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Abstract

The motion of a liquid column in a tube is determined by the pressure gradient
applied to it. In this paper, two cases are considered, the column is open on both
ends to air (or some other gas of negligible density), or it is capped on one end by
a solid or flexible boundary. The equations of motion can be written in boundary
integral form when the liquid is assumed to be incompressible and inviscid. An
asymptotic approach is used to study the interfacial motion when the column is

tall.



1 Introduction

Consider a column of inviscid liquid trapped between two walls of a vertical duct. We
imagine the column to be supported by pressure in a gas of negligible density beneath
the column. Even if the pressure in the gas balances the hydrostatic pressure perfectly,
the interface between the liquid and gas is susceptible to the Rayleigh-Taylor instability
[1] during which the liquid falls down between rising bubbles of gas.

A standard way to study the motion of this unstable interface is through the intro-
duction of a velocity potential ¢, which is possible when the liquid motion is assumed
irrotational. Because of incompressibility, ¢ must satisfy Laplace’s equation subject to
certain boundary conditions. Along the vertical walls, the normal derivative of ¢ must
vanish, and along the interface, ¢ is given by Bernoulli’s equation. In addition, a far-
field condition is needed to determine ¢, and obviously it is this far-field condition that
connects the local behavior of the interface to the far-field motion of the liquid.

A common assumption relevant to studies of the Rayleigh-Taylor instability is that
the liquid is at rest in the far-field, so the potential approaches some constant value.
This constant is determined by the location of the interface and the potential along it.
However, Bernoulli’s equation contains an arbitrary constant (in space), so the mean
value of the potential can change in time without inducing any motion in the liquid.
Often, this constant is absorbed into the time rate of change of the potential. Even so,
the mean pressure level is arbitrary. For example, if the interface is perfectly flat, the
potential is ¢ = C(t), and the pressure in the liquid is p = —p(dC/dt+ gy), where p is the
density, y a vertical coordinate, and g the gravitational constant. The time derivative of

C, dC/dt, can be chosen to ensure that the liquid pressure at the interface matches the



gas pressure. Note that if the gas pressure changes in time, the liquid pressure changes
everywhere accordingly, but there is still no motion in the liquid.

For those circumstances where a change in gas pressure should result in the dis-
placement of the liquid, we must allow motion in the far-field. However, without ad-
ditional considerations, the relationship between the far-field motion and the change
in gas pressure is still not clearly established. For example, if the interface is per-
fectly flat, the potential is ¢ = C(t) + V(¢t)y, where V is the far-field velocity, and
p = —p(dC/dt + V?/2 + (dV/dt + g)y). We must give both the gas pressure and the
far-field acceleration in order to determine dC/dt, even though it has no dynamical
significance.

In reality, the liquid column has finite length. There are two obvious ways that the
column can end. It may be capped by a solid end wall, in which case the far-field motion
of the liquid, that is, its acceleration dV/dt, is determined by the motion of the end wall.
This still leaves the freedom to specify the gas pressure at the interface, and so determine
dC'/dt. Whatever the gas pressure is, the liquid pressure will change accordingly through
the value of dC/dt without any dynamical consequence. This result, of course, reflects
the assumption of incompressibility. On the other hand, the top of the column may be
exposed to another gas, so that the liquid lies between two gases. In this case, matching
the liquid pressure to the gas pressures at the top and bottom provides two relationships
to determine both dC/dt and, most importantly, the acceleration dV/dt.

Accelerating liquid layers has been the subject of several studies because of their
relevance to laser-driven imploding fluid shells in inertial confinement devices [2]. In

Baker [3], the equations of motion for a periodic liquid layer are expressed in terms of a



boundary integral method. The velocity potential is represented by dipole distributions
along the two interfaces and a linear profile representing the mean velocity of the layer.
The boundary integral equations for the dipole strengths are singular, and a solution
is possible only if the Fredholm alternative is satisfied, a behavior that is typical of
boundary integral methods for multi-connected domains [4]. In this application, the
Fredholm condition determines the acceleration of the layer, and thus the mean velocity
of the layer. These equations are solved numerically by Baker, McCrory, Verdon, and
Orszag [5] to study the instability of a liquid layer when the pressure jump balances
the hydrostatic pressure exactly and the layer is initially at rest. As expected, the
bottom interface undergoes Rayleigh-Taylor instability with the familiar pattern of rising
bubbles and falling spikes. However, the velocity of the top of the bubble does not reach
a steady value as it does for a semi-infinite layer, but instead continues to increase with
an acceleration of O(1/H), where H is the thickness of the layer.

An asymptotic study [6] of thick layers provides and explanation for this effect. As
the liquid begins to move, the hydrodynamic pressure changes, which in turn affects
the pressure gradient across the layer, especially in the region of bubbles. An important
feature of the asymptotic approach is that it captures terms of exponentially small order
in the thickness of the layer.

We summarize the asymptotic derivation of the equation of motion for the lower
interface, and apply the technique to the other case where the liquid is capped by a
solid boundary. Unkike the case where the liquid column is open above, the rise of the
bubble is slowed by the presence of the solid cap, although this effect is exponentially

small in the thickness of the layer.



2 Formulation

2.1 Open Above

We consider a liquid column lying between two gases of negligible densities, but sustain-
ing pressures P; and P, below and above the liquid respectively. Gravity acts down-
wards. We introduce a coordinate system in which the = and y-axes are in the horizontal
and vertical directions respectively. We assume that the liquid is incompressible, and
its flow is irrotational and inviscid. Consequently, we may introduce a velocity potential
¢ which satisfies V2¢ = 0. Let the location of the interfaces between the liquid and
gases be parametrized as (X;(p,t), Yj(p,t)) with j = 1,2 indicating the lower, upper
interfaces respectively. Equations of motion for the two interfaces have been derived in
Baker em et. al. [5] and a simplified version appears in Baker and Nie [6], which we
summarize here.

The interface locations are written in complex form,

X, 1) +1Y;(p, 1) = Z;(p, 1) = 2(p,t) +17;(t) (1)

where z;(p+27,t) = z;(p,t) and §;(t) is the mean height of the jth interface. The motion
of the column may be determined from the complex velocity potential W (z,t) = ¢(z,t)+
i1(z,t), where ¢ is the streamfunction. This complex potential may be represented by
dipole distributions along each interface plus a contribution to accommodate any mean

vertical motion. We define
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where p(p) is the strength of the dipole distribution along the kth interface. Along the



interfaces, we define the complex potential ®;(p) as ®(Z;(p)) where the the principal-
value of the singular integral in (2) is taken. This means that as we approach the lower
interface from above, the potential approaches the value ®1(p) — u1(p)/2; whereas the
potential approaches ®,(p)+ u2(p) /2 as we approach the upper interface from below. To
the potential (2) generated by the dipole distributions, we add the contribution —iV'(t)z
where V() is the speed of translation of the layer.

We follow Baker et al. [5] in defining the motion of the interfaces to be that of the

fluid. Thus,
dy;
21—y 3
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Subscripts with respect to p indicate differentiation, and the parameter w; takes the
values, w; = —1 and wy = 1, for the motion of the markers on the bottom and top
interfaces respectively, a natural physical choice which also has useful mathematical
properties [7].

As described in [5], the evolution of the dipole sheet strengths is determined by
substituting (2) into Bernoulli’s equation; the result is two coupled Fredholm integral

equations of the second kind,

2 2
w; Opy Ok v — o) — oy 7
5 Bt (p)+;/0 5 (") Re{K;r(p,p")} dp’ = G;(p) 7 (yi(p) +95), (5)
where
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The kernel K (p,p') is given by

Ku(p,p') = kp(p) {Zj(p);Zk(p’)}7 K

and its time rate of change, Kk (p,p'), is given by

Kije(pp') = q’“:gl) cot{Zj(P); Zk(p’)}

Zrp(p')
8mi

(8)

(2;(p) — ax(p")) csc® { w} :

As shown in [5], these integral equations are singular, and they have solutions only if

the following Fredholm condition is satisfied,

Z/ FTk (yr(p") + i) dp’ —2/ 7 (P")Gr (p')dp’ (9)

where 7; are the eigenfunctions of the adjoint integral equations,

+Z/ 7 (p') Re (p,p)}dp’=0. (10)

The adjoint kernel is defined by

K} (p.9') = Kij(0',p).- (11)

Equation (9) determines the mean acceleration of the layer, and together with (3,4,5),
determines the motion of the interfaces. Incidentally, the nontrivial homogeneous solu-
tions to (5) are just constants which affect only the mean level of ®. Thus the mean
levels of p; may be set arbitrarily without affecting the motion of the liquid column.
The solution to (3,4,5,9) is simple when the interfaces are perfectly flat, Z;(p) =
p+1g;(t), and there is no initial internal motion in the liquid column, p;(p) =constant.

The adjoint problem (10) has the solution 71 = —c and 73 = ¢, where ¢ is an arbitrary



constant. Since G; = —P;/p — gy;, we find

v, _P-P
a I pH

(12)
where H = g — 1 is the mean thickness of the layer. The special choice P, = P> + pgH
holds the column in perfect equilibrium. This choice was taken previously [5] to study
the Rayleigh-Taylor instability of fluid layers. For bigger or smaller values of P;, the
column will accelerate upwards or downwards respectively.

Mathematically, it is the Fredholm condition (9) that leads to (12). It is the tool that
provides a connection between the pressure jump across the layer and its acceleration.
In the next section, we derive asymptotic equations for the motion of the lower interface
when the layer is thick. In particular, we find the asymptotic version of (9) that provides

the connection between the jump in pressure across the layer and its acceleration even

when nonlinear effects of the liquid motion are present.

2.2 Capped Above

The top of the liquid column is now assumed to lie next to a solid boundary. We use
the notation of the previous section, but Z2(p,t) is now a parametrization of the solid
boundary. With the same decomposition as (1), the motion of the interface and solid

boundary is given by

dy;

— 13
o~y (13)
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Here, g2 is considered prescribed. It can be time-dependent and spatially varying, for
example, as when a flexible boundary is used to generate motion in the liquid.

As described in Baker et al. [8], the complex potential may be expressed as a dipole
distribution along the interface for the real potential plus a dipole distriburion along
the solid boundary for the streamfunction. This choice leads to a Fredholm integral
equation of the second kind for the dipole distribution along the solid boundary, which

can be easily solved by iteration. Specifically, (2) is replaced by

22)= 3 [ ) e {22 gy, (16
k=1

where | =1,and 2 =1i. As before, we define ®;(p) = ®(Z;(p)), where the principal
value of the singular integral in (16) must be taken.

Application of Bernoulli’s equation at the interface results in

10p 2 Oy dav
1 / / ;_ _ eV -
—§W(P) +1§ | W(P)Re{ kK1 (p,p') } dp' = G1(p) 7 (yi(p) + 1), (17)
where

1

2 2m
I %
Gilp) ==Y / pr@Re { 1Kak(p,p)}dpl + 550 = ~L =gl +1) +C. (19)
k=10

The kernel K (p,p') and its rate of change Kj;;, are given by (7) and (8) respectively.
An equation for the rate of change of us comes about from requiring that the normal
velocity of the liquid vanishes at the solid boundary. Alternately, the streamfunction

must be a constant, C' say, along the solid boundary. Thus,

320+ [ ) Ko} il = - (19)
k=1

By differentiating this equation, we obtain a second Fredholm integral equation of the



second kind,

2w 6/J/k

iﬁ(p) + ; o W(p')Im{ Kok (p,p')} dp'
- 7 Z / ' pe(P)Im { Kok (p,p') } dp' . (20)
k=170

Thus, (15,14,15,17,20) constitute a set of evolution equations for the interface. The

coupled Fredholm equations (17,20) are non-singular in this case.

m totic uation

We now seek the limiting behavior of (4,5,9) and (15,17,20) when H = g2 — ; is large.
As shown in Baker and Nie [6], the derivation of asymptotic equations for the motion of
the lower interface hinges on the properties of the kernels (7) in the integral equations

(5) and (17,20). To illustrate, consider the limiting behavior of the cotangent in Kj,.

Zp) = 20)\ _ 1+ew[in() +in@)) - H]
cot { 2 } = T—exp[—ia(p) + iz () — H]
i 14 2exp[—iz1(p) +iza(p')] . (21)

The exponential decay is typical of the behavior of analytic functions in a periodic strip,
and it governs the nature of the asymptotic solution for thick layers. In particular, it is

reasonable to expect a power series in exp(—H).

.1 Open Above

We assume that we may write the locations and dipole strengths of the interfaces as
?1 = Z(p, t) + Z1(p, t) ) and hn (t) = ﬂ(t) + y(t) ) (22)

10



p = pu(pt) + pa(p,t) - (23)
and

z2(p) =p+22(p,t), and Pa(t) =y(t) + H+y(t), (24)
p2 = B(t) + p2(p, t) - (25)
We assume that the upper interface, the gravitationally stable one, is flat except for the
small influences caused by the deformation of the lower interface. All quantities with
hats are assumed to vanish as H , specifically, as exp(—H). By expanding the
equations and retaining the first order corrections, we have demonstrated in Baker and

Nie [6] that this assumption is self-consistent.
After substituting (22,23,24,25) into (4,5,9), expanding and keeping only the domi-

nant terms (details are available in [6]), we obtain the equation of motion of the interface

as,
d:ljl
91 9
o=y (26)
8‘3* * (I)IJ II’IJ
= = — - . 2
a1 zp 2z @7
where
27
)= u)K () (28)
0
The kernel K (p,p') is given by
/ _ '
K(p, ) = 22 “’t{z(p) Z(p)} : (29)
47 2

The equation for the rate of change of the dipole strength along the lower interface
becomes

3w+ f O 0 Re (K (p, 1)} ' = f " u)Re{Ki(p,p)} dpf

11
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+ 2 p dt

where the rate of change of the kernel, K¢(p,p'), is

K.p) = q,:l(g) cot{z(p);Z(p')}

- ) ) - gt st {ZO Y ()

The acceleration is determined from the limiting form of the Fredholm condition,

2m _ 2m
e Heg [Troweir =TSR oo [T a0, (32
where
@) = —f uRe (K} df + (33)
1 ’ 27
R L (34)

The eigenfunction 7 of the adjoint problem satisfies

7(p) + Re { z;;fg) fﬂ 7(p') cot {7"(”) = 2w) } dp'} = 2,(p). (35)

It is clear from (32) that g + dV/dt represents the effective gravity, and that it is
affected by the presence of hydrodynamic forces.

The expectation is that, under the right circumstances, the motion of the lower,
unstable interface should approach that of the classical Rayleigh-Taylor instability. We
can demonstrate this fact as follows. First, we set the pressure gradient to be P, =
P, + pgH. ivide (32) by H and take the limit as H . We find that dV/dt 0,
that is, the interface feels only the influence of gravity and suffers no effects from the

upper interface.

12



The form of (32) indicates that finite thickness effects can be felt at O(1/H), par-
ticularly as the interface deforms due to Rayleigh-Taylor instability. This influence can

be observed in the numerical results of [5],[6].

.2  apped above

We expand z; and p as in (22,23), but we do not need to expand the quantities at the

upper boundary, because (20) becomes

1 0us 1 2 Ous , , 22( )—32(17,) / /
2t (p) + wl (p)Im {COt — 29p(p') ¢ dp
_ 1 2 ou, , N .1
= ) o7 @)y @)dp’, (36)

and, since the right hand side is just some time-dependent constant, the solution for
Opz /0t is also just a constant with no dynamical significance.

In the same way, the integrals in (17) involving us vanish or reduce to constants.
The net result is (30), but with the important difference that dV/dt is given, and (32)

is not needed.

um rical ult

Numerical approximations to the motion of a liquid layer, (4,5,9), have already been
developed, tested, and used successfully [8, 5]. We use the same codes used in these
studies. A new code is needed for the asymptotic equations, (27,32,30).

As done in [8, 5], we remove the singularity in the principal-valued integrals in

(28,35,30) and apply the alternate point trapezoidal rule [3] with intervals, the

13



integrals are replaced by

1

j{u}=_—i > zkj(uk—uj)cot{%},

k=0
J k=

1

—24 2 — 2k
Art=— > (zpka—zkaj)COt{ = },

k=0
Jj k=

and a similar expression for the integral in (30). The additional subscripts j and k on

=2n/ . Al

a variable indicates its value at p = j and p' = k respectively, where

derivatives are obtained through the use of cubic spline approximations [9].

The eigenvector 7 is determined by the iteration,

n =y —Re{ {r }}

J

subject to the normalization 7; = . The iteration is considered converged when

the pointwise difference between successive iterates is less than 10 19. In this way, we

calculate the solution to a discrete approximation to (35).

We determine the acceleration dV/dt by applying the trapezoidal rule to the integrals

in (32).
We solve the integral equation for the rate of change of the dipole strength opu;/0t

by using the iteration,

. dv
—4i%+2 —+9g Yj,

Ouj ! ou
=4 +
dt

ot Re i 5 J

subject to the constraint du, /0t =0, where

1
1 Zi— 2k Zpi Zi— 2k
i=— Y, (—ny) quCOt{ . 5 }—%(l]j—qk)cscz{ : 5 }

k=0
J k=
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We decide that the iteration is converged when the pointwise difference between succes-
sive iterates is less than 10 1°. The Fredholm integral equations (17,20) are solved in
an identical manner.

Once g¢;, dV/dt, and Ou;/0t have been determined, we advance the location of the
interface and its dipole strength by using a fourth-order Adams-Moulton predictor-
corrector. The starting values are obtained by the standard fourth-order Runge- utta
method.

For all the result reported here, we use the initial condition, z; = p + 0.0871 cos(p),
p1 = 0. In the case of the liquid column being open above, we set zo = p+iH, us =0
initially. For the liquid column capped above, we set 2o = p+iH and keep the boundary
stationary V = 0 and ¢ = 0. We choose a simple cosine perturbation to the lower
interface because it leads to a single bubble and spike, making a comparison of results
quite easy.

We use a resolution study to establish the accuracy in our results. First, we consider
the influence of the number of points  representing the interface. We treat = 128
as exact , and use the difference between this exact solution with other choices of

as an estimate of their error. In particular, we pick the center of the bubble, z = 0
and y = (t), as the point of comparison because we will subsequently use the behavior
of the bubble height to demonstrate the validity of our asymptotic equations. Errors
at other points are of comparable magnitude. We note the difference in bubble height
as  is varied in Table 1 for three select times. We use a time step ¢ = 0.01 in all
cases. There are two different sources of error from the spatial discretization there is

an O( ) error caused by the use of cubic splines to calculate derivatives; and there
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is an O(exp(—c )) error from the evaluation of the principle-valued integrals (c is some
constant). Both sources of error are evident in Table 1. As  increases, we observe first
the rapid improvement in accuracy from the decay in the exponential contribution to
the error. Then, the decrease in error approaches the algebraic decay caused by the use
of cubic splines. Specifically, the error should decrease by a factor of 16 every time is

doubled, and it is this behavior that the error is approaching as  increases. When we

use = 256 we find that round-off errors in the results are comparable to the round-off
errors in the calculation with = 128. Thus we can do no better than = 128. From
the estimates for the error with = 64, we conclude that the errors for = 128 are at

least better than 10

t=1.0 t=2.0 t=3.0
8 1.9 10 1.5 10 2 3.7 10 2
16 2.9 10 3.0 10 7.7 10
32 2.0 10 1.8 10 2.9 10

64 13 10 3.0 10 2.5 10

Table 1 Estimated error due to spatial discretization at various times

Next we consider the errors caused by the discretization in time. The method we
use, the Adams-Moulton redictor-Corrector method, has an error of O(( t) ). To
keep costs down, we pick = 32, and run our codes for several choices of ¢. We take
the results for ¢ = 0.0025 as exact, and use the difference with the results of other
choices of ¢ as estimates for their error. We show in Table 2 the behavior of the errors

of the results for the single interface. The growth in the interface is regular enough that
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the errors are very small even for moderate time steps. We pick ¢ = 0.01 for all the
subsequent results reported here, certain that the dominant errors are associated with

the spatial discretization.

t t=10 t=2.0 t=3.0
0.02 4.6 10 ' 88 10 3.2 10
0.01 5.0 10 ' 6.4 10 1 21 10

0.005 3.5 102 37 10 75 10 M

Table 2 Estimated error due to temporal discretization at various times

In [6], we compare the interfacial shape of the lower interface for the liquid column
open above with that of the asymptotic approximation and the semi-infinte layer. In
particular, we compare the heights of the bubble. The main result is the demonstration
of the exponential nature of the asymptotic approximation, which we reproduce in Table
3. The data shows a linear variation in the logarithm of the difference between the bubble
heights as the thicknesses varies. Further, the upper interface has little effect even when
the thickness is just 27, the wavelength of the disturbance (or the width of the channel).

The calculations are repeated for the case where the liquid column is capped above.
In Table 4, we show the difference in bubble heights between the asymptotic model and
the full simulations. As can be observed, there is an exponential decay as the height
increases. The data also shows that the influence of the upper boundary is stronger,

especially at later times, than that of upper the free surface.
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H/m t=05 t=10 t=15 t=20 t=25 ¢t=30
0.50 -6.19 -4.83 -4.09 -3.64 -3.37 -3.15
0.75 =777 -6.42 -5.68 -5.23 -4.97 -4.76
1.00 -9.34 -7.99 -7.25 -6.80 -6.54 -6.33
1.25 -10.90 -9.55 -8.81 -8.38 -8.11 -7.90
1.50 -1247 -11.12 -10.38 -9.94 -9.67 -9.47
1.75 -14.04 -12.69 -11.95 -11.51 -11.24 -11.04

2.00 -15.61 -14.26 -13.52 -13.07 -12.81 -12.61

Table 3 The logarithm of the difference in bubble heights computed from the asymptotic

and full equations at selected times for various thicknesses.
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Some of the computations were performed at the Ohio Supercomputer Center under

grant no. AS555-4.
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H/m t=05 t=10 t=15 t=20 t=25 ¢t=30
0.50 -5.63 -4.12 -3.14 -2.37 -1.75 -1.23
0.75 -7.18 -5.66 -4.66 -3.87 -3.20 -2.61
1.00 -8.74 -7.22 -6.22 -5.43 -4.75 -4.14
1.25 -10.31 -8.79 -7.79 -6.99 -6.31 -5.70
1.50 -11.88 -10.36 -9.36 -8.56 -7.88 -7.27
1.75 -1345 -11.93 -1093 -10.13 -9.45 -8.83

2.00 -15.02 -13.50 -12.50 -11.70 -11.02 -10.39

Table 4 The logarithm of the difference in bubble heights computed from the asymptotic

and full equations at selected times for various thicknesses the column is capped above.
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