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(M, g,w)

M closed manifold
w closed one form i.e. d(w) =0

g Riemmanian metric.



PURPOUSE

Provide analytic interpretation of:
a)Novikov incidences (of critical points of w,)

b) the counting function (for closed trajectories
of —grad,w)

in terms of the spectral theory of A, (¢), the
Witten Laplacians associated to g and w.

This is done with the help of Dirichlet series.



DIRICHLET SERIES

A Dirichlet series f is given by:

{)\1<>‘2<)‘3°"<)\k<)\k+1'”}

a a2 az--- a4k Q41
with A\ — oo if the sequences are infinite

The associated series is
_ Y
f(z) =2, e ay
and has an

Abscissa of Convergence,

p(f) < oo,

a) If Rz > p(f) = f(2) is convergent and

defines a holomorphic function

b) If Rz < p(f) = f(2) is divergent.



NOVIKOV RINGS

lw] : T' — R injective group homomorphism
A == 1{f : ' — C|fhas property N}

Property N: f has propery N if for any R € R
#{Supp £} N{y € Tw(y) < R} <0

Ns=w), f(y) # 0}
a's = f(7)

feAw:>{

A,p = Af € Ay, p(f) < p}

Observation. With respect to convolution
a) Ay, is a field,
b) Ay, s a subring of Ay,
The evaluation at z,%z > p, ev,: Ay, —C
1S a ring homomorphism and the Laplace
transform
L:Ay,— Cp,00)

1S an injective ring homomorphism.



TOPOLOGY, NOVIKOV THEORY
Consider (M, g,w)
M closed manifold
w closed one form, i.e. d(w) =0

g Riemmanian metric.

Denote by:
X = —gradsw
W, : M — M the flow of X.

P,y := homotopy classes « of paths from z to y

Define:
w= [w:H(M)/ker(jw])) =T = R

ﬁx,y = Pyy/ ~, (@~ iff a loa € ker([w]))

The group I' acts freely and transitively on 75xy

7 : M — M the associated T -principal covering.
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H1l: w is a Morse form

ie. w=dh, h(xr1,x3, -+ ,x,) =x1 Or

Wz, ya,) = —1/25 Va2 £ 1/25°0, | a?

Critical points:
X :={zx € M|w(x) =0}
X, :={x € X|ind(z) = q}

Stable /unstable sets:

WE ={y € M|limy_ 4o Vs(y) =2}, v € X.

Observation 1. X is finite

H2: (w,g) is Morse Smale
e z,yc X =W, hW;/



Observation 2. Suppose H1 and H2 are satisfied.
Ifxe X, ye Xy, a € 75“/ then the set of
trajectories from x to y in the equivalence class a

18 finite

Novikov incidences.
Choose:
O :={0;,z € X}, O, orientation of W,

Denote by:

Io(z,y, ) € Z, the algebraic cardinality of

trajectories from z to y in a € 75:1:y
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Lifts:
L:={s: X — M|r-s=id}
Choose a lift s € L.
One can better organize the integers Ip(z,y, a) as follows:
Define Ip s(x,y) := Io(x,y,as), «s the image by 7

of a path between s(x) and s(y)
Define
los(x,y): T = Z CC

by I[O,s(xay)(/y) ‘= IO(xa y/yOéS)a



A trajectory 6(t) := Wy(x) is closed
iff there exists T' € Ry so that 0(t +T) = 0(t).
=0:8'=R/TZ — M

A closed trajectory 6 is nondegenerate

ift D, (Vp): T, M — T, M has only one no nonzero
eigenvector with eigevalue 1.

H3: All closed trajectories of X are nondegenerate.

Observation 3. If H? is satisfied then for any v € T,

the set of closed trajectories in the class v is finite

For 0(t) a nondegenerate closed trajectory
e(0) := signdet(D,(Vr))
p(0) the period
o (=1
C(Y) = 2pey e €@
Z,q9:I'—=QCC,
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Novikov Theory. (Novikov, Huchings, Patzhitnov)

Suppose (M, g,w) satisfies HI-H3. Choose O and s € L.
1. Forx € X, and y € X;_1, the maps lop s(z,y) and
Zog are m Ag,.
2. The free modules C? := Maps(Xq, Aj)) and the Ay,)—
linear maps 09 : C1=1 — O, defined by

I(E,) = ¥en, Lo.s(2,9) B,
E, the characteristic map of x € X, define a cochain
complex (the Novikov complezx).

8. The function Z, , has interpretation as a torsion

element in Wh(A,)

Note: Both functions Ip s(z,y) and Z, 4 can be
defined without the hypotheses H2 and HS3.



ANALYSYS, SPECTRAL GEOMETRY
Witten deformation:

(Q*(M),d,(t)), du(t):=d+twA -
g induce the Witten Laplacians A9(t) := A (¢)

w

AL(t) = AT+ t(Lx — L) + £2|| X|[Id

Theorem (Witten). Ifw is a Morse form then
there exists positive constants C1,Cq, Cs, T so that

fort > 1T :

1) SpecAl(t) N [Cre= 2t O3t] = 0,1 € [Cre= %2t Cst],

2) §(SpectAt(t) N [0,1] = §(X,)
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Witten Theorem implies that for ¢ > T

Theorem 1.

Suppose (M, g,w) satisfies H1 and H2. Choose O and s € L.
There exist p(w,g) > 0 and a canonical base {E,(t),x € X, }
of (M) sm(t) fort > p(w,g) so that the inverse Laplace
transform of (QV*(M)sm(t),d*(t), E.(t)) is exactely the

Novikov complex associated to (w,g),O and s € L.

Precisely, lo s(x,y) € Ay, and with respect to the

canonical base
do (1) (Ey(t)) = 2 pen, 1@, y) () Ex(t), y € Xy
with I ., (t) = L(lp s(x,y)).



Introduce the functions:
a) log Vi(t) := > (—1)?log Vol(E,(t),x € X)),
b) log Tyn 1a(t) :=1/2 Zq(—l)q+1qlog DetAf (t)

The metric g and the vector field X define
c) B(g, X) € Q1 (M \ X)

®(g) € Q" HTM\ M)
X:M-—>TM

Theorem 2. If (w,g) satisfies HI-HS3 then
1. The integral A = fM\X w A\ ® 15 convergent
Consider 10g T oy, 1a.5(t) =108 Tyn 1a(t) +log Vi(t) +tA

the corrected large torsion. Then:

2. Zw,g c A[w]’p and

L(Z,,9)—1ogTan ia,s o
Zug)logTantas®) — o ¢ [u](I') C R

with C' a computable costant depending on w, g, s.
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ABOUT THE PROOF
TOPOLOGY (Compactification Theorem)
ANALYSIS (Integration Theory)
SPECTRAL GEOMETRY (Relative Torsion)

Denote by:

For # € X, Wg—L
iZ : W= — M smooth embedding,

- %%—L : I/V:Ei — Wi(a?) C M injective smooth immersion

M(z,5) =W, nW, T(2,§) = M(Z,9)/R



Broken trajectories:

B(z,9) =

U ~ T(@Ov@l) X

kzpa gga“‘:?gk—l-l ~€X
Yo=%, Yk+1=Y
ind(yi)>ind(Yi41)

Completed unstable sets:

U ~ T(&Oagl) X oo

kZOa QO)"'Nagk:EX
o Yo=x
ind(g;)>ind(Gi+1)

defined in the obvious way

o X T Uk, Urot1)-

- X T(@k—la@k) X ng_k
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Compactification Theorem.
Let (w, g) be a Morse-Smale pair.

1.For any #,3 € X, B(z,y) is compact, in the
topology induced from C’O([h(g), h(Z)], M)

The smooth manifold T (Z,y) has B(Z,y) as a
canonical compactification.

Moreover, B(Z,y) has the structure of a compact
smooth manifold with corners, with B(Z,y)r being

= U T (Yo, 91) X - X T (Uk, Yrt1)

gO;-:algE-l—l €X~
Yo=%x, Yk+1=Y
ind(gi)>ind(git1)

and B(z,9)o =7 (,7).

2. For any critical point x € X , Wa; has a structure

of a smooth manifold with corners, with (W_ )i being

=UJ . To,y) X X T (Yr—1,9k) X W
yo,...,yk~€X

o Yo=T
ind(gi)>ind(git1)

and (W= )o =W .

Moreover 1z and hz are smooth and proper maps,
and iz 1S a closed map.



3.1f X has no closed trajectories then W ’s are smooth

submanifolds providing a partition of M is open cells

(of a CW complez).

INTEGRATION THEORY
Int; : Q49(M)gm(t) — Maps(X,, C)
[ntt(a) e fW_ i:(x)<ehs(m)t . W*(a))
s(x)

a)Convergence

b)Int; is isomorphism for ¢t > p(w, g)
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