WITTEN HELFFER SJOSTRAND THEORY

NOTATIONS:
7 :=(h,g)

M™ smooth manifold

h:M"—R smooth map

g smooth, R-metric

Cr(h)  set of critical points

X = —grady f

vy (t) trajectory of X, v,(0) = =.

W ={y e M"|limy_ 1o v, (t) = z}



THE MODEL: Tk n—k.q
M" =RF x R*F
h(z,y) = a — % Z?:l 37@2 + % Z?:k—{—l %2

gi; — 57Lj

Cr(h) = (0,0), W_

x

=RFx0, WI=0xR"*
7= (h,9) A GENERALIZED TRIANGULATION if:

A1l: For any x € Cr(h) there exists
k, e>0, o:(U,x)— (D"(€),0) s.t.

@ intertwines 7|y with 7.
A2: For any x,y € Cr(h), W, m W,

ORIENTATIONS for (7 = (h,g),

0 =0,z € Cr(h)}, 0, orientation of W _~.



CONSEQUENCES:
CO: #Cr(h) finite,
Cl: M = UxEC’T(h) W with W = Rindeza

C2: M(z,y) =W, NW,F /R is a smooth manifold

of dimension i(x) —i(y) — 1

Theorem A. ( Floer, A-B). There exists:
a canonical compactification of VAVZL,_ of W

. S . Tr_ n . . — n
the extension ing, : W — M" of ing, : W — M",

W_

x

a smooth manifold with corners so that:

(2): mx|M(x,y)xwy_ = in, Py -

In particular
C3: The partition M =J,co.n) W, 1s a smooth

CW-complex



T = (7,0)

THE GEOMETRIC COMPLEX (C*(M,T), (9;0)
C4(M, 1) = Maps(Crq(h),R)

69 : CYM,7) — CI™Y (M, 1)

NOTE: It is convenient to write

C*(M, 7') = @xgcr(h)ﬁ*_i(m)(a})
0* =d* + 6%, d* exterior differential,

in this case = 0.
THE INTEGRATION MORPHISM

Int* : (Q*(M),d*) — (C*(M, ), ")



WITTEN DEFORMATION (Q(M), d*(t))

d* (t) — e—th o d* - eth

Aé(t) = Ay + t(Lx + Lﬁ() + tQHgmdthZ

In coordinates, near critical ponts

AT(t) = =3, 25+ teg +12%, 22,

with

eq(> rar(zy, - ,xn)drr) =) €egrar(xr, -, xn)dx

THE DIAGRAM

« th

(Q(M),d (1) —— (QM)*,d")

H*(t)l l[nt*

(C*(Mv T)? 5’*>) W (C*(M7 7-)7 a*)

S9(8)(x) = (/)2 et
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Theorem B. (Witten) There exists positive
constants C,C’,C", and tg so that fort > ty:
(1): spec(Ay(t)) C [0,Ce™ ) U (C"t, o),
(2): #(spec(Ag(1)) N[0, Ce™*") = §(Cry(h)

THE SMALL COMPLEX

*

(M) () sm.d (1))
spanned by the eigenforms coresponding

/

to eigenvalues in [0, Ce™t¢")

Theorem C. (Helffer Sjostrandt) There exists
T € Ry and a smooth family of isometries
JUt) : CUM,T) — QIM)(t)sm so that
H(t)sm - JUt) = Id+ O(1/t)
ie (JUt)™L-d (t)- JIUt) = 8* + O(1/t)



THE MAIN RESULTS OF THE WHS-THEORY:
Given a generalized triangulation 7 = (h, g)

(1) one has a cannonical smooth cell complex
structure on M, therefore a chain complex of finite
dimensional vector spaces (C*(M, 1), 0*).

(Theorem A)

(2) spec(Ay(t)) C [0,Ce™ ) U (C7t, 00)
(Theorem B)

*

3) the subcomplex (Q(M ), (t),d (t)) is asympto-
tically isometric to (C*(M,7),0*). (Theorem C)



G-WITTEN HELFFER-SJOSTRAND THEORY

NOTATIONS:

G compact Lie group, g its Lie algebra
S irreducible representation

V G-vector space V=V

M G manifold

h G-invariant smooth function

g G-invariant R-metric

We = U, ex Wi, X critical orbit

Aq(t) = DAg(t)e



THE MODEL 7(g, < ~q. o).
G=(G,HCG,pr — O(Vy))

(V4,<, >+) Euclidean spaces

<, >4 an adG— invariant scalar product on g.

M=GxgzV,

T:GxgV —-G/H, 7%*:GxygV*¥—-G/H
G —vector bundles

hgyv-0s) = a— [o_[? + o 2

g induced by <,>4 and <, >4

Cr(h)=%, Wy ~V. Wg=GxyzgV_
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7 = (h,g) A G-TRIANGULATION (GOOD)

Al: For any X critical orbit, there exists (G, <, >4, ),
e>0,p:(Ux)— (Gxg D" (€),0) G— equivariant,

s.t. ¢ intertwines 7|y and (g < > a)-

A2: For any two critical orbits X, ¥’ and x € X.
W, W4, (then Wy h Wy).

(A.3:) p_ is trivial for any critical orbit.

ORIENTATIONS o0 = {zx,0x}

ox an orientation in W _

CONSEQUENCES:

CO:Finitely many critical orbits.

Cl: M ={JsxWg

C3: M(X,Y) = Wy N Wy, /R manifold of dimen-
sion i(X) —i(X) =1 +dim ¥, u= : M(X,Y) — ¥/,
map u: Wy — 3, ut : M(X, %) — X bundles .



Theorem A. There exists:
a)canonical compactification Wz_ of Ws ,and
b)the extension ins, : Wz_ — M" of iny : Wy, — M™ s.t.:

We sz, = MEE1) Xz, - M(Bg—1, ) Xz, Wy,

(2) insWys, .. 5, = ins, Pl

In particular

C3. (1)o Wy = |_|i(2)>i(2,) M(E, X)) x5 Wy,
C3. (2) inyg, 75 : W™ =% =

Int* : Q* (M) — Q*7* )2 o(ng))

C3. (3):u§2, 0s, Oy =

0% 5+ (X5 0(mg))) — QT EIHEIH (S 0(r5))
when (%) < i(X'), 65 5 = 0 when (%) <i(3).
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T = (7,0).

THE GEOMETRIC COMPLEX (C*(M,7),d* )

)Y T,0

CUM,T) = 2 yismy=r ¥ (35 0(my))
09 : C9(M,7) — CT(M,T) given by 65 5, when
i(X) <i(X') and by d* when (X) = i(¥).

THE ORBIT COMPLEX
(CH(M,7),d*) = Bx(Q ") (Z; o(75)), d* ')

THE INTEGRATION MORPHISM

Int* : (Q*(M),d*) — (C*(M,7),d*)

induced by integration along the fiber (C.2)

¢ irreducible = C*(M, 7)¢ finite dimensional
graded vector space. For g and £ given, let
a1, 09, -+ ,an the eigenvalues of the

the g—Laplacian in the finite dimensional complex

By (1O (S; 0(my))e, d ")),



The G-version of Theorem A leads to

the GEOMETRIC COMPLEX (C*(M, 1), 9>,

’ Y T,0

and the INTEGRATION MORPHISM

Int* . (Q*(M),d*) — (C*(M,1),0%)
which decomposes as a completed direct sum of

Intg: (" (M)e,di) — (C*(M, 7)¢, 0F)

UNFORTUNATELY, the target of Int* is not
finite dimensional and spec(A,(%)¢) is not

convergent to 0 and oo,

FORTUNATELY, for an irreducible £ the target of
1 ntg is finite dimensional and one has the G-version

of Theorem B.
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Theorem B. For any irreducible representation &
and integer q there exists the positive constants
C,C",C",ty and the colection of nonegative real
numbers 0 < a; < as < --- < ay depending only

on the G—manzifold M™, so that fort > ty:

(1): spec(Ay(t)e) is contained in

Uiz .y (@i — Ce™ Ja; + Ce™* ) U (C"'t, 0),

(2): #(spec(Aq(t)e) N (a; — Ce ¥ oy + Ce™t¢") =1

for t large enough.

THE SMALL SUBCOMPLEX

*

(QUM)(t)sm)e,d (t)e

the span of the eigenforms coresponding to the
eigenvalues in |J,_;.. (i — Ce 1Y a; + Ce )



Theorem C. Given an irreducible representation
¢ there exists T € R and a smooth family
of isometries J9(t)e : CI1(M,T)e — QUM )sm (1)
so that for t > T ()
Hi(t)e - JUt)e = Id+ O(1/t).

15



