOro npuMeHeHIIJI TeopeMbl § 14 MOIBeM BOCIIOJlh30BaTLCH 

paa:JttlJHbIMII ,rJ,OCTaTOlJHbIMH ycJioBHJIMII cxo,r:i;IIMOCTH. TarrnM o6pa3oM, ycJio

BIIe CXO,!J;HMOCTH pH):(a (15) HJIH (15') MOIBeT 6b1Tb 3aMeHeHO 6oJiee cnel(IIaJib

TTblMII ycrroBHHMliI (He panH03HalJHbIMH rrpe;:(bljl,Yll(HM), a IIMeHHO, HanpHMep, 

yc;ioBrreM, lJT06i,1 obmo 

IIJIIJ A/ 1 
n .'-._log n (log log n)t+< 

f):\O 8 - HeHOTOpoe IIOJIOIBliITeJILHOe lJJiIC;JO. 

16. TeopeMa. /Iycmb nonpe;J1Clte.uy 

f (x) = Ui + U 2 + ... +Un+ .•. , 

II T . .!J:., 

2fJe Un - .wltoeo1ute1t cmene!lu lte ebZUle n, u !la ompeax:e [-1, + 1] 

I + + 1 _,,-An 
Un Un+I · ·l~~p' 

n 

<fJe 1mc.rta An ufJym He eoapacma.rt; e mrzx:o.M c.rty11ae, fJJtJt ecmrneo lfeJlo20 

3ila1{C/lUJl P1 <.:: p, 

fP·l(x) = Wp, + Wp,+I + ... + Wn + ... ' 
2fJe 'Wn - MJtoeo•utelt cmeneuu Jte BbZUle n - p 1, npu1{e.M 

' / Pf'/2.2p+1 An 
(1 - x2)P•f2 j W2n + W2n+t + • · · I<~. 2p-p, _ 1 · np-p, ' (16) 

(16') 
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B caMOM ):leJie, 

/CP1l (x) = vb7'1l + ... + v~il + ... , 
npuqeM, BCJI8/:(CTBII8 uopaBOHCTna (12), 

II 

I V (p,) l + II v(p,) r\ + 
m I m+l · • • 

1103TOMY, TIOJiararr 

Wn=V~1l, 

Wn=O, 

OUIH 

ec;ur 

naxomrM: 

j(P1) (x) = Wp, + ... + Wn + ... , 

r;~o Wn - MHOI'OlJJTOH CT8TIOHJI no IlbJIII8 n - pl> npI1'IeM 

• 2 Pf'f2.2p+1 A,, 
(1 -- X2)Pi/ 1' W2n + W2n+! + . · · 11 < ----, 2P-P1 _ 1 nP- P1 

To,rno Tar~ mo J13 CJIO~\CTDIIJI (r) § 5 sairnroqaeM, 'ITO 

1 v<P1l i + I v(P,l I + ... 
, m , 1 m+l 1 

\ W2n + W2n+1 + · · · I 
2P+l An 

2P-2P 1 - 1 nP-2P 1 • 

11p11 Me 'I au n H. a) Toopel\rn, B qacTHOCTH, npnMeHIIMa, eCJIH An= A 
TIOCTOHHIJaJI ne:rnqnHa. 

6) 3aMOTHM Tamrrn, qTo [ ulfr,~z + ... j Y!\OBJI8TnopHIOT T8M me uepancn

crnaM, 'ITO lI I W2n + ·W2n+1 + ... !, upu BCHI\OM l :::> 0. 
B) Ana.;:rornqHbIC uopanoncTna HM8IOT M8CTo, ecJrn, nMeCTO npou3no;~ub1x, 

·6paTb OTHOIII8HI1H f (x) - f (a), upn p < 1. 
(x-a)P 

17. Tp1n'onoMeTp1P1ec1rne pHAhI. 11pIIHHMaH no BHHManue po3y:;1bTa'l'bI 

§ 10, Jl8l'l\0 BII):\CTb, qTo rrpe)\bl!\Ylll,II8 Te0p8MbI OCTaIOTCH n CHJIO, ecmr 

B PH!\Y 

f (x) = U 1 + U 2 + ... +Un+ . . . (13') 

¢ymn11m Un 6y!I) T Tp1rronoM0Tp11qec1rnMn cyMMaMH n-ro nopH,!l,I\a. Ta1rnM 

o6pa30M: 
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+ A 4 + ... + A 2m + ... cxofJ:iUfuuc:i, mop-a npouaf10fJrw:i I /<Pl (x) j (jyfJem He

npepwnw u \ j(P) (x) j < 2P (2P + 1) S. B cJty1tae, no::fJa ece Un cofJep';>ICam 

moJtbKO nocuHyCbl uJtu mo.ri1;no cwtycbl, i j(P) (x) J--< (2P + 1) S. 
8Ta TeopeMa ):\O.Ka3hlBaeTCH COB8pIII8HHO Ta.K me, .Ka.K II TeopeMa § 14; 

u rro)J,o6no eil, mutalis mutandis, rroJiy'laIOTCH n ,n;pyrue ::mmrnaJieHTHblC 

TeopeMhl, eCJIII MHoro'lJieHbI saMeHHIOTCH Tp1iroH0MeTpII'lecm1MII cyMMaMu. 

18. TeopeMa. Ee.flu eHympu ompeana [-1, +1] ecmb no npauHeu .uepe 

ofJua mo1tna, ::fJe p-:i npouaeofJuas j<Pl(x) uenomopou r.fiyHnquu f (x) ne Henpe

pbieHa u 1tauJty1twee npu6Jtu;JJCeHue En-I r.fiyHnquu f (x) Ha amo.u ompeane 
An A 

npu no.uoUfU .uH02ottJteHa cmeneuu n - 1 paeuo -, mo p:ifJ l: =A1 +-22 + ... 
nP 

An -... + -- + ... pacxofJ.<iUfuuc:i. 06 pamuo, nanoebl 6bl Hu 6btJiu fJaHHbte 
n 

no.ioJK:ume.l/,bHbie ttuc.w A~~ A;, ... , A~, ... , yfJoe.l/,emeop:i10Ufue ycJtoeu1U 

A~ A~+I , A~ - > , ecJtu p:ifJ l:' = At + ... + - + . . . pacxofJ.RUfuilc:i, mo 
nP (n+i)P n 
.Moi>lt1w normpoumb ¢yunqu10 f (x), p-:i npouaeofJHa.R nomopou i'P) (x) ne 
HenpepbleHa euympu ompeana, npu1te.# O.l/,.R ec.cinoio n uau.l/,y1twee npu6Jtu-

A~ 
';>ICeHue yfJoe.l/,emeop.ciem 1-tepaemcmey En-t <-. (AuaJIOrJl'IHaH TeopeMa 

nP 
)"J;JIH Tp11rOHOM8'I:PII'l8C.KHX cyMM.) 

IIepBaH 'laCTb TeopeMbI uerrocpe):(CTBeuuo BhlTe.KaeT us cpopMyJIIIpomm, 

p:auuoi1: B § 15 TeopeMe § 14, TaH .KaR, ecJIH 6u pH!\ l: cxo,n;uJICH, TO /<Pl(x) 
6nrna 6bI uerrpepbIBHa 11 rrnuequa BHyTpn OTpes.Ka ( -1, + 1). 

, A' 
,Il;onycTIIM ):(aJiee, 'ITO pH!\ l:' = At + ... + ~ + ... pacxo):(Hlll,HHCH, 11 

n 
paCCMOTpnM )J;Ba c;1yqaH. IlyCTb, Bo-rrepBblX, Ha'lJIHaH OT H8l\OToporo nl, 

Bee A~> 1. B TaROM cJiy'lae MOiRHO Bbr6paTb (cM. § 69) TJncJieHHbliI Hmi¢

cpIII\II8HT a TaH, 'lT06b1 cpyum~nH <p (x) = a j x \ P Yf\OBJieTBOpHJia Tpe6oBaHIIIO 

TCOpeMbI, a HM8HI;IO: 

/ _,,A~ 1 A~ 
rrpn n ~ n 1 , En-1 <a<...______ - n, rrpu n > np En-I<---<-· 

nP nP nP 

Bo BTopoM cJiyTJae, cpe):(n 'lnCeJI A~m+t eCTb 6ec'lnCJieHHOe MHOIB8CTBO 

Y!\OBJWTBopHIOlll,HX ycJloBHIO A~m+I < 1 + s, RaR 6u MaJI HH 6bIJI s. IlycTb, 

):(JIH orrpep;eJieHHOCTJI, p 6y):(eT H8'l8THo; IlOCTpOHM cpyHRIJ,HIO 

f (x) = _i ~ [- A~m+! - A~m+5 J cos (4m + 1)x =] Un (x). (17) 
5P ~ (4m-3JP (4m+1)P. 

m=l n=I 

Tairn:M o6pasoM, Tp11roH0MeTp11qecHaH cyMMa (n1 - 1 )-ro nopHf\l>a 
n,-1 

~Un (x), npn 4m - 2--< nl < 4m + 2, y;:i;oBJI8TBOpHeT HepaBeHCTBY 

If (x) - n~tUn (x) I-< A~m+t --<A~, . 
~ (4m + 1)P nf 
n=I 

CJrn):(oBaTeJibHO, TpIIrouoMeTpnTJecHoe npn6Jrnmemrn cpyumi,HII f (x) 
(oT J\OToporo Mbl saTeM Jl8rI{Q rrepeiip;eM R MHOrOTJJI8HaM) y;r.1;0BJI8TBOpHeT 
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yc~omno. TOopeMbl. IlosToMy .!J:OCTaTO'IHO 6y,n:eT rro1rn3aTb, 'ITO p-H rrpoII3BOl~-
1' 

HaJI f~P) (x) n HeJWTopoii TJ'IHe, a IIMeHHO B x = 2 , 6e3rpaIUI'IHO B03pa-

CTaeT. B caMoM ,n:e.;:re, 3aMeTIIB, 'ITO nee Ros<Ji<Jiu:11u:eHTbI n PJIAe (17) rrorro

IBRTenhHb1, /\R<\Jl\le11eHU,HilYeM ero TIO'IJleHHO; IlOJl~fql\M 

1 co [ ' ( 4 )p ' ] + 5P· h A4m+1 .1+ 4m_ 3 - A1,m+5 sin (4.m + i)x 
m=l 

1' 
II, IIOJiaraJI x = 2 , HaXO.!J:IIM 6eCEWHe'IHO B03pacTaIOW:YIO cyMMY IIOJIOJHJI-

TeJibHbIX 'IJieHOD 

;P .'§ (A~m+t -A~m+5) + (4~P 3 + ···) A~m+1; 
m=l 

HO 9Toro HO MOrJIO 6bl 6LTTb, ecrrn 6bl n paCCMaTpIIBaeMOH TO'IRe j(Pl(x) 6blrra 

HerrpepbIBHa, u6o B TaROM crry11ae 6blJI 6br rrpIIM8HIIM crroco6 CJ'MMIIpoBaHIIH 

TpIIrOHOMBTpI111ectrnx pH,n:OB ©eiiepa 1, l\'.OTOpbIH ):(aJI 6bl j(P) (;) ' oo; cne-

1' 
;:i:onaTeJibHO, rrpII x = 2 , f(P) (x) ne HenpepbIBHa. ,Il;nJI Toro 11To6bl pacrrpo-

cTpaHHTb rrorry11eHHbIH Bblno.n: Ha MHoro11neHbl, rronaraeM z = cos x; Tor,n:a 

f (x) = tf (z), II rrpM6.ITIImemrn En-! !JlyHmi;rrn tf (z) n rrpoMemyTRe (-1, +1) 

y,n:onJieTnopJieT ycrroBIIIO TeopeMbl. Ho JICHO, 'ITO T011Re x = ~ cooTBeT

cTnyeT z = 0, r.n:e tf(P) (z) He MOIBeT Tam1w 6bITb HenpepbrnHa. 

19. .IJ:ooasJiem1e R npe)l;meCTBYIOI.Qeii TeopeMe. MeTo,n:, ROTOpblM MbI 

IIOJil:>3JeMCJI B 9TOM rn~ne, He MOJHeT ;:i:aTb HIIRamrx y1rn3amrtl: OTHOCHTeJibHO 

nepxHeii rpaHIIIJbl En. IlosToMy )J,JIH IIOJIHOTbl 1rnpTIIHbl HaM Heo6xo)J,IIMO 

yrroMJIHJTb 0 H8HOTOpbIX pe3JJibTaTaX, l\'.OTOpbie 6yµ:yT ):\Oirn3aHbl JIIIllib 

n TpeThen 11acTII. A IIMeHHO, ec.1tu f (x) uMeem Jta ompeane [-1, +1] KOJte'l

Hyw npouaeo8Hy10 p-20 nopJtOK,a, mo .MOJJCJto ynaaamo manoe no.1to;JJCume.1tb

uoe 'lUC.!lO k, 'lmo6bt, npu ecJtKOJ.t n > 0, u.ue.rw .Mecmo HepaeeHcmeo 

E ~ k log (n + 1) . 
n ~ (n + 1)P , 

ec.1tu ;JJCe ama p-Jt npouaeoowIJt yaoeMmeopJtem yc.1toeu10 Jlunutu-qa cmeneHu 

a, mo, npu ecJt1WM n :> 0, 

En<klog(n+1) < k1 +, 
(n + 1)p+a '(n + i)P "'• 

28e a1 (a~< a) no.rtoJ«:ume.1tbJtoe 'lUC.rw, CKO.!lb y208Jto 6.1tuanoe K a. 

0Tcro,n:a cJrn;:i:yeT, 11To, ec.1tu p-Jt npouaeoOWlJl HenpepbZefta u, KpoMe moco, 

yooe.!lemeopJtem KaKoMy-Jtu6y8b yc.!loeuw Jlunutuqa, mo pRO 

+ ... + + ... 
CXOo!lUfUUCJl. 

1 Lebesgue. Le~ons sur les series trigonometriques. 
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HanpoTuB, ecJrn p-H npoHsBo,r:i:HaH TOJibHO HerrpephlBHa, TO nepBblH H3 

ynoMRH}ThlX pesyJibTaTOB )laeT TOJibJiO 1 

E < k l~Jg 2 + ... + k log n + ... 
~ n 

n He µ;aeT TamIM o6pa3oM npaBa samuoTJ:aTb o cxo):(HMocnr pHµ;a L 
20. IlpnMep cpyHKU,HlJ, HMerom,eii HerrpepbIBHYIO rrpOII380JJ:HYIO npH pacxo

]J;Hm;eMCJI pn11:e E. ,Il;etl:cTBIIT8JJhHO, MotHHO yHasaTh npIIMop cpymm,HH, !\.TUI 

HoTopoil paµ; E pacxo,r:i:HTCH, xoTH npoIIsBo,r:i:HaH B83f\8 uenpepbIBHa. 8nrM 

CBOUCTBOM o6JJa):\aeT, narrpHMep, cpyrrnI~IIff 2 

CXJ 

"i\;' ocn cos nx t (x) = L.J 2 , n 
n=I 

8CJIH Bbl6paTb COOTB8TCTBYIOrnHM o6pa30M TJ:HCJia al> C12 > ... , rrpwJeM 

lim an = 0. B caMoM .n:ene, .n:ucpcpepeHQHpya, nonyTJ:HM paBHoMepHo cxo,r:i:a-
n-;.ro 

rnrritca PH!\ 

f' (x) = -- ~ 
n=I 

ocn sin nx 

n 

n6o MOIBHo yHasa Tb onpe,n:errerrnyro rrocTOHHHYIO A TaH, TJ:To6I.1, rrpH BCH

HOM n', 6hl.TIO 

Ho, c .n:pyroil CTopoHhI, 

CXJ 

"' 2 _ IXn' IXn'+t 0(2n' 0(4n' IXn' 
L.J n 2 - n' 2 + (n'+1) 2 +···>Im' + Sn' + · · · > 6n'' 

n=n' 

<Xn 
ec.rru TO.TibHO a2n > 2 - . 0TcIO,n:a MOIBHO sarmIO'IHTb, Hal\ 6y;:reT .n:mrnsaHo 

n TpeTI.eil TJ:aCTH, TJ:To 

k<Xn+I 
En[/ (x)] > (n + 1) log (n + 1) 

IJ03TOMy, 8C.TIH TJ:HC.Tia an y6nIBaIOT ,D,OCTaTOTJ:HO MO,[(.TI8HHO, HanpnMep 
1 

an = 1 1 ( 1) , TO pa.n: E 6y,n:eT pacxoHRrnIJMCJI. 
og og n + 

1 Ifa pa60Tb1 J:i:mem·oHa, yrroMHHYTOH B CHon;e 2 Ha CTp. 12 Bb!TeI\aeT' 'ITO 

En< k , T. e. 
(n + i)P 

E<~+ ... +~ 
2 n 

-L • 
I •" "t 

lI noJiararo, 'ITO B cJiy'lae HenpepblBl-lOCmu p-ii. rrpOil3BO,[IHOii: MOIBHO ,[lame IIOKa3aTJ,, 'ITO 

kn+I 
En<---, 

(n + 1)P 

r,[le kn CTpeMilTCJI H ny;rro; HO Il fJToro He)l,OCTaTO'IHO ,[l:UI CXO,[IIlMOCTil pll,[la ~. 
2 flo,r106no rrpe,[lbI,[lym;eMy, OT TprrrOHOMeTpil'leCKOro prr11.a H CTpoKe MHOrO'!;JeHOB 

MOIBHO nepeii.Til nprr IIOMOJI\Il IlO,[ICTaHOBKII t =cos x. 
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Il:i rrpe,n:hI.D:ym:ero BII,[(HO, 'ITO Boo6m:e <l>YHIH\IIII, IIMeIOm:IIe HenpepbIBHYIO 

npoII3BO.D:HYIO, .n:orryc1rnIOT Jiyqnree rrpII6mmrnmrn npII IIOMOII\Il MHOrO'IJieHOB 

J(aHHOII CTeIIeHII, qeM <l>YHH{\IIII, He IIMeIOII\IIe rrpoH3BO,[(HOH; HO TeM He MeHee 

ecTb cpe)l,H <J?yHKIJ;iri''r, HMe10rn.i1x ueupepunuhrn npoII3BO)J,Hhie, oco6hlfI :10rncc 

cJ1;: HHI\HM f (x), ,n:Jrn ROTOpblX, rrpn BCJHWM n, En [f (x)] >En [cp (x)], r)J,e 

9 (x) - HeROTOpaJI <l>YHRI\IIH, ue IIMeIOI{\aH HerrpepbIBHOH npOII3BO)J,HOiL 

21. IIpnMetteirne R <f>yttRI\IIH [ x l· IIpoII3BOJJ,HaH qiymm:1rn [ x [ IIMeeT To•my 

pasp1rna x = 0. 0TCIO)J,a cJie)l,yeT, 'ITO PH.D: 

E = A 1 + -1;2- + ... + _An + ... = E 0 + E 1 + ... + En+ ... ,_. n 

An+I 
pacxoi'(HII\IIHCH, 0603naqaH qepe3 En= -,-1 uau:1yqrueo rrpu6m1momrn Ix I 

n, 
Ha oTpe3HO [- 1, + 1] rrpu rroMom:u MuoroqJieHa cTonenII n. H1ma1rnx 

3aJWIO'feH11li o Ha/EJ\OM onpeµ;eJJeHHOM En OTCIO,n:a Ho:n,sa BhrneCTH. Ei--\IIH

CTBeHHoe, 'ITO MO/I\HO CHa3aTb, - 'ITO rrpII BCHIWM 8 6y,n:eT 6eClJHCJleHHOO 

MHOmeCTBO 3HalJOHHH n, ,n::rn HOTOpbIX 

E -----,. 1 
n-1 /" (I )I+• , n og n 

1 
En-I> ---------, II T. ,[(. 

n log n(loglog n).1+< 

HarrpoTun, o,n:uoro qiaRTa, 11To rrpoH3BO,n:HaH Ix I He HenpepbIBHa, He8o

cmamO'lHO .[(JIH Toro, TJ:To6bl yTnepm,n:aTb, TITO 6yµ;oT 6ecTJ:ncJieHHoe MHOll\eCTBO 
. 1 

3naqem1il:, .D:JIH 1-rnTopr,rx En--I > -1 - , TaR Ran: Mhl BIIi--\OJIII, TITO OCTh cpyHK
n og n 

IJ.IUI, He 06JJa,n:a10mIIe HenpepbrnHoil: npon3noµ;notl:, .D:JIH HOTOpbIX nee En-I 
MeHee 'IJIOHOB JII06oro pacxo,n:Hm:erocH pH,n:a. 

22. TeopeMa. J7 C.1W6Ue Heo6xo8u.Moe u aocmamo'n-tae 8Ji.H mo20, 'lm06bi 

¢Yll1•1fU.H f (x) na &re.tt ompPaKe [- 1, + 1] u.ueJta liOHe'lHble u 11enpepbl6-

Hbie npouwo8/-lble &cex nopR81.01J, aaK.UO'laemc.H 6 mo.u, 1tmo6bl npu IJC.'lltO.tt p 

cyUfecm&o&x.rw 'luc.w CJ.p, J-te aa&uCJtUfee om n, 06Jta8a10Ufee c&oucm&o.u, 'lmo 

8.rt.H &cex n 

B caMoM AeJie, ycJionue )J,OCTaTOTJ:Ho, TaR IrnR ns npIIMe'IaHIIH R Teo

peMe § 12 BbITeHaeT cym:ecTBOnaHIIe ROHe'IHOll rrpo1I3BO,[(HOM k-ro rropH,n:I\a 

Ha nceM OTpesHe, ecJJII k < ~ . c .n:pyroil: CTOpOHbI, ycJIOBHe Heo6xo,n:IIMO 

B1::Jie,[(CTBHO § 19. 
23. TiprIMep <f>ynm~rrn, /.J;JIH ROTopoii En yohrnaeT nenpasnJihHO. M3 rrpe-

cx 
AhIJJ.ym:ero CJie,n:yeT, TITO, ecmr ycJ":IOBHe En< __'I?_ co6JIIO,n:aeTCH .[(JIJI ncmwro n, 

nP 

TO ipyrunvrn u:vreeT rrpoH3BOJ\HhlO ncex rropHAROB. HeJib3JI Toro me CKa3aTb, 

eCJIH nepaBeHCTBO 9TO co6mo.n:eno XOTH I1 ,[(JIJI 6eC'IHCJieHHOro MHO/HeCTBa, 

HO He ,[(JIJl BCeX 3HalJOHHH n. 
B caMm.1 ,n:eJie, paccMoTpHM tPYHI\I\IIIO 

(18) 
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m 1 2P' IloJiaralI n = 2 · > ·, HaxogIIM: 

[ 1 1 ] 2 2 =-2 _ _,,,_1 _ _ 1_ 
En< 2(m+1)! + 2(m+2)! + · · · < 2(m+I)! = (2m! )m+I nm+! ~ nm < nP • 

0,r:i:HaHo .;:rerHo y6e,r:i:IITbCH, 'ITO qryHHI(IIlI f (x) He IIMeeT npoIIsBo,r:i:Hoii. 

24. Oooum,emrn ycJiosnii JJurrnnni:a. Ilpe,r:i:J.1,r:i:y1ri:IIti: npnMep ecTeCTBenno 

HaBOAIIT Ha MhfCJib 0 BhfHCHeHJUI .r:i:mpqiepeHI(IIaJibHOM npnpo~(bl <JlYHHI(IIM, 

HOTOpb!e He ,[(JllI BCex, HO ,[(JilI 6ec•rn.CJI8HHoro MHO.iKeCTBa 3Ha'leHIIM n ~i:o

nycirnIOT npII6Jrnme1urn Toro me nopH,r:i:Ha, 'ITO II <JlyHHI(HII, o6Jia~aIOll(IIe 

npoH3BO.D:HbIMII. HaH Mb! YBII.D:HM, aTH <Jiymui:HII o6na,r:i:aIOT cno.ti:CTBaMII, aHa

JiorII'IHhIMII ycJIOBIIlIM JJ1mnnm;a. 

Ilycn f (x) 6y,IJ.eT HeHOTopaH HerrpephIBHalI Ha 0Tpea1rn AB <JlYHHUIIl1. 

06osHa'IIIM 'lepea o1 (8) MaKCIIMYM IWJie6amrn <Jiymrn;nu f (x) n JII06oM rrpo

McmyTHe .[(JIIIHbl 8 Ha oTpcsHe, nmr, AP)TIIMII cnonaMII, MaRCIIMYM pasHoCTH 

\ f (x + h) - f (x) I rrpII I h I< 8. cDynHI(IIlI o1 (8) 6y,r:i:eT, O'leBH.D:HO, Herrpepi,rn

Ho.ti:, HeOTpIII(aTeJlbHOM II MOHOTOHHOM (Hey6brnaIOJI(e:t°1); rrpII 8TOM 01 (0) = 0. 
06blHHOBeHHOe ycJIODIIe Jiurrrnm:i:a •CTerreHII s Bb!pamaeT' 'ITO cyll(eCTByeT 

TaROC orrpe,r:i:eneHHOe lJUCJIO k, 'ITO rrpn BClIROM 8 

(19) 

.MM CHam'eM, 'ITO qiyHRI(IIlI f (x) y.r:i:onneTDopHeT o6o6ll(eIIHOMY ycJIOBliIO 

JIIIIIIDHI(a CTerreHII s' eCJIII cyrri:ecTnyeT 6eC'IIICJleHHOe MHO.iKeCTBO 3Ha'lo

HHM 8, ,r:i:JIH HOTopNx HepaBeHCTBo (19) co6JIIO,r:i:eHo. 

To'IHO TaH me BMecTo MaKCIIMyMa rrepBoii pasHoCTH If (x + h) - f (x) \, 
rrpn I h I< e, Monrno paccMaTpIIBaTb MaHCHM.)MhI rrocJ1e,r:i:oBaTeJ1bHblX pas

HOCTeii: o2 (8)= max If (x + 2h) - 2/ (x+h) + f (x) I, o3 (8) =max If (x + 3h) -
- 3/ (x + 2h) + 3/ (x + h) - f (x) I II T. ,r:i:. rrpn I h J < s. 

EcnII ,r:i:JIH 6ec'IIICJ1eHHoro MHO.iReCTBa sna'len11.ti: s IIMeeT MecTo HepaneHCTno 

(19') 

To MM 6y.r:i:eM ronopIITb, 'ITO <liYHKI(IIH f (x) y,r:i:oBJieTBopHeT Ha oTpeaHe AB 
o6o6rri:eHHOMY ycJIOBHIO JIHIJIDIII(a i-ro BII,IJ.a CTerreHII s. JierHO y6e~(IITbClI, 

'ITO eCJIII oi(io)>O (g.~rn BCeX e>O), TO s<,;:i. 3aMeTIIM, 'ITO B CJIY'l2e 

cyll(eCTBonamrn Hone'IHOil rrponanognoti: i-ro rropH;~Ra Ha oTpesHe AB )·cJio

nne ( 19') co6nIO.r:i:aeTCH ,r:i:Jrn Bccx s rrpII s = i. 
25. TeopeMa. Ec.riu cy11fecmeyem 6ec'fUCJWflHOe .mw;;tCecmeo 31-ta'feltuu n, 

8.rt:t nomopblX HauJty'fiuee npu6Jllw+ceuue 1 En na ompeane [-1, + 1] yooe.!le
A 

meopaem Hepaeellcmey En< - , mo rfiYHKlfUR f (x) Ha ernKo.M ompeane ab 
nP 

61lympu ompeana [- 1, + 1] y8oe.1emeop:tem 060611.felll!bl.M yc.!loeu:t.M 

JJunWULfa i-co euoa cmeneHU Si=~. 
i + p 

1 llpn: rro11oru:n: MHoroqJieHOB cTerreHn: n. Ta me TeopeMa (rM. § 17) ocTaeTrJI B c1rne 
II )l.JIJI Tpn:roHOJ\IeTp1ri:rec1mx cyMM. 
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PaccMOTPIIM CHaqaJia tfiymni;II10 o1 (z). 06osHaqaJI qepes Pn npII6.:mmen

Hhlii: MHoroqJleH CTeneHH n, y,ri:oBJieTnopHIOru;Hii: HepaneHCTBY 

A I f (x) - P n (x) \ <-, 
nP 

(20) 

6y,ri:eM, oqeBH)l.HO, IIM8Th ,[(JIJI 6ecqucJieHHoro MHOIB8CTBa 3HaqeHHii: n 

IPn(x)l<M +~<2M, 
nP 

r.ri:e M-MaRCHMYM If (x)I· 
B TaHoM cJiyqae Ha BCHROM onpe,ri:eJTeHHOM mpesRe ab DH)TPH 

OTpesRa [- 1, + 1] 
IP~ (x) I <RMn, 

r.ri:e R - HeRmopb1ii: qucJieHHhIM MHomHT8Jih (§ 3). 
IJosTOMY 

CJTe,ri:oBaTeJihHO, 

ConocTaBJJJIJI sTo HepaneHCTBo c HepaneHCTDOM (20), HaXOiJ.liM 

u.:m 

o1 (z) < 2A + RiVL nz. 
nP 

1 
IIonomuM n 9TOM HepaneHCTne z = ~ . IloJT)'lIIM 

n 
r> 

o1 (z) < 2A + RM = (2A + RM) zi+P . 
nP nP 

TairnM o6pasoM, ,ri:JIJI i = 1, TeopeMa ,ri:oHasaHa. 

(21) 

,IJ;ocTaTOqHo 6y,ri:eT paCCMOTpeTh eru;e CJiyqa:tl: i = 2, qT06hI y 6e,ri:IIThCJI, 

'lTO TOT me npHeM .ri:mrn·saTeJihCTBa npHM8HHM ,[(JIJI BCJIRoro i. 
Ha ocHonaHIIII § 11 IIMeeM IP~ (x) I< R1Mn2 , r,ri:e R1 - qncneHHhiii: H091Ji

rJ'mvrnHT, sanncaru;II:tl: TOJihIW OT mpesRa AB. IIosToMy, npn I h I <z, 

HO, Bhl6npa11 x COOTBeTCTByIOru;HM o6pa30M, HM8CM 

If (x + 2h) - 2f (x + h) + f (x) j = 02 (z), 

If (x + 2h) - Pn (x + 2h) - 2 [/ (x + h) - P (x + h)] + f (x) - Pn (x) [ > 
> 02 (s) - 2R1Afn2s2. 
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CJie.[(0BaTeJI1>Ho. 

4~ > o2 (8) - 2R1Mn28 2 , 
n 

lIJIII 

IloJJaraa B HepaBeHCTBe (22) 

IlOJIY'IIIM 

1 
8=--, 

1+.E.. 
n 2 

(22) 

TaHIIM o6pasoM, TeopeMa .IJ:OHasaHa Tam1rn .D:JIH i = 2, M f!CHo, 'ITO TO 

nm paccym,[(8HII8 npIIM8HIIMO )J;JIH BCJIRoro i. 
26. Ilp1rnomemrn npeiwiecTsyroru,eii TeopeM1>1. <DyHHIJ,IIH, paccMOTpeHHaH 

HaMII B § 23' o6Jia,[(aJia CBOHCTBOM, 'ITO rrplI BCJIHOM p 8CT:b 6ec'IMCJI8HH08 

MHomecTBO 3Ha'l8HHM n, .[(JIJI HOTOpbix En <-1-. TaHIIM o6pasoM, BCJiep:
nP 

CTBne TOJI:bHO 'ITO p:orrnsaHHOR TeopeMhl saHJIIO'IaeM, 'ITO yHasaHHaf! tPYHHIJ,IIlI 

yp:oBJieTnopirnT o6o6rr~eHHoMy ycJIOBIIIO Jhrnrrrnn,a BII.IJ:a i JII06oii: cTeneHII s<i. 
He ocTaHaBmrnaac1> ·Ha 6oJiee p:eTaJI1>HoM Hsy'IeHIIM STIIX cBoeo6pasH1>rx 

q>yrrnn,IIii:, npHMeHIIM npeµ;1>1p:yrrw10 TeopeMy H orrpe.[(eJieHHIO HIIsrnero npe

neJJa En Ix I· ,Il;mi noro saMeTIIM, 'ITO HM npH HaHoM i cpyHHIJ,IIfl Ix I He 

yp;oBJieTBopaeT o6o6IIJ,eHHOMY ycJJOBHIO JlIIIIIIIIIIJ,a cTerreHII BhlIIIe rrepBoil. 

B caMoM .[(eJie, rrpII x = - h, 

\x+ nhl-nlx+ (n- i)hl + ... + (-1)nlxl = (-1r2h, 

TaH 'ITO Oi (8) ):- 28. 

Crre.[(0BaTeJI1>Ho, ecJiu ecT1> 6ec¥uc.r1,eHuoe .+mo;J1Cecmeo sHa'IeHIIil n, .[(JIH RoTo-
1 

pbIX En [Ix ll <-, TO rroHasaTeJI1> p p;oJimeH 06Jia.[(aT1> CBOMCTBOM, 'ITO, np11 
nP 

BCHHOM i, 
ip 1 

s = ---;--+ < ' z p 

i 
P<-.-1. z-

TairnM o6pasoM, p He .Mo;J1Cem 6bimb 60.riee eouuuqbi. 

27. -y CJIOBIIe ,Il;nHII ll JhmnrnIJ,a. ¥ CJIOBIIeM ,Il;IIHII II JI.anrnnn,a Ha3bIBaIOT 

CBOHCTBO (HOTOpblM o6Jraf(aIOT H8HOTOpbie HerrpepbIBHbie cpyHHIJ,IIH}, saHJIIO

qaIOIIJ,88ClI B TOM, 'ITO rrpoH3Bep:eHIIe 

CTpeMlITCH H HYJIIO BMecTe c 8. MbI 6yµ;eM roBopnTb, 'ITO cpyHHIJ,HH ygo

KI8TBopaeT o6o6u~OHHOMY ycJIOillilO ,Il;nHn-J11mIIIIIIJ,a, 8CJIII B03MOIBHO BhI6paTJ, 
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6ec1n1cJieHHOe MHomeCTBO sna'IeHI!:fi s TaHI!M o6paaoM, qro6n1 ynasamme 

I1pOI!3Be,n:eHI1e o1 (s) log E CTpeMIIJIOCb H HYJIIO BMeCTe C E. IlpHHllR BTU orrpc

,n:e.;:remrn:, ,n:onameM, 'ITO rfiyrt11,ztuJt, o.rtJt no mo polt En log n cm pe.Mumrn n rty.uo 
o.rtJt 6ec'l{UCJtewww Mrto;JtCecmea arta'l{efluu n, yooeJtemeopJtem 0606ufe111w.wy 

ycJtoeu10 J(urtu-JJ unwuzta; ecJtu En log n cmpeMumrn n rty.1t10 npii ecex aHa

'l{ertu.<r,x n, mo rfiy11,11,lfUJl y8oe.1temeo pJtem 06btn1weertrto.My ycJtoeu10 J(urtu
JJ unwuzta. 

B caMOM ne:w, rrouTopm:r paccym.n:emrn § 25, rrpHxop;I!M HeMeJ~JieHHo 

H o6o6m;emuo HepaneiH:rBa (21) 

o1 (s) < 2En + kns, (21') 

rne k - ITOCTORIIHalI (He aaBI!Clim;alI OT n). IlplIMeHlilI 31'0 nepaneHCTBO 

K HaCTOHlI(eMy cJ!yqaro, 1mr.n:a En log n = P,n CTpeMI!TCfl H HJJJIO (rrpH'Io:vr, 
r:i log n 

He HapyrnalI o6u~HOCTil, MO/I\HO rrplIHlITb, 'ITO i'n > ----;/2 ), ITOJIO/HIIM 

TOI')(a Il3 (21 ') ITO.iI.V'IHM 

To, cne.n:onaTeJinHo, 

~n 
6=---. 

n log n ' 

log n·o1 (s) < ~n (2 + k), 

j log EI< 2 log n, 

I logs I o1 (s) < ~n (4 + 2k) (23) 

;1;.;rn 6ec'IIICJieHHoro MHO/ReCTBa sHa'IeHII:fi n. TaHHM o6paaoM, ,l:\JIH coorBeT

CTByrorn:ero 6eC'IIICJI8HHOro MHOIBeCTBa 3Ha'IeHIIH E, rrpOII3Be,n:emie log E. 01 (s) 
crpoMUTClI K HYJIIO. EcnII me HopaBeHCTBO (23) co6Jiro.n:aercJI ,n:Jrn Bcmmro 

IJeJloro n, TO JICHO, 'ITO log E. 01 (s) 6y.n:eT ncer.n:a CTpeMHTbCJ1 K Hy mo 

RMeCTe c E. qTO Il Tpe6onaJIOCb .n:mrnaaTb. 

28. Teopel\rn Jleoera. B cnoe:fi 60J1r-,mo:fi pa60Te 1 «Sur les integrales 

singulieres» JTe6er ,n:orrnar-,rnaeT CJ1e,n:yrom;yro ToopeMy: EcJtu pacc.MampueaemcJt 

roeo11,ynrtocmh ecex uenpepbl61iblX rfiYHKZfUU t (x), OJtJt l;:omopbtX It (x) I-< M, 
mo, npu ecmw.u n, eepxrtu.u npeoe.!lOM En rt (x)] R6Jf,JtemcJt M (T. e. cpenn 

<fiymn~n:fi t (x) 8CTb Ta1rn:e, JIJllI HOTOpbIX En rt (x)] > 111 - Ct., HaK 6hl Ma.TIO 

HII 61>mo et., II, KpoMe Toro, ):(JUI Bcex <JiyHHIJIIH En (t)-< M). Ilpn rroMom;rr 

HepaneHcTna (21') BTY TeopeMy qpeanh!qa:fiHo nerKo .n:oHaaaTb. B caMOM 

JJ,eJie, HaH 6LI Ma.JIO HI! 6LIJ!O E = k: ' cpep,I! paccMaTpIIBa8MhIX qiymm,rn) 

MOIBHO BbI6paTb TaHyIO, 'ITO 01 (s) = 2M. IlmToMy, BCJie,[(CTBIIe nepa

B8HCTBa (21'), JI.Tm 3TOH <fiyHHIJI1Il 

1ITO II Tpe6oBaJIOCb .!J:Ol\a33Tb ( Cal\IO co6o:fi ITOHJITHO, 'ITO ):(JllI BC ex <fiYHHIJilll 

paccMaTpHBaeMo:fi conoHyrrnocTII En [t (x)] -< 111). 
Ori;na1w TeopeMa Jie6era ocTaBJilieT oTKp1>1ThlM I!HTepecH1>Iil: norrpoc~ 

cyn~eCTBJOT JIU TaHOll p11.n: 'IIIC8Jl Ct.1> Ct.2, ••• ' Ct.n, .... , IIM8IOII~IIX rrpel(OJIOM 0, 

1 «Ann. de Toulouse», 1909. 
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'lTOfo.I p;JIH BCHIWII p;aHHOM HenpepbIBHOH qiymnvrn f (x) MO/HHO 6hIJIO prn-
3aTh He3aBHCMMOe OT n 'lIICJIO Rt p;ocTaTO'lHO 6oJihIIIOO, 'lT061>1 OhWO En< R1a_n? 

Ha ocH0Bamu1 TeopoMhI Jio6era MomHo JIIIIIIh YTBopm):(aTL, 'ITO ecm1 61>1 

PH.II 'IIIC8JI rJ.n cymecTBonaJI' TO' ,I(JIJI BceH: COBOH)IIHOCTII HenpopbIBHhlX 

<!iYHKI1IIM f (x), HO npoB1>1IIIaIOII1IIX M no a6coJIIOTHOMY 3HatreHIIIO, MHOiI\11-

TeJih R1 He IIMOJI 61>1 {KoHO'lHoro) BopxHero npo):(oJia. ,1],oll:cTnIIT8JihHO, Jrnn;o 

y6op;IITbCJI, 'ITO TOOpoMa Jie6era OCTaOTCJl cnpaBep;JIIIBOM, OCJIII COBOHYIIHOCTh 

HenpepbIBHhlX qiymn~IIM 3aMeHIITb O)J;HIIM.II JlIIIllb MHOrO'IJIOHaMII; a MCJI\,I(Y 
1 

TOM, RaROBbl 61>1 HII 6hIJIII 'lIICJia an, HanpIIMOp an = - ' p;JIJI BCJIRoro onpozn 
p;eJieHHoro MHoroqJIOHa P (x) B03MOIBHo, HOHO'lHO, yHa3aTh 'lIICJIO Rp TaK,. 

'IT06hI En <Rpan. 
HopaBOHCTBO (21') p;aeT HeMep;JieHHO ompulfameJtblibZU OTB8T Ha nocTa1wen

HbIH: Bonpoc. B caMoM p;eJio, oc.TJII ):(JIR HOHOTopoH: <!iYHRI1IIII En <R':ln, TO 

o1 (i:;) < 2Ran + kni:;. IloJiaraa an>+ (qTo Mbl BnpaBe cp;eJiaTb, He HapyIIIaa 

o6m;HOCTII), 6opoM E = +; B TaROM CJiyqao 01 (--\-) < 2Ran + !._ < (2R +k) ':ln. n n n 
Ho TaRoMy HepaBeHCTBY rrpII BCHHOM n He MomeT yp;oBJICTBopIITb, Hanpmvrep, 

1 ·-
HII O,I(Ha norrpopb!BHaJI <liYHI\IJIIH f (x)' ROTOpaH npu x = -2 o6pamaeTCJI B v ':ln' 

n 

Tai\ HaR p;JIH 9TOM cpyHnIJIIII 01 ( n~ ) > v 'J.n. 

29. TeopeMa. EcJtu 8JtJl ecJZKOW n liauJ1y11utee npu6Jtumeuue ¢YllKlfUU f (x) 
1w ompeane [- 1, + 1] y8oeJtemeo pRem lie paewcmey E 11 <Mp'\ mo ¢ywz

lfUJl f (x) 20J10.uop¢1ta eHympu aJtJtunca, ¢oKyca.uu Komopo20 cJtyJJC1m 

moimu -1, + 1, a noJtycy.u.ua oceu paella _!_; 
p 

B ca:MOM p;oJie, 0603naqaJI qopo3 Pn (x) MHOl'OtrJieH CTononn n, LI,.'IR 

KOToporo 

If (x) - Pn (x) I <Mpn, 

MOiR8M HarrncaTL 

f (x) = P 1 (x) + [P2 (x) - P 1 (x)] + ... + [Pn (x) - Pn-1 (x)] + ... ; (24) 

IIpII 3TOM 

I Pn (x) - Pn-1(x)I<2M pn-1 

Ha oTpo3IW [- 1, + 1]. IIoaToMy BO BCHRo:M: TO'lRO H 9Jimmca, cyMMa 
1 1 

TIOJiyoceH: ROToporo paBHa - < - , a qioRycbl Haxop; HTCH B TO'lKaX - 1, + 1,. 

HM80M (§ 7) 
P1 P 

2M ( p )n-1 I Pn (x) - Pn-1 (x) I<- - · 
P1 Pi 

C:rrep;oBaTOJihHO, pHp; (24) paBHOMepno cxO):(IITCH BO BCHROH 06Jiacn1 

BHYTPil amurnca, cyMMa no.rryoceH: RoToporo paBHa 1/p, a noToMy cpyHRI1IIH f (x), 
ro'10Mopqiua. 

(06paTHaH TCopeJVia 6yp;eT p;0Ra3ana B TpeTLeM: qaCTII.) 
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Vacm'b 6mopan 

DPHBJIIDKEHHOE BhlqHCJIEHHE MHOroqJIEHOB, 
HAHMEHEE YRJIOHJIIOU~HXCR B ,I(AHHOM llPOMElliYTHE 

OT,I(AHHOM ~YHRnMM 

I'JiaBa III 

OBII1,HH METOJJ: 

30. BBe~eHue. I1;:i;err MeTo;:i;a nptt6muHeHHoro BhlqIIcJieHH.H MHoroqJieHon, 

HanMeHee YKJIOHHIOIT(IIXCH OT ;:i;aHHOM cpyHHIJ,IIII, HOTopoMy nocBHIT(eHa aTa 

r:iaBa, COCTOIIT B TOM, qTOObl COOTBeTCTBYIOIIJ,IIM o6pa30M HCilOJib30BaTb yH;e 

II3BeCTHIJe MHOroqJieHhl, HaIIMeHee ym10HHIOIT(HeCH OT HeHOTOpbIX ;:i;aHHbIX 

cpyHHil,llM. I1Hor;:i;a, BMeCTO ;:i;pyrIIX cpyHKil,llH, 11,eJiocooopaaHO 6yµ;eT BBO;:(HTb 

aHaJiorMqHbie MHoroqJieHaM BbrpameHHH, HRlIMeHee y:imOHHIOIT(lleCH OT TOH me 
caMOM <fiYHKIJ,liII. I1 B TOM ll B ;:i;pyroM crryqae HenpepbIBHbIM nepexo;:i; OT 

ll3BeCTHOro I\ HelI3BeCTHOMY conepIIIaeTCH rrocpeµ;CTB0M aHaJIMTIIqecHoro npo

;:J;OJIIBeHIIH; rrpu 3TOM I\aK ;:J;JIH npaKTllqecmIX npIIMeHeHIIti:, TaK H ;:(JIH reo

peTMqeCKHX BhIBO;:J;OB, BCCbMa Banrno BhI6paTb HCXO;:J;HbIH nyHHT TaIOIM o6pa30M, 

'lTOObI rrepnbIC mo nplIOJIHll\eHIIlI 06rra;:i;am1 yme anaquTeJibHOM TOqHOCTbIO. 

HarroMHHM CHaqana HJiaccttqeCKIIe peayJrbTaTbr, BbITeKaIOIIJ,IIe na ttccJie

.L\OBaHuti: lJe6b1mena *. 
a) CyU{ecrr.eyem ofJuT-t u mo.rtbKO ofJuT-t Jltll020'l.1er1 Pn cmeneT-tu T-te ebzwe 

n, 1wuMeT-tee yn.wl-lJlTOUfUUe:t e npoMeJ1Cymr;e AB om fJaT-tT-tou T-tenpepbleT-tou 

¢YHX'1fUU f (x). 
6) Ha ecex .lhH020'lJlC7-lOe cmene11,u ue ebiwe n mO.ribKO M7-l020'l!lCH Pn(x) 

.o6JtafJaem me.it ceoucmeo.tt, t/,mO paa11,ocmb f (x) - Pn (x) fJocmu2aem 11,e Mn-tee 

'leM n + 2 paaa ceoezo Mar.:cuAcyMa, c nocAefJoeameJtbl-lO t/,epefJy}()U{UMUCJl aT-ta

na.wu, e paccMampueae.hoM npoMeJteymn,e. 

I1a rrocJie)J,Hero npe)J,Jiom:emrn BbITeHaeT, qro ecm1 ohl If (x) - Pn (x) I 
)J,OCTIIrarro cBoero MaI{CIIMyMa ooJiee q~M n + 2 paaa, a HMeHHO n + 2 + k 
paa, ro MHoroqJieH Pn (x) 6blJI 6bl] n TO me BpeMH e)J,IIHCTBCHHbIM HanMe

Hee YHJIOHHIOIT(HMCH OT cpynHIJ,HII f (x) cpe)J,H Bcex MHoroqJieHOB cTerreHII 

He Bhlme n + k. TaKHM o6paaoM, aa)J,aqa orrpeµ;eJieHII.H MHoroqJieHOB Pn (x) 

no cyrn:ecTBY HHCI\OJibKO He cymttBaCTCH, CCJIII orpam1q11MCH TOJibHO TeMII 

:rnaqeHIIlIMII n, )J,JIH IWTophlx paaHOC'l'b I f (x) - Pn (x) I )J,OCTIIraeT CBoero 

.\ial\CHMyMa B n + 2 TOqHax. 

31. Oooorn.eHIIH. PaccMoTpIIM pH)J, crerreHeti: x'\ x""•, ... , x""n rp;e 

·O-<;: cx0 < rx 1 < ... < cxn, 11 cocTaBIIM cyMMbI A 0 x""• + ... + Anx"n c rrpmta

BOJibHbIMII 1walfilfi1111,uenTaMII A 0 , ••• , An. EcJIII cyMMa 

Rn (x) = B 0 x""' + ... + Bnx""n 

ua Bcex cyMM y1>aaaHHoro BII)J,a HanMeHee yHJIOHHeTcH OT cpy HKIJ,IIII f (x) n 
n 

upoMeIBy'THe AB, TO Rn (x) Ha3bIBaeTcH cyMMOM mr;:i;a ] Aix""i, HRHMeHee 

i=O 

* CTporoe p;o11asaTeJihCTBO &THX pesyJihTaTOB 'IHTaT£Jih MOIBeT naiiTH B MOHorpaqHrn 

-<<8. II.>), rnana I, §§ 4-5. (Pea.) 
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y1wOHHIOll(et"1rn OT qiprnmrn f (x) n rrp01v10myTirn AB. 0THqcIIrn:u,Ho OT

po31rn AB Heo6xoµ;HMO BDOCTII orpaH:IIqoHIIe, a I1Me1rno: Ha BCeM oTpe3Ko 

x > 0. Brraro~wpa a roMy orpaHIIqeHIIIO q:ucJia x"i 6y;a;yT BCer;a;a nMeTL nrrorrHe 

_ orrpeµ,erreHHoe apuqiMeTIPrnc1rno 3Ha'IeHirn. PaccymnoHMHMH, coneprnoHHO 

rrop;o6HLIMII TeM, KOTOpbre 'lHTaTe,lL Hat'I,[(eT B KHIIre Bopomi «LeGOllS SUI' 

los fonctiOllS de variables rre!Jes» )J;JTH CJT)'IaH, I\Orµ;a tli = i, MOJI\HO )J;OKa

:JaTL cyn.1,ocTnoBamrn cyMMhl Rn (x), HaIIMeHee ymIOHHIOll(eiicH OT ;a;aHHOiI 

HerrpepMBHOiI cpymm,nII f (x), n B o611(eM crryq:ae. ,Il,rra ;a;oKa3aTOJlLCTna me 

Toro, 'ITO ara C) MMa - e;a;IIHCTBeHHaH' HaM Heo6xo,IJ)IMO )J;OKa3aTb npeµ;Ba

p11TeJJLHO crrenyroll(yIO JIOMMY' H BJIHIOll(,YIOCll o6o611(eHIIeM TeopeMhl ,IJ,e1rn pTa. 

32. JleMMa. fJuc.w no,wJteume.ibHblX nopHeii ypaeHeHuJl 

(25) 

2ot'- O <;; rx0 < rx1 < ... <an, He MOJteem npeebiUlam-0 'IUC.ria nepeMeH a1wno1J 

pR8a a0, a1 , ... , an. 

B c.Jiyq:ae, 1wrna q:ncJra oi ueJILio, BbICKa3aHHoe rrpe;a;rromeHIIe HBJIHOTCH 

rrpHMLIM crreµ;cTBneM n3 II3BeCTHOH TeopeMLI ,IJ,.eKaprn. To'IHO TaK me c;ry

•rniI, Korµ;a 'IIICJia Cli pmprnHaJILHLI8' nocpeµ;CTBOM IlO)J;CTaHOBKII xl/p = y 
npnBO)J;IITCH I\ rrpe;a;mecTBYIOll(OMY. 

Ilpe;a;norraraa ;a;arree, 'ITO q:ucrra rxi Kanne yro;a;Ho, 6y;a;eM, o;a;HaKo, cqII

TaTL, qTO nee IlOJIOJI\HTeJibHLI8 KOpHII ypanHeHirn (25) pa3JIII'1HLI Mem;a;y 

co6oiI. Ecmr 6ecKOHO'IHO Ma:ro II3MeHIITL rroHa3aTeJIM ypanHeHIIH, TO 6oc

IWHe'lHO MaJIO J13MeHHTCH II 1.;opHII; rroaTOMY Kam;a;oMy IlOJIOiI\HTeJILHOM.Y 

HOpHIO ;a;aHHOro ypanHeHIIH 6y µ;eT COOTBeTCTBOBaTL O)J;IIH IIOJIOlliIITeJILHLlll 

1rnpeHb II3MeHOHHOro ypanHeHIIH H o6paTHO, I160 KOMIIJIOKCHLie Hl1pHH 

nell(eCTBeHHOro ypamremrn - ncor;a;a nonapHo conpmKeHHLie. TamrM 06pa30M, 

'l.IICJIO IlOJlOiIUITe;1bHLIX I\OpHofr ;a;aHHOro J pa1rneHIIH TO me, 'ITO I13MeHeHHOro, 

}JO B a WM IIOCJieµ;HeM Bcer;a;a MOJH:HO npep;noJIOIBIITL IIOI\a3aTeJIH pall,IIOHaJJL

HhlMH. CJJeµ;onaTeJILHO, 'IIICJIO rrpocTLIX rrorromHTeJILHLIX 1wpHet"1 ypanHeHH a 

(25) He MOJReT npenLilliaTL 'IIICJia nepoMeH 3HaHOB paµ;a a0 , a 1, ... , an. 

TeM me cnoco6oM y6em;a;aoMCH, 'lTO 'IIICJIO pa3JIII'IHLIX rrorromIITeJILHLIX 

1-<0pHe:ti: He'IeTHOll xpaTHoc'n1 He MomeT npeBLIJJiaTL 'IIICJia rrepeMeH 3Hal\OB 

pima ao, al, ... ' a,,. Ilo HaM OCTaOTCH 011(0 non:a3aTb, 'lTO 'IIIC.:IO KOpHeiI, B3HTblX 

c nx CTerreHhIO npaTHOCTU, TaIOI\O He rrpoBLIIDaer yrroMHHyToro qIICJia. ,Il,.:rn 

::noro COCTail.'lHO:\I ypaBHC'HHO 

d 
dx [x1-"oQ (x)] = 0 (25') 

][ 3aMeq:aeM, 'ITO r.;amJ(Liti: I\paTHLii"I KOpOHb ypa1rneHIIH (25) HB.'IHeTCH Jl TO 

JI\8 npeMH KOpHeM ypanHOHIIH (25') co CTeneHLIO KparHOCTII Ha o;a;Hy eJJII

HIIIJ,y MeHbllie:ii; I\POMe arIIX HOpHeiI, ypaBHeHI1e (25') lIMeer ell(e He MOHee 

pa;WII'lHLIX IlOJIOJIUITOJILHLIX HOpHe:fi He'leTHOi"I KpaTHOCTII, qeM ypanHeHne 

(25). TaHIIM o6pa3oM, 'II:ICJIO 1rnpHo:i1 ypaBHeHIIH (25'), B3HTLIX c ttx c1e

neHLIO HpaTHOCTIJ, He MeHLITTO TJHCJia HOpHeiI ypaBHeHIIH (25), B3HTLIX c BX 

CTeITeHbIO Hpa'rHOCTII; 'IllC'JTO ff\8 pa:rnttqHLIX i>OpHe:fi ypaBHeHilH (25') He'IOT-
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HOM RpaTHOCTII He MeHee 'lIICJia Bcex paaJI11qm.rx RopHeir HeqeTHOll RpaTHO

CTII ypaBH8HIIH (2.S), yBempreHHOro Ha 'IIICJIO pa3;;III'IHbIX )J,BOllHbIX ROpHefI 

rrocrre)J,Hero ypanHemrn. Ma :noro cJrn.LJ,yoT, 'ITO ecrr11 MI.I rrocTyrrIIM c ypaB

HeHMeM (25'), Hal\ c ypaBHOHIIeM (25) 11 T. )],., TO rrprr)J,eM, HaH0He1~, K 

ypaBH8HIIIO, qIICJIO paaJHI'IHbJX ROpHeH HOToporo He•rnTHOiI HpaTIIOCTII 6yµ;er 

ue MeHeo qIICJia 1rnpHeil ypaBHOHIIH (25), B3f!TbIX c IIX CTeIIeHbIO HpaTHOCTU. 

IIo ::iro rrocJie.LJ,Hee ypamrnmre 6y.LJ,oT Toro mo nn.LJ,a 

(25") 

qTo II ypaBHeHne (25), rrpuqeM 6y.LJ,eM HMOTb bir:zi > 0, TaR qTo qncrro rrepc

MeH 3HaRa B pH.LJ,e b0 , b;, ... , bn TO me, qTo II n pH.LJ,e a 0 , a 1, ..• , an. 
Ilo9TOMY qIICJIO paaJTIIqHLIX l\OpHeu HeqeTHO:ti KpaTHOCTII ypaBHeHHH (2S") 
He rrpeBI.IlllaeT qncrra rropeMeH aHaHa B pH,n:e a 0 , a 1, •.. , an; TOM 6oJTee R 

o6ro;ee qIICJIO IIOJIO/IHITC~;JbHbTX HOpneil ypanHOHIIH (25), D3HTbIX c IJX CTe

rreHbIO HpaTHOCTIJ) He MOIBeT rrpeni.nnaTb 'IHCJia rrepeMeH 3HaROB pH)J,a 

a 0 , a 1 , ••• , an. 
c JI e ,n: c TB II e. fJuc.10 nO.WJfCUmC,i/JllblX KOplleii ypaellCllUJl (25) llC npc

ebiutaem n. 

33. TeopeMa. Cy1lfPCmeyem mo.iMo Oo7-la cy.11.1ta rmencllcii 

11 

Rn (x) = ~ B,,xan, 
i=O 

7-lau.ue7-lee yh:.10llJl10UfaRcR e npo.Atc:-frcymne AB om rf;ym<lfUU f (x). II pu fm10.1t 

pa3llOCmb I (x) - Rn (x) oocmu2acm He .llCllCC 'le.At n + 2 pan reoe20 llau60.lb

ute20 a6co.a1omHO,'o 31ta'1e1mJL, noc,woo6ame.rib1-t0 .Mell.'lJl reoii 37-lan. lf CT• .. i10,1e7-lue 

.uoJfCem npeormae.rnmbtJL .iuutb e mo.u c.iy1we, ec.riu &mo 7-lau6o.llbutce 37-la'leriue 

pae7-lo If (0) I, npu iz0 > 0. 
B caMoM .n;eJie, o6oaHaqaH qepea x 1, x 2 , ••• , x" BoapacTaIOIIJIIM pH,n: qnceJT, 

,n:JIH R0Topi.1x paaHOCTb f (x) - Rn (x) ,n:ocTnraeT rrocJie)J,ouarorr:bHO HaII60JTI.lllern 

a6coJIIOTHOro 3Ha'IeHIIH, M8HHH 3HaH, Haxo,n:HM Ha OCHOBaHIIII coo6pamem1tl:, 

HoropbIMII MI.I rrorrLaona.:mci, HeCT\OJILEO paa B rrrane I, qTo ypaBHeHIIH 

b0 x~0 + ... + bnx~n = f (x1) -- Rn (xl) = ± L, 

b0 x~0 + ... + bnx~n = f (x2 ) -- Rn (x2) = + L, (26) 

µ;ornrrnbl 6b1Tb HeCOBMeCTIIMbIMII, ecJIII Rn (x) rrpe.LJ,CTaBJIHeT co6oil cyMMY 

yHaaaHHoro Bnµ;a, HalIMoHee yK;roHHIOIIJYIOCH OT f (x) Ha OTpeaKe AB. Ho 

JierKo y6e)J,IITbCH, 'ITO ypaBHOHIIll (26) 6i.1mr 6i.1 C'OBMOCTHML! B CJI) •mo 

k < n + 2, II60 HII O)J,TIH II3 orrpe.LJ,eJIIITeJioit 

"PI 

: ~l ·I = aox~+I + ... + apx~~I 
.x~~J 



HO MOIBeT 6bITb paBeH HYJIIO: 3TO crrpaBep;mrno rrpa p = O; HO eCJIII ap-1 ~ 0, 
TO II 8P ::;;:::=:: 0, TaK KaR B ypaBHeHIIII 

a0x" 0 + ... + avx"P = O 

1rnaqiqm:u,neHT aP = op-1 ~ 0, II rroToMy no ypaBHeHIIe He co6JIIO)J;eHo Tom
,n:ecTBeHHo; HO OHO IIMeeT p IIOJIOIBIITeJibHhlX] ROpHeM X1, .•. 'Xp, II CJie

Jl,OBaTeJibHO 

o - a " 0 + + "P ~ 0 p - oXp+I . • • aPxp+I ~ . 

TaRMM o6pa30M, nTopa11 ~rncTi. TeopeMi.1 ;ri:oRa3aHa . .IJ:orrycTIIM Terrepi., 

'ITO HpoMe Rn (x) cyn~ecTByeT en~e cyMMa R~ (x), HaIIMeHee yRJiomuoma11c11 

OT ;ri:aHHOM qiyHRu,rrn f (x). B TaIWM cJiyqae, n cIIJIY TOJii.Ko 'ITO ;ri:oRa3aH

Horo, pa3HOCTb 

Q (x) = Rn (x) - R~ (x) 

B TO'll\aX X1' X2, ... ' Xn+2 6y;ri:eT IIOCJlO.IJ:OBaTOJlbHO MOHHTL 3HaR IIJIH paB

lIHTbCH HYJJIO. 

Ilo3TOMY' CCJ!II Q (xi) ;;;::: 0, Q (xi+1) ?-::: 0, ... ' Q (xi+Ht)::;;:::::: 0, TO Mem;ri:y 

Xi II Xi+'c+I ITO Rpat'nreil Mepe k + 1 ROpHeil; TO'lHO Tall'. mo, ecmI Q (xi+1) = ... 

. . . = Q (xi+'•')= 0, TO 'lIICJlO IWpHeil (n3HThlX c HX CTOITOHbIO RpaTHOCTII) 

He MeHec k + 1, Tai> Il'.aI\ 3TO 'lI:ICJIO HO MeHec k I:I, KPOMe Toro, pa3HOCTb 

MeiH.IJ:Y HIIM 1:1 k + 1 ;ri:omirna 6I.ITb 'leTHOII. 0TCIO;ri:a BbITeRaeT' 'ITO o6~ee 

'lIICJIO IIOJIOil\IITOJibHhlX 1wpHeil ypaBHOHIIR 

Q (x) = 0 

HO MeHee n + 1, 'ITO HOB03MOiHHO Ha OCHOBaHIII:I JIOMMbl § 32. TaKIIM o6pa-

30M, cyu~ecTnyeT TOJII.Ro o;ri:Ha cyMMa Rn (x), HaIIMeHce y1m0Haromaaca or 

4JyHKIJ,IIII f (x) B p;aHHOM rrpoMemyTirn. 

n p II Me q a H II c. Heo6xo;ri:IIMO ITOMHIITb, 'ITO npIIMOHOHIIe ;ri:mrn3aHHOM 

TeopeMhl B cJiyqae ~o > 0 II x > 0 3aROHHO JIIIIJib rrpH ycJioBIIII f (0) = O. 
34. 06o6ru;ettttaH TeopeMa Bamrn Ilyccetta 2 • Omn.101le1lue \ f (x) -

- Rn (x) \ 1le .MOJfCem e npo.1rteJ1Cymne AB ocmaeambCR nor,moall!W Jrtertee 

1tauMe7-tbute20 ua alta11e1luii \ f (x) - Pn (x) \ e n + 2 mo 11nax, 2oe f (x)-Pn (x) 
noc.rieooeame.llbl-lO .1rteT-taem a1wn, ec.au Pn (x) - cy.M.1rta mo20 JfCe euoa, 11mo 

Rn (x). 
B caMoM ;ri:e:rn, ;ri:orrycTifM rrpoTIIBHoe. Tor;ri:a n n + 2 Toq1rnx pa3HOCTb 

Q (x) = Pn (x) -Rn (x) = [/ (x) - Rn (x)] - [f (x) - P 11 (x)] 

IIOCJIO.IJ:OBaTeJILHO MOHHeT 3'HaK, M, CJie;ri:oBaTeJibHO, ypaBHOHIIe Q (x) = 0 
lIMOOT no Kpa:tl:Heil Mepe n + 1 IIOJIOiRJ1TOJibHbIX ROpHeii, 'ITO HOB03MOiRHO. 

3 a Me q a H n e. 8Ta TeopeMa 61.ma ;ri;oRa3aHa BaJIJie IlycceHoM B cJiyqae 

MHOro'IJIOHOB, rrpII<JeM rrpoMemyToR AB Tor;ri:a MO/JWT 6hlTb RaRoil yro;ri:Ho; 

1 EcJrn X1 = 0, TO 1rnact>qrnn;1rnHT llo = 0, II IIOTm1y cyMMa OP' COCTOHIIJ,aH TO:Ihl{O 
lf3 p cJiaraeMhIX, ue MMeeT 6onee p - 1 1:wpueii. 

2 De la Va 11 e e Po us sin. Sur les polynomes d'approximation et la represen
tation approchee d'un angle. «Bull. Acad. Belgique», Decembre 1910. 
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oqeBII)J,HO, qTO ,D,aHHOe 3)J,8Cb )J,OI\a3aTeJibCTBO rrpnrO)J,HO II )J,JUI yrroMHHyToro 

cny•rnH. 

35. OrrpeAeJieHHH. Toq1rn Xu x 2 , ••• , Yk, ·r,D,e If (x) - Rn (x) I ,D,OCTHraeT 

Han6oni,rnero 3HaqeHHH, MI.I 6y,D,eM Ha3I.IBaTh mo 1aw.uu omn.qonenu.R. 

Cne,D,yeT aaMeTIITh, qTo pacrronomemrn TO'leK OTI\JIOHeHnR na 0Tpea1w 

AB MomeT 6I.1Tb qeTI.1pex po,D,OB. A nMeHHo: 1-ro po,D,a, Hor,D,a o6a KOHua 

A n B HBJIHIOTCH Toq1rnMII OTKJIOHemrn; 2-ro pof(a, Hor,D,a TOJIMW A - ToqKa 

OTI\JIOHemrn; 3-ro po,D,a, HOr,D,a TOJibHO B - TOqf(a OTKJIOHeHirn; 4-ro po,D,a, 

Hor,D,a Bee To•nm OTHJioHeHIIH HaXOf!HTCfl BHJTPH orpe3Ra AB. Pacnonome

Hne 1-ro po,D,a HBJUieTCR Boo6me Han6onoo o6mnM c.r1yqaeM. 0,D,HaRo ecmi 

o:0 > 0 II A = 0 (~1To 6oni,me:i1 qacT:bIO 6y,D,eT JIMeTh Mecro B ,D,aJI1>Hei"1IIT11x 

rrpnJiomemrnx), To pacnonomeHIIH 1-ro n 2-ro po,D,oB 6ynyT HeB03MOmH1>1, TaK 

RaH, BCJI8)J,CTBIIO rrpHMe'laHlIH H TeopeMe § 33, Heo6xoµ;lIMO, 'IT06bl 6I>IJlO 

f (O) = 0; n STOM cny'Iae o6:ornHoBoHHO rrpo,D,cTaBJrneTCH pacnonomeaHo 

3-ro po,D,a. 
n 

36. OcttOBHaH TeopeMa A *. Ec.riu cy.M.AW P (x, ),) = ~ aix"'i, T-tau.uenee 
0 

yn.10H.RIOUfa.RCJl 1-la ompeane AB om zo.10Mo prjjnott ¢yrtnlfUU t.f (x) + 
+ (1 - ),) cp (x), u.ueem n + 2 mo 1tnu omn.101teuua oiJ1wco u moco ;JJCe poiJa 

npu 6CJllfOM ), (0 ~ ), ~ 1 ), mo lfOEJfPfP 1,llfUCl-lmb! cyMMbl p (x, ),) u a6C1fUCCbl 

mo'ten omn.WrtPllU.R, man ;JJCe Kan u T-tau.ueT-tbutee omK.WT-teT-tue, .<16.rl.Rll mc.<r 

20Ao.Mop¢mi.Mu ¢yl-lnlfU.R.1tu napa.Mempa ), npu yc.w6uu, ·11mo 60 6rtympeu

l-lUX mo't1tax omn.wH.el-lUJl F:. ::;;;2 0, ziJe no.10;JJCCfW 

F (x, ),) =A/ (x) + (1 - ),) cp (x) - P (x, ),). 

,IJ;ocTaToqHO 6y,D,eT paccMOTpeTb, HanpttMep, cnyqaif 1-ro pona pacnono

meHlIH TO'IeH 0THJIOH8HlIH; ,D,pyrIIMII c JIOBaMII, rrpe,D,IIOJIOil\IIM' 'ITO, Hp II 

BCHROM A (0~),~1 ), ROHJ~bl 0Tpe31rn A II B HBJIHIOTCH Toq1rnMII OTRJione

HHH. B TaROM cnyqae µ;JIH orrpe,D,eJieHnH P (x, ),) MI>I 6y,D,eM 11MeT1> 2n + 2 
ypaBH8HIIH 1 

F x' (xi, ),) =)/'(xi) + (1 - ),) cp' (xi) - P' (xi,),) = 0 

[F (xi, ),)] 2 = £2, 

[F (A, f-)] 2 = £2, 

[F (B, ),)]2 = £2 

(i = 1, ... , n) 

(27) 

c 2n + 2 H8II3B8CTHl>IMH: BH) TpeHHHMII TOqRaMII OTHJIOHeHRfl X1, x~, ... 'Xn 

(pacnonomeHHI>IMII B BoapacTaromeM rropH,D,Re), RoaqiqinuIIeHTaMII a0 , a1 , ••. , an 
II OTHJIOHeH11eM L ( c qepe,D,yromnMHCH aHaRaMII). 

IlpII BCHHOM orrpe,D,eJieHHOM 3Ha'leHIIII ), =Ao, CIICTeMa ypaBHeHIIH (27) 
IIMeeT O,D,HY BITOJIHe orrpeneneHH}IO ClICTeMy nemecTBeHHl>IX peIITeHHH, co

OTBeTCTB}IOmyro e,D,IIHCTBeHHoif cyMMe, HaIIMeHee ymroHHIOU~eifcH OT cliYHRUIJil 

* 0606II1eHirn 8TOU rnopeMhl CM. «9. fl.» (cTp. 40). (PeiJ.) 
1 Ecm:i: °'i = i, TO rrpoMeIByToR AB rrponsEoJieH; B o6m;e:M me cJiy'Iae rrpe)J,IIOJia

raeTCH, 'ITO B >A> 0. 

46 



)./ (x) + (1 :.__ ).) cp (x). IlonoMy, ec.rrII cpymui;ttoHaJibHbI:fi orrpep:em1TeJib ) pan

HeHII:fi (27) OTHOCHTeJibHO HeIT3BeCTHbIX OTJlftqeH OT Hyrni, TO BCe HeII3BO

CTHbie 6yr.i;yT aHamITII<rncmuvrn cpyHHIJ;IIHMII rrapaMeTpa I-. TaHIIM 06pa3,,~, 

;(JIH .n;oHaaaTeJibCTl!la TeopeMbl ll,OCTaToqHO 6y.n;oT IIOHa3aTb, qTo BbIIIIeyrro

.'.\UIHYTblll cpyHHIJ;IIOHaJibHb1:fi orrpep:eJIIITeJib He paneH Hy mo. Ho aToT on po-

.n;eJJIITeJib .i paBeH 

n n+t ,------. ----'---
+1 0 0 ... 0 A"' A" 1 •• ,.A"n 

-1 0 0 ... 0 x~o "'• x, ... "n x, 

(- f)n+l 0 0 ... 0 Ba" B"-1 •• • B"-n 

0 " Fx? 0 ... 0 

0 0 F:i ... 0 

0 0 0 . " ... Fx;, 

r.n;e 

xf 0 xf• ... xfn A"0 ••• A"n 

::> 0, x~0 ••• x~n 
Il T. µ;. 

B"-0 B"-• ... B"-n B" 0 ••• B"n 

CJie.n;oBaTeJibHO, ~A + ~x, + ... + ~B :> 0, a rroToMy .i ~ 0. 'lTO n Tpo6o

BaJioCb .n;oHaaaTb. 

TI p II Me q a H II e. Moarno aaMeTIITb, 'ITO rrpu .n;oHaaaTeJibCTBe mrnaHm'f 

poJIII He IIrpano TO o6CTOHTeJibCTBO, 'ITO rrapaMeTp ), BXO)J,IIT B BII,'l;O 

Af (x) + (1 -- /,) cp (x); Bee paccym,[(eHIIe ocTaeTCR B CIIJie, eCJIII paccMaTpn

BaeMaa cpyHHIJ;IIH I OJIOMopcpHa OTHOCIITeJibHO A. 8To aaMe'laHIIe rrp1rnoµ;IIT 

Hae I\ ,[(pyro:fi IIOJie3HOll µ;JIH rrpIIMeHeHIIll <I>opMYJIIIPOBHe OCHOBHOll Teo

peMhJ. 
n 

37. OcH0Bua11 Teope11rn B. Ee.flu cy.1rtMa P (x, /,) = h aix"i, 11au.uutee 
i=ll 

yx:.!l01tJl10UfllJlCJl Ha ompeax:e AB omrjjyllx:zruu f(x)+(l,-1)Q(x), u.1rteem 

n + 2 mo'f,x;u omx:.!lolleHUJl ofJHoeo u moeo ~e pooa, npu ec1uw.1rt /, (0-< /,-< 1), 
u F:. = 1:. + (). -1) Q:• - p:. ~ 0 eo ecex eHympeHHUX mo111wx omx:.1011,e-

n 

llUJl, mo, 110.!laeaJl, 11m'J Q (x) = ~ bixr>i ecmb cy.1rt.ua, H1U.',f,ellee yx:.!lOHJlTO-
i=O 

UfllJlCJl om f (x) Ha ompeax:e AB, x:oa¢¢uu,,ueHmbi P (x, ),) ma>< ~e, >ia>< a6cquc-

cbi mo'{ex; omn.!loHeflUJl u om><.!lollellue, cymb 20.!lo.AtoprpHbie ¢yw•u,,uu /,, npu'f,e.Ac 

P (x, 0) = O. 
38. Ilp1me11eu11e ocuoBHbIX TeopeM. TeopeMo:fi A c.rre,[(yeT noJih30BaTbCH, 

n 

ec:111 xoTHT onpe,11,eJinTb cyMMY ~ aix"i, HaII:'>rnHee ymIOHHIOIIJ;yIOcH OT f (x), 
i~o 
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::JHaH cyMMY Toro me BII/],a, Hall.MeHee ymrnHHIOIIi,yIOCH OT JJ:pyrorr ):(aHHOH <l>YHR-
n 

ll;IIII 9 (x). TeopeMy B rrpIIMeHHIOT, ROr):(a xoTHT orrpeJJ:eJIIIT:b cyMMY ~ aix''i, 
i=O 

n 

nanMeuee yRJiouarorn;yroca oT f (x), auaJI cyMMY ~ bixr>i, cocTaBJIOHHyro na 
i=O 

.JJ:PY rux CTeIIeHe:t:r x, HaIIMeHee yRJIOHJIIOmyrocH OT TOH me <l>YHKQIIII. 

HeTpy)J;HO rroHHTh o6mttrr rrpIIeM rroJih30BannH yrroMHHYThIMII TeopeMaMn, 

H II3JIOJI\OHIIIO ROToporo MhI ceiiqac rrepeil:JJ:eM, o6paTIIB oco6oe BHIIl':rnHIIe Ha 

Bb1qIIcnemre <l>YHHI.\IITI L () .. ), rrpeJJ:CTaBJJHIOII.(eM HaHMeHhIIIee OTRJIOHenIIe JJ:JIH 

paamPrnhlx 3HaqeHnil rrapaMeTpa A. 
ECJJn JJ:aHHaH q>yHHI.\IIH f (x) HeaHaJIIITIPIOCHaR, TO rrpeJJ:B3pIITeJihHO HaJJ:o 

·6y):(eT aaMOHilTb ee aHaJITITJ1qecI\OH, JJ:OCTaToqHo MaJIO OTJII!qaromerrcR OT 

):(aHHOH B paccMaTpIIBaeMoM rrpoMemyTRe. TaRTIM o6paaoM, B ):(aJibHeil:IIIeM 

Mbl nee BpeMR rrpeJJ:IIOJiaraeM JJ:a:Irnyro <l>YHRQIIIO f (x) aHaJIIITIIqecRoil:. ,lJ;JIR 

rrpIIMOHeHIIR TeopeMhl A Bb16rrpaeM HeHoTopyro JJ:pyry10 aHaJIIITIIqecRyIO 

<l>YHHI.\IIIO 9 (x), ):(JIH HOTOporr HallMeHee y:imoHRIOII.\3HCJI cyMMa Toro me BII):(a 
n 

p (x) = p (x, 0) = ~ bix"i II3BeCTHa II, RpOMe Toro, o6Jia):(aIOmYIO CBOHCTBOM, 
i=O 

~To <l>YHHI.\IIR F (x, / .. ) =If (x) + (1 - / .. ) 9 (x) - P (x, 'A) YJJ:OBJieTBopReT yc;;ro
iJ2 F 

BIIIO, qTO BO BCex BHyTpeHHllX TOqHax OTRJIOH8HIIH 8x2 ~ 0, rrprrqeM POJJ: 

pacrroJiomemrn ToqeR OTHJIOHeHIIH He3aBIICIIM OT ),, 
flP ;pp 

IloC'JI8 aToro BbI•IIICJIROM IIOCJIC):(OBaTeJibHbie rrpOII3BOJJ:HbI8 fl). ' 8),2 

n T. JJ:. JJ:JIH 'A = 0. MHoroqJieH IIJITI cyMMa CTerreHerr P (x, ),) paaJiaraeTca, 

TaHHM o6pasoM, B cTpoRy TaitJiopa oTHOCHTeJibHO ),, rrpeJJ:CTaBJIHIOmYIO 

roJJoMop(_fJHyIO (_fJyHRI.\HIO rrpII Bcex 3Haqemrnx 'A (0~A~1), 3HaqeHne HOTO

poil: P (x, 1), rrptt ), = 1, panHo ncRoMoil cyMMe, Hall.MeHee yRJIOHHIOm.eil:ca 

OT <l>YHHQIIH f (x). EcJIII cTpoHa Tall:Jiopa IIMeeT pa):(ttyc cXOJJ:IIMOcTII MOHbIIIIIH 

<J):(IIHHQbI, TO AJIR Bbl'lIICJIOHIIH p (x, 1) MOIBHO BO BCHHOM CJiy1rne nplIMeHTITb 

crroco6 cyMJ\1IIpoBaHnH MrrTTar-Jie<I><I>Jiepa. IlocJieJJ:OBaTeJibHbie npon3BOJJ:Hbl8 
flP fl 2P m .. = P 1 , cl).2 =P~ n T. )];., npM ),=0 npe,r:i;cTaBJIHIOII.(IIe co6o:H: cyMMbI 

·CTeneHei1 Toro me m1,r:i;a, qTo II p (x), IlOCJie):(OBaTOJibHO BbiqncJIHIOTCf! CJie

.I\YIOUV1M o6pa30M. 

lJ pem)J;e Bcero 3aMeqaeM, qTo B n + 2 ToqHaX OTRJIOHOHIIH Xi, COOTBeT

(\TBYIOmHX 'A = 0 II, no npeJJ:ITOJioIBeHMIO, II3BecTHbIX, HMeeM 

+L(O) = 9 (xi) - P (xi, 0). 

oF dx. 
3aTOM, TaH Hal\ B aTHX TOqHax -- = 0 IIJIH me d't = 0, TO 

0Xi A 

npn•rnM sHaH JieBofi qacTn paBeHCTBa (28) )J;JIH orrpe):(eJieHHoro Bcer):(a 

TOT r!\O, qTO H B npeJJ:hIJJ:ymeM paBeHCTBe. 
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TaHnM oopaaoM, /Ullf orrpo;:i:o:1eHHJ1 d~ II n + 1 iw;:i<hqim1,MCHTOB CYl\UIJ,I 
dA ~ · 

PJ n:1rnoM n + 2 mnrniiHbIX ypaBHomu1 c n + 2 HOII3BOCTHbIMH; npn 8To:v1 

ouperi:em1Te.-1 r,, cocran.1eHHLril: 1r:J noacpqim1,110HTOB 3TUX ypaBHeHn:ii, 

1 

-1 

' 

cx, 
Xo 

Tr.<:" . { 

x"'n 
0 

I• • • • • 

I( 1)"-r1 "'· "'~ I -- xntt · · · x,.,+1 

OTJlH'leH OT HY JIH, TaI{ qTO .rvrn Kam.rioro 113 HOH3 llN'THblX IIOJiyTiaeTCH BCOr):J,a 

O)lHO BITOJIHO onpe)IOJIOHHOe 3HaTJeHHe. 

d 2L 
,)J;JIH onpo.rieJTOHHR d)...2-- 11 p 2 3aMeTiae11I, 'ITO OC.lJII Xi npe.ricTaB;uwT 

ro6ol1: HeITO)IBIIIBHhIH 1rnu011, OTpe31rn AB, T. e. coBrra;i:aeT c A HJTII c B, 

TO 

(29) 

'> a2F (.ri' 0) dx. ri 2 F (:ri, 0) 
"" do -d~+ 2 ), .x I\ d:r 

n Ta 1.; Ea 1.; 

(" :10;1,oBaTeJlhHO, 

(:iaMeqaHIIe OTHOCHTo.;ILHO :ma1.;011 TO nW, 'ITO B paBeHCTBaX (28)). 
YpaBHemrn (29) H (29') npe;1,cTan.;rnroT CHOBa CIICTOMY n + 2 mrneiiHhlX 

ypanHeHIIi"I c n + 2 HOlf3BOCTHbIMn: l\oaqiqinr1,neHTaMn MHOI'O'l:IeHa p 2 H 
rl2L 
-,2 • Tipu aTo:vr orrpe;i;o.-rnTe.:rnM 3THX ypaBHem1tt c:1yil\rCT TOT me orrpe.rio-

"'' 
.-HITO.ilh o, OTJIH'IHhIII OT H,VJIH, '-ITO II paHl>UlO. 

TeM me cnocoool\1 :v1o;HHO BbITIIICJUITh n noc.:rn.riyro1u;uo 11po11aBO)IHhle; 

::no Bhl'IHCJieHIIe Bf'or.ria nprrno;:i;IITCH I\ pemeHHIO CUCTOMbl n + 2 JIIIHellHbIX 

ypaBHeHiril: c n + 2 HOI13 BOCTHbIMII, y I>OTOJlhlX 1waqiqrnn;IIeHTbI npu HOU3-

llOl'THbJX )l;JJ1 npon:rno;i,HbIX BCeX rropH)ll\OB O;:(HII II Te me. 

II pu rrpmvreHemm TeopoMLI B BDITiuc:ieHuH coBepmeHHO aHa:iorIPIH r,r; 

B 'IaCTHQCTII, paBOHCTBa (29) H (29') OCTaIOTCH 003 uaMeHeHIIlI. 

39. BhlBOJl JlBYX ttepaReHCTB. B rrpn;10memrnx, cocTaB:IHIOII~IIX co;::i;ep;.Hamrn 

C~IO;\)'IOU~e:li: r:Jaflbl, 1111.l o:i--;(O,\l orpaHII'Il!BaTl>CH rrepBbIMII ilBY.\IR 'I.-IeHa~JH 
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cTpoEII Tsiirropa, a IIMenno: sa rrpII6.:.rnmennoe snaqenne ncKoMoro OTE.:Io-
dL (O) 

nenna L (1) Mbl 6y)-(eM 6pan L (0) IIJIII L (0) + ~ . IIepBI>Di 113 srnx 

3Ha'leHIIH HaM rrpH,D,eTCH IIOJib30ilaTbCH n pa3JIIIqHbIX qaCTHbIX CJiyqanx 

II B COOTBeTCTBYIOIB:IIX MeCTaX 6y,D,yT yKa3aHLI ero 6oJiee HJIII Menee o6rr~ue 
CBOHCTBa. HarrpoTIIB, Mbl OCTaHOBHMCH 3,D,eCh me Ha BTOpOM 3Haqennn, 

YAOBJieTBopmorr~eM BO BCGX cJiyqaax nepaBOHCTBY 

L (1) :.:> L (0) + dL,(O) . 
fiA 

(30) 

QqeBII)-\HO, qTo nepaBeHCTBO (30) 6y;a;eT )J;OKa3aHO, ecm1 6yµ;eT o6napy

mena )J;JIH BCHKoro /, crrpaBe,D,JIIIBOCTh uepaBeHCTBa 

(31) 

M60 

L (1) = L (0) + dL (0) + d2L (A) 
d).. 2dA2 ' 

r,D,e O<J..<1. 
Ho HepaBeHCTBO (31) BhlTeKaeT II3 <Jiop1ry JI (29) II (29'), IIMeIOB1IIX Mee To 

npII BCHHOM ), (0 < ), -< 1). 
B CaMOM ,D,eJie, 3HaK + B BbIIIrnynoMHHYTbIX tlJopMyJiax 6epeTCJI, Kor,D,a 

L = F; sHaK - 6epeTcJI, Kor;a;a L = - F. IIosToMy ecm1 61>1 nepaBeHCTBO 

(31) 6hIJIO uenpaBIIJihHO, TO BO BHeIDHIIX TO'lKaX OTR'.JIOHeHIIJI 6bIJIO 6hl 
a2F 
8)..2 F < O; BO BHyTpenm1x me ToqHax OTHJionemrn, rge 

Mbl HM8Jlll 6bl 

HJIH 

II TeM 6oJiee 

a2F 
F>O, T. e. ax2 <O, 

d2L 82F 
d).." = (J)..2 -

( a2F )' 2 

tfXtiA <O, 
a2F 
dx2 

a2F a2F 
o'A2 ax2 >O; 

a2F 
a BO BHyTpeHHHX TO'lHaX OTKJIOHeHmI, r,D,e F < 0, T. e. d:r2 > 0, TaHIUJ 

me o6pasoM rroJiyqIIJIII 6bl 

a2F (a82~ )
2 

XUA >O 
(J)..2 - 02F 

8x2 

II Il09TOMY TamRe 
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Cne;n:onaTe;JhHO, BO ncox To<max OTt<:roHemrn nMe:ro 6hl :..rncTo Hepa

BeHcTno 

o a2F '1 "i TaKliIM o6paaoM, cyMMa crnrreHeII DP.2 = L..J cix ,L10.:n1rna 6bl:ra fo,r 
i=O 

RMeTb no RpatiHffll Me pe ITO OiJ:HOMY R:opmo Mem,a;y Xi II Xi+t' T. e. IIMeJia 

6bl He MeHee n + 1 IIOJIOIBIITeJihHbIX ROpHetl:, 'ITO HeB03MOJRHO. 

IfraR, HepaBeHcTno (31), a nMeCTe c HIIM II HepaneHCTBo (30) ;n:orrnaaHhI. 

3aMeTIIM, 'ITO HepaBeHCTilO (30) MOIBHO IIO.'lY'IIITb Herrocpe,a;CTBeHHO II3 

TeopeMhI § 34. 
B caMoM ;::i:ene, 3aMemrn n popMy;i:e (28) rp (xi) tJ:epe3 P (xi)+-. L (0), 

HaXO)J;IIM 

Tam1M o6pa3oM, rrpn6mrmeHHaa cyMMa P (x) + P 1 (x), rronytJ:arom;aaca, 

ecm1 B CTpo1rn Taiinopa coxpaHIITh TOJihR~> rrepnhre ,a;na 'lJieHa, OTRJIOHHeTCH 

OT f (x) no Bcex n + 2 TO'IR:ax Xi Ha + ( L (0) + d;P.(O)) ; cne;n:oBaTemHo, 

Ha OCHOilaHHII yRa3aHHOit TeopeMhI MOIBHO yTnepm,a;aTJ?, 'ITO OTR'.JIOHeHIIe 

cyMMhI Toro me B:rr,a;a, HarrMeHee yRnoHarom;e:iica oT f (x), He MeHee 'IeM 
dL(O) 

L(O)+~, T. e. 

L (1):;;;:,. L (0) + d~;o) . 

II p II Me 'I a Hue. CorJiaCHo rnpMrrHonorrrrr Bamrn IlycceHa (B yrroMaHy

TOM Bhime CTaTbe), 

P (x) + P1 (x) 

ecTh cyMMa CTerreHe:iI, HarrMeHee ym10H.Rrom;aaca OT f (x) n ;n:aHHhIX n + 2 
TO'IRax Xi, rrprrtJ:eM, cne;n:oBa TeJihHO, 

L (O) + dL (0) 
dP. 

eCTb HaIIMeHbmee ym10HeHIIe n ::JTMX TO'IR:ax. 

rnaBalV 

IIPMBJIMiKEHHOE BblqMCJIEHME HAMMEHbIIIEro YRJIOHEHMH Ix I 
OT MHOro~rnEHA )J;AHHOM CTEIIEHM 

40. 3aJ.(a'la. Onpeoe.!lumb cpefJu ecex .UT-tO<JO't.!leuoe cmeneuu n, y nomo

pbZX noa¢¢wfueHm npu xP (0 < p-< n) paeeu 1, mom, ;;omopbZU nau.ueT-tee 
YK.!lOT-tJtemcJt om ny.!lJt e npo.ue;Heymne (0, 1). 

n.-1 

Ee.Tm HCROMhIM MHoro<rneH Pn (x) = xP - R (x), me R (x) = ~ ai x~i, rrpII
i=O 

'IeM ai = i, Ror,a;a i < p, rr ai = i + 1, R:or;::i:a i:;;;:,. p, TO R (x) ecTh cyMMa 

CTeneHeli yRa3aHHOI'O BII)J;a, HaMMeHee yRJIOHHIOll(aHCH OT xP B npoMemyTR:e 
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(0, 1). C.;rn;:i,ouaTO.'lhHO, :rn)l,a'Ia 6y~\eT pemoHa, ec;;u21 MHoroq.nou P,, (x) 6y;:i.oT 

IIMeTh n + 1 'lWH'I> OTRJIOHeuua (§ 33) Ha OTpo3HO [O, 1.] Ho ;vm noro 

J\OCTa'fO'IHO n:rnTh ::VIJIOI'O'IJICH 

cos 2n arr rm; ir;:-

[ 

') q 

('OS 2n a1'C cos Vx' = 22" 1 X11 - - -ff X" 1 + ;~ -:!!. 2! .) x" 2 + ... 

11 A 2 P paneH WlacppIIl!HOHTY npn xv u JVrnoro'IJioHo cos 2n arc cos Vx MJm 

1;oacpqim,MOHTY rrpII x2P B cos 2n arc cos x, a IIMOHHO 

A 2 = ( __ 1 )n--p 22P n (n + p - J) (n + p -· 2) .. j2p -f. ~ 
JI (n - p)! , 

ecm1 p < n - 1, A2,, _ 2 = - 22" · 2 n II A2n = 22" -f. 

H caMOM J\CJlo, MHOr<J'IJlCH P,, (x) IIMeeT :noacjipmvwuT 11pa x11 pa11Hh1it 

lit 
Pi\IlHHllO H, HpOMO TOI'O, OH l1M88T n+1 TO'I8R OTHJIOH8HJUI Xi=Cos2 "2n-, l'j\O 

i =0, 1, ... , n. Ha 0Tp03I>e [O, 1]. 
1 

8To o·n;JIOHOHHO, Tal\IIM o6pasoM, paBHO ·- ·--:- . Hanpvc~wp, ,\.HH p = 1 
I Azp i ' 

1 :1 
OHO pamrn 2n2; ;vrn p = 2 OHO paHHO 2n2 (n2-1) II T. ;\. 

41. 3a~aqa 1 . OnpeoeJZum1, fJJfOu er·P:c .mtoeo 11.lle1101; cmenenu n, u.AtPIOUfu:c 

Hoa¢¢uurucwn npu :i;P pa61lbtii ea1Umlfr, ?iJe 0 ·< p-< n, .M1weo 1ut1'll, 1wu.11w

nee yro, . .101tJl10UfU1itsi om ny.riJl 11 npo.we;JJ(;yrnro,e (--- 1, + 1). 
IlycTh !'Ha'rn:ra p 6yAeT qnc.110M qeTHhlM. H TarwM u1yqao, OCJIH 

:rP + Q (:r) y;\oB.'JeTHOpHeT aa):laqe, TO TeM ;1w cnoilcTHOM 06.-ral\aeT l1 

xP + Q ( --- x); n Te::VI 6oJrno MHOroqaoH xP + Q (x) + 2Q (- :r) 6y;::i:oT -ra1-mw 

HailMOHoe yH:IOHHI011~11Mca OT Hyrra B npoMemyn>o (- 1, + 1); no aTOT rroc:IeJ\

HIIII l\1HOl'O'I.Tl8H oy;~e'f COCTaWieH Il3 O/(HIIX Tmlh 1'0 'IOTHhIX CTeTieHOii. IloaTOMY, 

OCTaJJ.TIHH Jl C'fOIJOHC 11onpoc,_ 6y.ucT ;rn 3TO pememie C):IUHCTBeHHhlM (q11Ta

TO:Ib :ien,:o yocrvtT('H' qTo, XOTH 3TO 11 He BbITeHaeT Henocpe.UCTBCHHO J;J;i 

o6ineit Teop1rn, HO JI B ,1,aHHOM c:ryqae pcmcHue 6y)J.O'f TOJfbJ\O 01\HO), MOTI\OM 

orpaHJJ'Itl'fbCH ;10rry11\CHilOM, '-ITO Q (x) COCTaBJJ8H TO~fbl\O rn '.feTHhlX CTCIIOHeii. 

IloaTrmy, Jio.1raraH x 2 = y . . \lhI MoamM npnBeCTM Ramy :iaµ_aqy r,: rrpc/\hl

;\yli(Ci1. CJie;\oBwre:IhHO, HCJ\OM blii JVIHoroq.-1cH 6yiJ.CT 

xi•+ Q(x) = 

ec.-m n l.JCTHOO '111(' :io, lI 

!'OS 17 ill'l' COS X 

BJI 

.1, _!.._ Q ( ·)=cos (n-1) arc cos .r x . .z B , 
P' 

ec.-w n HC'I8THOL' l.f1H·.-10, r,\e BP pa.Hen 1'oaqicprn\11eHTY npu xri B q11e.·1nTL'.1c. 

1 ;)Ta :-ia;i;a'la, 1;ah 11 ,v:rna.1 i:11oc:ie;\cTHHH, 6hl:ia ymc pemeHa npn mrnomn ;q1ynn: 
parcym;v•Hnii B yno.\!ll HyTo~r Hhnue CO'JIIHCHHH B. :Vlapxom1. 
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lIHMMJI CJIOBaMH, uau.riy 11utee npu6.lUJ1Cf/IUP .c11 = .r2 ~ npu 110.JtOUfll .\lll0-

20¥.f/,C'flfl rmenemi 2n U.f/,ll 2n + 1 ua om JU'Jh'f [-- 1, + 1] mo ;J1.ce, 1m10 

1tau.f/,yttwee npu6.iuJ1Ce1uw x" 11pn 110.tt,011111 .1111o?O't.1e11a l'meneHu n Tta ompr31<e 

[O, 1]. 
l~orrycTHM ;1a,ree, liTO p Hff'IGTHOe 'lnc:w, p = 2k + 1. B TaHmt c.rry<Iat', 

cc.Tm MHoroqneH xr> + Q (x) .n;aeT pernem:re :ia,irnqrr, TO TeM me CBOMCTBOM o6na

HaeT JI MHOrO'I.JI CH xP - Q ( -x)' a Tff\'I 60.Jree MHOl'O'I:JCH xP + Q (x) ~ Q (-- .r) 

6y;\eT HanMeHcc ymtOHHIOUV1MCH OT HFIH Ha 0Tpea1w [- 1, + 1 J. C»H'JW

DaTeJri.Ho, );IOmeM orpaHH'Il1TbCH rrpc;(rro:roa-wHncM, qTo ucrrnMbili MHOrO'I.neH 

COCTaB'1eH lta O)\HHX TOJibHO HC'ICTHhlX CTenenetL 3a;~a"Ia (' 1JO)J;11TCH Tal\lfM 

o6pa:lOM 1-; orrpcACJIOHHIO cyMMM HClICTHhlX cTerreHci:l: x, x3 , .. ., x21' · 1, 

x2'•+a, .•. ' :en (HJHI xn- 1, CCJIH n 'TeTHOe '!IICJlO), HaHMOHCC y1,:tOHHKITJ\8iiCH 
~ II -- I 

Ha 0Tp83l\C [O, 1] OT xP = x2 "'+ 1; 'll1CJ10 3THX CTerreneu paBHO ~' CCJIII 

n ·-2 , n HC'IC'fHOC 'IHC;r10, a eCJlJ'[ n 'ICTHOe 'IIICJIO, OHO paHHO ~. (..;re;\OBa-

Q ( n+i 
TeJibHO, 3a)l.a'Ia oy]\C'l' pcrnoHa, ec ;rn CYMMa xP + x) 1D1PCT ----:r- ' a BO 

n 
uTopoM c.11yqae 2- To1rn1.; OTKJlOBeHHH Ha OTpe3I>e [0, 1]. Ho a•rnM cnotic TBm1 

o6na):(ae<r 

11 + Q ( .) . eos narc cos x x x B . , 
p 

rrpH n HC1IC'l'HOM, H 

cos (n-1) arc ros .x 
xv+ Q (x) = - ----1r--~-, 

~· 

upu n. 'lC'l'HOM, r)J;c BP - KOacpqnm,neHT 'I11c.TlHT8JIH npu :rP. 

llycTi., uanpuMcp, p = 1. Tor:~a 

(npH n IW1Ie'rHOM) J1 

(npn n 'leTHOM). 

IlpHME''laHHC. 

rrpoMemyn:c (0, 1) He 

ama, oeiicmeume.f/,bllO, 

n· .. I 

B 1 = (--- 1)_2_ 11 

n~2 

B 1 =(-1)~(n-1) 

Ta t>MM ofipasoM, cyMMa x + a 1 x3 + ... + an:r2 " 'i n 
1 

MOiHe'f OC:TanaTbCH MCHee -2 1 ' npH 3'1'0M ry.AMta 
n+ 

I 
ne npeebzuwem 2n + i, ee.iu oua pae11a .111to<'0 11.w11y 

(-1)n 
2n + 1 cos (2n + 1) arc cos x. 

42. Ilpeo6paaonamm aa.n;a•rn Bh11n1cJ1emrn y1rnonemrn ! xi· B1m;:ty Toro, 

11To <Jiymn.11uI Ix\ 118THaH, MhI sah'.J[JOYJaeM, HaH B npe;(bI!J:Ylll.eM naparpa<Jie, 

•ITO MHOrO'IJWH, uau.:.wHco yn!IOHHIOIIl.Tliic:H OT J x I Ha oTpesHe [ - 1, + 1 J, 
::VIOJT\HO npe)J;l!OJIOiIUITb COCTOHIHIIM TOctbW) n:~ 1I8THbIX CTCilCHPir. C:TO~OBa. 

n 

TCJI hHO, 3TOT MHOro•wcu eCTb HC 'ITO IIHOL', 1.;a1.; cyl\nfa ~ bi x2i' HaUMCHee 

i=O 
yH;IOHHIOJIJ,aHC:H OT x B npoMemyTi.;o (0, 1); HO BMCCTO Toro, 'IT06hI HCC:w;i,o-

naTb :.JTy cy.:.n1y, Mbl 6y)J;eM paCCMarp1rnaTb cyMMy, COCTaB.:IelIHYIO TO:thl\0 
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l'13 'IeTHbIX CTencnci! x2 , x\ ... , x2n (6e3 HYJIE'BOlI CToncm1). JJ,pyrnMH 

CJIOBaMll, Mb! f.yJJ,cM Il3Y'laTL HaHMeHee ym10HHIOIIl,l'1HCH OT \ x \ I13 MHOrOlJJI('

Hon, paBHhIX ny;nio np11 x = 0. Ecnn MhI o6o3HalJHM lJepe3 E~n Ha11Meni,

mee yimonemrn, COOTilOTCTBYIOmee cyMMe IIOCJW)J,Hero BII)J,a (6e3 IIOCTOHHHOro 

lJJieHa), a qepc3 E2n aa11MCHhIIJee y1moncune, cooTneTCTBYIOI.Qee nepnoHalJaJih

Hoii cyMMe, TO JTE'rI\O y6e)J,IITbCH, lJTO 

(32) 

Ilepnoe II3 3TIIX HepamrnCTB O'ICBH)J,HO; BTopoe BhITeRaeT II3 Toro, lJTO 

OCJIII MHOI'OlJJieH P2n (x) YRJIOHHCTCH Ha E2n OT Ix/, TO P2n(x) - P2n(O) 
o6pamaeTca B HYJih rrpII x = 0 II HO YKJIOHHeTca OT Ix J 6onee lJeM Ha 2E2n 
(HeTPYAHO 6hIJIO 6hI y6e)J,IITbCH, lJTO 3HaRII paneHCTBa B HepdBCHCTBaX (32) 
MOJI\HO OTOpOCIITb). 

n p II M 0 q a H Ile. EcJIII MHOrQ'-IJICH p (x) HaHMeHee yrmoHaeTCH OT Ix I Ha 

oTpe3Re ( - 1, + 1], TO hP ( T) ecTb MHoroqneH, HaIIMeHee JRJIOHHIOI.1(niica 

OT Ix J Ha O'rpe3Re (- h, + h]; cJie)J,oBaTeJibHO, HanMeHhIIJce yRJIOHemie npo

nopn:IIoHaJibHO )J,JUIHO npoMemyTRa 2h. 
43. TeopeMa. H auMeHbutee yn.flo7te7iue L (0) 1w ompeane [O, 1] cyMMb! eufJa 

n 

~ ai x°'i om 
·i=O 

x 60.!!bUle lWUMClll>UleW yn.flonenuR L (1) om x cyMMb! eufJa 

n 

~ bi xCli, ec .. riu a 1 > ~ 1 • a 2 >- ~~' 
i=O 

IloJIOJRllM CHalJa11a, '-ITO 

... ' 

IlycTb cyMMa Q (x) = B 1 x"• + ... +En x"n 6y)J,eT HaIIMeHee YRJIOHJIIO

I.1(eiic11 OT x Ha OTpe3Re [O' 1]. B Ta ROM CJiylJae HCCOMHCHHO 

nfo ypanHeu11e x - Q (x) = 0 µ,omrmo HMCTb no Rpaii:Heii Mepe n rroJionrn

TeJihnhrx 1rnpucii. 

,lJ;.rrJI rrpHMCHOHilJI TeopeMhl § 37 CTpOHM qiyuRU:IIIO 

n 

rµ,e P (x, ),) eCTb cyMMa nn)J,a x ~ Ai(),) x"i, HanMeHee YHJIOHHIOIIWllCJI OT 

i=i n 

x +(I, - 1) Q (x), TaR lJTO p (x, 0) == 0, a p (x, 1) OCTb ~ bi x13i' UaHMPHee 

i=O 

JRJIOHaiomaaca OT x. HeTPYAHO y6e)J,HTbCH, 'ITO B )J,aHnoM c .rrylJae rrpRMe

HeHRe yRa3aHHOH TeopeMhl 3aI\OHHO. 

B caMoM )J,eJie, Rmqiqinn:11eHThI cyMMhI 

oF . j Q' p' rlx = 1 + (1. - ) (x) - x (x, ),), 
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npII 0 < ), <;; 1, He MoryT IIMeTb 60i!8C, 'ICM n, •rnpe)lonamii1: 3HRf\OB; 
fJF 

ll03TOMY ypaBHeHile 8x = 0 IIMeeT He 6oJiee n IIO;;:IOIBIITOJlbHbIX npoCTblX 

KOpm~ii:, TaI\ 'ITO npII IlCHI\OM ), (Y1IIITbJBaJI, 'ITO 'IIICJIO TO'ICK OTI\JIOHeHIIJI > n) 
IWHe.u; 0Tpe3Ra 1 6y)leT TO'll\Oll OTI\JIOHeHIIJI II, HpOMe Toro, HII B O)lHOll Il3 

J2F 
nnyTpeHHIIX TO'leH oTHJioHeIIIIJI - 2 He 6y)leT panuo HYJIIO. 

cix 

1'.haH, IlbPUICJIJ18M rrpOII3BO,rJ;IIYIO ITO napaMeTpy ), 

fJF ' . 
ifJ.. = Q (x) - P,_ (x, 1,), 

IWTopaJI 06pal1IaCTCJ1 B HYJib He Menee 1-IeM rrpII n IIOlIOJI{IITCJibRbIX 3HalJe-
fJF dL 

HIIJIX X (TaR !\al\ B TO•rnax OTHJIOII8HIIH (}). = +--;;;:: llMeCT 'Iepep;yIOIJIIIeCJI 

3HaHH). 0TCIO,rJ;a CJiep;yeT, 'ITO 'IIICJIO qopo)loBaHilll 3ll3I\0Il Ho3pcpHI!II8HTOB 

ue MeHee n, a rroTOMy rrcpBbrii: Ho::ipqlIII!IIeHT B - P~ ):(OJimeH 6I.1Th OTPIII!a-
JF 

TeJibHbIM. B TaHoM cJiyqae 7fA 6y):(eT HMeTb ponHo n rroJIOIBIIT8JibHbIX Hop-

Heii II, rrpu x FCChMa MaJIOM, B 'laCTliOCTII B 6mrnrniinrnii: I\ 0 TO'Il\e OTI\JIO
fJF 

HCHIIJI, ()),_. 6yp;eT HMeTb 3HaI\ CBoero nepnoro 1IJI8Ha, T. c. 

fJF a-;< o. 

Ho B ::JTOii TO'IRC F (x, I.)> 0, cJie):(onaTE'JihHO, II 

dL . O 
d).. <, ' 

OTHyp;a saHmoqaeM, 'ITO OTHJIOHCHIIC L (),) Il,'J;CT y6r.rna11, B TO npeMJI mm 

nospacTaeT OT 0 ):(O 1. TaHIIM oGpasoM, 

L (1) < L (0). 

lls rrpaBHJihHOCTII TeopeMbl B TOJibI\O 'ITO pacCMOTpeHHOM CJiyqae nerHO 

3al\JIIO'IIITh ee crrpanep;JIIIBOCTb B CaMOM 06l1ICM CJiyqae. ,Il;JIJI <lTOro ,'J;OCTa

TO'IHO COCTaBIITb c nop;yrou~yro Ta6JJIIIJ,Y IIOita3aT8JICII: 

°'1+(n-2)~1 
n-1 

~1> 

... ' 

... ' 

' ~·2, · · · , ~n-1, ?.n, 

~2> • • ·' ~n· 

CpaBHIIna11 Ham/~bIH p11.n: rroHasaTeJieH: c rrpep;hJAYllIIIM, MI.I BII,'J;IIM, 'ITO 

OHII yp;oBJieTBOpJIIOT ycl!OBIIJIM, TOJibHO 'ITO paCCMOTpeHHblM HaMII. IloaTOMy, 

6ep11 rrocrrep;onaTeJihHO cyMMbI CTerreHeH:, cooTBeTCTBYIOllIIIC Hamp;oMy p11p;y, 

IIOJIY'IIIM TeM 6orree, 'ITO II B 06IJICM cnyqae HaIIMCHhIIIee yHJIOHCHIIe x OT cyM-
n n 

MI.I nIIp;a ~ aix"i 6oJibIIIe HaIIMCHbnrero YHJIOHeHHJI OT cyMMbI BII,rJ;a ~ bixai. 
i=I i=1 
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44. C.;1e~cTmrn. _\. Han.HcJtbwee y1<.wneuue 11a ompe11.:e [O, 1] .111w20 11.1eua 
I 

euda A 1x2+ A 0 x 4 + ... + A,,x211 om x.1tcll1>We, 'lC.ll 2-c--1 . 
- fl T 

B raMoM p;c:rn, 11:i § 41 ~1hI anaeM, 'ITO Ha11MeHhmee yi..:;ioHCHMc Ha OT-

pes1w [O, 1] cyMMhl HC'I8THLJX cremrneli a 1x3 + ... + a,,:r2"+ 1 OT x pam10 
1 

2n+ l · 
B. HaUJIWllbUJN' !JH.lOl/CfllU om .T .Hl1020'l.·l€1/a euua B1x4 + ... + B,,:r2 11 +2 

I 
1ta ompe1110,e [O, 1] 6oJibUtc, •te.lt » + 1 . _I! 

45. TeopeMa. H auMeftuiuee yn.WflCllllC E;n .ltltOcO'l .. rieua 6eJ C606oiJ1w,'o 

11.,ieua nneneuu '2n om fxi ua ompeah·e [-1, +1], npu n>1, .yfJoe.iemeo
p.q,em uepaeeunnerut 1 

2(l + V-21 
·" Ez: <--1--2n - I ·~ 11 2n -+- 1 · 

H caMoM )l.CJie, E~,, eCTb n TO me npcMH HauMeHbmee OTIWoHeHne OT x 
0 l A 1 2n 

Ha OTpesRc [ , 1 MHoroqJJeHa mi:µ;a· 1x2 + A 2x4 + ... + Anx ; CJie)l.ona-

Tc;1i.Ho, nTopoe H3 HepanencTB pa BH03Ha'IHO cJie)l.CTmno A rrpc,a;i.1)1.ylll,ero 

naparpaqia. ;r:l;JIH µ;01rnsaTe.~1i.cTBa rrepBoro HepaneHCTBa paccymp;acM CJieiJ:YIO

H\IIM o6pasoM. 

Ho rrpep;rro.'10;1wmuo 

' ... -A,,x3"i<E2,, (34) 

Ha O'rpe:rnc [O, 1]. Ilo:noMy rrpII BCHIWM IIOJIOfIUIT8JibHOM 3HaqeHllll ft 6yp;eM 

TCM 60.TfOC IIMCTh Ha TOM me OTpe3fW 

HO, ni.1qwraH 11:1 ;)TOl'O nepaBE'HCTBa nepaBCHCTBO (34), IIO.HY'IMM HepancHCTBO 

mrj~a 

u, naJWHCI(, 

B 4 B . ~" , / E'' ( l + µ)2 + I I X - 1 X - ... - n-1 X I ~ 2n • µ 

C iJ:pyroM: cTopOHhI, 113 c;JCp;eTmrn E rrpe,D,i.I.IIymero rraparpaqia Mhl :rnacM, 

'ITO Ix - B 1 x 4 - ••• - Bn-l x 2n I p;oaarno (rrpH 11>1) cTaHOBHTI.CH 6onec, 

1 
'ICM "2n _ l . C.-1e;\OJlaTO:JhH0, 

_1_ < E~ (l + µ\ 2 + I 
'2n -1 -..-.. L.H /J· ' 

RaIWBO 6bl HH 6i.1:10 IIO.'IO}J{JlT8.'lbHOe 'lHCJIO ft· 

1 CJiyqaii n = 1 Herrocpef1CTBenHo rrpnBOf111TCH R penw1111m tarnf1paTnoro ypam1emrn. 
1 E' ll3 nOToporo rroJ1yqaeTrn ~2 = 2 (l + y i) 
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Ho 
(! + µ\2 -1_ 1 

µ 

.uocT111·aeT l\HurnMyMa npu ft= V2; Tairn)'I o6pasoM, B •mcTHOCTH, 

21l ~ 1 < E~n · 2 ( 1 + V 2), 

lln> l 
2 2(H--V2). 2n-1 · 

II p n Me •1 a II u o. lJ a ocnonau1111 HepaBCHCTB (32) n (33) MOiKeM :rn1w10-

11MT .h, 1ITO 

1 
-->E2 > ·--
'2n+L n 4(1+V-~) '2n-1" 

(33') 

46. llpuMeueuue uepaBeHCTBa (30). H'.an Mhl mrp;e.'111 B § 43, rrpnMeHe

HMC TC'OpCMhl § 37 HBJIHCTCH BIIOJIHO 3aROHHbIM, ec.;rn 

F (x, /.) = x +(I, -- 1) Q (:r) - P (x, /.). 

r.u,o Q (x) - MHOl'OY.JieH Bir.u,a B 1 x3 + B" x!i + ... + Bnx2n+t, HattMence y1mcmno
II~Mlicu OT x B npoMemyTirn (0, 'l), a P (x, i,) - MHoroq.rren BM)J,a A 1x 2 + 
+ A 2x4 + ... + Anx2n, na11Menee YR.:JOHHIOJQHlICH OT x + (/, - 1) Q (x) B TOM 

JHe rrpoMemyT1rn. Mhl 3Haol\1, 'ITO 

(-1)11 
x - Q (x) = 2.n + 1 cos (2.n + 1) an cos .x 

11 

1 
/.., (0) = 2~~ + j ' 

a nopBOHa'laJibHhlMM TO'II>al\Hl OTH:JOH8H1:IH c:iynrnT 

i'lt 
X·=COS--

i 2n + 1 
( i = 0, l, .... fl). 

Ta1-a1M o6pa3oM, 

1 - Q ( l) = ( - 1 )'1 L (0), 

eos 2n: l - Q (cos 2n: i) = (--1)11-J /.., (0). 

n;r f) ( nr: ) 0 c<1:: .-) --1 - '< : cos ;-;----1 = L ( ), 
~" + \ L<fl + 

a ypanHOHMH, COOTBCTCTB)IOIQII8 ypaBHOHMHM (28), HMeIOT 1popMy 

Q (1) - Pi (1) = (-t)n d~;o) ' 

Q ( nr. \) p ( . nrr ) dL (0) cos-- - cos-- ---
'.!.n + 1, 1 2n + 1 - d). • 
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Cmrn)J,bIBaH 1rnm)J,oe Ms paBeHCTB rrepBoli rpyrrrrbI c cooTiieTCTBYIOIIIIIM 
ypaBHeHueM BTOpoM: rpyITIIbI, IIOJIY'l.IlM 

1-Pi(i) = (-1)n [ L (0) + d~;o) J, 
n: p ( . " ) - ( 1)n-1 [L (0) dL (O)J cos 2n + 1 - 1 COS 2n + 1 - - + --a-;:- • (35) 

nn: ( nn: ) dL (0) 
cos 2n+l-P1 cos 2n+i ==L(O)+ ----;;;:-· 

l\fooroqJieH P 1 (x) HMeeT popMy A1x2 + A~x4 + ... + Anx2n. CJie;~oBaTeJib

HO, ypaBHeHIIH (35) BIIOJIHe orrpe11eJIHIOT ero Koacppnn:neHTbI, a TaimW 
dL (0) 

p = L (0) + ~ . ,il;JIH y)J,o6cTBa pernemrn aTIIX ypaBHeHnil: 3aMeTIIM, qTo 

H HMM MOJRHO rrpucoe)J,HHHTb ypaBHemrn 

(n+i)n: ( (n+i)n:) 
- COS 2n + 1 - p I COS 2n + 1 = p, 

(35') 

_ (2n+1)n: _p (, (2n+1)n:)-(-1)n 
cos 2n + 1 I \ vOS 2n + 1 - P· 

TaKHM o6pa3oM, MHoro•meH P 1 (x) eCTb MHoroqJJen cTerreHII He Bbrrne 
2n + 1, HOTOphlH, 6Jiaro)J,apH paBeHCTBaM (35) H (35'), f:(OJIIBeH B 2n + 2 

ToqHax Xi= cos 2ni: 1 (i = 0, 1, ... , 2n + 1) rrpIIHIIl\rnTL snaqemrn Xi -

-p(-1)n+i, eCJIH i<n, Il -xi+p(-1)n+i, eCJIIl i>n, HOTOpbre CTaHyT 
orrpe)J,eJieHHblMII, eCJIII p Bb16paTb TaR, qT06b1 6bmo P 1 (0) = 0. IloaToMy, 
rrpIIMeHHH JiI3BeCTH)'IO popMyJJy gJIH HHTeprrOJIIIpoBaHIIH, rroJiyqnM 

2n+t ( ·i )n+i] xi-p -

. 2} (x-x.) S' (x.) ' t=n+I i i 

(36) 

r11e 
S (x) =sin (2n + 1)arc cos x· y1 - x2 

- MHOl'OqJieH CTerreHII 2n + 2, lJMeIOIIIIIH IWpHHMII Xi (i = 0, 1, ... '2n + 1). 
¥ CJIOBlile, qTo p I (0) = 0, rrprrBO)J,IIT Hae H ypaBHeHIIIO 

n n+i 2n+t n+i 
'1 xi - p (-1) _ '1 xi - p (-1) = O 
..::'..J x,S' (x,) · ..::'..J x,S' (xi.) ' 
i=O • • i=n+I • 

lil3 ROToporo orrpe)J,ernrnM p. ,il;JIH noro saMeqaeM, 'ITO 

S' (x) = - (2n + 1) cos (2n + 1) arc cos x - V_x_ sin (2n + 1) arc cos x, 
1-x2 

OTHy)J,a 

ll 

S' (xi)= - (2n + 1) (- 1)i, 

S' (xi)= - 2 (2n + 1) (- 1)i, 
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Tam1M 06pa30M, 

n 1 n 

~ S' (x.) = 2n ! 1 [ ~- - i + i + · · · + (-1)n] = ;{t: !)fj' 
i=O i 

2n Lf 
' 1 _ 1 [1 n (-1)n ~ S'(xi)-2n+l 2-i+i+ ... +(- 1) ]=2(2n+1)· 

i=n+1 

Cnep;oBaTeJI1>Ho, 

IiJIIl 

p [1 + ~1 --iIT-
.- cos 2n +1 

~ 1 l = 1 
.LJ irr J ' 

i=n+t cos 2n + 1 

n, HalWHeIJ;, 

p= n (37) 

1+2""' .LJ m 
i=I cos 2n + i 

IloJib3YHCb HepaBeHCTilOM (30), Mhl IIOJl)''IIIM OTCIOp;a HIIIBHIOIO rpamnw 

.zvrn L (1) = E~n, a IIM8HHO, 

Ho 

E~n > p = ___ n ____ _ 

1 + 2 ~ iIT 
i=I cos 2.n + i 

n 
n 

1 1+ ~ < 1 dz 
iIT n'T': 27': nrr + ~\ 

i=1 cos 2n + 1 cos 2n + 1 0 cos 2n + 1 cos 2n + 1 

mr 

2n+1 

+ 2n:1 J 
0 

nIT 

+ 211 + 1 I 1 + sin 2nTI 
c_o_s_u = ___ n_IT_ -IT- og nIT 

du 

cos 2n + 1 cos 2n + 1 

-i-

1 2n + 1 l ( 1 ..L . nIT ) 
_IT_ - __!_ (--rr_\ a + -rr-. - og ' sm 2n + 1 -
4n+2 ti 4n+2) + · · · 

2n + 1 [ IT 1 { IT )3 , J 4n + 2 1 
- -IT- log 4n + 2 - 6- ,4n + 2 ; · · · = .-IT- • __ IT_2 ____ + 

. 1 - 24(2n+1) 2 + · · · 

1 2n + 1 I - (2 IT2 + \ + 2n + 1 I 4n + 2 
T -IT- i.g - 8 (2n + 1) 2 •. ') -IT- og -r:-. - -

2n + 1 I (1 r:2 1 \ _ 2n + 1 I Sn + 4 + 4n + 2 + ~ 
- -,-. - og - 24(2n+1)2 T .. ·) - -7-. - og -,-. - --;:;- , en, 
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r,n:o sn c·rpeMHTC H r,: tty mo, rwr;ia n 1mapacraoT 6ec1.;oHo•rno, u, upu IlCHRm1 
1 

n, Sn<~=,-. 

(38) 

HopanoncTBO (38), 1..:a1-.: MLJ n11;i11M, ;,LacT :rna11HTe:rhHO )IPHec 6m1:11'y10 n 

E~n Hll/RHIOIO rpamm,y, qeM ne paecHc mo (33). 
47. 3aMeHa npn6m1mettuoro MHoro'I.aeua P 1 (x) ;i.pyruM MHoro•1JiettoM. 

BMCCTO Toro 'ITOOM npo,n:o.:imaTh CHCTC!\laTll'IOCnOO npHMCHOHIIO o6UL01'0 

MeTo;:i:a, paccMoTpuM MHOn)'IJJOH R (x) CTcucnu 2n, onpo,r:i:oJrnOMLifr ycJIOBHHMI1, 

. . . . _(k+~)rr . , . 
'ITO OH paneH . x I B TO'lhax x,;· = < os --z;:;,-- (k = 0, 1, ... , 2.n - 1), r.n:o 

T (x) =cos 2n arc rns x = 0, H, I>poMe Toro, panon HYJIRI JJJJJJ x = 0. 
3aMe'laeM, 'ITO 

Cnc,r:i:onaTOJihHO, 

n-1 
R (x) = x~'(x) 

2n 2i 
k=O 

T' (x) = 
2n sin 2n arc ros x 

V 1 -- x 2 

( 1 . 
\ k + -;) ) r: 

k I ~ 2 (-1) sin-·-.---· - n-1 

x-cos 

2n _ 2i 
(k+-1-)rr 

') _n 

k=n 

llo, c ,n:pyroii CTOIJOllbI, 

xT1x) 
X--'-'--

2n 

O'f I-\Y)(a 

"n-1 (-1)ksin(k+-:1-)-.7'-
- R ( ) _ xT1x) - "'1 2 2n x x - --- LJ ----~-~~--

/! k~n .c - l'OS ( k + -~-) -2" 
\ ~ n 

a-1 
xT (x) "'1 
n ~ 

1:==0 

(- i)ksin ( k +-} )-~ 
.r _;_ l'OS ( k + -~)-) ·;)11' -

- -11 

60 

(39) 

(40) 



n TaR 1m1.; MHornq,-roH R (x) npcAcTan.;nieT co6oii C.) M.\ly 'IeTHbIX CTcrrcHcii, 

rn Ix\ - R (x) 1m1• npn no:rnmnTC:JhHhIX, Tai\ n npn oTprrn,aTeahHhIX 3Ha

'ICHHHX x paBIIHCTCH pa3HOCTH x - R (x), llMITOI1: TO<lht\O )]..1a no.WJJCurnntb

llbtX ;rnaqcHHH x. 
II peo6pa;1yc~\t cpn.i:y 

11-l 

Jl(:c) = - ~ 
k c·cQ 

k ~ 1,:l, ... ,11-1 

f sin ( k -+) 2: [ x + cos (k + ~) ~] 
l [ x + ros ( k -{-h~ J [ r + eos ( k + ~ J d:-J 

sin (k + -}) 2: [ x +cos (k - ~) 2:-J I __ 
[ 3; ~~~~(k -- 3) 2: J [ x + ~o-:(k = ~~-) 2: J J- -

( 41) 

no:mraH )~:rn onpc;:i:eJJCHHOCTH n qeTHhI:VI. 

Tcrreph :rnrKo y6e;:(HThl' H. •no JlJUJ BC J1 HOl'O on pef}e"u1-11w?o noJionuneJJ F.

Horo ;iuaqoHHll :r 

lim xH(x) = 2 
n-;..o; 

(42) 

,Il;eilcTHHTP:l hHO, 

/,-;-: 

n~cn 

re :1: 2 cos -2,,,- + x 

i kr: 1" 
Ix -L ms '.in-_! 

r ros x +I 
\:l: +!'OS Xj 2 da = 2 

Tai\ItM o6pa3C':VI, 

cos 211 arc cos :r <=71 (x) cos 211 arc cos_,. 
lx1--R(x) = +-------2n 2n (43f 

npu•w:v1 s,, (0) = - 1 H I im s,, (r) = 0. cc:m ! x j > 0. 
n~o:, 

48. Onpell;eJJenne Huarneii rpa11mv.1 E; 11 • :Ylttoro•1:rc1m:v1 H (x) :v10arno 

BOCIIO.Tih30BaThCH ;:(.1H onpo)].eneHHH nu;-1rncit rpaHHI{hI E;11 IIJH! rro:v10111u: 0606-
II~CHHoi-l: ToopcMhI Ha;r;1e Ilycccua. 

,IJ;:1H ;noro rrmrnmc.\1 ctta•rn:1a 1, 'ITO IIJHI JH'Hh'.O.\t x>O, 

Hx _11 l-J - t J ( ) > 2n + l x -L ~- x + 2n + 1 7t • 

' 4n 4n 

(44) 

1 ~lbr rrpe;(no:iaraeM n > 2. C;r~«iai:i, rwr;i,a n = J, ue npe;i,naKrneT mJI;ai;IIx TJlYk 
HOC Te ii, i;ar>: :>To yme fo,r:10 3a>1e11eJio panee. 
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B caMOM gene, 

H()>. 7t ~ 1 
X Sill 2n 1, 3, ... ,n-1 [x +cos (-k---~-)-2r:-~-J_[_x_+_c_os-( k-.-+-~) 2: J = 

• 7t ~ 1 > 
= Sill 2 LJ [ ·· 1 ' J [ . 1 ) J 

n 1, 3, ... , n-1 x +sin ( k- 2);: x +sin ( k + 2 ~ 

>sin 2: ] [ (2k -1) r: fr (2k + 1) r: J > 
!, 3, ... , n-1 x + 4n . x + 4n 

7t ~ 1 
> 2n + 1 LJ [ (2k-1) r: j' [ (2k + 1) r:J > 

1, 3, ... , n-1 x + 4n x + 4n 

7t ~1 1 
> 2 (2n + 1) LJ -[ 2k - 1 J [ 21~ + 1 -c-J = 

1,2,. .. , n x+~r: x+~r: 

n [ 1 1 l = '2n + 1 --r:-. - 2n + 1 · 
x+ 4n x+~r: 

n '1 1 ) 
xH (x) > 2n + 1 ( 3 - 4n + 3 ; 

a IIOTOMy, I\aR 6hl MaJIO JUI 6i.rno c, MOIBHO B3HTb n ,[(OCTaTO'IHO 60JiblllllM, 

'IT06hl llMOTb 

IloaToMy paaHOCTb 

1-e: 
xlf(x)>-6-. • 

R ( ) _ xH (x) T (x) 
X- X - n , 

ir: z. =cos-
l 2n (i=O, 1, .. . ,n-1) 

IIOCJIO,[(OBaTOJibHO MeHHH 3IIaH, CTaHOBllTCH no a6coJIIOTHOMY 3Ha'IOHllIO 
1-e: r: 

60JI1>IIIe tfT! ll, HaHOHe~, IlpH HCBOM nepoMOHe 3HaRa, B TO'IHO sn IIpOBhl-

IIIaeT 

1 ~ e: T (~). 
tin 8n 

IlpnMeHHH o6o6ru.oHHYIO TeopeMy Banne IlycceHa, aarrnro'IaeM, 'ITO 

, 1 - e: I (. r: ) I 1 - e:' I " I E2n >tin T 8n = tin cos 2n arc cos sin Sn = 

=1
6ne:'/cos2n(y- 8:)/= 1

0ne:'cos ~, 
IIJIII, nonaraa n ,[(OCTaTO'IHO 6oJibIIIIIM, HaXO,[(llM 

r 1 1 
E2n> v- · -2 • 3 2 n 
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.,,. 6 ,. E' , i i II p lI Me q a H II c. urnn.;o liIJIO Ohl rrpouepHTb, 'ITO 2n .> 6 . 2n )J;JIII 

BCJIIWrO n; HO :no HepaBeHCTBO MeHee TO'JHO, 'JeM HepaBeHCTBO (33), IWTO

poe rroJiyqeHo 6hIJIO yme B1>1rne ;r:i;pynIM crroco6oM (§ 45). 
B rrp1rnaraeMoM Hnme ;r:i;o6aBJieHIIII* H aToii rJiaBe pe'lb 6y;r:i;eT IITTH o 

rrpH6m1meHHOM Blil'lllCJieHHH E2n· 1-fro me 1.acaeTCJI E;n, TO, noJib3YlICb 

6oJiee TO'JHliIM Blil'llICJieHHeM xH (x), )J;JIJI BeCbMa 6oJibIIIHX 3Ha'leHHH n 
MOIBHO rroJiy'IIITb, rroJI1>syac1> TeM me MHoro'IJieHoM R (x), 

rJiaBa V 

PA3JUJ:qHblE IIPMJIOiKEHIIH OCHOBHblX TEOPEM. 
OBOBID;EHHH TEOPEMbl BEO:EPIDTP ACCA 

49 [58]. TeopeMa. EcAu npouaao8nbie (n + 1)-eo nopa8,,.a 8ayx <fiym•
quu f (x) u cp (x) y8oaAemaopa10m a npo.Me:Heym1>e AB nepaaencmaa.M 

O < J'n+1) (x) < cp<n+t) (x), 

mo nau.Mel-tbutue y1>Ao1-tenua En[/ (x)] u En [cp (x)] pacc.Mampuaae.MbtX ¢yn1>
quu om .Mnoeo'-1.Aenoa ~menenu n na ompea1>e AB y8ouemaopa10m nepaaencmay 

En [/ (x)] <En [ cp (x)]. 

B caMoM ;r:i;eJie, cocTaBJIJIH !J>ymn:i;mo 

F (x, 1-) = 1-f (x) + (1 - I-) cp (x) - P (x, A), 

r;r:i;e P (x, A) - MHoroTJJieH cTerreHH n, HaHMeHee ymioHHIOIIJ;Hiica OT A/ (x) + 
+ (1 - A) cp (x) Ha oTpesHe AB, MbI Bll)J;IIM, 'ITO rrpH BCHHOM A pacrroJiome

HHe TO'leH ym10Hemrn 6y;r:i;eT rrepBoro po;r:i;a, H BO BHyTpeHHIIX TO'IHax 

y1moHeHIDI p;. ~o, Tai\ Hal\ Ha BCeM OTpesHe 

II, cJie;r:i;oBaTeJI1>Ho, ypaBHeHHe F~ = 0 HMeeT He 6oJiee n HopHeii. 

TaHHM o6pasoM, Mlil BrrpaBe rrp1IMeHJIT1> TeopeMy § 36, saMe'laJI BMecTe 

c TeM, '!To B rrocJie;r:i;Heii TO'IHe yHJIOHeHHH F > 0, T. e. F = L. Ho ypaB

HeHIIe 

8F ' 
8">.. = I - cp ·- PA = 0 

HMeeT n + 1 HOpHeii, Tai\ Hal\ 

an+2F = 1<n+I) - (n+!) < O· 
8)... 8xn+i · cp ' 

* B HaCTOm:~eM 113Aamrn 9TO A06aBJieH11e He BOCIIp0113BOAllTCJI; CM. [3.1). - (Pe8.). 

6.3 



npn 8 TOM B rroc ;;J(',]H8Il TO'JI\C OTl\.~IOHCIIHH 

C.rre1wnaTeJrhHo. 

L (1) =En[/ (x)] <L (0) =En [9 (x)j. 

qTo H Tpc6onanoch noKa3aTb. 

50 [59]. Cne):{CTB1rn." A. Ec.rtu e npo.!fte:J1Cyn11;e AB 

0 < 'f(n+l) (x) < /"+1) (.r) < 9(n+l) (x), 
mo 

En[•¥ (x)] < E,, ft (x)j <En [9 (.r)]. 

B. Ec.fl,u * e npo.MeJfCymne AB 

mo 
En ft (x)] < 2E,, ['-? (x)j. 

B caMOM ,r:i:oJre. 

0 < il(n+t) (x) + /"+n (x) < 29(11+1) (x)~ 

IIO::ITOMY 

En [qi+/]< 2E,, !<?I; 

JI, CJICL(OB8TenbHO, TOM 6onoo 

E rt] _ E [ f + r{J + f - '{J J . / '.) l(' [mJ 
n. - ......111 ~ ~ ...i-1...:.Jn ':"' • 

B. Ec.fl,U e npo.111'JJcymne AH, o,urna 1'0mopo20 paerta 2h. 

mo 

B caMoM ,r:i:oJrc, Ha ocnonaHJIH c:io,r:i:cTinrn: A, 

[ iV n+l ] [ Mx"+! J 
E" (·n~l)!.<E,,[t(x)J<E,, {t!-,-J)!. 

a II01'0My, 38Ml'LJafl, '-JTO 

} ' [1 ''] 211h\'>1+1 !,. / ;r:n--r_._ == .i I -·- l 
II ..._ ' \ ~ / ' 

'2.Y (__h_)n+ J 

(11 ~ J)! \ 2, 
F [t ( )] < '2M _ 1 !i_\11+1 
·n I \n+J)I ,'2) ' 

* C1m;i;crm1c E 6h1:10 a1nopm1 nrrocJJe;(CTJmII yro-rrneHo ( « 8. ll. », r.·raBa I, § Hl), a 

1rnem10,mrnno nepaBeHCTHa En [/(x)] < 2En ['fJ(x)] ;urno 60.·1ce cnJJbHOe Hepa1'CHCTBO 
En [f (x)] <En ['12 (x)]. Tio;irmry ~mo;iu1TeJJb 2 01;aabrnaeTCJI ;mrnmrn II B e:1e;rn
BIIJIX r H Jl:. (Pr'•I.). 
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mo 

mo 

r. Ee.rm 6 npo.1teJ1Cymne AB 0/lUllbl 2h 

I j<n+I) (x) ] <iv!' 

E [ liM (!!_ ')n+I 
n /(x)]< ln+i)! \2.. · 

8To BbITeRaeT 11:i c:10,[(cTBJrn B. 
,n;. Ee.flu c npo.Me.JJCyml<e AB 

j<'•+IJ (x) k ! j<"+2) (.r) I , 

2En [/ (x)] > kE11 [/' (x)]; 
ee.!lU ;}ICC 

I j<n+I) (x) j < kj<n+2) (x), 
mo 

E,, [f (x)] < 2kEn [/' (x)]. 

8To BbITeRaeT H3 CJIC,[(CTBHH B. 
E. Ee.rm e npo.Me;}feyrm•e AB (x > 0) 

/n+I) (x) > 0, j<"+2) (x) > 0, 

mo 

En f/ (x)] < ,, ~ 1 En [:rf' (x)]. 

B caMOM ,[(eJie, rronaraH 

xj' (x) 
9 (x) = n + 1 ' 

HaXO,[(IIM 

/(n+2) ( ) 
9<n+1) (x) = x n + 1 x + /n+!) (x) > p+t) (x) > 0. 

50 bis [59 bis]. Ilp11Mepb1, II pe):(bI):(YII~IIe pe3ynbTa TbI, rronyqaeMbie rrpn 

IIOMOIIIII o6II~ero MCTO,[(a, eCJIII orpaHII'IHBa TbCH TOJibRO rrepBbIM 'IJieHOM 

cooTBCTCTBYIOllleil: CTpoRII TatLrnpa, B HeR0Topb1x cJiy'IaHx ,[(aIOT ,[(OBOJibHO 

T8CHbIC rpaHIIJlhl ,[(JIH Harwy'IIIIero rrpn6JrnmeHIIH En. 
PaccMoTpIIM, HarrpnMep, Hanny'IIIIee Ha 0Tpe31rn [a, b] rrpII6m1memrn 

En (ex) <JiyHRJIHII ex rrpu IIOMOIIIII MHoroqJieHa CTerreHu n. IIpHMCHHH cJie,[(

CTBIIe B, Haxo,[(HM HeMe,[(JieHHo 

B qacTHOCTII, Ha OTpe3He [- 1, + 1] 

er-
PaccMoTpHM eme Hanny'IIIIec npH6JiunrnHne <JiyHmvrn sm .x Ha oTpe3Ke 

7t 
[- h, + h], r,[(e h < -2- ' rrpu IIOMOIIIII MHOI'O'IJI8HOB CT8IICHH 2m IIJIII 

2m - 1 (neTpy,[(HO BH,[(8Tb, 'ITO TaR RaR sin x CC Tb H8'ICTHaH <JlyHRJIIIH, 

MHoro'IJI8HbI, HanMeHee yrwoHHIOn~uecH OT sin x Ha oTpc3Re [- h, + h], 
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6yAyT Taimw HeqeTHhIMU qiymn~nHMn). Ha ocHoBaHnII Toro me CJieACTBHJI B, 
IIOJiyqIIM 

2 cos h ( h )2m+ 1 . 2 ( h \2m+ 1 
(2m + 1)! 2 < E2m--I (smx) < (2m + 1)! 2) ; 

h r. 
HarrpHMep, eCJIH = 3 , TO 

1 (TC)2m+I ~ . 2 (TC)2m+I 
(2m+1)!\ti <..E2m-t(smx)<(2m+1)!\6 · 

( 1 'IX 

PaccMOTpRM, HaIWHeu:, Ham1yqrnee rrpn6m1memre En , b + x) , rAe b :,.,>O 

H ex>O, Ha 0Tpe3I\8 [O, 1]. 

IloJrnraa f (x) = ( b ~ x )"' n 'f (x) = ( b ~ x y-+h, HaXOAHM 

1<n+1) (x) = (- 1t+1 ex (ex+ 1) ... (ex+ n) ( b ! x y+n+1 ' 

'f(n+t)(x) = (- 1t+1 (ex+ h) (ex+ h + 1) ... (ex+ h + n) (b ~ x)°'+h+n+t, 

OTI\yAa 

t<n+t) (x) = la+ h) ... (a + h + n) (b + :i/'f<n+I) (x). 
a ... (rx + n) 

IlosToMy, rrpHMeHJIJI cJieACTBne A, rroJiyquM 

(a+ h) ... (a+ h + n) bhE (-1-)"'+h < E (-1-)"' 
a ... (a + n) n \ b + x n b + x ' 

( 1 )"' (a+ h) ... (a+ h + n) h ( 1 )"'+" 
En b + x < a ... (rx. + n) (b + 1) En \ b + x ' 

rroJiaraa h > 0. 
B qacTHOCTn, eCJIH h = 1, TO 

a+ n + 1 bE (-1-)a+I <E ('_1_)"'< a+ n + 1 (b , 1) E (-1-)a+!. 
a n ,b+x n b+x a T n b+.c 

y II pa JI{ He H II e. Ilol\a3aTb, rrpn IIOMOIIVI CJI8ACTBHH B, qTo Ha OT

pe3l\e [O, 1] 
E (xn+l+h) < 2 (n + 1 + h\ ... (1 + h) (.·_!)n+t 

n ~ (n + 1)! , Ii ' 

ecm1 h>O. 
51 [61]. Ilpeo6pasoBaune cTpoK TaiiJiopa B pnAhI Tpurouo~mTpuqecKux 

MHOrO'IJieHOB *. ll3 TOIRA8CTBa 

m (',i' + e-it m 1 
(cost)=, 2 ) = 2m_1 [cosmt+mcos(m-2)t+ ... 

. . . +m(m- 11 ··1/m-l+i\ cos(m-2l)t+ ... ] 

* TaK KaK B rrepBOHa'laJILIIOM TCHCTe § 52 [60] rrpe):(mecTBOBaJI § 51 [61], TO B Ha
CTOJirn;e~1 II3):(amm B 3TH naparpa4JLr nnccenhI He3Ha'lHTeJILHhie pe):(am:11rnHHhle ll3Me
HeHirn. (A6mop.) 
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BbIBO)J;J'IM, noJiaraa x = cost H T 11 (x) = cos narc cos x, 

(46) 

CJie)IoBa TeJibHo, 

f (x) = a0 + a1x + ... + anX11 + ... = 

- + --3.._ + ~ + + 2l (21- 1) ... (l + i) + 
- ao 22 a~ 24. 2! a4 . . . 221z1 a2z ... 

[ 3 5.4 (2l+i) ... (l+2) J ... + T 1 (x) a 1 + -2 a 3 + - 1 - a5 + ... + 21 a21+1 + · . . + 
2 2 •. 2! 2 l! 

T ( )[ a 2 4 + 6-5 + + (2l+2) ... (l+3) + ]+ + 2 x -2- + .>3-a4 -5- a6 . . . 21+1 a21+2 ... 
- 2 . 2! 2 l! 

[ a11 n + 2 (n + 4) (n + 3) + + T n (x) zn-t + 2"+1 an+2 + . 2n+a2! an+4 ... 

+ (2l + n) ... (l + n + t) + J + 
. . . 22l+n !l! a2z+n ... (47) 

+. 
0T6paci,rnaH nepBbIM 1JJI8H B npaBOH 11aCTII paBeHCTBa (46), noJiy11aeM 

MHOr01JJI8H CT8Il8Hll m - 2, H8llM8H88 YRJIOHHIOil]llMCH OT xm Ha 0Tp83R8 

[-1, +1]. 
0T6paci,rnaa ell]e O)IIIH 11JieH, noJiy11aeM MHoro11JieH, npu6mrnmIOll]HM xm, 

CT8Il8Hll m - 4, H T. )I. Ilpn: <!TOM JierRo on;eHHTb COOTB8TCTBYIOIIWIO no

rpeurnoCTb, TaH RaR IT n (x) I ~ 1. 0TKy)Ia H 3aRJIIOqaeM, lJTO 

E (xn+3) = E 1 (xn+3) / n + 3 [1 + _1 -] 
n 11 -- ---._, 2n+2 · n + 3 ' 

E (xn+")=E' (xn+5)< (n+4)(n+5) [i+ 2 + 2·1 J 
n 11 l 2n+42! n + 4 (n + 4)(n + 5) 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (48) 

En (xn+2':+1) =En-I (xn+2::+1) < 
< (n + 2k + 1~;. (n + k + 2) [i + k + k (k -1) 3 + ... ] . 

211 'k! n-+-k+2 (n+k+2)(n+k+) 

Ilonaraa 

1 [. n+3 (n+4)(n+5) _ + 1 
An+! = -2n Gn+! + -22 an+3 + 4 a,,+5 . . . ' 

2 ·2! . 

3a:vre11aeM' TJTO OCTaTOH, IIOJ1y11ae:m.:ii.J' OCJJll oT6poC11Tb B pa3JIO}HeHirn: ( 47) 
1'.f.JI8Hbl CT8IIOH11 Bblll18 n, HO 6oJieo' TJOM 

TIOSTOMJ' 

En[/ (x)] <I An+! i + I An+2 [ + · · · 
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52 [60]. Ilp1uieueuue TeopeMhI Bamie Hycceua mm uepanettCTBa (30). 
Mi,1 MomeM rr0Jcyq11Tb HHIRHIOIO rpamm;y E 11 [f (x)] Ha OTpe3ne [- 1,+ 1], 

npIIMemrn HepaneHCTBO (30)' T. e. 6epa rrepBbie ,[(Ba qJieHa CTpOHU 

Ta:ltmipa, npe):(CTaBJIHIOlll.Gtt MHoroqJieH cTeneHM n, HauMeHee ,YHJIOHHJO

m:utirn OT /.../ (x) + (1 - /...) cp (x), r,[(e cp (x) = x11+1. 
Ha ocHOBaHuu rrpuMeqamrn H § 39 3aHJIIO•rneM, qTo aTH rrepBbie ,[(Ba •meirn 

cTpoHH Tannopa rrpe.JJ:CTaBJIHIOT BMecTe c TeM MHoroqJieH Q (x), HaIIMeHee 

y1moHJIIOII(IIHCH OT f (x) B n + 2 TO'IHax Xi, r,[(e pa3HOCTb I 9 (x) - Pn (x) I 
,[(OCTuraeT MaHCIIMyMa (qepe3 Pn (x) o6osHa'IeH MHoroqJieH CTerreHu n, 
nauMeHee ,YHJIOHHIOII~IIMCH oT cp (x)), B lWHHOM CJ1yqae cp (x) = x11+1, 

irt 
ITOSTOM,Y Xi = COS n + i . 

Ilycn 

JIMeeT pa)J.11yc cxo,[(IIMOCTII R > 1. 
MHoroqJieH Q (x) CTeneHII n Y.JJ:OBJieTnopHeT n + 2 ypanHemrnM 

npuqeM ! p I , Han: MhI BM,[(GJIII, flBJIHeTCH HIIIBHeil rpamm;e:t'1 ,[(Jifl En [! (x)]. 
IlpIIMeHHH <}lopMyny uHTepnoJrnpmmHIIH Jlarpanma, HaxognM 

n+! f (xi)+ (- i)i p 
Q(x)=S(x) ~ (x-x-)S'(x.) ' 

i=O i i 

rgo S (x) = -V 1 - x 2 sin (n + 1) arc cos x. 
TaH ll'aH cTorreHh Q (x) He BhlIIIe n, To 

n+i f (xi) + (-1)ip 

~ S'\xi) = 0, 
i=O 

n+! (-1)i 
OTHyga, BCJ18,[(CTHHe 1 paneHCTBa ~ S'(x·) = + 1, rroJiyqaeM 

i=O i 

_ ~I f(x i) _ 1 [ 1 \" 1 n+i ] 
p-+.::.JS'(x.)-+n+I :z/(1)-/(xi)+ ... +(-1,/(x,,)+;z(-1) /(-1) · 

i =0 i 

11To6i,1 npeo6pa3onaTh rrpanyro qaCTb nocJie):(Hero paBeHCTBa, pa3JIO/mIM 

<}lymo:~HIO f (x) n pH):( no TpnroH0MeTpnqecm1M MHoroq.:JeHaM 

00 

f (x) = ~ A,,Tk (x). 
k=O 

IlpnHIIMafl BO BHUMaHuo, q'[O 

1 k rt k 2rt + ( j n k nrt 
2 - cos n + 1 + cos n + 1 - . . . - ) cos n + 1 + 

{
o rrpu k =!= 0 (mod (n + 1)), 

11+1 1 (n + 1)rr 
+(-1) -2 cosk n+i = O rrpu k=2.s(n+1), 

n + 1 rrpn k = (2s + 1)(n + 1), 
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IIOJiy1meM 

P = I An+! + A3 (n+J) + A5 (n+J) + · · · i · 
TaHIIM o6pasoM, Ha OTpeaHe [- 1, + 1 J 

En[/ (x)J >I An+t + Aa (n+1) + · · · I · 
B qacTHOCTH, Ha 0Tpes1rn [- 1, + 1] 11MeeM 

E [xn+3] = E 1 [xn+3] > n + ;3 
n n- 2n+2 ' 

E [xn+5] = E - [xn+5] > (n + 4)(n + 5) 
n n 1 211+'•2! ' 

(50) 

(51) 

CouocTaBJIOHIIe HepaneHCTB (48) c HepaneHCTBaMII (51) noHa:rnnawr, TITO 

naHoBo 6&1 Hu ObIJJO onpe,r:i;eJieHHoe 11erroe TIIICJio k, Ha oTpesHe [- 1, + 1 J 

l" En [xn+2::+1] zn+2''k! 

n!!, (n + k + 2)(n + k + :-\) ... (n + 2k + 1) = 1. (52) 

Ha HepaneHCTB (49) J1 (50) IIOJTy11aeM OHOH'laTeJibHO [3.6] 

I An+! + A3 (n+l) + A5 (n+!) + · · · I< En[/ (x)J < ! An+1 I + I An+2 I + · · ~ (53) 

53. 06~ue coo6pameHirn o Ha1myqmeM rrpuomrnmmrn cflyHin~un, aa]).att

Hoii CBOHM pa3JIOIBeHHeM n pHJJ. TaiiJropa*. IlycTb 

<Jlyumi;1rn, aa,r:i;anHaJI cnmiM paaJiomemrnM B pa,r:i; Tail:Jiopa, pa,r:i;11yc cxo,r:i;11-

MOCTll ROTOporo R1 > 1. Mb! ynu,r:i;HM B TpeTbeil: qacT11, 'ITO ttaHJIYTIIIIee 
k -

rrp116JIIIiKOHIIe rrpoIIaBOJibHOil: cpyHHIIIIII En [f (x)] 6oJibIIIe, 'IOM - 1-- I nUJ, r,r:i;e 
og n 

k - rrocTOJIHHaJI, a In [f (x)] - npn6JimReHIIe, HoTopoe noJiy11aeTcR, ecm1 

B paaJiomemm <JlyHHIIIIII f (x) no TpurottoMeTpn11ecHnM MHoroqJ!eHaM oCTa

HOBIITbCJI Ha MHOI'OlJJieHe n-il: CTerreHll 1. B ,r:i;aHHOM CJiy11ae Han6oJ!ee rrpo

CTOH cnoco6 IIOJIY'IOHIIJI 9TOro pa3JI0rHOHlUI COCTOIIT B np11MeHeH:iIII <Jlop

MYJJhl (46) H rrocJieAOBaTeJibHbIM 'IJieHaM paaJiomeHHJI f (x), HaR aTo OhlJIO 

CAeJiaHo B § 51. Jl.aJiee MbI ynII,r:i;IIM TaHme, 'ITO eCJIH B eCTb oco6aa To11Ha 

<JlyHHIIIIH f (x), JiemaIIIaH Ha Ha11MeHbIIIeM na 3JIJ111rrcon c <JloRycaMH 

B TO'IHax - 1 II + 1, TO In [f (x)J, a CJIO,D;OBaTeJibHO TaHme II En [f (x)J' 6y,r:i;eT 

YAOBJieTnopHTb rrpn ncex ,r:i;ocTaToqHo 6oJibIIIIIX n HepaneHCTnaM BHAa 

En[/ (x)J < R~" ,· 

HaHoBo 6bl HII 6i,rno npo11anoJibHoe 'lllCJio R' TaRoe, 'ITO R > R', r,r:i;e R -
110JiycyMMa ocefr RoH<Jlo1rnJibHoro aJIJinrrc a, rrpoxo.r:i;HIIIero 11epea TOTIHY B; 

* § 53 OTCYTCTBOBaJI B [\HCCCpTal!lIH H B3llT 113 MeMyapa «0» (§ 46). (Aem0p.) 
1 CM. TeopeMy § 63. 
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RpoMe Toro, ITO TeopeMe § 29, ,!:(JUI 6ecROHeqHoro MHOIBeCTBa 3Hff'l0HIDI n 
1 

1rne10T MeCTo HepaneHcTBa En ff (x)] > R" , RaRono 6i,1 HH 6m10 R" > R. 

ECJIH, C ,r:i;pyro:ti: CTOpOHhl, Mhl BCITOMHIIM, qTo OCTaTOR rn ff (x)], COOTBeTCTBy

IOIIJ;HH pa,r:i;y Ta:ti:Jiopa, y,r:i;onJieTBopHeT HepaneHCTBaM BII,r:i;a 

k k 
R"n <rn[/(x)]< R'n' 

1 1 

r,r:i;e n; > R1 > R~, TO ,D;J1Jl Hae CTaHeT JICHO, qTQ HeB03MOJlrnO yRa3aTh 

CKOJlhRO-HH6y,r:i;i, TOqHoro o6m;ero COOTHOIIIemrn Mem,r:i;y En [f (x)] II l'n ff (x)] IIJIII 

Mem,r:i;y En [f (x)] II R1 . "lJT06i,1 noJiyqHTh 6oJiee TOqHhle pe3yJinTaThI, Hynrno 

:rnaTh rrpem,r:i;e ncero rroJimIWHIIe II, KpoMe Toro, xapaRTep oco6o:ti: ToqRH B. 
:::hoT CJiyqa:ti: rrpe,r:i;cTaBHTCJI, B qacTHOCTH, ecJIH Bee R09<Ji<Jimi;neHThl pa3JIO

meHHJI f (x) o,r:i;Horo 3HaRa MJIH rrorrepeMeHHO ero MeHJIIOT (R ToMy me BTo

po:ti: cJiyqali cno,r:i;HTCJI R uepBoMy), Tan: n:aH Tor,r:i;a ToqHa B 6y,r:i;eT JiemaTh 

Ha ,r:i;elicTBHTeJihHoli ocH, II Mhl 6y,r:i;eM 11MeTh R = R1 + Y Rr- 1 . Mhl orpa-
1 

HJ1qHMCJI paccMoTpemreM cJJyqaen: 1) n:or,r:i;a f (x) = R--, 2) Hor,r:i;a f (x) -
1-X 

ri;eJiaJI <JiyHRIJ;IIJI. 

J An+! I + J An+2 I + · · · fi4 [62]. Cne11cTBIIH. A. Ec.1u cmpe.uumc:t n 1ty-
An 

.;uo npu n->=, mo 1ta ompeane [-1, +1] 

l . En [j(x)] 1 
llll A = . 

n-O>ro n+I 

B. Ha ompeaKe [- h, + h] 

B caMoM ,ri;eJJe, En (ex) Ha 0Tpe31w [- h, + h] pamrn En (ehx) na OT

pe3He [-1, + 1). Ho 

II09TOMY 

[ 1 f h ) 2 1 " h ' 4 ] 
1+ n+2(2 +1·2·(n+2)(n+3)(2) + ... = 

1in+1 
---- [1 + e»], zn (n + 1)! 

l'J:i;e En CTpeMHTCJI R nyJIIO rrpn n __,, =, CJie,r:i;oBaTeJihHO, 

TaRme CTpeMHTCJI H HyJJro. 

B. Ha ompea;;e [- h, + h] 

I An+2 J + I An+3 i + .. ' 
An+t 

Ev, (sin x) .z2k (2k + 1)! 
lim 

. E2k-1 (sin x) · 221: (2k + 1 )! 
lim h 2 '<+ 1 = 1, 

k_,,oo k_,,ro 
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II 

. E2,(cosx)·22'+1(2k+2)!. 1. E2H 1(cosx)·22'°+1(2k+2)! 
hm 2~+2 = im h2:+2 = 1. 

k-'?ro h k-J>ro 

~OKa3aT0JibCTBO rro.n;o6HO rrpe.n;b1.n;ym,eMy 1• 

r. Ee.flu [3. 7] 
. an 

hm ----,,-= 1, 
n-700 R 

mo 1-ta ompea>te [ - 1, + 1) npu n oormamo 1mo 60.!lbUlO.H 

2RBn 

V1 -R2 (1 + V1 -R2) (1-B2n+2) . : En [j (x)] 
2RB" 

-V1-R2 (t-R + V1-R2), 

eae 
R B=------

1+V1 -- R 2 

~JIH rrpOCTOTbI ITHCbMa ITOJIO/RHM an = Rn ('ITO COOTB0TCTBY0T f (x) = 
1 

- 1 _Rx ) . B TaIWM CJiy<Jae 

A =Rn+l[1+( +3)(R)-2+ (n+4)(n+5) (R)l'+ 
n+t 2n - n 2 2! 2 

+ (n+5)(n+6)(n+7) (!!_\6+ l= Rn+I F(!!_+1 _1'1:.+~ +2 R2)· 
3! 2 ) . . . J 2n 2 ' 2 2 ' n ' . 

(' n n 3 )' 2n+i 
F -2 + 1, -2 + -2 , n + 2, R2 = ( , 

· · v1-R2 1 + v1-R2 t+1 

noJiy<JaeM paaJiomeHBe B pH.n; no TpHrOHOMeTpH'leCKHM MHoro<JJieHaM .n;JIR 

1 f (x) = 1 _Rx B TaKOM mi:.n;e: 

= 2Rn T ( ) 
V 1- R 2 (1 + Y 1 - R 2 )n n X • 

1 HaaoBeM q>ymn~HIO Qn (x) acnMIITOTH'leCKHM BhlpameHHeM l\moro'IJieHa P n (x) cTe

rreHn n, HanMeHee yKJIOHHIDmeroca OT .n:aHHoii 4>YHK~nn f (x), ecnn YKJIOHeHne E~f 
E' I 

4>YHK~HH f (x) OT Qn (x) y.n:oBJieTBopaeT ycnoBHID, '!TO lim ~ = 1. Tamm o6paaoM, 
n-J>oo Enf 

aCHMIITOTH'leCKHl\IH BhlpameHHHMH MHOrO'IJieHOB, HaHMeHee YKJIOHHIDmHXCH OT paccMa
TPHBaeMhlX a.n:ecL 4>YHK~H:ii:, BO ncex CJiy'laHX cnymaT MHOrO'IJI0Hhl Qn (x) CTerreHH n, 
noJiy'laeMhle rrpn 110Momn rrpeo6paaoBaHnH, yKaaaHHoro B § 51, T. e. Qn (x) HBJIHeTCH 
n-:ii: 'laCTHO:ii: cyMMo:ii: pa.n:a, rroJiy-.:ceHHoro rrpn rroMomn paaJiomemrn f (x) B pa.n: no 
TpHrOHOMeTpH'leCKHM l\IHOrO'IJieHaM. 
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Cm:-gonarn;rri.uo, 
co 

2RBn 
~ A, = -------
.L.J ·' f 1 - R 2 (1 - R + V 1- R 2 )' 

k=n+l 

co 2RBn 

~ A<2:+1) <n+I) = Y 1 -· R 2 (1 + Y 1 - R2 ) (1 -- B2"+2) 
k=O 

0TCIO)J;a, npnMeHHR HepaneHCTBO (53), no;rryqaeM 

I1nTepecuo cpaBHHTL 110J1yqeHHLIM pesyJii.TaT c rnopeMofI § 29. 
He ocTananmrnaRci. Ha ::lTOM, nepeilp;eM H paccMoTpcnIIro HCaHaJIIIT1:1qe

c1rnx <PY HJ'1IH:lL 

55 [63]. Teope~m BeiieprnTpacca. Bi.rnPp;eM mmoTopi.rn CJie)J;CTBHR na 
HepaneucTua * 

0,286 
E2n[[x[J<~, (54) 

HMCIOm;cro MCCTO Ha O'rpeaHC [- 1, + 1] )J;JlR )J;OCTaTO'lHO 6oJI:bIIHIX 3Haqe

HH.ll n. 
Xopomo ll3BCCTHo, 'ITO Ha Toro, •rTo 

1im En [[ X IJ = 0, 
n-o>w 

ni.1Tc1.;a0T TCopcMa Be.ikpmTpacca, T. e. 

lim En [f (x)] = 0 
11--)'>CO 

)];Jiii HaHo:i1: yro)l,llO ncupepi.rnno:tI cpymrn;rm 1 . H xoqy saMeTHT:h TOJI:hHO, •1To 

upII n0Mouv1 cpopMYJT, yHaaauni.1x MHOM n 1905 r . 2 , II3 nepancncTua (54) 
MOlc1'HO BLIBCCTH B HOHOTOphlX c.:iyqaRX )J;OBOJI:bHO TO•myro BepxHIOIO rpa

HJflW p;.rm E2n [f (x)]. 

CTycTI. f (x) 6yp;cT ueupopi.rn1rnR Ha oTpcaHC [O, 1] cpynm11rn, n nycT:h 

y =In (x) 6yp;eT ypaBHCHIIC'M JIOMaHOM Jll:IHIIH, HMCIOII~e:tI BOpIIIHHaMII TOqIHJ 
k 

Ha JIHHHH y = f (x), c a6n~IIccaM1:1 Xk = -- (x = 0, 1, ... , n). 
n 

°YIJOMHHYTLIC MHOIO cpopMyJI:bI aam110qa10TCR B TOM, 'ITO 

n-1 

f n (x) = ~ Ak [ x - Xk I + A + Bx, 
k=l 

* CM [12) § 26, HepaBeHcTBO (36). B~rncTo nepaBeHCTBa E [ix[]< 0,286 ' . , 2n ' 2n 

B nepBOHa•:a.IJbHOM TeI{CTC CTOflJIO uepaBeHCTBO E 2n [[xJ < 0;:2 , I\OTopoc 6hl.:10 ):IOirn3a-

H0 B onyinennm1 3):1eCb /{06aBJieun11 K r.:raBe IV. (A11mop.) 
1 He6ecnoJie3no o6paTHTb BHHManne na TO, 'ITO HenpepbIBHOCTb qiyum:.1,nn f (x) ecTL 

ycJiomrn, ueo6xo;:1nMoe n J{OCTaTO'IHoe ):IJIH Toro, 'IT06bl lim En [j (x)] = 0. 
2 C~t. CTaTbIO «06 UHTCpIIOJIIlpOBaHIHI» (1). 
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r;~e 

A"= !/:-[t (·~\+I ( k - 1 j' - 2/ ( !'_ )j, 
2 , n ) \ n \n; 

l[ (n-1\ 1] A=-2 f(O)+nf ,-n-;-(n-1)/(), 

B = _!!__ [t (._!_ \ + I (1) - f (0) - I In - 1·)] . 
2 n) \ n 1 

3aMeHHfl \ x - xk \ rrpu6mvheHHhIMH MHoroqJJeHaMH cTerreHH p, rroJiyqaeM 

rrpn6m1meHHt.Iii MHoroqJieH In, p (x) CTerreHH p ):(JJfl In (x) 11 3amuotiaeM, qTO, 

npH p ):(OCTaToqHo 60:1bmoM, ournforn [/n,v(x)-/n(x)j n, Tel\I 6onee, 

Ev [/n (x)] 6yAeT YJ\OBJieTBOpHTh HepaBeHCTBY 

n-1 

Ep [fn (x)] < o,~S() ~ I A.1: 1. (54') 
k=1 

OrpamtqnMcH TOJibRO paccMoTpettneM cnyqafl, Hor}..\a cpyHHQHH f (x) 
y11onJieTnopHeT yc:ionuro ,:O:nHu-JinrrmnQa, a nMeHHO rrycTb 

0 (h) 
If (x + h) - f (x) i < I log h I ' 

me 0 (h) CTpeMU1'Cfl I{ HYJIIO BMeCTe c h. 
B TaHoM cnyqae, oqem1gHo, 

2a(+) 
I, f (x) - fn (x) [ < --1 -' -og n 

JI, c Apyroii: CTOpOHhl, 

n-1 a(-n1 \ 
-1 ~ I _,... /!2 .J 1A1,I<--·~~~ 

' ·'I ""' p log p k=1 n 

no (_!_) 
TaI> Hai' I Ak j < log: • Jlo:noMy, rronaraH p = n2 , HaXOIJ,HM 

' t \ . 

Ep [f (x)] < [ f (x) - fn, p (x) [ < 4,572 ° \~) . (55) 

AHaJ10rnqttoe HepaBeHCTBO 11,aJI Jie6er B I\IIT11ponaHHoi'1 BhlIITO pa6orn 

JI3 «Annales de Toulouse». 3aMeTHM, qTo B CJI) qae cyIQeCTBOBamrn o6o6IQeH

Horo ycJIOBHfl ,:O:IlHH-JlHIIIJlHQa HepaBeHCTBO (55) co6JIIO):\aeTCfl He ):\Jiff ncex, 

HO 11,nH 6ecqucneHHoro MHomecTBa 3HaqeHHir p. Cne11,onaTeJlbHO, rrpnHnMafl 

no BHHMaHHe pe3y:InTaT § 27, Haxo):(HM, qTo yc.weue Heo6xo8u.Moe u 8ocma

mo'lHOe, 'lmo6bi <fiym>quJt f (x) y8oe1iemeopJt.ta o6w>HOBeHHoMy yc.10eu10 

f(uHu-Jlunmuqa, aan;uo'taemcJt e mo.M, 'lmo6bi lim En [f (x)] log n = O; yc.ioeue 
n~co 

Heo6xo8u.11toe u 8ocmamo'luoe, wno6u <fiyunquJt f (x) y8oe.riemeopJt.1ta o6o6UfeHHOMY 

yc.rioewo f(uuu-Jlunmuqa, aan.ri1o'taemCJt e nW.M, 'lmo6u, npu 6ec'lllC.!leHHOM 

AtllOJfCecmee aHa•1muu n > n 0 , iim En [f (x)] log n = 0. 
n-0>0<> 
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56 [64]. Ilepeoe 0606~eu11e TeopeMhl BeiiepmTpacca. Ec1m Dau 6eo;o

ue11llblii pf£!) 11uce.if, 

06.if,afJa10Ufuii me.M ceoiicmeo.M, 11mo H < 1\ < K, efJe H u K - fJea 11eaaeucu.Mb!X 
om i nO.if,O;»Cume.if,bflb!X 11uc.w, mo 811.fl ec.flnoil nenpepbleuoii 11a ompeane [O, 1] 

n 

¢yn1>quu / (x) .MO;»CHO cocmaeumb cyMMY ] Aix"'i man, 11mo6bi ua ece.M 
i=! 

ompeane 6b!.lf,O 
n 

[ f (x) - f (0) - ] Aixc.i [ < s, 
i~I 

/fa>; 6b! .Mll.lf,O HU 6b!/!O '1UC/!O s. 
1 \ 

( y Ra3aHHhlM CBOHCTBOM o6Jiap;aIOT' Hanp11Mop, 'IIICJia 1\ = 1 - 2f). 
Harna TeopeMa 6yl"\OT, O'IOBII)J;HO, p;oRa3atta, ecJJII MbI no«ameM, 'ITO ona 

cnpaBe)J;JJIIBa p;Jrn f (x) = xP, rJie p - npo113BOJ10Hoe 11eJioe 'IIICJJO, 6oJJnillee 

e JIIIH Illlbl. 

;D;mi 9Toro 3aMelJaeM cHa'IaJJa, 'ITO, na ocnoBaHHH paccymJieHHH, conep

meHHO noJio6Horo JIORa3aTeJioCTBY TeopeMoI § 43, MOIBHO yTnepmJiaTb, 'ITO 

uau.if,y11wee npu6.if,UJSCenue xv ua ompeaKe [O, 1] npu no.WOUfU cy.M.Mb! euoa 
n 

] A;x"'i ereifJa .Me1lbUle 1wu11y11uteeo npu611u;»CeHU.fl npu no.MOUfU cy.H.Mbi 
i=I 

n 

euoa ] Bix~i, ec.iu p > cxi > ~i > 0. 
i=I 

c l!pyro:ii CTOpOHhl, IIOJiaraH B HepaneHCTBaX (48) x2 = y, BbIBOJIHM II3 

HIIX, 'ITO Ha 0Tpe3Re [O, 1] 

E ( m+k)<(2m+ 2k) ... (2m+k+ 1)[i+ k + 
m-1 X 22m+2~-lk! 2m + k + 1 

k(k-1) J + (2m + k + 1) (2m + k + 2) + · · ' ; 

o6o3Ha'IaH 1Iepe3 E~ (xP) HaHJIY'Illiee np116m1mem1e xP Ha oTpe3Re [O, 1] npu 
n 

IIOMOIIIII cyMMbl ]Aixi, HMeeM 

i=! 

E' (xP) < 2p ... (p * n + 2) [t + p - n - 1 + (p - n - 1) (p - n - ~) + ... ] = 
n 22p-2 (p _ n _ 1)! p + n + 2 (p + n + 2) (p + n + 3) 

= ln+t + ln+2 + ... +Iv, 

ls= 2p . .. (p + s + 1) = I 
0 

p (p - 1) ... (p - s + 1) 
22p-2 (p _ s)! (p + 1) ... (p + s) 

74 



Ilo3TOMY 
1 I -1 I +1 p(p-i) ... (p-s+i) -
og s - og o og (P + 1) ... (p + s) -

= log I 0 + [log ( 1 - ~ ) - log ( 1 + ~ ) J + ... 

. . . + [log ( 1 - 8 
; 

1) - log ( 1 + s ~ 1) J - log ( 1 + ~) < 
<logfo_-3.._ _ _i_, .. - 2(s-1) _ _::__+~-

P P p p 2p 2 -

s2 s2 
=log Io - - + -2 2 • p p 

s2 s~ . .-.: 2 s1 

I / J e-r;-+ 2p'<_1._,_ e---P + 2p' 
s '-, o . V pre ' 

lo= (2p)! =1·3 ... (2p-1)· 4 <_4_ 
22p-2 (p!)2 2·4 ... 2p JI pre 

Ho, rrpn p > 1, s > 0, 
' 1 )' 

s' s' ls--2 s' 

e--P +2p'<-21 [e- + --] P e P ' (56) 

,IJ,eHCTBHT0JlbHO, 3TO HepaBeHCTBO paBH03Haqno nepaneHCTBY 

s 1 
HJIII, IIOJJaraH u = - ' 0. = 4- ' - HepaBeHCTBY p p 

u' 
j(u)= 2e2-u_e-u<e-"', 

crrpaBep;JIHBOCTb :noToporo nyarno, cJie):(onaTeJibHo, p;o1m3aTb rrpn npep;rro-
1 JiomeHHH, qTo o. .::;; 8 , 1 >- u )c 4o.. Ho neTpyp;no BIIA0Tb, qTo rrpH pac-

CMaTpHBaeMbIX 3HaqeHHHX u, r (u) > O; II03TOMY HaH60JibIIIee 3Haqemre 
f (u) 6yp;eT paBHO f (1) HJIH f (4o.), Ta!\ qTo p;ocTaToqno 3aMeTHTb, qTo, rrpH 

1 
0..::;; 8 ' 

lfa nepaBeHCTBa (56) aa«moqaeM, qTo 

s' s• s z• 
e-P + 2p' < ~ e-Pdz, 

s-1 
H IIOTOMY 

s 

s v-P 
ls < V :re ~ e-z'IPdz = ~ ~ e-z'dz. 

s-1 s-t 

v)J 
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(57) 
n 

Ta1rnM o6paaoM, E;, (xP) cmpe.Mumc.n K 1ty.1uo, ec.1tu ;P eoapacmaem 6ech'O

lle?J,flO. IloaToMy, B qacTHOCTH, E~ (xP") cTpeMIITCH H Bymo, ecJIII, npn 

;t1aHHOM p, n noapacTaeT 6ec1wHeqHo. Ho, no:LaraH xn = y, Mhl BH;t\HM, 

'I.TO E~ (xPn) ecTI. BMCCTC c TeM Ha11Jiyqmee rrpII6mrn~eHIIe !J>ymnvrn xP rrpH 
n 

noMOIIVI cyMMhI ~ Bixi n Ha TOM me 0Tpea1rn [O, 1]. CJie):\oBaTeJILHO, 6Jia
i=t 

ro;t1ap11 aaMeqamno, c1~0J1aHHOMY n HaqaJie ;ri:01rnaaTeJILCTna, rrpn6nHmeHIIe xP 
n 

npn noMOIIl,JI cyMMhl n111~a ~ A,x"'i cTpeMIITCH u: Hy mo BMCCTe c 1/ n, TaK 
i=f 

IrnK (BBep;H, eCJlli noHa,n;o6HTCH, nepeMeHHYIO x" BMeCTO x) ncer;t1a MOiJ\HO 

npe,n;noJIOIBIITh, qTo 1-<,H <(Xi' qTO II Tpe6oBaJIOCh ;tlOKa3aTL. 
11 p II Me q a H lI e. 0Tpe30K [O, 1] MOIBeT 6b1Th 3aMeHeH npo113BOJihHbIM 

OTpe3KOM AB Ha nonomHTeJILHOH ocu; II, KpoMe Toro, HeTpy;t1Ho y6e;t111TLCH, 

qTo ecm1 oTpeaoH AB He ;t1oxo;t1uT ;t10 0, TO ycnoBHe, 'l.To61>1 H > 0, K > 0, 
MOiR'.eT 6b1Th OT6pomeHO. 

57 [65]. BTopoe o6o6~eHHe TeopeMbI BeiiepmTpacca. Ec.1tu n0Kaaame.1tu a,. 
eoapacma10m 6ecKOlle?J,llO e.Mecme c n, mo nau.1ty?J,Ulee npu6.n,u~enue 11,enpepbienou 

¢YllKlfUU f (x) Ha ompeaKe [O, 1] npu noMOUfU ~ Aix"'t cmpe.11tumc.n n 11,y.n,10, 
acn 

ec.1tu 1 cmpe.11tumc.n h' uy.ruo; uanpomue, 11au.fly?J,w,ee npu6.1tu~e11,ue 11,e 
n og n 

.11w~em cmpe.11tumbc.n ,., uy.1t10, ec .n,u ecmb ma Koe ?J,UC.!lO e, ?J,mO an> n (log n)2 + • 
U.ltU a,.> n (log n) 2 (log log n)t+• U m. 8. 

3aii:MeMCH CHaqaJia ;tlORa3aTeJILCTBOM rrepBoii: qacTII TeopeMhl. 

,IJ;ocTaToqHo 6y;t1eT paccMoTpeTL cnyqaii:, Kor;t1a f (x) = xP, rp;e p - npo

II3BOJILHoe ~eJioe IlOJIOiJUITCJihHOe qJICJIO, eCJIII 6paTh TOJihKO Te (Xi' ROTOphle 

60J11>me p, u, TeM 60.n:ee, ;t1ocTaToqHo 6y;t1eT ;t10Ka3aTL, qTo, RaK 61>1 MaJio 

HII OhIJIO 'IHCJIO o, noaMomHo Ha nceM oTpeaKe [O, 1] Yl~OBJieTBOpHTL ttepa

BeHcTny 
i,+n 

\ x - ~ Aix"'i-P+I I < ~' 
i=i,+1 

(58) 

1 YKa3aHHOe 3)J;eCh BhlqllcJieHHe aaaJioraqao TOMY' KOTOpoe H C)J;eJI:UI B 3aMeTKe «Sur 
le calcul approche des probabilites par Ia formule de Laplace» («Coo6m. X. M. 0», T. XII, 
.N2 3), H npHBO)l,llT K CJie)J;yrome~y peayJihTaTy )J;JIH TeOpHH BepOHTHOCTeii:: eCJIH Bepo-

1 HTHOCTh co6D1THII paBHa 2 , TO, npH 2p (p > 1) ucnb1manu.11x, 6epoRmnocmb, ••mo 

11,uc.;r,o m no.<16.flenuu co6b1m1w y0o6.flem6op.'!em nepaBencmey I m- p I -< z0 °Vp, 60.flee, 'le.M 
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II6o, ecJIII STO HepaneJICTBO lfl\IeeT lVIeCTO, TO, nOHeTJHO i 

llycTb 

i,+n 

l xP - ~ Aix"i I< oxP-1 <~ o. 
i=i,+1 

(J.n=Znnlog(n+1); 

n Taf\OM CJ1yqae, no rrpet\IIOJ10memuo, IrnK 6M MaJIO uu obwo •mew "[, Mmm10 

yHa3aTb .n;ocTaTOl'.JHO 60Jlblli08 l'.JHCJIO no, 'IT06bI, rrpu n >-no, UMOTb Zn< "I· 
Ha ocHonamrn TeopeMhr § 43 1rnpanottcTno (58) Moa;oT 6bITb ocyru,ecTn.rreno, 

_ eC.TIII II3B8CTHO, l'.JTO 
n. 

Ix - ~ B1ixr;,, J < o, 
h=I 

~I> Cl.. +h - p + 1. t t 0 

II0Jrono1M ~h = kh; Tor;1a 

n n 

J .x - ~ B1ix'.·h J = J y1k - ~ B,,y'' \ . 
h=I h=I 

Mb! ynn,n;11M n cJio;~y10rn;e.ll rJiaue (11: aTo BbITeHaeT Tami>e II3 rrpm.rn<ramrn 

b 
B) H TeopeMe § 16), l'.JTO wra pa3HOCTb MOIBeT 6bITb c;io.;rnna MOH80 1/k ' r;\O 

n 
b - He 3aBIICRru;aR OT n II k ITOCTOHJIHaR. TaHIIM o6pa30M. 

'< b () -Tik ' 
n 

eCJIII 

k > ixi,+h - p + 1 = E;,+h (i0 + h) log (i0 + h)- p + 1 
h h 

(59) 

.lJ,JJR 3Hal'.J8HIIH h, I\OTOpbie MeHbllle, l'.J8M io, H M8Hblll8, l'.J8M no - lo, 
HepaneHCTBY (59) MO/KHO y)J;OBJI8TBOpIITb, B3RB )J;JIR k H8J\OTOpoe BTIOJIHO 

orrpe,n;eJieHHOe l'.JJICJIQ ko; [IJJR OCTaJibHbIX mo 3Hal'.JOH1IH h nopaBOHCTBO 6y,n;eT 

co6mo,n;oHO, 8CJIII B3RT b 

k = 2y log 2n. 

Monrno rrpe.n;rroJ10mnTh n HaCTOJibHO 6oJibllIIIM, l'.JTO 2T log 2n > k 0 • C.11o;io

BaTOJibHO, 

n2Y Jog 2n 

b 
--~<be Jog 11 

e2Y log 2n 

4y. 

' 

ITOSTOMY 0 MOIBOT 6bITb c,n;eJraHO CHO.:n, yro;~HO MaJ10ii, H nepBaH qaCTh 

TeopeMhI ,n;oHa3aHa. 

,Il;mi: ,n;oHa3aT8JlhCTBa BTopoii qacTH TeopOMbI 3aMo'laOM, 'ITO HaMJI)"IllI08 
n 

rrpn6m1moHIIe x Ha oTpe3He [O, 1] nprr rroMoru;II cyMMhr 1 ~ Aix"i (r.n;e (/.i > 1), 
i=1 

1 Ec;irn 6hl O)IHO fl3 'lf!CeJI !Xi 6hIJIO pamrn 1, TO Ill\IeCTO naHJIY'lUJero IIpH6Jif!)l\eHflfl x 
111om110 6hIJIO 6hl pacCl\raTpnBaTh Han;ry'lmee rrpn6JrnmeJme xP, rf\e p ~ ixi. 
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~n y ):(OBJieTBOpHeT' npII BCHI\OM IlOJIOIBIITeJihHOM :malJeHIIll p.' BepaBeHCTBY 

"n-1 
~ > ~ (1 + µ) . - 1 

n n-1 (1+µ)"n+1 
(60) 

,U:eii:CTBHT0JlbHO, JI3 

aa l\JIIOlJaeM' lJTO II 

I 1 ~ µ + A 1 ( 1 ~ µ)a, + • • • + An ( 1 ~ µ) "n I < ~n; 
a IlOTOMY 

[ X (1 + p.)"n-1 + • • • + An;;;"n \ < ~n (1 + p.)"n, 

OTHy;o;a 

JI 

I I (1+µ)"n+1 
x + B 1x"• + ... + B11-1x"n-I < ~n 1 , 

(1 + µ)"n- -1 

CJie;o;oBaTeJJhHO, 

Q <R (1+µ)"n+1 
~n-1 ~n t 

(1+µ)"n- -1 

llJlll 

"n-1 
~n > 2n-1 (1 + µ) a - 1 

(1 + µ) n + 1 

lfa HepaBeHCTBa (60) IlOJIY'l38M HeMel(JI8HHO 

n a·-1 
(1 + oi) • - 1 

(1 + oi)"i + 1 
(61) 2n> ~n,· rr 

i=n,+1 

rne oi - «amie }TO/.IHO nonom11TOJihHhie lJIIcna. ,U:ocTaTolJno • Tenepn 6y;o;eT 

IlOI\33aTh, 'ITO iJplI COOTB8TCTBYIOIIJ;8M BhT6ope 'IlIC8JI Oi npOH3B81(8HJie, 

CTOHIJ~ee BO BTOpoii lJaCTll HepaBeHCTBa, ne CTpeMIITCH K HYJIIO, npn n --'> oo, 

ecJIII Ctn:;?- n (log n )2+• HJIII Ctn:;?- n (log n )2 (log log n) !+• u T. ;a;. 
Ho 

(1 + oi)"i-1 -1 

( l + i\) "i + 1 

IIonoMy pacn.rnTpIIBaeMoe npoHaBel(eHne Ho MomeT cTpeMIIThCH H HYJIIO, 

ecJrn o6a pH11a 
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6yp;yT CXO)J;RIIJ;IIMIICH. ,Il;JIR CXO)J;HMOCTII rrepBoro pRp;a )J;OCTaTO'lHO B3RTb 

2 2 
On= ---~1+~, IIJIII On= I+ II T. p;.; 

n(logn) e nlogn(loglogn) e 

B03bMeM, HarrpIIMep, rrepBoe JI3 aTIIX 3Ha'leHIIH. B TaRoM cJ1yqae n pRp; 

6yp;eT CXO)J;Rlll,IIMCH, ecmr (ti> i (log i)2+e. 
B caMoM p;ene o6m;niI qJieH aToro pRp;a MeHbrne, 'IeM 

1 

[
1 2 Ji (log i) 2+e ' 
+.(I .)1+e i og1 

T. e., rrpn )J;OCTaToqHo 6oJibIIIOM, MeHbUie, 'l8M 

1 
a IIOTOMY PR)]; "" CXO)J;RIQHHCH, H, CJI8)J;OBaTeJibHO, BTOpaR qacTJ> 

..:::.i (1+8i)1Xi 
TeopeMhl p;oRa3ana. 

II p JIM e 'la H II e. 0Tpe3oR [O, 1] MomeT ObITb 3aMeHeH rrpmrnBOJibJJhIM 

oTpe3IWM AB nonomnTeJibHOH ocII. 

PA3JIOJirnmrn lIPOH3BOJibHblX ©YHKIJ.IIH B HOPMAJibHbIE PR.I(bl 

58 [66]. HopMaJILHbie pH)J;hI. HopMaJihHhlM pHJJ;OM Ha oTpeaRe [O, 1] 
Ha3b!BaeTCR pRp; BII)J;a 

co co 

~ ~ Ap,qxP(1-x)q, 
p=O q=O 

a6coJIIOTHo II paBHOMepHo cxop;HIIJ;IIHCR Ha aToM oTpeaRe. B MoeM co'lHHeHIIII 

«1focJie)J;OBaHne II HHTerpIIpoBaHne )J;II1plfiepeHIJ,HaJihHhlX ypaBH8HlfH c 'laCTHhlMII 

rrpoII3BO)J;HhlMII 2-ro rropRp;Ra aJIJIHIITH'leCRoro nma» 1 p;aHo (B rJiaBe II) 
paanomemrn B HOpMaJibHhlH pRp;, rrpnrO)J;HOe )J;JIH BCRROH <PYHRIJ,HII, IIMeIO

IQ8H HerrpephlBH)'IO rrpoII3BOJJ;H)'IO Ha oTpeaRe [O, 1]. EcrncTBeHHO aap;aTJ> 

ce6e Borrpoc, MOIBeT JIJI COBeprneHHO rrpOII3BOJibHaH HerrpepbIBHaH <JiyHRIJ,IIfl 

6hlTh pa3JIOIBeHa B HOpMaJibHhlH pR)J;. 

0TBeT Ha aToT Borrpoc, RaR MbI YBII)J;RM p;aJrne, oRa3b!BaeTcH YTBepp;n

TeJibHhlM. A nMeHHO, Mhl yRameM rrpneM p;JIR rrpeo6paaoBaHIIR rrpoH3BOJib

Horo, paBHOMepHo CXO)J;RIQeroc H pRp;a MHOrO'lJl8HOB B HOpMaJibHhlH pR)J;. 

c :1TO~i: I!8JJIO paapemIIM rrpep;BapRT8JlhHO cJiep;yIOIQ) IO aJire6paR'l8CR)'IO 3ap;a'ly. 

1 «Coo6rr~. XaphIC )1aTe~r. 06-Ba», cep1rn 2, T. 11 (1908), CTp. 1-96. 
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3 a A a q a. JI peo6 paaoeamo .Mllo.;o•t.iel-l 

P (x) = a,,x" + a11 1x11 - 1 + ... + a1 .'L + a0 

e ebipaJJCemw 
p+q=m 

P(x)= ~ ~Ap,qxP(1-x)q, 
p=O q=O 

2oe m > n, ma1•, wno6bz .Ma10cu.ttyM •'Y.;°rl.;llbl 

p+q=m 
~ ~I AJl, q 1.xP (1 - x)q 

p=O q=O 

na ompear.e [O, 1 J 6bt.ri eoaMOJ1c1w .;lla.i. 
BriIIAY Toro, tJTo HOBtPtliH~neHThI Ap, q II •rnc.:10 HX orpaHIIlICHhI, 3a):(aqa, 

oqeBHI(HO, HMCOT pemeHIIC, T. e. MO/RHO BhI6paTb BTH Hoaip<Jim~HOHThI Tai\, 

'lTOfo,1 MaHCHM}M cyMMhI 

p+q=m 
~~ I Ap, q [ xP (1 - x)q 

p=Oq=O 

J(OCTHraJT CBOero HII3IJlero rrpe):(eJia; BTOMY MIIHIIMaJihHOMY 3HaqeHHIO MaHCII

MyMa MhI ):\Jill HpaTHOCTU ):\a):\UM Ha3BaHHC uop.Ma.%7-lOcO ."rtaKCU.MYMa cmenel-lp 
m 11attHoro MHoroqJieHa Ha oTpeaHe [O, 1]. 

BecbMa aaMCl!aTC.JJhHO, 'ITO nocTaBJieHHaH 3a11aqa paapemaeTCH coBeprneHHO 

:meMOHTa ptto, rrpHqeM o6Ha pym1rnaeTCH IIHTepeCHbJM lfia HT' 'ITO uo p.;lta.llbl-lblU 
.Ma10cu.My M cmeneuu m .Mo6oco MUOCO't.llena P (x) u.Meem npe8e.llo.M, npu m-;.. oo, 

Mancu.My.;ll IP (x) I na 8aH7-lO.M ompea10e. llcHOMoe pernemrn BhITeHaeT II3 

rrpocToro 3aMellaHIIH: 11orrycTHM, 'ITO sa,n;aqa peruetta, II nycTh Bhlpamettne 

p-f-q=m 
P (x) = ~~ a}!, 11 xP (1 - x)q 

J!~O q=O 

ecTh Ol\HO n:i noaMmHHhIX peruettu:ii. H roBopm, 11To ec.:rn: cpeAH tJJreHOB 

ap, q xP (1 - x)q eCTh Tamrn, CT8IT8Hh l\OTOpbIX p + q = m _:_ k, r):\e k > 0, 
TO perueHHeM aa):\aqJI 6y):(eT c;iymIITh II TO Bbipamemrn, l\OTopoe IIOJI)"JHTCH 

OT aaMeHM ap, q xP (1 - x)q cyMMOM qJTCHOB CTOITCHH m, 

ap, q xP (1 - x)q [x + (1 - x)Jk = 

=av, q [xP-f-k (1 - x)'1 + kxP+k 1 (1 - x)q+1 + ... + xP (1 - x)q+k]. 

B caMOM 11eJie, 

[ ap, q [ xP (1 - x)q = 

= [ ap, q I xq+k (1 - x)q +I kav, q [ xP+k-1 (1 - x)H1 + ... +I av. q I xP (1 - x)q-f-k, 

TIOBTOMY cyMMa MOl\YJJe:Il: rrpeo6pa30BaHHOrO BbipallrnHirn He MO/I\CT rrpeBhIC'IITh 

cyMMhI MOl\yJieii: ):\aHHOro BbipameHMH. 

0TCIOl\a CJiel\YOT, 'ITO cpe):(H pemeHIIH aa11a11II BCer):(a eCTh Ol\HO pernemrn, 

B HOTOpOM cyMMa IIORa;rnTeJICM p + q = m. ~pyrIIMII CJIOBaMII, 3a):\al!a 6y11eT 

perneHa, 8CJfl1 npe,L\CTaBIIM p (x) B BIIl\C 

P (x) = Amxm +A 111 _1x111 - 1 (1 - x) + ... + A 0 (1 - x)m. 
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ornyAa naxo)J;HM )J;.;rn oupe)J;e:renHH m + 1 1rnacpqnrn:neHTOB m + 1 ypanHeHHH 

Ao= ao, 
A 1 - mA0 = a 1 , 

(62) 
A -( -k+1)A + +(-i)km(m-1) ... (m-k+1JA = . k m k-1 ... 1 .2 ... k oak. 

r)J;e ak = 0, ec.1H k > n. 

PeUiemre ypanHeHnii: (62) He rrpe,VTaB.'IfJeT TfJYAa u )J;aeT HeMe)J;JienHo 

Ao= ao, 
A1 = a 1 + ma0, 

· m(m-1) 
A 2 = a2 + (m - 1) a 1 + 2 a 0 , 

. . . . . . . . . . . . . . . . 

c~ = m (m - 1) ... (m - k + i) . 
1·2 ... k 

(63) 

llTaH, nocTaB:rem:an 3a)].a'la peUic1rn; 1lOp.MaJtblibli1 .Ma1;;cu.tty.M cmene1lu m 

8awt020 J\tltOCO'lMlW paeeli .Mancu.My.My cy.M.Mbl 

m 

~ J Ak Ix" (1 - x)m-k 
k=O 

eoe noa¢¢uquelimbi A, onpeOe/lJUOmCJl rftopMy.rta.MU (63). 
59 167]. Hcc:ief{oBamie se;rinqm1b1 nopMa.'lbHoro MaKcnMyl\ta. ©opMy;ry, 

orrpe)J;CJIHIOIIJ,YIO A.h MOIBHO npeo6pa3onaTb cJie)J;yron~HM 06pa30M: 

lb no:1y'ICHHOl1 cpopMyJihl BII;:J,HO, 'ITO, npn 6eCHOHC'IH0~1 B03pacTaHIUl m, 

(64) 
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)J;ettCTBMT8JlbHO, 8CJIM k eCTb orrpe,IJ,8.'18HH08 lJ.UC.JIO, TO Bee L£:18Hbl C,YMMhl, 

cocTOHH18M 113 ,IJ,annoro 'lIICJia n + 1 c:iaraeMLix, 

1 

( k )2 1-k m a2 --r + .. ., 
1---

m 

r;poMe a0 , cTpeMIITrrr R uy.;no, no::nm1y 

A (k) lim ---} = llo = p (0) = lim p m . 
m~ooCm m~oo 

Ecnu am k Tam«e B03pacTaeT 6ecH0He11no, TO 

. Ak . [ k (k )2 'k )nJ . (k ' lim Ti = lrm a0 + a 1 - + a 2 - + ... + an (- = hm P -) . 
m~oo Cm m-o>oo m m m m~oo ,m 

C:rn11:yeT npw6amITh, 'ITO pa3HOCTb 

Ak (k) ok=--P -ck m 
m 

paefiO.Meplto cTpeMIITCH I\ HY. o npn 6ecR:oHe•moM B03pacTamrn m. 

B caMoM )l;eJie, 

[ 
1 l r·( 1 ) ( 2) ( n - 1 \ l ~ 

1 
_ (~-) 2 1 - le _ (l!__)n 1 - k 1 - k .. · 1 - -k- ) _ j', 

o.: - m ll2 1 1 + ... + m an I ( 1 ) ( 2 ) . n - 1' 1 
1-- l 1-- 1-- ... (1--) m m m , m 1 

TIO:=lTOMY 

lfraH 

(64') 

CJie,IJ,OBaTeJibHO, 

:§ \A<\xk(1-x)m-k= ~ IP(~)+ok/C~xk(1-x)m-k< 
k=O k=O 

<(.M+!):§c~xk(1-x)m-k=(.M+ !)rx+(1-x)]m=M+~, 
k=O 
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o6oaHallaH 1repea .M MaHcm1yM MHoro1meHa P (x) Ha OTpesHe [O, 1]. TaHHM 

o6pa30'.\1, o6o3Ha'laH llOpea Mm HOpMaJibHbllI MaHCU'.\l.j M CTOIT8HH m :1rnoro

'IJ18Ha p (x) Ha 0Tp03H8 [O, 1]' If'.\188M 

(65) 

CnencTnue. Ec.iu Amoeo,weH P(x) no.wJJCumeA,eH Ha ompe31;,e [O, 1], 
mo, npu m oocmamo'IJW 60.ibUlOAt, ece twa¢¢uque1tmbl Ak noJWJJCumcilbHbZ. 

60 [68]. TeopeMa. BcJtnaJt Hl'npepblBJtaJt Ha ompe31'e [O, 1] ¢yHnquJt 

paa.ia2aemcJt e 1wp.1ta/lb1lbll'i p!lo Ha umpeafZe. 

B caMo'.\1 ne.rro, Ha O<:Honamm Teope:11b1 Be~iepnITpacca, BCrrHyIO nenpepnrn

HYIO cpymni;u10 f (x) :1rnmno npencrnBMTD B BHµ;e paBHOMepHoro cxoµ,mu;eroca 

pana MHOrO'IJI8HOB 

f (x) = Q0 (x) + Q1 (x) + ... + Qs (x) + ... (66) 

Ham1caHHn1ii pHA '.\l.Onrno 6ynwr npeo6pa30EaTb B HOp'.\1a.'IhHhII°1 pHA 

CJI81\YIOIIJIIM 06pa30'.\1: coe,IJ,IIHHH B'.118CTC, GCJIII STO ITOHall:06IITCH, no H8CHOJibHY 

'IJieHoB, pan (66) npeo6pa3ye'.\1 B pHA 

f (x) = P0 (x) + P 1 (x) + ... + Ps(x) + .. ., (66') 

B xoropoM ECO MHOFOTIJI8HbI Ps (.z:) (np.lI s_> 0) YHOB.7IBTBOpHI07' ycJToBIIIO 

Iloc.Tie STOI'O npo,I!,CTanIIM: BCe .!\IHOroll.:J8Hbl p s (x) B rm;i,e 

m 

Ps (:r) = LA~) xk (1 - x)m-k. 
k=O 

Ilo;;iaraH m )\OCTaTO'IHO 60.ITblIIHM' 1IT06bl HOpMaJibHblll i\'IanCHMY'.11 JYl<:( :1rnoro

ll.TI8Ha P s Ho npeBbillla;r 6oneo 'ICM B ,IJ,Ba paaa ero o6nrnHOBeHHOro MaHcn

My:1rn, no.:1y1IIIM 

~I A(s) Ix" (1 - x)m-k <,., _1_ . 
...:::.J k '-- 2s--1 

k=O 

,IJ;eJrnH TO me npeo6pa30Eamrn ,IJ,.JIH Ecex s, MhI, OlleBHAHO, npeo6paayeM 

pa;i: f (x) B HopMa:1nHn1:i1 pag; 11To H Tpe6oEaJIOCb ,IJ,01maaTb, 

C Jl e g c TB II e. JriJt ernnoii uenpepbWJtoii ¢yllniuu u.Merm .«ecmo 

paeeucmeo 1 

1 ::ha q>opMyJia ELIB8)J,CHa ~IHOIO npII IIOMOillII TeOpIIII uepOHTHOCTeiI B 3aMeTKe 
«Demonstration du theorerne de Weierstrass fondle sur le calcul des probabilites», 
IIoMerr~enHoii u «Coo6rrc XaphK. MaTeM. 06-ua», T. 13, .N2 1, 1912 [4]. 
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B caMOM )J.eJie, ecm1 f (x) = P (x) ecTI> MHoroTIJieH, TO Ha ocHoBamrn 

paBeHCTBa (64') 

\ P (x) - k~ P (~) C~xk (1 - x)m-k I<! . 
Ecmr :me f (x) ecTI> npOH3BOJII>HaH «Jiymni;irn (66'), TO, noJiaran 

1 If-Pl<--· ' ' 2s ' 

(67) 

(68) 

noaTOMY, npnMeHHH R MHOrDTIJieHy P (x) HepaBeHCTBO (67), aaRJIIOTiaeM, TITO 

If (x) - ~0 f (~)c~xk(i - x)m-k / < 2L1 + ~. 

TamrM o6paaoM, RaR 6bl MaJio HII 6bmo 'IHCJIO ex, Bhl6npaeM s JJ.OCTaTO'IHO 

60JlhIIIlIM, 'IT06I>I 

nocJie Bhl6opa s MHoro11JieH P H Roacfiqmi;rrnHT B 6yJJ.yT orrpe)J.eJTeHhl, n, 

CJl8;l;OBaTeJII>HO, Bbl6HpaH m ,n:OCTaTO'IHO 60JJI>IIIHM' HaiI,n:eM 

T. e. 

If (x) _~of(~) c~ xk (1 _ x)m-k I< ex, 

"C£ac1n'b 1npeni'bu 

PA3J10jl\EHHE HEilPEPbIBHbIX <l>YHKQHH B P.H,ll,bl 
TPHrOHOJ\1ETPMqECIUJX MHOroqJIEHOB 

r JI a Ba VI 

0 IIPHE.lUljirnmrn:, OCYIIl,ECTBJUIEMOM IIOCPE)l,CTBOM PA3JIOiKEHHR 
wYHKU:ll:H B PR)], TPHI'OHOMETPHqECKHX MHOroqJJEHOB 

61 [69]. Cpe11:u1111 RBa11:paTH'Iua11 onn10Ra. On1ermmrn MnoroTIJieHa ,n:aH

noii cTeneHII, HaIIMeHee YRJIOirnIOIIJ;erocH OT neRornpol1 «Jiynmi;ttII f (x), npe,ri;

cTaB.~HeT, Hal\ STO BU):\HO Il3 npe;i:rnecTBYIOIIJ;l\X raaB, 3aµ,a11y 11pe3BbP:IaMHOM 

Tp~·,n:HOCTII. IIoaroMy IIHTepenro BhIHCHHTI>, Rai-;yro Boirony )J:JIH peIIIemrn nolr 

aa;i,a11n Momno IT3BJJ8'Ib H3 peIIIeHUH Apyroii ana.-rorwmoii, no necpaBH8HHO 
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60.:rree nenw1'.i aana'In oTLICI\aHHH MHoro'l,0 roHa R,, (::r) C'T8II8HII n no j c~roumo 

'ITOOhI 1·peo1rna He1opamu1maa owu6iia 

b 

~ p (x) [f (x) - Rn (x)] 2 dx 
a 

(rrpH nauuoM eece p (x) >- 0) 6oma B03MotRHO MaJioir. IloJJaraH, p,.crn orrpe;o:e
JIOHHOCTH, a= - 1, b = 1, Mbl orpaHH'IH:\IC'H pacCMOTpeHne11 CJI) 'IaH 1, 

1 
1rnr1-1a p (x) = V 

1-x2 

Ho 
+1 7t r de c 0~= j[f(x)-Rn(.r)] 2 Vi-:x 2 = j[f(cos6)-R,,(cos6)]2d6, (69) 
-1 0 

u, saMe'IaH (§ 10), 'ITO 

Rn (cos 0) = A 0 + A 1 cos 6 + ... +An cos n6, 

HaXO;r:(H:\1 ycJIOBtlH' neo6xo)\HMbI8 H ;r:(OCTaTOlJ:IJJ,]0 ;r:(J!H MIIHinryMa 0: 

7t 2n 
1 \' 1 \' A 0 = n jf (cos 6) d6 = 2n j/ (cos 6) d6, 

0 0 
(70) 

rr 2n 

2 ~ l c Ap=- f(cos6)cosp6d6 = -,f(cos6)cosp6d6. 
7t 1t v 

0 0 

<DopMyJihl (70) )laIOT He 'ITO IlHOe, I\aH: xoporno H3BeCTHhie 1wa<Ji<Jirn~IleHTbl 
<Dypoe 2 pasJiomemrn <Jiyma~nu 9 (6) = f (cos 6) B TpIIrOHOMeTpH'IeCRIIH pH;o:. 
8TH me ROa<Ji<Jinu,neHTbl Mbl HaXO;r:(IIlVI II )\JIH pa3.!IO/lieHHH f (x) B pH;o: TpH
rOHOMeTpII'IeCRIIX MHOro'IJieHOB T n (x) = cos narc cos x, 

f (x) = A 0 + A 1 T 1 (x) + ... + A,, T n (x) + ... ; (71) 

a MHOrO'IJieH 

(71') 

o6paID,aIOID,Rii B MIIHHMYM c pe;o:uroro RBanpaTH'IHYIO ornn6Ry, no.:rry'IaeTCH, 
8CJIH B pa.3JIOmemrn (71) OT6pOCIITb 'IJieHhl CTeITeHII BbIIIIe n. 

B rJiaBe V (§ 51) MhI yme paccMaTp1rnaJiu npu6JIIImeHHhI8 MHoroqJ'reHhI 
Rn (x) n BHgeJI:n, 'ITO B HeIWTOpbIX pe;o:RIIX c.:rryqaHX OHII ;o:aroT acu:-.mTOTII-

1 06061I1eHIIe pe3yJILTaTOB, ROTOpbie 6yAyT IIOJIY'IeHbI B 3TOM cJiy'Iae, He rrpe):ICTaB
JUieT cepLe3HbIX TPY)JHOCTeii:. CM.: II a a r. Orthogonale Funktionensysteme, «Math. 
Ann.», Bd. 69, 1910; B. A. CT e R JI on. Sur la theorie de fermeture des systemes 
de fonctions orthogonalcs, «Sarr. ARa):I. Haym>, 1911. 

2 I:\031Ji1Ji1ni;HeHThl rrpH c1rnycax paBHbI Hymo. 
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"lJ0CI\H8 nr.1pameHIHI MHOroqJieHOB, HaIIMGHee yH,10HHIOID;HXCH OT ,IJ,aHHOll 

qiy1n'1J;IIII. Bo MHOrIIX c:1y1JaHX, I\al{ 6ylJ:eT IIOha3aHD )\a.1hllle, 

In[/ (x)] 
1 < En[! (x)] < k, (72) 

r,IJ,e k - He 3annCHIQaH OT n IIOCTOHHHaH, a In[! (x)] eCTb Mal\CIIMYM pa3-

HOCT!I j f (x) - Rn (x)) . Ho yme Oll,MH TOT qia1>T, 'ITO cym;ecTByIOT Henpepbrn

HhIO ¢YHHIJ,~UI, HOTOphle He MOl',YT 6bITb pa3ZIO}f\eHhI B CXO,IJ,HID;HiirH TPI1TO

HOIYieTpwrncmrtl: PHA, IIOHasr,rnaeT, 'ITO Hepa13eHCTBO (72) He ncer,IJ,a HMeeT 

MecTo, TaH Hal\ B03MOmHo, 'ITO En [I (x)] cTpeMHTCH H HYJJIO, Mem,IJ,y TGM 

RaH: In[/ (x)] no3pacTaeT 6ecH0He 1nw. lfocJJO,IJ,onaHMe yc:10nu11:, HaHIIM 1wmmrn 

YAOBJieTnopHTh qiymn~IIH f (x), 1IT06h1 uepaneHCTBO (72) 6Dino co6n1011:etto, 

HBJ!HeTCfl, TaHMM o6pa30~I, Henocpe,IJ,CTBGHHJ,IM rrpo,IJ,OJllI\8IUI8M H.ilaCCII1JGCHO:i1: 

Teoprrn paa:10memrn ¢yttmi,nii: n TpuroH0MeTpH1Ie<:H111l: pH,Il,. 

62 [70]. He1wTopbrn CJieil:CTBIIn: n3 TeopeMbI Pncca. Ilpeame •10M 

rrepeil:nr H 11."lY'IGHIIIO HaIIMGHhlllero y l{JIOHOHlrn c HOBOII T01Il\M 3pemrn' 'Ha 

IWTopyIO Mbl CTaHOBIIMCH B ::no:il: r:rane, C,IJ,e:raeM HGCKO:JhHO saMe1JaHIIII 0 

MI!ITnMyMe cpell,Heil: HBa,IJ,paT111JHOil: OIUH6m1, He MMOIOJI!J'lX npHMOI'O OTHOilleHITH 

1; ,IJ,a:JhHe:il:IlleMy. HaIIOMHIO CHa<Ia.rra TeopeMy <DpH,Il,prrxa Prrcca 1: iJiiJl mo20, 

'lmo6bi ¢!JHKlfUJl 9 (0) 6b1.w Keaopamiiiuw unmec:pupyeMa (m. e. 'lmo6bt ,, 
wtmec:pa.i ~ 92 (6) dO, npu 0 <a< b < 2r:, cy11fecmeoea.i e C.Mblc.1e Jle6ec:a 2), 

a 

(X) 

mo6xooU.MO u oocmamo'lllO, 'lm06bi p.llO ~ A~, roe 'lepe3 Ap o6031ta'leHbl 

p=O 

1w.11ft¢u1tize1tmbi W?Jpbe (70) ¢YH1'lfUU 9 (6), 6bift rxoo.ll11fUMC.ll; npu amoM 

2~~ 00 
1 2 - 2 1 2 

2n 9 (6) d6 - Ao + 2 ~ Aw 
0 p=I 

Ilpn!VIeHHH TeopeMy P11cca H cJiym.;QrrII 

- 9' (6) =/'(cos 6) sin 6 = f' (x) {1 - x2 , 

y JWTOpo:ii H09cflcJmwrnHTbI <Dypr,e paBHJ,I pAp, HaXO,IJ,IIM, 'ITO ) C:JOBHe, He

o6XO,[\IIM08 II )\OCTaToqHoe ,IJ,:IH TOI'O, qro6hI HHTerpa:r 

b 

~ [/' (x)]2 (1 - x 2 ) dx 
a 

cym;ecTBona.;r (H CMhie.-re Jie6era), npn - 1 -<a< b < 1, saKmoqaeTCH B 

1 Fr. Ries z. lJnlersuchungen iiber Systeme inlegrierbarer Funktionen, «Math. 
Ann.», Bu. 69. 

2 Lebesgue. Le<;ons sur !'integration et la recherche des fonctions primitives. 
[Ee TL pyccmiii rrepenori:: A. ;rr e 6 er. lIHTerprrponamre II OThlCRaHrre rrpIIMHTIIBHhIX 
!f!ynmi;nii. fTTII, 19;)/i. (Pei!.)] 
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co 

6 ~ p 2A 2P 6 ( ,i,,t, A ,f, TO:W' 1'.J.TO bI pa;o: L.J bEI cxo;o:m.u;II~1CH Koa';t'';f!IUJ,IIeHThI p 11,aHhl ';f!op-

p=i 
co 

My;rn~m (70)), T. o. 'IT06br C}MMa pp,= ~ p 2A; cTpe~m;;rncb I' Hpno c 

P=P 0+I 
BOBpacTaHneM Po· 

Ho 

(69') 

rroaT0~1y 

co 

(p 0 + '1) 2 o;, <;:pp,< (p 0 + 1)20~0 + ~ (2p + 1) o;. 
E 

Tam1M o6paaoM, noJiaraH op = :_ 1 , BII,ll,HM, 'ITO O.!/,Jl cyutecmeoeaHu:i 
b p ' 

uHmeipa.rn ~ [!' (x)]2 (1 - x2) dx neo6xoouMo, "lm06bi zp = op (p + 1) cmpe.Mu-

a 
co 2 co 

E 2 
.10Cb n ny.110, u oocmamO"lllO, "lm06bi p:io ~ p ~ 1 = ~ (p + 1) Op 6bt.!/, cxo-

p=I p=I 
• 1 

OJlUfUMCJl. Hocne11,Hee yc;10mrn co6mo;o:aeTcH, ecmr zP-< 1 IIJin 
-+oo 

(log p) 2 

-< 1 1 II T. ;o:. AHaJionPrnhle pe3y.r1bTaThI Monrno IIOJI}'lIITb 
-- - +" 

(log p) 2 (log log p) 2 

H ;r:(JIH IlOCJie11,yIOm;IIX npOU3BO;r:(HblX; He OCTaHaBJIIIBaHCb Ha STOM, 3aMeTHM 

TOJibHO, q•ro BeJIIIqIIHa MIIHIIMyMa cpe11,Heil: l\BagpaTII'lHOH OlliH6HH O~ Tal\ me 

TeCHO CBH3aHa c Ullmecpll.!/,bllO-OUfP¢epelllfUll.!/,bllblMU CBOHCTBaMII <PYHHll,IlH Ha 

ece.M np0Me;J1Cymne, Hal\ Ham18Hblliee YHJIOHeHIIe En[! (x) l CBH3aHO c ou¢¢e

pellf(Ull.!/,b]{blMU CBOHCTBaMII tPYHHll,IIII B Ham11,oil: OT,rJ,eJibHOil: TO'rne (rnaBa II). 
II p n Me q a H II e. lfa paBeHCTB (69) n (69') BU;r:(HO, 'ITO On< En [f(x)] • v;; 

IIOSTOMy* 

V ~ (A~+:+ A~+2 + ··.)<En[/ (x)] <I An+! I+ J An+2 i + · • · (53') 

63 [71]. TeopeMa. JI, j/,Jl ec:inoii Henpepbielloii ¢ynztuu f (x) uMeem Mecmo 

nepwellcmeo (npu 06oalla't/e1tu:ix § 61) 
In[! (x)] 
En[! (x)] < k1 log (n + 1), (73) 

28e k1 - Ile a:ieuc:iuta:i om n u om ¢yllnlfUU f (x) nocmo:imta:i. 

::ha TeopeMa BbITeHaeT II3 aHaJIOrii'lHOH TeopeMhl, )\Ol\a3aHHOH Jle6eroM 

B 11,nTHpoBamroil: yme paHee pa60To «Sur les integrales singulieres» 1, OTJIM-

* B nepBoHa'laJibHOM TeI\cTe B JreBoii 'IaCTII HepaBeHCTBa (53') GTCYTCTBOBa.TI l\IHO
mnTeJib Vf (Aemop.) 

1 «Ann. de Toulouse», T. I (1909 r.) CM. TaHme yrroMrrHyTyro Bblllle pa60Ty ,IJ;meR
cona. B pa6orn «Lebesguesche Konstanten und divergente Fourierreihe», «Journ. reine 
und angew. Math.», Ed. 138, JI. <J)euep rrpon3BOAHT Bbl'lllCJiemre, H3 RoToporo BbITeRaeT, 
'ITO Roaq)(frnu;nenT k1 B c(JopMyJie (73) HMeeT npe,ri;e;rmr 8/rr:2 npII n-'? oo. 
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'IaIOII1,eiicrr OT HaIIIeii: TeopeMhI TelVr, 'ITO y Hero In ecTh :-.rnRcuMy:-.1 pa3HOCTH 

If (x) - p~O Ap cos px + Bp sin px i · r1:i:e Ap n BP - Ro:=iqiqi1u1uonTbI <Dyp 0 e, 

a En - HaIIJIY'lIIIee rrpu6JimRerurn f (x) rrpu rrm10II1,u TpuroHoMeTpu'leCROH 

cyMMhl n-ro rropH)IRa. TamIM o6pa30:\!, C'lHTaH Teope:-.1y JieGera )IJIH TPiffo

noMeTpII'lecRnx cyMM )IOJ>a3amrnt'1, Mbl IIOJIY'IIIM uepaBeHCTBO (73), ecmr, HaR 

B § 61, C)leJiaeM IIO)ICTaHOBRY x =cos 6. 
64 [72]. CJieflCTBHH. 1) Jle6er BbIBO)IIIT II3 cBoeil: TOopeMbI II II3 Toro, 

'-ITO naIIJIY'lIIIOe rrp116Jrnmen11e En qiymrn,uii, y )IOBJIOTBOpHIOIIl,IIX ycJIOBIIIO 

,lJ;IIHII-JlIIIIIIIIII!a, MOHbIIIO, 'leM En log (n + 1), I')IO lim En= 0, 'ITO :=lTII qiyHR-
n~co 

r~IIII pa3JiaraIOTCH B cXO)IHIIl,IIeca Tp11ronoMeTpII1IOCHIIe pH)lhI. MoI MotReM, 

CJIO)IOBaTeJibHO, TamRe yTBepm)laTb na OCHOBaHirn nepaBOHCTB (73) II ( 55)' 
'ITO ecJll>aJl rfiyHKlfUJl, y8oe.rtemeo pfllOU(asi yc.rtoewo J( uHu-JJ uniuuzta, pa 3 "rn-

2aem cJl e cxo8Jlll(UUCJl pJlfJ mpu201toMempu'ieCKUX MHOBO'i.rteHoe. 3aMeTHM, 

RpOMe Toro, 'ITO, BCJie)ICTBil8 3aMe'laHIIH, 3aRaH'lilBaIOII1,ero § 55, rPYHKlfUJl, 

yooe.rtemeo pflJOU(aJl 0606 ilfeHHOMY yc.rtoeu10 J(uHu-JJ uniuuzta, pa3.rtaeaemCJl e 

pfla mpueoHoMempu'iecKux M1t020'i.rteHoe, Komo pbiu MOi»CHO c8e.rtamb cxof) Jl

U(UMcsi npocmoii epynnupoeKoii 'l.JteHoe. 

2) TeopeMa § 63 rroRa3bIBaeT HaM, 'ITO, ec.;iu B006IIIO rroprr)IOR y6h!Bamu1 

En He paBeH I,,, TOM He MeHee rrocJie)lnnii Bcer)la onpe)leJirreT rroprrm:rn E,,, 
c TO'lHOCThIO p,o MHOJRIITeJrn log (n + 1). YrrnmeM, HanpIIMep, BepxHIOIO II 

HI!ll\HIOIO rpaHHI!Y )IJIH E2n [ I x I ] B npoivrnmyTirn ( - 1, + 1). ,Il,mI :=lTOro 

paaJiaraeM Ix I B cTpoRy TpIIrOHOMeTp11qecRnx MHoro•meHOB. IlpHMOHHJl 

qiopMyJihI (70), HaXO)lllM 
7t 

A0 = -:;;-- I cos 6 I d6 -=- -=-- ; 1 ~ 2 
'" Ii. 

0 
.. 

1t 2 
2 \ /, 

A21: = ~ J I cos 6 I cos 2k6 d6 = + ~ cos 6 cos 2k0 d6 = 

0 u 
7t 

2 
2 \ ' 4 (-1)k+1 

= ~ J [co,,, (2k + 1) e +cos (2k -1) 6] d6 = ~,. (2k- l) (2k + 1). 

0 

CJie)loBaTeJibHO, 

IIO:=lTOMY 

I I - 4 [ 1 T 2 T 4 Ts ]· x - - -2 + -1 ') - :,---=- + -=-::: - • • • , rt •0 0·:J :J·I 

12n=: [(2n+1)\2n+3)+(2n+3/(2n+5)+ ... J=rt(2~+1)' 
TamrM o6pa30M, Ha ocHOBaHIIII TeopeMbl § 63 

k1 / E < 2 
(2n + i) log (2n + 1) '--- ~ 2 n ;-r (2n + 1) 

(74) 

(75) 

IIepBaJl 'laCTh :=iToro nepaBeHCTBa 1, pa3yMeCTCH, HecpaBHOHHO 11101rne 

1 0Ha HMeeTCiI H B ynmrnHyTOll pa6oTe ,J;mexcona, ROTOpbill, llC3aBIICHMO OT ~IeHH, 

I!OJIY'IHJI ee aHaJIOI'H'IHbIM o6pa30.\I. 
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ygoBJieTBOpMTe:IbHa, 'ICM pesyJinTaThl, HalicgOIIHM8 HaMM pam:-e; HO BTOpaH 
0 637 

TiaCTh HepaBeHcTBa gaoT )l.OBO:IhHO TO'IHYIO BepxHIOIO rpaHMUY E 2n < -:)- . 
~n 

;i:J:pyrMMM cJioBa~rn, npnomrnrnrrne I x I , ROTopoe naeT cTOJih rrpocToe pa3.rro-

IBCHMe (74), JIMIIIb HC'BHalJ.MT8JibHO xymc HaMJIYTIIIIero npMfornmemrn; a 

. MM8HIIO, rrpMIIOMMHaH HepaB8HCTBO (54) § 55, MMOOM (no Rpail:Hei'r Mepe )l.JIH 

BeCLMa 60J1LIIIHX 3na1rnnuii: n) 
l2n I xi 

2,22 < E . < 2,36. 
2n Ix I 

(76) 

65 [73]. TeopeMa. EcJm rfiYlllZlfUJl f (x) yooeJtemeopHern yc.10eu10 .Humawfa 

cmenow a< 1, mo 
k 

En ff (x)] < n~, (77) 

28e k - He aaeuCJlUfUl'i om n noarjJrjJuu,ueltm; npn amoJ1t .M1to2ott/lellbt cmene1tu 

n, ocyUfeCmBllJllOUfue npu6Jtu;J1Ce1tue k/n", n0Jtytta10mrn nocpe8cmeo.u npu.ue

rteHUJl cnoco6a cy.u.uupoea1tuJl <Peuepa K paa1to;J1Ceuwo pacc.uampueae.uoii 

rjJyHK1fUU e pH8 mpu201to.uemputtecnux .M1to2ott/le1toe. (To ;J1Ce ca.A-toe mu ta tis 
mutandis u.1teem .uecmo u 81lJl mpuco1to.uemputtecnux cy.u.u.) 

D caM0~1 ,IJ,eJie, IIOJiaraH x = cos 6 II 0003Ha'laH 'l.E'pes 

Sn= A 0 + A1T1 (x) + ... + AnTn (x) = A 0 + A1 cos6 + ... + Ancosn6 

cyMMY n + 1 1rnenoB pa:rnomenMH f (x) = f (cos 6) = 9 (6), MhI rroJiy•rnM npu-

6JIMJH8HHYIO cyMMY <Deil:epa (n - 1)-ro rropH,IJ,Ra 

SO+ 8 1 + · · · + 8n-I 

n 

n rrpM 3TOM ocTaTOH'. Rn paBeH 1 

1t 

2 
1 ~· (sin nt)2 

Rn= crn - 9 (6) =rm ~ sin t [9 (6 + 2t) + 9 (6 - 2t) - 29 (6)] dt. 
0 

Ilo npe,IJ,ITOJIO/R8ITHIO, 

I I (x + h) - I (x) I< Nh", 

r,IJ,e N - gaHHoe TIHCJIO, a cJie;:J;oBaTe:rLno, u 

I 9 (6 + 2t) - 9 (6) [ < N(2t)" =Mt". 
Ilo3TOMY 

1 1t 

< 2.': [ ~ n2t"dt + ~ ,;~;',] < ~; [1 ! "+ ~' 1 
1 J 

n 

1 Leh es g u e. Le<;ons sur les series trigonometriques (cTp. 94). 
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Ta1rnM 06pa3m1, rrpn a< 1, 
k If (x) - crn I< --r;, 

n 

r;o:e k - ne 3am1CHIIJ,Hil OT n Iwatfiqrnu,nenT, 11To n Tpe6oBaJiocr, ;o:01rn3aTD. 

II p lI Me q a H 11 e. Ma ;o:orrn3aTe'1bCTBa BH,i~Ho, 'ITO nr,rn0;o: He HapynrnTCH, 

eCJIH name N HO ITOCTOHHHaJ1 BOJHl'IIIHa, a B03pacTaeT 6eCHOH01IHO npu 

x = ± 1. c Te'.\1 o6CTOJ1Te.TibCTBO.M, 'ITO o;o:na II Ta mo oco6eHIIOCTb <JiyHK

IJ,JUI BHYTPII oTpe3Ha n Ha Honu,ax ero ne OAIIHa1wno BmrneT Ha npn6mr

arnmrn <JiyHI{Il,IIII npII noMoIIJ,n MHoro11JieHoB, Mhl yme BCTpe11aJIHCb B rJJaBe II. 
He ocTaHamnrna11cr, na no;o:po6noM 11cc ;rn;o:oBarum aToro nonpoca, yimmeM 

JIIIIIIb 0)\IIH npoCTOM npHMep, Ha HOTopoM OT'leTJIHBO BH;r:(lia C,Ylll,HOCTb 9TOH 

pa3HIIIJ,hl: II;J ,IJ,Oirn3aHHoili ToopeMhl BbITeHaeT, 'ITO E 2nJ x I"< _k_' r;o:e cx<1; 
(2n)" 

npn 9T0'.\1 J1CHO, 1ITO MHOro11;1en CTOITeHII 2n, HauMenee ,YH'10HHIOIIJ,HHCH 

OT Ix\", ne conepmnT He'lOTHbIX cTeneHeit x; noaToMy, no;iaraH x2 = y, MbI 

BHl\IUI, 'ITO naIIMeHnmeo prnoHOHHO E~ (y"12) Ha oTpe31'e [O, 1] Tarrnrn y;o:o-

E ' ( a/2 E I I" k TT ' ' flJieTBOpHeT nepaBeHCTBY n y ) = 2n I x I < -- . MPY T'HMH LJIOBaMH, 
' (2n)" 

ycaomre JIHITIIIHIJ,a CTeneHII ex BH,YTpn 0Tpe31'a IIMeeT cyIIJ,eCTBeHHO TO me 
3Ha•ieiurn ;o:Jrn HaHMenr,mero yK.:10nennrr, 'ITO ycJIOBHe JlnnrnHfi,a cTenemr 

rx/2 B HOHl~ax 0Tp03Ha. 

66 [74]. PeayJihT3TbI )l.meKcotta 1• HeTpy,IJ,no 3aMeTHTb, :i:To oCTaTOH, 

no;iyiraeMbTil: npn npHMeHeHnlI cnoco6a <Deiliepa B cJJy•rae, Irnrna a= 1, He 

II0)\1IlIHHeTCH 3a1rnHy' BhlpameHIIOMY npenrneCTB,YIOIIJ,eili TeopeMoli: B 8TOM 

{;JJy11ae wmrno ,YTBepH{)\aTb TOJibHO, 'ITO 

IR J<klogn 
i n n • 

Amer.:eoH, He3aBHCHMo OT MeHH, npH noMoIIJ,II ;o:pyroro MeTona, noJTy•rnJI 

6oJioe 3airnn1ieHHniil: pe3yJinTaT, a HMenno, on no1'a3aJ1, 11To npM a= 1 

k 
En [f (x)] < - . n 

(77') 

H'poMe Toro, OH )\OHa3aJI eIIJ,e, 'ITO, eCJTII f (x) lIMeeT npoII3BO)IH,YIO 

p-ro nopH;o:1'a, ,YJJ.OB'1eTBOpHIOIIJ,,YIO ycnoBHIO JlHITIIIHIJ,a CTeIIeHII a..::::;;: 1, TO [3.8] 

k 
En [f (x)] < P+" , 

n 
(78) 

rne k - He ;.iaBlICHIIJ,aH OT n IIOCTOl1Hlial1. 

C JI e ;o: c TB He. Eciiu ¢ywnqu:i f (x) yaoe.riemeop:iem yc.wewo Jluniuuqa 
cmeneHu rx-< 1, mo 

In [f (.r)] < k2 log n • 
n" 

(79) 

1 D. Jackson. Uber die Genauigkeit der Annaherung stetiger Funktionen 
durch ganze rationale Funktionen. 3TOT naparpa.p, pasyMeeTCH, He Mor BOITTII B nepBo
Ha'!aJibHYIO (ppami,yscRyIO) pe[\aJU),IIIO MOero CO'lIIHeHIIH, RaR II ECe CCb!JIRII Ha pa6oTy 
.,Il.meRcona. 
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8TO mnerrneT 113 HepaBeHCTB (77) H (77') 6Jiarogapa HepaneHCTBY (73). 
IT pH Me q a H He. 8ToT pesym,TaT, ,[(JUI TpnroHoMeTpnqecrrnx cyMM, 6bIJI 

rronyqeH HerrocpegcTBeHHo Jie6eroM 1, KOTopbr:tI nmrn3aJI TamRe, qTo BepxHHH 

rpaHHIIa In [I (x)] He MmR:eT 6bITb noHnmeHa, ecmr o ipymn~Hn f (x) Hnqero 

60Jiee He II3BeCTHO. 0TCIO,[(a cJregyeT, qTO H nepxHHH rpamn~a En[! (x)], 
Ha:tigeHHaH .JJ.aWRCOHOM II MHOII, TaHme ne MomeT 6bITb IIOHIURena, OC;;JII 

B3HTb neonpegeJJeHHyIO qiynmv1IO, yHoBJreTnopHIO~YIO )J,aHHOMY ycnonuIO 

JiunIIrn:rra. EcJJH npunHTb nopaBencTBO (78), TO 113 nero Toqno Tai\ me 
MO/±\HO no.;iyqIITb, 1ITO 

I [f ( )] <' k log n n X ..._ nP+a 

,[(JIH llJYHRIWM, IIMOIO~HX p-IO npou:rnogHyIO, 

JI1rnIIIIIIIa CTerreHH a. 

(79') 

y goBJIOTBOpllIO~YIO ycJIOBIIIO 

Ho H uocnpon:rnegy c no60:1bITTHM ynpo~oHIIeM cBo:tI nepBonaqaJibHhiii 

BbIBO)J, nepaBeHCTBa (79'), HOTOpLITi: rrpegCTaB.:rneT, 6bITb MOiReT, HeHOTOpbrit 

npIIHIIT1ITIIaJI bHbJ:il: HHTepec. 

67 [75]. fl:oKa3aTe.JJbCTRO nepane11cTna (79'). 3aMeTrrn rrpem,L(e Bcero, 

qTo ycJIOBile, 'ITO dPj (x) Y)l,OB.:reTBOpllIOT yc:IOBIIIO JlIIITIII1H~a CTenenu a, 
dxP " 

BJleqeT 3a co6o:tI cy~ecTBOBamrn ycJrnmrn JlIInnrnrra cTenett11 a ,[(JUI dPsp (6) 
d6P 

PaccMOTpnM cnepBa qeTHbie 3naqenIIH p = 2p.. IlycTh 

cp (8) = f (cos 6) = A 0 + A 1 cos 8 + ... +An cos n8 +. 
B TaHOM cJiylJae, 

dPr.p (6) _ P -- - + [A 1 cos8 + ... + n An cosn8 + ... ]. 
d6P --

IJonaraa 

Pn = (n + 1)P An+! cos (n + 1)8 + (n + 2)P An+2 cos (n + 2)8 + ... , 
Mbl 3aRJIIOqaeM II3 nepaBeHCTBa (79), qTo 

\ Pn \ < k 1:: n • 

A noToMy, Ha ocHoBaHIIII H3BeCTHotI JieMMbl A6eJIH, 

) Pn I ~ k log n 
\Rn I = \An+! cos (n + 1)8 + An+2 COS (n + 2)8 + ... / < <.._ -+-. 

(n + 1)P nP a 

.[l,JIH paCCMOTpeHIIH CJJyqalJ, ROrga p = 2p. - 1 HelfeTnoe qnc.:ro, BbIBe

):\eM IIpe)J,BapIITeJibHO CJie)J,yIO~ee nepaBeHCTBO, cnpaBe)J,JIIIBOe ,[(JlH BCHROrO 

anaqeHHH s > 1: ecm1 

I Rn I = [An+! COS (n + 1 )8 + An+2 cos (n + 2)8 + ... I < k lo~ n , 
n 

(80) 

1 Lebesgue. Sur la representation trigonometrique approchea des fonctions 
Eatisfaisant a une condition de Lipschitz. «Bull. Soc. Math. de France», 1910. 
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TO 

\ R~ \ = \ (n + 1) An+I sin (n + 1) fl+ 
( + 2) A . ( + '.>) u ..L , < 2s+t k log n + n n+2 sm n - 'J 1 • • ·I (2s-t _ 1)2ns-1 

B caMm1 geJre, n3 (80) llhITe1meT, 'ITO 

'A ( 1) u + A 2 f '< 2k log n I n+l cos n + IJ ••• + 2n cos n j i __ s_c - ' 
n 

R ITOTOMy, BCJI8):(CTBII8 § 10, 

I (n + 1) An+I sin (n + 1) 6 + ... + 2nA2n sin 2n6 ! < 4k 1~1 n . 
ns 

Cno ;:i,oea TeJibHO, 

I R~ I< _j__l<__ [lo n + log 2n + log !in + .. ·] = 
ns-1 g 2s-1 4s-J 

4k log n 2s-I 4k log 2 2s-l 2s+I k log n 
= -;;s=t. 2s-1 _1 + ----;:;s=-1" (2'-1-1)2 < (2s-1_1)2ns-I. (81) 

Cal\rn co6oi1: ITOHH THO, 'ITO TO ;+;e Ca'.\108 HopaneHCTBO '.\!bl ITOJ1y"IIBI II B 

T01f CJiy•me, 1wrga Rn COCTOUT HJ orny<.'.on. 

Iloc;re ::noro, 6epeM qiym~nmo 

6 

<D (6) = ~ 9 (6) dfJ, 
0 

rgo rrorrpemHeMy 9 (6) = f (cos 6). 
B TaKOM cJiy•me ocTaToK R,, Tp1iroH0'.\1eTpw1ec1-;oro pa3JiomeHIIH <JiyHK · 

IVUI <D (6)' ICVl8IOIIJ,8i1: rrpOII31lO;:(HYIO 'I8THOro rropH;:i,Ka p + 1 = 2p., ygoBJIC-

TBOpHeT HepaeeHCTBY 

a cJie)l,oBaTe.;ibHO, ocTaTOI> IR~ I n paa:10n>eHm1 9 (6), uc.;ie;i,cTBne (81), 6ygeT 

l\18H88, 'I8M 

Tam1M 06paa01v1, HepaeeHCTBO (79') crrpaee)J,.;iuuo ;:J;JIH BCHKOro p. 
C JI e JJ: c TB n H. a) E c.1tu ¢yw•Tt1rn f (x) e npo.MPJ1CymKe (-1, + 1) u.:ieem 

npouaeooHbie ecex nopafJnoe, mo ee paa.1toJ1CeHue e p.rto mp1rn01to.Mempu'le
c1wx .MHoeo'l.1te1toe paeHo.Mep1w cxofJumoi, man J+Ce nan n paobi, no,iy'lae
.Mbie om fJu¢¢epe111fupoea1tu.rt pacc.uampueae.Moeo paa.1to:JK:e1m.rt nanoe yeofJ110 
'luc,io paa. 

6) Ec,iu rfiyHnztu.rt f (x) u.Meem npouaeofJ11w: ecex nopafJKoe e npo.Me
J1Cymne (- 1, + 1 ), mo 

lim nPJ11 ft (x)] = lim n~ E 11 [f (x)] = 0, 
n--?co n---?co 

npn ernno.u p (meope.1w § 22). 
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68 [76]. TeopeMa 1• Ec,iu .;1w8y.ib alta.iiumu'leCKOU ¢Y1lKlfUU f (x) .ue7tee 111 
eHympu a.rt.rtunca E, u.ueJOU(eeo rjjoKyca.uu mo'lKU - 1, + 1 u no.iycy.u.;11y 

oceu, paeHy10 1/p, mo 
2 M n+1 

En[f(x)]<ln[f(x)] < 1 ~p 
lta ompeaKe [-1, +1]. 

B caMoM ,o;ene, cor.:mcHo qiopMyJiaM (70), 

2rr 
1 (' 

Ap = -~ ~ f (cos 6) cosp6 d6, 
0 

H:llf, no:raraH z = em, 
__ 1 \ (;:,2 + 1 \ zP + z-P 

Ap - 2rri ~ f 2z ) ;:, dz, 
c 

rrpnqeM nocJie)J;HlIH IlHTerpaJI B3HT no ORpymHOCTil c pa,o;nyca, paBHOro 

e;:vrnnu;e. B TO BpeMH 1rnn: RoMn;ier{cHaH nepol\rnHHaH x onucornaeT 3JIJIIInc E, 
l\O::vIIIJiel\CHaH nepeMeHHaH z onIIChrnaeT Jin6o OHpymHOCTh c 1 pa,o;nyca p, 
mr6o on:pymHoCTh C2 pa,o;nyca 1/p, Tar.; Han: 

x = cos 6 = ~ ( z + ! ) . 
Ho f (x), no npe,o;no;romeHnID, ocTaeTCH ro:wMopqiHoi1: BHppn ;mmrnca E; 

II03TOMY t(z2 i: 1) Tamirn ro:IOMopqrna ~rnm;i;y OI'PYJHHOCTHMII cl Il Co. 

Cne,o;oBaTeJihHo, 

I ~f (;:,2 2: 1) zp-1 dz I= I ~/ (z2 2~ 1) zP - tdz [ < 2r-11fpP 
c C1 I 

II 

\~t(z2 2: 1)z:~1 /=/)/C2 2: 1t:~1 /< 2r-llfpp, 

! Ap I< 2111r/. 
If, HaRoHeu;, 

In [f (x)] < [)An+!!+ J An+2 \ +. 2.Mpn+ I 
.J< 1- p ' 

qTo H Tpe6oBa~OCh )J;OKa3aTh. 

II p u Me q a H no. B npo1J:ruocTny10w:oit TeopoMo, Tan mo, Ra I{ n B ycJJo

mrnx TeopoM §§ 22 u 29, HaHMOHhIIIoe YI':IOHOHllO En MOIBOT 6oITh 3aMe

HOHO l\HIHIIMyMo::vi cpe,o;HeiI rma,o;panrqHoil: oIIIn6rrn on. 
69 [77]. p a3JIII'IHhie CJieACTBHH II npmmarnmrn. 

A) Ec.iiu rjjyHKifWI f (x) 6 npoMeJJCymH:e (-1, + 1) u.weem npouaeo87ty10 

no p.<t8na k, no.i11oe ua.Me'ieHue 11omo po ii 02 pami'leuo, mo 

h' 
I,, [/ (x)] < 1::, 

n 

2Cle h' - He aae1iCRU(aJi om n nocmo:m11a.<t. 

1 C\I. TcopeMy § 29. 
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B caMoM l\eJie, cor.;racHo cfiopMyJie (70), 

27t 2tt 

1 ~ 1 ~ dk f (COS 6) ( krr \ Ap = - f (cos 0) cos pO dO= -, k cos pO - .,') dO, 
IT rrp' d6 ,:., 

0 0 

a rroToMy 

In[/ (x)] <h k+! + k+l +. · · <-k · [ 1 1 ] h' 
(n+1) (n+2) n 

B) Ec.1tu JlUHUJl y = f (x) u.ueem ofJHy u.1tu Heo<a,ibr<O mo'ln• U3.w.11a, 

a .Me:J1Cay mo'lr<a.uu 113.W.Ma y2.weoit r;oarfirfiuu,,uertm r<acame.rtbrtou yfJoeoiemeo

pRem h·ar;o.uy-7-tu6yab yc.rweu10 .!Iunwuu,a, mo 

_I! <En rt (x)] <In[/ (x)] < _b_, 
n n 

(72') 

28e a u b - fJea 7-tC3f16UC.'lUfUX om n 'luc.ia. 

B caMt•:vi )l,o.no, rrycTb x0 n x 1 Gyil.,YT a6n1nccbJ TO'IOl' HJJroMa. B TanOM 

cJ1y 1rne, 

f (x) =MI x - x 0 I + Nix - x 1 ! + 9 (x), 

r)l,e 1lf 11 N - IIO\'TOHHHbre I{wcficfiumrnHn1, a cp (x) YJl.OllJIOTBOpHeT ycnomuo 

Jlummu1a Ha BCeM rrpoMemyTno. IloaToMy 

b 
n 

c il.pyrofl: C'TOpOHhl, HCHO, lJTO Hall:VIeHblllee yrrnmreHII8 E,, Ha BCGM 

oTpe3He He :vioHbIIIe, •wM uanMOIIbmeo yHJIOHeHno E~ Ha •rncTJI ero, COl\ep

rna11Ioti ;rnmb Oil.HY TOqRy Jf 3,'IOMa; CJIO)~OJ3a'f8Jlb no' 

E,, [/ (x)] E~[!(x)]::>ME~ !lx-x0 1]-En[9(xf]> ~ · 

An An+! -->---, 
n" (n + 1)" 

28e E <a, mo 

B caMOM 1\eJie, rrpnMOHHH JlOMMY A6em1, JaMeqaeM, •1To 

I 
co A I A ~1 __E_ cos J'!O /' _n_ 
~ p ~nl+a ' 

P=rt 
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B TaHoM cny•rne, 

I]: ~P ms p6 l < n~:na , 

a IIOToMy, BCJl8)l,CTBII8 § 10, 

l 
2n-1 I 4). 
P~ Ap sin p6 < n"n , 

OTHy)l,a 

I 
00 I 1. [ A2n A4n ] 1.).n 22+a "'Apsinp6 <- 1,n+-+-+ ... <-· ---=--· .L.J na 2a 4a na 1- 2•-a 2" - 2• 

p=n 

HanpIIMep, ecm1 ),n = log n IIJIH ),n = 1, TO e CROJib yro;:i:Ho 6mI3 HO· 

I\ Hymo )J)Tll BOCbMa 6oJibllHIX 3Ha'JeHIItl: n, T31\ 'iTO 113 HepaneHCTBa 

I ~ A 61,/ log n .L.J p cos p '"-- -n-
p= n 

BbITOrrneT 

I ~
00 A . n J .,/ 8 log n . P srn p•1 ~. , 

I - n 
p=n 

a II3 

I 
00 I j 

p~nAP cos p6 I< n 
BhITerrneT 

CaMo co6oi1: IIOHHTHO, 'ITO HOCI1HYCbI II crrnycbI MOrj'T 6hlTb B3aIIMHO rrepe

M8JI\8Hbl. 8roT pe3yJibTaT 3acnym11BaeT BHIIMaHIIH IlOTOMy, 'ITO Boo6rn,e H3 

CXO)]HMOCTll pn)l,a IWCllHYCOB H8Jlb3H BbIB8CTII CXO):(IIMOCTII pHga CHHycoB II 

o6paTHO. HanpIIMep, cyMMa 

sin p.r, 7t 

p=i 
p 2 

co 

""" cos px """ cos px IWHe'!Ha, a M8IB)l,Y TeM He TOJJbR:O .L.J HO II .L.J BmipacTaoT 
p=i P , p=2plogp 

6ecROH8'IHO. 

0THOCIITeJJbHO Me)]JieHHO cxo)l,HJI\IIXCH pHIJOB rrpu IIOMOJI\U rrpe1JbJIJYII\Oro 

paccym)l,eHIIH HeTPYAHO IlOR:a3aTb, 'ITO ecJIU 1 

1 ,IJ,rnr orrpe11eJ1eHHOCTII Mhl paccMaTpirnaeM Bee B_r:mrn Bee 3naqemrn 8; no m1a:ro

rwrnhle nepaBeHCTBa ~rnryT 6IJTb )J,aHhl, ecm1 BMeCTO Bcex 3Ha<rem1:il: 8 6paTb B 11aHHm1 

HepaB9HCTBe - 7t <a< 8::::: b < 7t, a B TOM, ROTopoe JT3 Hero EhlTeRaeT, npe)J,IIOJJaraTb 

a<a'<:.8<:.b'<b. 
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rge qncJia En rrgyT He BospacTaH, TO 

I p~n Ap sin pe \ < 4 (en+ E2n + ... ); 

'TaJrnM o6pa30M, II3 CXO):(IIMOCTH pHga I\OCIIHJCOB MOJI\HO BbIBeCTII CXO):(IIMOCTb 

pHga c1rnycon, rwrga pHµ; En+ E2n + . . . cxognTcH, T. e., HanpHMep, ecJm 
1 

:En< 1+ . 
(log n) "' 

Ilpn IlOMOIIJ.II Tex me paccymgeHIIH MO/RHO noRaaaTb, qTo eCJIII pHg 

~ An cos nx He orpaHnqeH, To He orpaHIItfeHhl TaRme n pH,o;hl 
n=O 

co 

~ An (log n)1+• sin nx; ~ An log n (log log n)i+• sin nx 
n=i n=I 

'.11 T. ):(. 

0Tc10ga CJiegyeT, B •mcTHOCTII, 'ITO pH):(bl 

00 

~(log n)• sin nx 
n 

n=I 

Jie Morp 6bITb orpaHnqeHhI [3.9]. 

co 

II "1 (log log n)• sin nx 
L..J n 

n=! 

r JI a Ba VII 

0 HEIWTOPbIX CBOHCTBAX (l>YHRU.Hfl L(BYX IIEPEMEHHblX [3.10] 

70 [78]. BBej\em1e. B HaCTOHIIJ.ee BpeMH elll,e necbMa Ma,'Io n3yqeH 

Bonpoc, I\aIWBa ;3aBIICIIMOCTb Memgy CBOiICTBaMII <fiymui;nn f (x, y), pac

CMaTpnnaeMOM rrnH <fiymni;HH ,o;Byx nepeMeHHhlx, n cnoiICTBaMn TOH me qiymni;nn, 

paccMaTp1rnaeMoii Hai< <fiyrrnunH ogHoro TO.:IbIW x n o,o;Horo TOJibRO y. HeHoTo-

pbie npocTbie npnMepb1, Bpoge <fiym<unn z = 2 ~ 2 , gaJIH nonog npeyne-
x y • 

. JinqnTb TPYAHOCTb aroro Bonpoca. ,IJ,efrcTBIITeJibHO, <fiym<unH z BeIIJ.eCTBeHHofr 

nepeMeHHOM x roJIOMop¢Ha rrpn BClll\OM orrpegeJieHHOM 3HaqeHIIII Belll,eCT

BeHHoro napaMeTpa y, II TOqHO TaR me <fiyHRIJ;IIll z ro.:IOMopqrna OTHOCII

TeJibHO y npn BCHROM x, a Memgy TeM Ta me <fiyHHD;IIll z, paccMaTpnnaeMaH 

rrnR <fiYHRIJ;IIll x II y O):(HOBpeMeHHO, npn x = y = 0 He TOJlbI\O 30 roJIOMop<fi

Ha, HO He CTpeMIITCll HM I\ rrnRoMy npegeJIY. 

II O.Hbaysicb coomuoiuenua.Mu .Mf;JtCoy npu6.rm ;JtCeliue.M ¢yri1HfUU noc pefJcmeo.M 

Mlf020'i.JlCll06 U.i/;U mpU20lto.MempU'iCCKUX CY.MM U CC ourfirfiepcHl.fUa.HbllOU npu

pooou, .MO;JtClto ooriaKo yKaaamb pao meope.M, Komopbie eo .MH02ux c.Hy'iasix 

noaeo.risuom ceecmu ucc.Heooeariue rfiym'<l.fUU oeyx (uJtu n) nepe.MeHllbtJ: K uc

C.Heooea1tu10 oeyx (u.HU n) ¢y1tK1.fUU OOltoU nepe.MeltltOii. 

PaccMOTpnM cHaqaJia nepnognqecrrne <fiyHHu;nn. IlycTh 
CD CO 

f (x, y) = ~ ~ [Apq cos px cos qy + Bpq cos px sin qy + 
p=O q=O 

+ Cpqsinpxcos qy + Dpqsinpxsin qy] 
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paJJiaraeTCR B TpIIrOHOl\WTPM11GCKMti: pH,o;, a6comoTHO M panHOMepno CXO)J,R -

IIWti:rn. Ha3oneM 06061ffntHbi.M .MofJy.;ie.M qiymni;mi: f (x, y) cyMMY * 

r--., 
f (x, y) = ~ S [! Apq I + I Bpq I + ! Cpq [ + ! Dpq \]. 

p=O q=O 

IlpMHHB :=no, Jierrw )l,OKa3aTh c.ne)J,yro~yro TeopeMy. 

71 [79]. TeopeMa. J:'c.1u f (x, y) 06/laaaem '{acmnou npouaeofJHoii k-20 
nop.rt81w no x u 11acmuou npouaeoaltou k-eo nopaax:a no y n eoiu ux 0606-
1,lffllllbie .ttoayJiu yaoe,iemeo p.rt10m ue paeencmea.At 

I 

a" f ('r, y) 

Dx"' 

a"' f (x, y) 
-~~k~- <M' 

8y 

mo cyl,lfecmeyFOm ece '{acmllbie npouaeoanbie nop.rtax:a k om f (x, y), x:orrw
pbie 6y8ym oapaltU'J,eHbi u ltenpepbierlbi, a ux o6o6U(eltltbie .Moay/lu yfJoe/le
meopmom nepaeeucmey 

a"' f (x, Y) 
axlay(k-l) <21VI (!=1, 2, ... , k-1). 

)J,eti:cTBMTeJThIIo, no npo,o;noJiomenuro, 

;---, co ro 

a"' f 
- ax"' = .s .s p" [I Apq I+ I Bpq I+ I Cpq I+ I Dpq [] <M, 
L__J p=O q=O 

r--; CD CO 

0
0" ~ - = .S .S q" [i Apq I + I Bpq I + I Cpq I + I Dpq ll < lVI • 

y p=O q=O 
L__J 

EcJin pHA 
CD CD 

p~O q~O P"' q"' [ Apq cos (px + "r) cos ( qy + kr) + 

(, k7t) (-- k7t) (' k7t) ( k7t) + Bpq cos px + T, sin qy + + + Cpq sin px + + cos qy + + 
+ Dpq sin (px + "r) sin ( qy + k~75-) l 

on npe,o;cTanmrnT, 0118BII)J,HO, 

co co s s p"•q'.·, [I Apq I+ I Bpq I+ I Cpq I+! Dpq ll < 21VJ, 
p=Oq=O 

•rnM )J,OHasaT8JibCTBO aaBepIIIaeTCH. 

* B rrepBOHR'IaJlbHOM TeRCTe OTCyTCTBOBaJIO orrpe11,eJieH1Ie 0606rnerrrroro-MOAYJIH, RO

TOpoe rrpIIBO)l,IITCH 3)1,eCb no ~rnMyapy «0». <DopMyJIIIpOBI\a TeopeMhl § 71 rrepepe11,aHTII

poBarra c yt:ieToM aToro orrpe11,eJJeHIIH. ( Peo.) 
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72 [80]. TeopeMa. Ec.1tu nepuoou'f,ecna.rt omltocume,itlto (u, v) rfiyHnquR
<p (u, v) u.ueem neaopamU'mo ultmeepupye.ubie emopbie 'f,acmmze npouaeooltb!e 
()2qi ()2qi 

eu2 u av2 ' m. e. 

~ ~ (;)y dudv<M, 
0 0 

( ( ( ()2qi )2 J J av2 du dv < M, 
0 0 

mo olta u.ueem manJH:e neaopamu'f,ltO ultmeepupye.uy10 'f,acmny10 npouaeo8-
a2qi 

ltYlO OU av a UJrf,eltltO 
2tt 2tt 2tt 2tt c r ( a2qi , 2 r c a2qi ()2qi 
J.) ouov) dudv=.) J ou 2 ov2 dudv<M. 
0 0 0 0 

B caMoM )J,eJie, nonaraH 

2tt 2tt 

Apq = : 2 ~ ~ <p (u, v) cos pu cos qv du dv, 
0 0 
2tt 2n 

Bpq = ; 2 ~ ~ qi (u, v) cos pu sin qv du dv, 
0 0 

II T. )J,., noJiyTJaeM 

2tt 2tt p = oo, q=co 

( ( ( ()2qi )2 " 2 2 J J ilu 2 dudv=7t2 ...:::.:..i p 4 [Apq+Bpq+ ••• ]<M, 
0 0 p=O, q=O 

2tt 2tt p=m, q=oo 

\ ( ( ()2qi )2 " 2 2 J J av2 du dv = 7t 2 ...:::.:..i q4 [Apq + Bpq + ... ] <M. 
O O p=O, q=O 

(82) 

• "2 

Ha OCHOBamrn TeopeMbl Pncca, )J,JIH Toro TJT061>1 a: :v 6hlJia I\Ba)J,pa-

THTJHO MHTerpIIpyeMa, Heo6XO)J,HMO II )J,OCTaTOTJHO, TJT061>1 pHil, 

p=co, q=oo 

S = 7t2 ] p2q2 [A~q + B~q + ... ] 
p=O, q=O 

6bIJI CXO)J,Hlll.HMCH' H TOr)J,a 

Ho 

73 [81]. TeopeMa. Ec.rtu nepuoou'f,ecnaR rfiyHnqu.rt <p (u, v), pacc.uampu
az 

eae.ua.rt 1'an rjjyHnqu.rt u, u.ueem 'f,acmlty10 npouaeo0Hy10 -i- , yooe,iemeo p.rt10-
8u 
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UfY'° onpe8e.1tmHO.My yrnoeu10 Jlunwuqa cmeneHu ex, u mO'lHO man ;)ICe, 
a1 

pacc.Mampueae.MaJl nan rfiyw<quJi v, u.Meem npou1Jeo8Hy10 --i- , yfJoe.1temeo-av 
pRTOUfY'° yc.weu10 Jlunwuqa cmeneHu ex, mo rfiyHKlfUJl 'f (u, v) u.Meem ece 
'lacmmie npou1JeofJHbie nopRa1•a l, u amu noc.1te8Hue man;)ICe yfJ08.!temeopR-
10m yc.!lOBllJl.M Jlunwulfa nanou y208Ho cmeneHu ex 1 <ex (omHocume.1tbHO o6eux 
ne pe.MeHHblX). 

IlyCTb 
p=co, q=oo 

'f (u, v) = Li Apq cos pu cos qv, 
p=O, q=O 

rJJ:e, JJ:'mi CORparn;emrn IlIICbMa, Mbl 3anIIChlBaeM TOJibI\O qJieH, COCTaBJieHHhlH 
II3 I\OCIIHYCOB. 

IIpnnoMIIHaH 3HaqeHne Ho9iflc_PmrIIeHTOB Apq (82), HaXOJJ:IIM 

p=n, q=n 

Sn = Li Apq cos pu cos qv = 
p=O, q=O 

1t 1t 

2-:i-

= _ _!_ \ \ sin (2~ + i)t sin (2.n + 1)6 [ (u + 2t v + 26) + 
n2 ~ J Sill t Sill 0 'f ' 

0 0 

+ 'f (u - 2t, v + 26) + 'f (u + 2t, v - 26)+ 'f (u -2t,v- 20)] dtd0, 

OTRyp,a 
1t 1t 

-2 -2 

R ( ) S _ -1\ \sin(2n+1)tsin(2n+1)6 
n = 'f u, V - n - 7 j j sin t sin 6 X 

0 0 

X {[qi (u + 2t, v + 20) + 'f (u - 2t, v + 26) - 2cp (u, v + 20)] + 
+ [cp (u + 2t, v - 20) + 'f (u - 2t, v - 20) - 2qi (u, v - 20)] + 

+ 2 [cp (u, v + 26) + 'f (a, v - 20) - 2cp (u, v)]}du dv. (83) 
Ho 

co 

'f (u, v + 20) = ~ aP (v + 20) cospu, 
p=O 

co 

'f (u, v - 26) = 2i aP (v - 20) cos pu, 
p=O 

21t 

co 

'f (u, v) = Li bp (u) cos pv, 
p=O 

21t 

aP (z) = ~ ~ 9 (u, z) cos pu du, 
0 

1 c 
bP (u) =-;- J 'f (u, v) cos pv dv; 

0 

Il09TOMY 

1t 

2 

Pn (u, v + 20) = Li aP (v + 20) cos pu = 
p=n+! 

1 ~sin (2n + i)t = - - . t [cp(u + 2t, v + 20) +9(u-2t, v + 26)-2qi(u, v + 20)]dt, 
7t Sill 

0 

gg 7• 



2 

Pn (u, v - 28) = S aP (v - 20) cos pu = 
p=n+! 

= _ _!_\sin (2 ~ + i) t[cp(u + 2t, v-28) + cp(u - 2t, v-28)-2qi(u, v - 28)]dt, 
7t J Sln t 

0 
co 

p~(u, v)= S bP(u)cospv= 
p=n+! 

2 

1 ~ sin (2n + 1)6 = - - -.-6- [qi (u, v + 28) +qi (u, v - 20) - 2q; (u, v)] de. 
7t Sln 

0 

Cne11,onaTeJinHo, Ha ocHonaHMH HepaneHCTBa (79'), 

k log n . 
I Pn (u, V + 28)1 < --z::i:oc , 

n 
I Pn (u, V - 20)/ 

Ip~ (u, v)I < k~~!: . 
A IIOTOMY 

2 

IR I< 4klogn ( lsin(2~+1)t /dt. 
n ·,, rrnl+cx ~ sin t 

0 

/, log n 

nl+<> ' 

IlocJie)J,HllM IIHTerpaJI BnJqncJieH <DeM:epoM 1; HO HaM )J,OCTaTOqHo 3aMeTHTn, 

1t 1 1t 
--
2 2n+1 2 

~ I sin (2~ + i)t 
ldt< ~ (2n + 1) dt + ~ 

dt 
<1+ ;log(2n+1). smt sin t 

0 0 1 
2n+1 

Cne11,onaTeJinHO (11,JIH 11,ocTaTO'lHO 6on:i,rnnx n), 

Ho B TarrnM cJiyqae, npu.M,e1utJt peay.1tbmamu 2.rtaebi II (§§ 15-17), y601e
a1cp 

oae.MCJt 8 C1'JUfeCmB08aHUU ecex 'iaCmllbZX npOU36001lbZX . l . U 8 rno.M, 'imO · au iav --i 

01tu yiJoe.1temeopJt10rn yc.1toe1110 Jlunuwqa cmenenu o:1. 11To n Tpe6onanoc:i, 

)J,OI\a3aTn. 

II p n Me q a HM e. B qacTHOCTH, ecnn qiymn~nrr qi (u, v) y11,onJieTnopirnT 

ycJIOBHIO Jlnrrrnnn;a CTerreHM 0: no OTHOI11eHMIO K I\aif\)J,OM nepeMeHHOM B OT-

1 CM. CHOCKY K § 6:~. 
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µ;e;1bHOCTII, TO oua y;:i;oB.teTnopHeT TaIOI\e ycJionmo JlIIIIIIIIIU:a crerreHII al 

OTHOCIITe.:JbHO o6eIIx nepeMeHHbIX. 

74 [82]. CJJe;a;cTBHH. A. Ee.flu ¢ynnqun f (x, y) (Henepuooa'tecx:an), 

paec.M/1mpueae.ttaR nan ifJyHnqurr, ofJHoeo mo.!lblW x u ofJHoeo mo.!lbno y, u.Meem 

euympu rtenomopoeo nomnypa C npouaeoortyJO nopnfJna l, yfJoe.!lemeopRJO

UfYIO yc.weuJO Jlumuuqa emeneHu a, mo rfjyHnqaa f (x, y) U.Meem eee 'taem-

11bze npouaeofJHble nopnona l, u amu noc.!leoHue eo eestnou 06.!laemu S eHym

pu nonmypa C yooe.!lemeopa10m yeAoeun.M JlunUtu11a .!l106ou emeneHu a 1 <a, 

B taMoM ;:i;erre, ncro 06J1aCTb S MOJ£HO rroMecTIITb nHyTpH HecROJibHIIX 

nna.o:paTOn cl> CTOpOHbI HOTOphlX He nbJXO):\HT ll3 HOHTypa c. ,Il,JIH onpe;:i;e

.neHHOCTH rro.:ioarnM, 'ITO npHMhle, Ha HOTOpbIX pacrroJiomeHbI CTOpOHhl Hnaµ;

parn C1 , HMeIOT ypanHeHHHMH: x = + 1, y = + 1. B TaHoM cJI,Yl.fae, rroJia

raH x=cosu, y=cosv, 

f (x, y) = f (cos u, cos v) = 9 (u, v) 

eCTb u, v, HOTOpaH y;:i;onJieTnopHeT ,YCJIOnHHM 

TO:LbHO 'ITO 
azcp 

;i,0Ha3auuoti: TeOpeMbI. A rroToMy 'IacTHbie npou3no):(Hbie 

ilui avl-i 
cyw,ecTnyroT II y;:i;onJieTnopHIOT ycJionttHM Jlurrnrnn,a cTenemr a1. 

Ho 

r11:e nee 1waq1<fiuu:ueHThl AM cyTh nrroJIHe orrpe)J;eJieHHbie <fiYHRU:HH x, y, 
1>0TOpble ro:roMop<flHbI nHyTptt 1rna.o:parn C1 (Ha cTopoHax 1rna.o:parn OHM 

;~e::raIOTCH 6ecHone'IHblMII). CJie.o:onaTeJihHO, nnyTptt S nee 'IaCTHbie rrpoII3-
o1 f 

BOiJ.Hbie . 1 . cyw,ecTnyroT II y.o:onJieTnopHIOT ycJIOBHIO JlttrrIIIHIW CTe-ox' Eiy -i 
neHH c,i 1. 

B. Ee.rm rfjyHnqun f (x, y) eHympu no11mypa S, He u.MeJOUfeeo ocmpbix 

ye.rioe 1 , paee.4tampueae.MaR nan ifjyHnqua ofJHoeo mo.!lMO x u ofJHoeo mo.!lb

>iO y, u.Meem oepaHUlf,eHHble npouaeooHbte na:»eooio nopnona, mo oHa u.Meem 

man:»ee eHym pn 06,iacmu S oi paHu"leHHbie '1{,acmmie npouaeofJmze /llo6oeo 

nopnona. 

lfa rrpe.o:i,1.o:yw,ero "cJie):\CTBHH IlbITeHaeT Henocpe.D:CTBeHHO cyw,ecTnoBaHHe 

II orpaHH'IeHHOCTb ncex rrpott3IlO):\HblX IlHYTPH IlCHI\OM o6JiaCTH s l• pacrro.rro

nrnHHOii: IlH.YTPH s. LhOObI IIOHa3aTb, 'ITO rrpOM3IlO):\Hbie orpaHH'IeHbI no ECH

HOM TO'IRe j}f HOHTypa s' CTpOHM 1rna.o:paT c]' He IlhlXO):\Hlll,IIM H3 s lI 

nMeIOlll,IIfI o.o:ny II3 nepIIIIIH n TO'IHe M. ,Il,JIH orrpe.o:eJiennocTII MOIBHO rrpe.o:

rroJioffiIITb CHOila, 'ITO Irna.o:paT C1 COCTailJieH IIpHMblMII X = + f, y = + 1. 
Pa3JiaraH cpyHRU:IIIO f (x, y) B pH.a: TpIIroHoMeTptt'IecRHX Mnoro'IJieHon BH,YT

pII c 1 II oT6pacbIBaH 'IJieHbI CTeIIeHII BhlIIIe n OTHOCHT8JibHO x IIJIH 

1 Jfa )J,ORa3aTe7lbCTBa 6y:n;eT BH)J,HO, 'ITO aTO ycJIOBRe BBO)J,HTClI )J,JllI Toro, 'lTOfo.i 

BHYTPH s 2\IOIBHO 6bmO llOM8CTHTb RBaJJ,paT' HM6IOII(HH BepnrnHy B JII06oii TO'!Re ROH

Typa S; HO, 3a~rnmrn 11p1n10yroJihHble Roop)J,RHaTbl RocoyroJihllblMH, MOIBHO RBa)J,paT 

3aMeHHTh poM6m1; TaRH:'.\1 o6pa30M, cylI(eCTBeHHO TOJiblW, TITo6bl ROHTYP S He n211en 

TO'leR B03BpaTa. 
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OTHOCllT0Jl:bHO y, HaXO,ll,ll.M, Ha OCHOBamm !JiopMyJI (79') ll (83), 'ITO ll,JlH 

)..IOCTaTO'lHO 6oJibllillX 3Ha'leHll:ti: n ornrrfom 

IR I / 1 
I n <"-P' n 

RaRoBo 61>1 Hll 61>rno 'lllCJio p. A noToMy Harne yTnepm)..leHrre eCTh npaMoe 

CJJe)..ICTBIIe ll3 TeopeMhl § 22. 
75 [83]. TeopeMa. llycmb t (x, y) 6yaern HCKOmopaa ¢YHK1fU.H, aeyx 

6CUfCCmeeHHblX nepe.MeHHblX (x, y}, aaHHll.H, eHympu npa.ttoyeOJlbHUKa C1, 
o6paaoeanHoeo npa.ttbi.ttu x = ± h, y = ± k. EcJZu, npu ecaKO.M eeUfecmeeH

HO.M x0 (- h <, x0 <, h), rfiyHKlfUa f (x0 , y) eOJZO.MOprjjHa ornHocumeJZbHO y u 

I I (xo, y)\ < M' noeaa KO.MnJZenCHaJl nepe.MeHHaJl y Haxoaumrn eHympu f)JlflUn

ca E, u.MeJOUfeeo rfionycbi - k, + k u noJZycy.tt.My oceii k/p; u, npu ecJino.u 

eeUfecmeeHHo.M Yo (- k <,Yo<, k), rfiyHKlfUJl f (x, y0} eOflo.ttoprfiHa omltocu

meJZbHO x u If (x, y0}\ <~ M, xoiaa no.ttnJZenrnaa nepe.MeHHaJl x Haxoaumrn 

eHympu aJZJZunca E 1 , u.Me10UfeCO rfioxycbi - h, + h u no,iycy.tt.tty oceii h/p1,

mo rfiynnquJi aeyx ne pe.1ieHHbix f (x, y) 20.rw.Mo prfiHa, u I f (x, y)\ < 
4M < (i _ A) 2 (), < 1) e mo epe.MJi, nan KO.MnJZenCHaJl nepe.tieHnaJi y Haxoaumrn 

eHympu aJZJZunca E', eO.Morfio1raJZbHoeo c E u u.MeJOUfCCO noJZycy.M.MY oceii 

k/R, a no.MnJZencHaJl nepe.MeHJtaJl x naxoaumrn enympu aJZJZunca E~, eO.MO

rfionaJZbHOZO c E 1 u u.MeJOUfeeo no.riycy.M,1ty oceii hf Ru npu'te.M 

logAR1 + log AR = i 
log p1 log p · 

B caMoM ,1J,erre, norraraa x = h cos u, y = k cos v II pacRJia)..lnrnaa ciiYHK

n;rr10 
p=co, q=co 

f (x, y) = ~ ApqT p ( ~) T q ( ~ ) 
p=O, q=O 

B pH,ll, TpllrOHOMeTpll'leCRll.X MHOrO'lJ10HOB, Mhl IlhIIlO)..\ll.M ll.3 <fiopMyJI (82), 

npll. IIOMOIIJ;ll. paccym)..10Hll.M § 68, 'ITO 

A noToMy, Ha ocHonaHMM HepaneHcTna (9), 3aRJ110qaeM, 'ITO ecJIM y Ha· 

XO)..IMTCH BHYTPM amrnnca E', a x HaXO)..IMTCH nHyTpll aJIJIMnca E~, TO 

p=oo, q=co 

I/ (x, y)I< ~ 
p=O, q=O 

ap bq 

4Mpf+bpii+b 

Rf Rq 

l\aROilhI 6u HH 6hIJIH IlOJIOllill.TeJinHl>Ie 'lllCJia a II b. 
IloJiaraa 

a b 

pa+b a+b 
_1_= _P __ ='A, 

R1 R 
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p=oo, q=ro 
~ )p,q 4M \ f (x, y)i < 4Jvl ~ , " = (i - A) 2 

P=O, q=O 

IIpII 8TOM, OlJ8BII):t;HO, 

a log AR1 • 

a+ b = log P1 ' 
b log AR --=---a+ b log p ' 

log AR1 +log AH_ i 
log p1 log p - • (84) 

C JI e p; c TB II e. Ee.flu p = p1 , mo 

) 2 - p 
' - RR1 ' 

(84') 

'ITO BhlTeHaeT II3 qiopMy JibI (84), n HOTopo:tI rroJiaraeM p = p1 • 

76 [84]. IlpHMeIIeHHe R ypaBHeHHHM c 'laCTHblMH npOH3BOJ];HblMH. 

Pe3y.rri,TaTb1 rrpe1:t;111ecTny10rn:IIx rraparpaqion Haxo;i;HTCH n rnctto:ll CBH3II c 

TeopIIe:ll ypaBH8HIIH c 'IaCTHblMII rrpoII3IlO):t;HblMII, II 6IJJIO 6i,1 IIHTepeCHO Ilhl

B8CTI1 113 HIIX CIICTeMaTII'l8CHII CBOMCTna ypanHeHIIH l3JIJIIIIITII'I8CHOro TIIIIa. 

H orpattwi:yci, TOJibHo ;i;nyMH saMelJaHIIHMII. 

1) Y paeHeHue fJ.!l.!lunmu11eenoeo muna 

Ar+ 2Bs +Ct= 0 (AC - B 2 > 0), 

28e A, B, C - nanue y208Ho rjJyHKlfUU x, y, z, p, q, He u.ueem uHbix pe· 

meHuii, nepuo8u'ieenux omHoeume.!lbHO x, y, 06.!la8a10UfUX noue'iHu.uu npoua

eo8Hbi.Mu nepeux aeyx nopn8noe 1, npo.ue noemonHHOii ee.!lU'tUHbi. 

B caMoM ;i;eJie, II3 TeopeM1>1 § 72 MbI sHaeM, 'ITO 

~ ~ s2dxdy = ~ ~ rtdxdy = - ~ ~ t (Ct: ZBs) dxdy, 

Ag2 + 2Bst + Ct2 

A dxdy = 0, 

a rroToMy 

t = s = r = O; 

CJI8):t;Oila'L'8JlbHO, z eCTb IIOCTOHHHaH B8JIIIlJIIHa. 

2) Ee.flu npouaeoauue rjJyHnlfUU z, ao nopn8na k 61'.!l/O'iUme.!lbHO, yaoe.ne

meopn10m e Henomopoii 06.!laemu S nano.My-nu6y8b ye.noewo .ffunmui(a u, npo

.ue mo20, fPYH1tlfUR Z y806.!lemeopnem 8ey.u ypa6HCllUR.M 

o"'+1z ( oz o"' z) ox"'+1 =I x, y, z. a;;' ... 
' oy"' ' 

ok+tz , oz o"' z ) 
(85) 

ay"'+1 = cp ( x, y, z, a;• ... ' oy"' ' 

1 OTO BbITeRaeT TaRme Il3 0606I1(8HHOii Teope:Mbl JIIIyBHJIJUI, yRa3aHHO:ii: MHOIO B 
«Comptes rend us» 3a 10 OHTJI6pJI 1910 r. 
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zae i u qi u.Me1om noHe'-lmie npouaeoEJmie erex no paEJnoe npu KOlte'-lHblX a1w

'feHuJtx nepe.A-teHHMX, mo ¢yw•qua z u.neem man;»ee none11Hble npouaeofJmte 

ecex nopaEJKoe eo ernKofi 06/lacmu S 1 e11,ympu S. 
)J;eii:CTDllTeJihHO, ll3 ypanHeHMH (85) L BbITIO)J,llM Henocpe)J,CTDeHHO, 'ITO 

ak+1z a"+1z 
~ ll ---::--w cym:ecTByIOT ll y)J,onJieTBOpHIOT ycJTOBlllO Jlnmnmi,a. lloaTO-

fJx dy 
My' Ha OCHOBaHllll CJie)J,CTBllH A § 7 4' TeM me CBOHCTBOM o6Jia)J,aIOT nee 

npOll3BO)J,Hbl8 nopH)J,Ha k + 1 TIO DCHI\OH o6JJaCTll S~ BH}Tpll S. )J;tttfJ4•e

peHI1,llpyH nepnoe ypanHeHMe OTHOCllTCJibHO x, a BTOpoe OTHOCMTeJihHO y, MJ,l 

MomeM TO me paccym,lJ,eHMe npnMeHll.Th K npott3BO/(HhlM (k + 2)-ro nopHgita; 

IIOCJie)J,onaTeJinHOe ,lJ,M<fl<flepeHI(llponamrn, OI\a3h!BaIOru;eecH H03MOH\HblM' npn:

BO)J,ll.T Tal\MM o6pa30M I\ )J,OKasaTeJinCTny BbICI\a3aHHOro yrnepiH)J,eHMH. 



ABTOPORBE ROMMEHTAPBB 

3. 0 HAllJIYqffiEM IIPllBJilliKEHllll HEIIPEPblBHblX <l>YHIU~llA: 
IIOCPE,!J;CTBOM MHOroqJIEHOB ,!J;AHHOll CTEIIEHll 

3.1. (K Bne.n:emuo.) 3.n:ecb ne1IaTaeTCJI TOJlbRO BTopoe H3 ynoMJIHYTbIX )l;06aBJlPHHB, 
TaR RaR nepnoe IIORpbIBaeTCJI MeMyapoM H3 «Acta Math.» 1912 r., ROTOpbiii IIe'laTaeTCJI 
B 9TOM me TOMe [12]. B CBJI3H c 3THM, Ha'lnHaJI c rnaBbI v, HyMepa11nJI qiopMyJI n 
naparpaqion COOTBeTCTBYIOIIJHM o5pa30M H3MeHeHa. Ilocne HOBOTO HOMepa naparpaqia B 
RBa)l;paTHbIX CR06Rax CTOHT ero npemHnii HOMep. 

3.2. (K Bne)l;eHnro.) IIpnBe)l;eM 3)l;eCh nepeBOA BBe)l;eHnJI R qipaHI\Y3CROMY MeMyapy 
«Sur l'ordre de la meilleure approximation des fonctions continues par des polynomes 
de degre donne» (Extrait des Mrmoires publies par la Classe des sciences de l' Academie 
royale de Belgique. Collection in 4 °, Deuxieme serie, tome lV, 1912). 

«I'JiaBHaJI 11enb !)TOM pa60TbI 3aRJlIO'laeTCJI B TOM, 'IT06bl pemHTb CJie)l;yrorr~nii Borrpoc' 
rrocTanneHHhlii III. BaJIJie IIycceHOM 1: l:l03MomHo Jin rrpe):lcTaBHTb opARHaTy HeRoTopoil: 
JIOMaHoii JIHHHH rrocpe)l;CTBOM MHOTO'IJieHa CTeIIeHn n c npn6JimReHneM JIY'lillHM, 'leM 
nopJIARa 1/n? qTo yRa3aHHbIH nopHJl:OR npn6JinJReHnJI B caMoM .n:eJie MOJReT 6bITh 
Jl:OCTnrHyT, ycTaHOBJieHo Ill. BaJIJie HycceHOM B I\HTnpoBaHHOM MeMyape. 

IIepBbiii mar B HanpaBJieHnn pemeHnJI npo6JieMbI He)l;aBHO 6hIJI C)l;eJrnH caMnM 
III. BaJIJie IIycceHOM B MeMyape 2 , Bblme)l;meM B cneT B TO npeMJI,:Ror.n:a HaCTOJIIIJaJI pa6o
Ta pe)l;aRTnponaJiaCh. B 9TOM nocJie)l;HeM MeMyape ynamaeMhIH JiyBaHcRnii nprnpeccop 
H3JiaraeT 06IIJHH MeTO)l; HaXOJR)l;eHnJI npn6JinJRa10mnx MHOTO'IJieHOB n, B 'laCTHOCTH, 
ycTaHaBJIHBaeT, 'ITO HanJiy'lmee npn6mimeHne JlOMaHoii JIHHHH MHOTO'IJieHOM CTerreHn n 

nMeeT HHJRHIOIO rpamn~y nopHARa 1 
n(logn)3 

HaCTOJIIIJHM MeMyap )l;aeT IIOJIHbIH OTBeT Ha IIOCTaBJleHHbIH BOnpoc: 
H aufly'iutee npu6JLu01eoiue ¢yHK1fUU /xi e npo.Me01<:ymKe (- 1, + 1) nae pe()cmeo.M .MHO-

eo'ifleHa cmeneHU 2n > 0 aaK.1110'iow .1ie01e()y Jf 2- 1 n 2 
4 (2n - 1) 7t (2n + 1) 

IIoncRn pemeHHJI rrpo6JieMbI Ill. BaJIJie IIycceHa ccTeCTBeHHO npnBeJin MeHJI R nocTa
HOBRe pH)l;a Apyrnx ananorn'IHbIX norrpocon II R o6IIJeMy nccJie)l;OBaHnIO 3aBnCnMOCTH 
Mem)l;y nanJiy'lmnM rrpn6nnmeHneM cl>YHRIWn n ee )l;nqiqiepeH11naJihHbIMH cnoiicTBaMn. 
B HaCTOJIID;eM MeMyape 3 H3JIOJReHa COBORYIIHOCTh pe3yJihTaTOB, rroJiy'leHHbIX MHOIO B 

1 Sur Ia convergence des formules d'interpolation entre ordonnees equidistantes. 
«Bull. Acad. sci. Belgique>>, 1908, cTp. 403. 

2 Sur les polynomes d'approximation et Ia representation approchee d'un angle. 
TaM me, 1910, cTp. 808. 

3 Heo6xo1,1nMo TaRJRe Ha3~aTh ~ MeMyap ,D;. ,!J;meRcoHa, rroJIBHBIIr~~:il.cn yme rrocne 
IIOCbIJIRH 3TOII pa60TbI EenhrnHCROII aRa)l;eMnn HayR: D. J a ck son. Uber die Genauig
keit der Anniiherung stetiger Funktionen durch ganze rationale Funktionen. Gottin
gen, Preisschrift und Innaugural-Dissertation,' 1911. OH RacaeTcJI Tex me norrpocon n 
COAepmnT TaRllie MHOI'O'IUCJieHHhle 6n6Jinorpaqin'I£CRne yRa3aHirn. 
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<JTOM HarrpaBJiemnI (HeKOTOphle 1213 H121X' 6e3 )"\ORa3aTeJibCTB, rrpnBe)"\eHhl MHOIO B 

a~rnTRe «Sur !'approximation des fonctions continues par des polynomes», «Comptes 

rendus», t. 152, 27. II.1911 [2])». 
3.3. (R § 9.) B rrepBOHa'!aJibHOH pe)"(aKJ.\121121 BMeCTO OTpLIBRa, BOC1Ip01213BO)"\.Hll\ero 

COOTBeTCTByrom;ee MeCTO 1213 MOHorpaqmn «L. S.» (cTp. 42), Ha'lnHarom;eroc.H CJIOBaM121: 

«fl YTBepm)"(aro .•• » 121 ROH'larom;eroc.H «B KOTopo:ii S 2 (1) = L 2 • 8T121M Harne YTBepm)"(eHne 

)"\ORa3aHO», CTOHJIO KpaTKO: <<II0)"(06HO rrpeAhlAYmeMy HaX0)"\121M, 'ITO i1l > 1!3], 131 > !!31 
121 1!3 > 0, 3!3 > 0» (rrpn'leM B rrocJie)"\H121X HepaBeHCTBax y~ > 0 121 3~ > 0, BMeCTO y n 3, 
)"\OJilRHhl 6LJJI121 CTOHTb 121X Bem;eCTBeHHhle 'laCT121, RaR 0TO C)"\eJiaHO B HLIHeruHe:ii pep;aRI.\121121). 

3.4. (R § 10.) BMeCTo HepaBeHCTBa If~ (t) I-<: nL B rrepBoHa'laJihHo:ii pe)"(aRI.\121121 B 

o6meM cJiy'lae 6hlJIO ycTaHoBJJeHO Jrnmh, 'ITO [/~ (t) I < 2nL. llpIIBe)"(eHHhl:ii 3)"(ecb BhlBOA, 
IIORa3hlBarorn;121:ii, 'ITO o6rn;ee HepaBeHCTBO HBJIHeTCH aJieMeHTapHhlM CJJe)l,CTB121eM Toro me 

HepaBeHCTBa, ]l;ORa3aHHOro )J;JIII cyMMLI C121HYCOB, coo6meHHhlll MHe 8. JlaH)"(ay BCROpe 

IIOCJie IIOIIBJJeH1211l )"\121CCepTal.\H121 [3]' BrrepBhle 6hlJI orry6JIHROBaH B «L. s.))' CTp. 39. 
3.5. (R rJiaBe II.) llp121MeHIIH aHaJior121'!Hhlll rrp121eM, OCHOBaHHhlll Ha TeopeMe § 6, 

BaJIJie llycceH ( «Le<;ons sur !'approximation des fonctions d'une variable reelle», 1919) 

HeCIWJihRO ycmrnJI HeRoTophle pe3yJihTaThl rJiaBhl II. IIp121HJ.\l2IIT121aJihHOe 3Ha'lenne nMeeT 

AaHHOe HM YTO'lHeHne TeopeMhl § 12 )"(Jiil cJiyTiaH p Hel.\eJioro; a 121MeHHO, ecJin (AJIH 

Bcex n >O) 
A 

En [f (x)] < P , 
n 

(I) 

r)"(e k < p < k + 1 (k - J.\el!Oe 'IHCJIO), TO f (x) He TOJihRO nMeeT rrpon3BOAHYID 1'-ro 

rropHAKa, YAOBJieTBOpHrom;yro BHYTPII npoMemyTRa (- 1, + 1) ycJioBnIO J1121nm1211.\a 

n106oro rropHp;Ra IX< p - k = b < 1 (corJiacHo YTBepm)"(eHnro TeopeMhl § 12), HO YAOB

JieTBOpHer TaKme ycJIOBHIO JlHrrmm:.(a rropH)"(Ka IX = p - k = b < 1 

lf<k) (x2) - j<k) (x1) I = 0 (lx2 - x1[b) (- 1 <x1 < x 2 <1 ). (II) 

B § 65 [73] HaCTOHrn;e:ii pa60Thl ycTaHOBJieHo, 'ITO H3 ycJIOBHH JinmnHJ.\a nopn)J,Ka b 

BLITeKaeT 
If (x2) - f (x1) : = 0 ([x2 - x1lb) 

En [f (x)] < Ab ' 
n 

(b < 1) (II') 

(l') 

n O)"\HOBpeMeHHO ,Il;meKCOHOM, He3aBHC121MO OT MeHH, 6hlJI rroJiy'leH o6rn;n:ii pe3yJI.&TaT, 

'ITO (II) Bcer;ri;a BJie'leT aa co6o:ii (I). TaKnM o6pa30M, yrroMHHyTOe BhlITie yTo'IHeHne 

reopeMhl § 12 03Ha'laeT, 'ITO B cJJy'lae b < 1 CBOHCTBa (I) n (II)· (KOTOphle rrp121 k = 0 

o6pall.\aIOTCJ1 B (I') 121 (ll') 0KB121BaJJeHTHhl *. 
8TOT BaIBHhlll cI>wT B TO BpeMH He 6hlJI o6HapymeH MHOJO, TaK KaK MeHH IIHTepe

COBaJI rJiaBHhlM o6pa30M cJJy'la:ii lfe.11020 p, )"\JI.II KOTOporo, KaK .II IIOKa3aJJ (§§ 18-20), 

TaROH :3KB121BaJJeHTHOCTH He CyUfeCm6yem. 

B CBII3Il c OCHOBHOH 3a)"\a'!e:ii, KOTopaH 6hlJia HCXO)J;HhlM rryHKTOM HCCJie)"\OBaHIIH, 

MeHH oco6eHHO 121HTepecoBaJI BOrrpoc 0 TOM, cyrn;ecTByeT JI121 O)J;H03Ha'!Hall 3aB121CHMOCTb 

MelRAY cRopocThID y6MBaH121H En [f (x)] 121 HerrpephlBHOCThIO rrpon3BO)"(HO:ii /' (x) (rro)"(o6Ho 

TOMY KaK HerrpepbIBHOCTh caMo:ii <l>YHKJ.\HH f (x) paBH03Ha'!Ha yrnoB121IO En [f (x)]--;. 0). 

HecMOTpH Ha TeCHYID CBH3b (§ 18), OTBeT Ha 0TOM Borrpoc OKa3aJICH OTP121J.\aTeJihHhlM n 

cjiopMyJI121poBaH B KOHI.\e § 20. Ha aTO o6CTOHTeJibCTBO oco6oe BHHMaH121e o6pameHO TaKlRe 

B )"\OKJia)"(e [6]: «CYII.\eCTBYIDT rrpe)"(eJibHhle CJiy'lan, KOr)"(a rrpnpo)"(a HerrpephlBHOCT121 

rrpo1213BO)"\HOH (KOTOpaH He BI.rpamaeTCH H121KaKHM ycJIOBHeM .TlnITITI121J.\a) TaK MaJio OTJ!ll

'laeTCH OT HeKOTopoH: qiopMhl pa3pLIBHOCTH, 'ITO rrocpe)"(CTBOM pacCMOTpemrn HaHJIY'llliilX 

* CM. npnMe'laH121H Ha cTp. 29 121 90. IlocToHHHaH B ycJioBirnx J1121rrlllnl.\a (II) n (II') 
npn np1216JIHIBemrn TO'lel{ X1 121 1:2 R KOHI.\aM 0Tpe3Ka [-1, +1] HeorpaHH'leHHO B03pa
cTaeT' COrJiaCHO HepaBeHCTBaM § 12. Ilp121 aTOM, KaK B121)"\HO H3 §§ 17 121 65, COOTBeTCTBYIO
maH oroBopRa HBJI.HeTCH Il3JIHllIHeH rrp121 pacCMOTpeH121121 Ha121JI.Y'llllero rrp1216JI121meHIIII 

E~ !f (x)] nep121o)J,n'lecKo:ii cjJyRKI.\121H f (x) rrpn ITOMOll\II TpnroH0MeTp1211IeCKnx cyMM. 
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np1:16m1mennii En[/ (x)] (AJUI Bcex n) neB03MOlREO perunTh, HBJUieTCII JIH am rrpmrn

BO{IEarr nenpephlBEo.ii: HJIH HeT. H noJiararo, 'ITO H3y'leHne <ITnx RpHT1I'lecm:1x cJ1yqaea ... 

MOTJIO 6hl cnoco6CTBOBaTb 6oJiee rJiy6oROMY yrrcHeHIIIO caMOTO IIOHIITIIII HerrpepblBHOCTIH. 

B HetJ,aBHeiI pa6oTe 3HTMYEAa («Duke Math. Journ.», 12, 1945), IIOCJJe KOTOpoiI rro

lJBl:IJIHCb MOH 3aMeTRl:I (245*) 1:1 (250*), tJ,OIIOJIHIIIOm;l:le pe3yJJhTaThl 3nrMyEtJ,a, l:ltJ,err, Ha.'1e

'leHHaH B np1rnetJ,eHHbIX CJIOBax ll,ORJJatJ,a, B COetJ,llHeHIIl:I c I!OEIITlle.M o6o6m;eHHhlX 

ycJJOBIIll JlHIIIJlHI:(a, BBetJ,eHHbIM B § 24 pa60TLI {3], IIOJIY'lRJia rJiy6oRO IIJIOl:(OTBOpHoe 

pa3Bl:ITlle. CJie{lyeT TaRme OTMeTllTb, 'ITO C. B. CTe'lRllE B CBoeiI RaHtJ,lltJ,aTCROiI tJ,l:IC

cepTa1~1111 (cM. «,D;OKJJ. All CCCP», T. 65, cTp. 135 -137) BeChMa ocTpoyMRO pa3Blm 

11tJ,e11 §§ 24-26 B ll,pyroM HanpaB.lien1111, 6JiarotJ,aprr 'leMy eMy ytJ,aJIOCb cym;ecrBeHHO 06-
06m;1:1Tb TeopeMy § 25 II IIOJIY'll:ITb rrocpell,CTBOM pacCMOTpeHn..ii:, anaJIOTll'!HhIX npoBctJ,eu

HhlM B § 26, npllHI\llIIllaJibHO EOBOe ll,ORa3aTeJibCTBO cym;eCTBOBaHl:lll IIOCTO.flHHhIX C1 1:1 C2, 

}lJIII KOTOpbIX rrpn Bcex n co6JIIOtJ,aeTCII HepaBeECTBO 

!.'..!_<En [!xi] <~2. 
n n 

3.6. (K § 52 [60].) B nepBoHa'laJibHOM TeKCTe (RaR tJ,11ccepTau;1111, TaK 11 MeMyapa «0») 
B JieBOll 'laCTll HepaBeHCTBa ( 53) BCJietJ,CTBl:le norpeIDHOCTl:I B Bhl'lllCJieHlllJX' ROTopyro 

onrnTllJI 11 11crrpaB11JI B cBoeiI KE1:1re Bamrn Ilyccen, CTOIIJIO I An+! !. BMecTo upm.rn

HeHnoro B HacTorrm;eM 113{1aHrrrr cnoco6a orrpetJ,eJiennrr JieBOll l.J.aCTl:I HepaBencrna 

- n+I f (xi) 
P + ~ B OCHOBY Bhll.J.HCJJeurriI 6hlJia IIOJJOlReHa ""opMV.J.Ia - - .LJ S' (X·) '±' J 

i=O \ 

r)J,e c - KOHTyp, OKpymaIOII~l:IH 0Tpe30K [-1, + 1]. 
OtJ,HaRo, naxomµ;eH11e nnmHeii rpaH11 En [f (x)], ecJ111 1:13BeCTHO TOJibRO 3Ha'le

Hlrn An+t• He Jil:lrueno nnrepeca. HeTPYAEO IIOKa3aTb (npn rroMom;n ;i,pyr11x coo6pame
HIIH), 'ITO Bcer;i,a 1:1:1ieer 1iecTo nepaBeHCTBO 

,D;mr aToro 3aMe'lae:11, 'ITO En[/ (x)] ecTb Ha11MeHbruee B03MOmHoe 3Ra'leEIIe Ma11:c1:1MyMa 

= 
l/(x)[ npH -1<x<1, ecJm B pa3JIOlReH1111 f(x)=]AkTk(x) no MHOro'l;rnnaM 

k=O 
1t 

2 \ Tk (x) )J,aH JIIIIllb Oi"(l:IH onpeµ:eJICHHbl.ii: Koa<P<P11u;11eHT An+! = n j f (cos 6) cos (n + 1)6 d6. 

0 

Kai; rroRa3aHo na cTp. 30 MOHorpa<PH11 «8. II.», na1:11ienhmee 3Ha'len11e max I/ (1'.')I co

OTBeTCTByeT pa3pbIBROH <i>YHRil;l:llI 
-h;:x.,,:;:1 

I (x) =A [r (x) - T3(n+I) (x) + + (-1)kT(2k+l)(n+l) (x) ] 
n+l n+r 3 . . . 2k + 1 + . . . = 

= An+I % sign [cos (n + 1) arccos x], 

TC 
Il;JIII KOTopoii: max ! t (x). = 4 IAn+1I· 0TCIOtJ,a Bl:li'J,RO, 'ITO ncpaBeECTBO 

~J<x<;;:I 

cnpaBe;J,Jil:IBO 11 He MO}l\eT 6.bITb yJ1y'lrueno. 
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3. 7. (l\ § 54 (62].) B nepBOHa'laJJbHOM TeRCTe B qiopM)"JIHpOBRe CJie):\CTBFIH r CTOfUIO 

Rn+l ( n n 3 ? 2) < F -- + 1, - + -, n+-, R , 
2n(1-R) ,2 2 2 

TaR RaH, no-nepBhIX, He 6h!JJa llCilOJlb30BaHa 4JopMyJ1a (CM. C"HOCHY Ha CTp. 128). 

( 3 ' zn+l 
F !1'_ + 1, !1'_ + ~ , n + 2, R 2) = . , 

2 2 2 l 1 -R 2 (1 +Vi - R 2 )n+I 

= 
a, BO-BTOpLix, B JieBoii 'laCTll HepaBeHCTBa (53) CTOHJJO An+! BMeCTO h A(2k+I) (n+I)" 

k=O 

3.8. (R § 66 [74].) 06rn;ee nepaneHCTBO (78) JierRO nOJ1y'laeTrn ns (77) 121 (77') 
(0 < p <. 1) 121HTerp121poBa1rneM. Comarno (77) ll (77'), ern121 

I/' (x + h) - /' (x)[ <Ah"' 
TO 

/' (x) =Sn (x) + cp' (x), 

kA 
r;:i:e I cp' (x) I<~ 121 Sn (x) - TprrroH0MeTp12111erHarr cyM111a n-ro rropa;:i:Ha. Ho B <!TOM 

n 

Cny'lae Akh 
I cp (x + h) - cp (x) I< -a. 

n 

Ak 2 

.E~ [/ (x)] =E~ [cp (x)] < Ha, 
n 

r;:i:e .E~ [/ (x)] 03Ha'laeT HallJIY'IIIIee npH6JinIBeHlle rrpll IlOMOlll;ll TpllrOHOMeTpll'leCRllX 

cyMM n-ro noprr;:i:Ra. IIOBTOprrrr TO me paccym;:i:eHlle, MOif>HO IIOJIY'IIlTb HepaBeHCTBO (78)' 
ecJIH ycJIOBHIO JlllrrIIInl.(a y;a;oBJreTBOprreT nponaBo;a;Harr Jrro6oro ;a;aHHOro rroprr;a;Ha j<Pl(x). 

B ;a;aJibHeRIIIeM HaM ern;e np121;a;eTCll BepHyTbCll R BOnpocy 0 RIIIBHe:ii: rpaHll 3Ha'le

Hllll IlOCTOllHHbIX B HepaBeHCTBax ,D;meRCOHa. Ce:ii:'laC OTMeTllM TOJlbRO, 'ITO B CJiy'lae 
1t: 

cc= 1 B HepaneHCTBe (77') MOlf\HO IlOJIOIBllTb* k = 2 ' T. e. 

ROr;a;a 

1tA 
En[/ (x)J< 2 (n + 1)' 

I/ (x + h) - I (x) i <.Ah, 

(I) 

(II) 

rrpn'leM, RaR Ohl ;-.ia;IO Hll 6h!JIO z > 0, HepaBeHCTBO (77') MOIBeT ORa3aTbCll HeBepHhl~f 

1t: ~ 
}J;llll n > n ( z)' eCJill IIOJ!OllillTb B HeM k = 2 - z; }J;JUI nepllO}J;ll'leCRilX 4>YHRD;IU! 

• 1tA 
HepaBeHcTBO En [f(x)] <. 2 (n + 1), TaRme BepHoe np121 ycJIOBllll (II), He MOIBeT 6bITb 

yJJy'lmeHO Hll rrp121 RaROM n ( cM·. H. II. A x 121 e 3 e p. JleRn;HR no TeopRR arrnpoRcn

Man;121R, § 87, OfM3, M. -JI., 1947). 
IlpR noMorn;n npoBe;a;eHHoro Bhlme paccym;a;eHnrr Mhl noJJy'laeM, TaRHM o6pa30M, 

o6rn;ne HepaBeHCTBa 

En+ I[/ (x)] < 2 (n + 1) En[/' (x)]; E~ [/ (x)] <. 2 (n ·+ i) E~ [/' (x)], (III) 

rrepBoe ll3 11'.0TOphIX BepHO }J;JIH l!I06o0: 4JYHRD;llll, a BTOpoe - }J;JIH rrepROJi:ll'l.8CKOH qiynRD;lllI. 

* C. M. II 121 Ko JI b c R JI 0:, <1,ll;omr. AH CCCP», T. 52 (1946). 
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3. 9. (K § 69 [77].) Bo 4JpaHiiy3cRoii pep;aRI(Hn «0» cop;epmnTCH TaRme !JiopMyl!n

pomm cl!ep;y10rn:ero rrpep;JioarnHnn: 
EcJl,U 6eUfeCm6e1uwJi 'taCmb g3yHKlfUU, eoJ1,0.Mopg3Hou eHympu Kpyea C, y8061temeo

p.nem ycJ1,06U10 JI unmu!fa cmeneHu cc Ha oi>pyrJ1CHocmu C, mo .MHU.MaJi 'tacmb y8001temeo

pRem ycJ1,oou10 JI unmu!fa .11106ou cmPneHu cc1 <cc Ha amou oi>pyorenocmu. 

lipn 3TOM OTMe'laeTCH, 'ITO OCTaTOR B pa3l!Oli\eHnn B PHA ©ypbe MHHMOH 'laCTU: 

Pn (6) = ] BP cos p6 - AP sin p6, TaR me RaR n ocTaTOR Bem:ecTBeHHOii 'laCTH 

P=n+I 

Rn (6) = ] AP cos p6 + BP sin p6, yp;oBl!eTBOpHeT HepaBeHCTBY Bnp;a 

p=n+I 

I Pn (6) I < k Io; n ' 
n 

3.10. (R rllaBe VII.) MeTOA nccl!ep;OBaHnn CBH3H Memp;y cBoiicTBaMn pa3l!H'IHbIX 

'laCTHhlX IIpOH3BO)l;HhlX 4>YHRI(HH HeCROllbRHX nepeMeHHhlX, npnMeHeHHhlH B 3TOH rJiaBe, 

3Ha'IHTellbHO ycoBeprueHCTBOBaH B Moeii aaMeTRe (250*), ony6JIHROBaHHOH B 1948 r. 
(~)];ORJI. All CCCP» T. 59, N2 8). 

10. OB O]J:HOM CBOHCTBE MHOroqJIEHOB 

10 .1. 8To HepaBeHCTBO JJ;f < LeP, BhlTeRamrn:ee na narrncaHHOro Bhlllie paBeHCTBa 

L i~ -i~ 
P (~) = L cos Z: = 2- (e + e ), 

rp;e z: = c ± i p' MOJi\eT 6bITb 3aMeHeHO BbITeRaIOIIJ,HM OTCJO)l;a me 6oJJee CllJibHhlM nepa
BeHCTBOM 

M I L P -pJ . =P(~)l<2[e+e. 

IIoaTOMY' He H3MeHHH HH'lero B p;aJibHeiirneM paccymp;eHHH, BCJie)l;CTBHe ROToporo 6bl

JIO rroJiy'leHO p < nb, HaXO)l;HM BMeCTO (9) 6oJiee CI!JibHOe HepaBeHCTBO 

(9') 

(BMeCTO 8TOro HepaBeHCTBa HMeeM paBeHCTBO TOJibRO B CJiy'lae TpnrOHOMeTpnYJeCROro 

MHOrO'IJieHa, ROrp;a [3 = y = i>, T. e. p = nb). HepaReHCTBO (9') BbITeRaeT TaRme H3 

COOTBeTCTBYIOm:ero HepaBeHCTBa, OTHOcnm:erOCH R n;eJibIM 4>YHRI(HHM ROH8'IHOH CTerreHn 

(Duffin a. Schaeffer. «Bull. Am. Math. Soc.», 1938). 

11. HECROJihRO 3AMEqAHHii R HEPABEHCTBY BJIA]J:HMHPA MAPROBA 

11.1. B 1938 r. MHOIO p;aHo rrpocToe p;oRasaTeJibCTBO nepaBeHCTBa B. A. Mapl{mm. 

CM. cTaTbIO «0 TeopeMe B. A. MapRoBa» ( «Tpyp;hl JlHrp. nmi;ycTp. nH-Ta», .M 5, pas;n:. 

!Jln3.-1'1aTeM. HayR, BbIII. 1, CTp. ~13 (199*), ROTopaH BOH)l;eT BO BTOpoii TOM HaOTOH

IIJ,ero co6paHnH co'lnHeHnii. 

B TOM me rop;y A. S. Schaeffer n R. J. Duffin («Bull. Am. Math. Soc.», v. 44, 
1938, cTp. 289-297) p;aJJ:n p;pyroe p;oRa3aTeJibCTBO HepaBeHCTBa B. A. MapRoBa rrpn 

rr0Mom:11 cJJeJJ;yrom:ero HHTepecHoro o6o6IIJ,eHnn TeopeMhl § 2 MOeii p;nccepTan;nn [3]. 
EcJJn 1'rnoro•meH P n(x) cTerreHn < n yp;om:ieTEopaeT Ha oTpe3Re [- 1, + 1J HepaBeH

CTBY 1Pn(x)J<:;:1, TO 

IP~k)(x)l<IT~k)(x) +is~k)(x) I (-1<:;:x<:;:1,k=1,2, ... ,n), 
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