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0. Introduction

The recognition of the importance of braided tensor categories came by the rema
recent developments of quantum group theory. An especially important example o
a category is the braided tensor categoryH

HYD of Yetter–Drinfeld modules over a Hop
algebraH with bijective antipode. It is interesting and delightful to see that old res
on ordinary Hopf algebras, such as those by Nichols [18] (1978) and by Radford
(1985), are reproduced in terms of the new notion of braided Hopf algebra inH

HYD. Given
a braided Hopf algebraR in H

HYD, one can construct an ordinary Hopf algebraR #H

of biproduct; this naturally forms a triple(R #H, ι,π) called aHopf algebra triple over
H , such thatι :H → R #H andπ :R #H → H are Hopf algebra maps withπ ◦ ι = id,
if we defineι(h) = 1 #h, π(x # h) = ε(x)h. It was essentially proved by Radford [1
and then reproduced by Majid [13] thatR �→ R #H gives a category equivalence, call
‘bosonisation,’ from the category of braided Hopf algebras inH

HYD to the category of Hop
algebra triples overH ; see Proposition 1.1.
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Motivated by the work of Nichols, Andruskiewitsch and Schneider started
vigorous joint work on the classification of pointed Hopf algebras; see [2–4,6] (1
2002). Roughly speaking, their method is first to classify the strictly graded, braided
algebrasR in kG

kGYD, wherekG is a group Hopf algebra over the ground fieldk, and then
to lift eachR # kG to possibly all ordinary Hopf algebrasA such that grA � R # kG.
This is based on the following observation. IfA is a pointed Hopf algebra, then the grad
coalgebra grA=⊕

n�0An/An−1 arising from the coradical filtrationA0 ⊆A1 ⊆A2 ⊆ · · ·
of A forms a graded Hopf algebra, or in fact agraded Hopf algebra triple overA0 = kG(A).
It follows by the graded version of the Radford–Majid bosonisation (see Proposition
that there exists uniquely a strictly graded, braided Hopf algebraR in kG

kGYD, where
G=G(A), such that grA�R # kG as graded Hopf algebras overkG.

As is noted in [3], their method is valid to some extent, more generally, for Hopf alge
with the Chevalley property [1], that is, for those Hopf algebrasA whose coradicalH =A0

is a (not necessarily cocommutative) Hopf subalgebra, since grA then forms a graded Hop
algebra which is of the formR #H , whereR is a strictly graded, braided Hopf algebra
H
HYD. This will be realized by this paper in the case whereR is the simplest, specia
formRq , which is defined as follows.

Let N > 1 be an integer, and letq be a primitiveN th root of 1 ink. LetRq denote the
graded algebrak[y]/(yN) endowed with the (strictly graded) coalgebra structure such
1, y, y2/(2)q !, . . . , yN−1/(N − 1)q ! form a divided power sequence; see Section 2. Th
called aquantum line in [3]. Fix a Hopf algebraH with bijective antipode. It is proved i
Proposition 3.4, slightly generalizing [3, Theorem 3.2], that if the characteristic ofk does
not divideN and if R is a braided Hopf algebra of dimensionN in H

HYD such that the
coradicalR0 and the spaceP(R) of primitives inR are both 1-dimensional, thenR is of
the formRq as an algebra and a coalgebra. The following three problems rise from h

• Classification problem:Classify all possible biproducts Rq #H up to an isomorphism
of graded or ungraded Hopf algebras.

• Selfduality problem (for finite dimensionalH ): Decide whether each Rq # H is
selfdual or not.

• Lifting problem (for cosemisimpleH ): Classify all Hopf algebras A with coradical H
such that grA is isomorphic to a given Rq #H as a graded Hopf algebra over H .

Given a rootq ( �= 1) of 1 in k, we call (H,g,χ) a Yetter–Drinfel’d (or YD) datum
for Rq , or simply for q , if H is a Hopf algebra with bijective antipode,g is a grouplike
in H , andχ :H → k is an algebra map such thatχ(g) = q and(h⇀ χ)g = g(χ ↼ h) for
all h ∈H ; see Definition 2.1. It is essentially proved in [2] that any structure that makeRq

into a braided Hopf algebra inHHYD arises uniquely from a YD datum forRq . We show
that if H is cosemisimple (and semisimple), the first two problems above are equiva
the corresponding problems for YD data; see Propositions 2.3 and 2.5. For the last pr
a result (Theorem 3.1) from [16] plays the important role which the Taft–Wilson the
plays in the Andruskiewitsch–Schneider theory whenH is a group Hopf algebra; see th
proof of Proposition 3.1.
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Let us suppose that chk �= 2 and
√−1∈ k. As our main results, we explicitly solve th

three problems whenH is each of the following non-cocommutative cosemisimple H
algebras

D̂2n (n � 3), T̂4m (m � 2), A4m (m � 3), B4m (m � 2) (1)

of finite dimension, 2n or 4m, defined in [15]; see Theorems 4.1–4.4. Ifk contains a
primitive 2nth or 4mth root of 1, then̂D2n � (kD2n)

∗ andT̂4m � (kT4m)
∗, whereD2n is the

dihedral group, andT4m is the dicyclic group. Ifk is algebraically closedB8 is the unique
non-trivial (co)semisimple Hopf algebra of dimension 8, due to Kac and Paljutkin
To solve the selfduality problem forA4m,B4m we prove that some braidings on them th
were discovered by Suzuki [22] are non-degenerate as bilinear forms; see Propositi

Supposek is an algebraically closed field of characteristic�= 2. The results thu
obtained classify especially those Hopf algebras of dimension 16 whose coradic
non-cocommutative Hopf subalgebra of dimension 8; see Theorem 5.1. Combine
known results from [10], classifying pointed Hopf algebras of dimension 16, and from
classifying semisimple Hopf algebras of dimension 16, this completes the classifica
the 16-dimensional Hopf algebras with the Chevalley property over an algebraically c
field of characteristic zero. Note that 16 is the smallest dimension of Hopf algebras th
not completely classified; see [8].

1. Preliminaries—the Radford–Majid bosonisation

Throughout we work over a fixed ground fieldk. LetH be a Hopf algebra. We assum
that the antipodeS of H is bijective. This necessarily holds true, either ifH is finite-
dimensional or if it is cosemisimple, or more generally if it has the Chevalley prop
We say thatH hasthe Chevalley property [1] if its coradical is a Hopf subalgebra. Th
is equivalent to the fact that the tensor product of any two semisimpleH -comodules is
semisimple as anH -comodule.

Let H
HYD denote the category of Yetter–Drinfeld modules overH . An object of

this category is a leftH -moduleV with a left H -comodule structureδ :V → H ⊗ V ,
δ(v) =∑

v−1 ⊗ v0 such thatδ(h · v) =∑
h1v−1S(h3) ⊗ h2 · v0, whereh ∈ H , v ∈ V ;

see [3, Section 2] or [17, Section 10.6]. For two such objectsV andW , the tensor produc
V ⊗W is an object in the category, endowed with the diagonal action and the codia
coaction byH . H

HYD forms a braided tensor category, endowed with the tensor pro
just given and the braiding

c :V ⊗W
∼→W ⊗ V, c(v ⊗w) =

∑
v−1 ·w ⊗ v0.

Following M. Takeuchi, we call a triple(A, ι,π) a Hopf algebra triple over H , if
A is a Hopf algebra, andι :H → A andπ :A → H are Hopf algebra maps such th
π ◦ ι = id, the identity map ofH . Those triples form a category, in which a morphi
(A, ι,π)→ (A′, ι′,π ′) is a Hopf algebra mapf :A→A′ such thatf ◦ ι = ι′, π = π ′ ◦ f .
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Let R be a braided Hopf algebra in the braided tensor categoryH
HYD. Thus it is in

particular a leftH -module algebra and leftH -comodule coalgebra such that

∆(xy)=
∑

x1
(
(x2)−1 · y1

)⊗ (x2)0y2,

wherex, y ∈ R. Hence,R ⊗ H is made into an algebra by the smash product an
coalgebra by the smash coproduct. By [19, Theorem 1], this is in fact an ordinary
algebra, denoted byR#H , which further forms a Hopf algebra triple overH in the obvious
way thatι(h) = 1 #h, π(x #h)= ε(x)h.

Proposition 1.1[19, Theorem 3].R �→ R #H gives an equivalence, called ‘bosonisation,’
from the category of braided Hopf algebras in H

HYD to the category of Hopf algebra triples
over H .

A graded Yetter–Drinfeld module over H is an objectV = (V , · , δ) in H
HYD which

is at the same time a graded vector spaceV =⊕
n�0V (n) such thatH · V (n) ⊂ V (n),

δ(V (n))⊂H ⊗V (n) for eachn� 0. We denote by GrHHYD the category of graded Yette
Drinfeld modules overH . This also forms a braided tensor category in the same wa
above. In [3] and also in the Introduction above, braided Hopf algebras in GrH

HYD are
called graded braided Hopf algebras inH

HYD.
A graded Hopf algebra over H is a pair (A, ι) of a graded Hopf algebraA =⊕
n�0A(n) and an isomorphismι :H

∼→ A(0) of Hopf algebras. Notice then that th

compositeπ :A → A(0)
∼→ H of the natural projection withι−1 is the unique grade

Hopf algebra map, whereH is supposed to be trivially graded so thatH(0) = H , which
makes(A, ι,π) into a (graded) Hopf algebra triple overH . It will often be the case thatι
is the identity map. Amap (A, ι) → (A′, ι′) of graded Hopf algebras over H is a graded
Hopf algebra mapf :A→A′ such thatf ◦ ι= ι′.

If a braided Hopf algebraR =⊕
n�0R(n) in GrHHYD is irreducible as a coalgebra s

thatR(0)= k1, thenR#H is a graded Hopf algebra overH with homogeneous compone
(R #H)(n)=R(n)⊗H .

Proposition 1.2.R �→R#H gives an equivalence from the category of irreducible braided
Hopf algebras in GrHHYD to the category of graded Hopf algebras over H .

This can be proved in the same way as Proposition 1.1.
For a coalgebraC, we letC0 ⊂ C1 ⊂ C2 ⊂ · · · denote the coradical filtration ofC,

and let grC = ⊕
n�0Cn/Cn−1 (C−1 = 0) denote the associated graded coalgebra

particular,C0 denotes the coradical ofC. If C is pointed irreducible (or dimC0 = 1), we
let P(C) denote the space of primitives inC.

Let A be a Hopf algebra with the Chevalley property, and writeH = A0. Then by [17,
Lemma 5.2.8], grA forms a graded Hopf algebra overH . This iscoradically graded (see
[3, p. 669]) in the sense that(grA)n =⊕n

i=0(grA)(i) for n= 0,1 and then necessarily fo
all n� 0. By Proposition 1.2, there exists a unique (up to isomorphism) irreducible br
Hopf algebraR in GrHYD such that grA � R #H as graded Hopf algebras overH ; this
H
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then necessarilyRn =⊕n

i=0R(i) for all n� 0.

Definition 1.3 [3, p. 659]. R is called thediagram of A.

2. The Yetter–Drinfel’d datum

LetN > 1 be an integer. Supposek contains a primitiveN th rootq of 1. LetRq denote
the graded algebrak[y]/(yN) endowed with a coalgebra structure such that

d0 = 1, d1 = y, d2 = y2

(2)q ! , . . . , dN−1 = yN−1

(N − 1)q !

form a divided power sequence in the sense that∆(dn) =∑n
i=0 di ⊗ dn−i for 0 � n <N .

Here,

(n)q = qn − 1

q − 1
, (n)q ! = (n)q(n− 1)q · · · (1)q .

The homogeneous componentRq(n) is kyn (= kdn) if 0 � n < N , and is 0 ifn � N . One
sees thatRq is a strictly graded coalgebra; see Section 1.

Definition 2.1. A Yetter–Drinfeld (or YD) datum for Rq , or simply for q , is a triple
(H,g,χ) which consists of a Hopf algebraH with bijective antipode, a grouplikeg in
H and an algebra mapχ :H → k such thatχ(g) = q and

(χ ⇀ h)g = g(h↼ χ) (h ∈H). (2)

Here⇀ (respectively↼) denotes the natural left (respectively right)H ∗-module structure
onH , so thatχ ⇀ h=∑

h1χ(h2). Whenq andH are fixed, we just say that(g,χ) is a
YD datum.

Let (H,g,χ) be such a datum. Then the action (respectively the coaction) induce

h · y = χ(h)y (h ∈H) (respectivelyδ(y)= g ⊗ y)

well defines onRq a structure of leftH -module algebra and coalgebra (respectively
left H -comodule algebra and coalgebra). TherebyRq is further a braided Hopf algebr
in GrHHYD; this will be denoted byRq(H,g,χ). It is essentially proved in [2, Remar
following Lemma 8.1] that any structure that makesRq into a braided Hopf algebra i
GrHHYD or even inHHYD arises uniquely from a YD datum forq . In [3], Rq(H,g,χ) is
denoted byR(g;χ), and is called aquantum line.

SupposeRq =Rq(H,g,χ) as above. Then by Proposition 1.2 we have the graded H
algebraRq #H overH , in whichy (= y # 1) is(1, g)-primitive in the sense that
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∆(y)= g ⊗ y + y ⊗ 1. (3)

As an algebra overH (or anH -ring), it is generated byy, and is defined by the relations

yN = 0, hy =
∑

χ(h1)yh2 (h ∈H).

One sees that any automorphism ofRq in GrHHYD is of the form

α. :Rq →Rq, α.
(
yn
)= αnyn (0 � n <N), (4)

whereα is a non-zero scalar.
The YD data forq form a category, in which a morphism(H,g,χ) → (H ′, g′, χ ′)

is a Hopf algebra mapf :H → H ′ such thatf (g) = g′, χ = χ ′ ◦ f . The assignmen
(H,g,χ) �→ Rq # H , whereRq = Rq(H,g,χ), gives a functor from the category ju
given to the category of graded Hopf algebras. Assigned to a mapf as above is the map

F := id⊗f :Rq #H →Rq #H ′

of graded Hopf algebras. This isnon-degenerate in the sense that the image ImF is not
included in the 0-componentH ′ of Rq #H ′.

Lemma 2.2.Suppose

Rq =Rq(H,g,χ), Rq ′ =Rq ′(H ′, g′, χ ′),

where (H,g,χ), (H ′, g′, χ ′) are YD data for some roots q, q ′ of 1, respectively. If
F :Rq # H → Rq ′ #H ′ is a non-degenerate map of graded Hopf algebras, then q = q ′
and F = α. ⊗ f , where α is a non-zero scalar, and f : (H,g,χ) → (H ′, g′, χ ′) is a map
of YD data for q .

Proof. SinceF preserves the 0-component, it restricts to a Hopf algebra mapf :H →H ′.
We see that the diagram

Rq #H

F

H

f

Rq ′ #H ′
H ′

commutes, where the horizontal arrows are the natural projections.
RegardRq #H as a rightH -comodule algebra along the natural projectionRq #H →H .

Then the subalgebra(Rq # H)coH of H -coinvariants equalsRq . It follows that F is
restricted to a graded algebra mapRq → Rq ′ between the subalgebras of coinvarian
Hence,F(y) = αy for some scalar, which is non-zero sinceF is non-degenerate. Sinc
F is a Hopf algebra map, we see thatf (g) = g′, χ = χ ′ ◦ f , and necessarilyq = q ′,
F = α. ⊗ f . ✷



C. Călinescu et al. / Journal of Algebra 273 (2004) 753–779 759

i)
1)
ain

lent

e

Proposition 2.3.Let Rq = Rq(H,g,χ), Rq ′ = Rq ′(H ′, g′, χ ′) be as in Lemma 2.2. Then
the conditions (i) and (ii) below are equivalent to each other.

(i) q = q ′ and (H,g,χ)� (H ′, g′, χ ′);
(ii) Rq #H � Rq ′ #H ′ as graded Hopf algebras.

These equivalent conditions imply

(iii) Rq #H � Rq ′ #H ′ as ungraded Hopf algebras.

Conversely, (iii) implies (i) and (ii) , if H and H ′ are both cosemisimple.

Proof. The equivalence (i)⇔ (ii) follows immediately from Lemma 2.2. Obviously, (i
implies (iii). Notice that ifH is cosemisimple,Rq #H is coradically graded (see Section
so that gr(Rq #H)=Rq #H . By applying gr to such an isomorphism as in (iii), we obt
an isomorphism as in (ii). ✷

Let (H,g,χ) be a YD datum forq . SupposeH is finite-dimensional. Thenχ is a
grouplike in the dual Hopf algebraH ∗ of H , andg is regarded as an algebra mapH ∗ → k.

Lemma 2.4.(1) (H ∗, χ, g) is a YD datum for q .
(2) Write

Rq =Rq(H,g,χ), R∗
q =Rq(H

∗, χ, g).

Then, (Rq #H)∗ �R∗
q #H ∗ as graded Hopf algebras.

Proof. (1) This follows since one sees that Condition (2) in Definition 2.1 is equiva
to that (g ⇀ ϕ)χ = χ(ϕ ↼ g) for any ϕ ∈ H ∗, where⇀ (respectively↼) denotes the
natural left (respectively right)H -module structure onH ∗.

(2) It is easy to see that the pairing〈 , 〉 :Rq ×Rq → k given by〈
yn, yl

〉= δn,l(n)q ! (0 � n, l < N)

induces an isomorphism of graded algebras and coalgebras fromRq onto its dual. We se
that through this duality, the action and the coaction

H ⊗Rq → Rq, h⊗ y �→ χ(h)y,

Rq →H ⊗Rq, y �→ g ⊗ y

are dualized so that

H ∗ ⊗R∗
q ←R∗

q , χ ⊗ y ← y,

R∗
q ←H ∗ ⊗R∗

q , ϕ(g)y ← ϕ ⊗ y.
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This proves Part (2). ✷
Proposition 2.5.Let (H,g,χ) and Rq be as above. Then the conditions (i) and (ii) below
are equivalent to each other.

(i) (H,g,χ) is selfdual in the sense that (H,g,χ) � (H ∗, χ, g);
(ii) Rq #H is selfdual as a graded Hopf algebra.

These equivalent conditions imply

(iii) Rq #H is selfdual as an ungraded Hopf algebra.

Conversely, (iii) implies (i) and (ii) , if H is semisimple and cosemisimple.

Proof. This follows from Proposition 2.3 and Lemma 2.4.✷

3. Hopf algebras with diagramRq(H,g,χ)

Let A be a Hopf algebra with the Chevalley property, and writeH =A0.

Proposition 3.1.Suppose the diagram of A is Rq(H,g,χ), where (H,g,χ) is a YD datum
for some root q of 1.

(1) We have an isomorphism grA � Rq #H of graded Hopf algebras over H , which is
unique up to automorphism, α. ⊗ id (see (4)), of Rq #H . We shall identify grA with
Rq #H through such an isomorphism.

(2) There exists a (1, g)-primitive z in A (see (3)) such that
(i) gzg−1 = qz,
(ii) A is generated by z and H , and
(iii) z is mapped to the canonical generator y in Rq through the natural projection

A1 → grA(1).

Part (1) follows by Proposition 1.2 and Definition 1.3. To prove Part (2), we ne
result from [16]; it will play the role which the Taft–Wilson theorem [17, Theorem 5.
plays in [3] whenH is a group algebra.

LetA,H be as in the beginning of this section. SetQ=A/AH+; this is a quotient left
A-module coalgebra ofA. It is proved in [16, Theorem 3.1] that there is a rightH -linear
coalgebra mapγ :A→H whose restrictionγ |H to H is the identity map. Hence we hav
the isomorphism

A�Q>�H, a �→
∑

ā1 ⊗ γ (a2) (5)
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of right H -module coalgebras, whereā denotes the natural image ofa ∈ A in Q. Q>�H

denotes the smash coproduct arising from the leftH -comodule coalgebra structure onQ

λ :Q→H ⊗Q, λ(ā)=
∑

γ (a1)S
(
γ (a3)

)⊗ ā2.

One sees that the coradical filtration ofQ>�H is given by (H =) Q0 ⊗H ⊂ Q1 ⊗H ⊂
Q2 ⊗ H ⊂ · · · , andλ preserves the filtration. It follows that the diagramR of A is, as a
graded leftH -comodule coalgebra, identified with grQ whose comodule structure is give
by grλ : grQ→H ⊗grQ. Moreover, (5) induces an isomorphism grA�R #H of graded
Hopf algebras overH .

Proof of Proposition 3.1(2). We identify A with Q>�H through (5). SupposeR =
Rq(H,g,χ). SinceP(Q) � P(grQ) = P(R), P(Q) is spanned by a primitivez which
is mapped toy. SinceP(Q) is H -costable,λ(z) = g′ ⊗ z for some grouplikeg′ in H .
Since then(grλ)(y)= g′ ⊗y, we must haveg′ = g, and soz (= z⊗1) is a(1, g)-primitive
in A.

We haveA1 = H ⊕ zH . It is then straightforward to see that the spaceP1,g(A) of
(1, g)-primitives inA (see (3)) is given by

P1,g(A)= kz⊕ k(1− g). (6)

This is stable under theg-conjugationu �→ gug−1. Sincegyg−1 = qy, we havegzg−1 =
qz + α(1 − g) for some scalarα. Replacingz with z + α(q − 1)−1(1 − g), we have
gzg−1 = qz. We have obtained a(1, g)-primitive z satisfying (i), (iii). Condition (ii)
necessarily follows from (iii); see [3, Lemma 2.2].✷
Remark 3.2. Let A be a Hopf algebra, and let{Cτ }τ denote the set of all simple su
coalgebras inA, so thatA0 =⊕

τ Cτ . Andruskiewitsch and Schneider [5, Conjecture 4
conjecture that

A1 =A0 +
∑
τ

(Cτ ∧ k1)A0 =A0 +
∑
τ,µ

CτCµ ∧Cµ.

SupposeA has the Chevalley property. Then the conjecture holds true, since b
isomorphism (5), the proof of [5, Lemma 4.2] is valid; the lemma proves that the conje
holds true for grA.

Next we will slightly generalize [3, Theorem 3.2]; it characterizesRq(H,g,χ),
assuming thatH is a finite-dimensional semisimple Hopf algebra in characteristic zer

Let H be a Hopf algebra with bijective antipode. The structure of any object inH
HYD

or in GrHHYD will be denoted by·, δ.

Lemma 3.3(cf. [3, Lemma 3.1 (i)]).Let R be a finite-dimensional braided Hopf algebra
in H

HYD such that the dimension dimR is not divided by the characteristic chk of k:
chk � dimR. If z is a primitive in R such that g · z = z, δ(z)= g ⊗ z for some grouplike g

in H , then z = 0.
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Proof. Supposez satisfies the assumptions above. It follows by [21, Theorem 2.2] thaR is
free over the braided Hopf subalgebrak[z] generated byz, and so that chk � dimk[z]. The
ordinary Hopf subalgebrak[z, g] in R #H which is generated byz andg is commutative
sinceg · z = z. Hence,k[z] = k[z, g]/(g − 1); this is a finite-dimensional, ordinary Hop
algebra generated by a primitivez. If chk = 0, we must havek[z] = k, and soz = 0. If
chk = p > 0, then dimk[z] = pr for somer � 0. Since chk � dimk[z], we haver = 0, and
soz = 0. ✷
Proposition 3.4(cf. [3, Theorem 3.2]).Let H be a Hopf algebra with bijective antipode.
Let R be a finite-dimensional braided Hopf algebra in H

HYD of dimension N = dimR such
that chk � N . Suppose dimR0 = dimP(R) = 1. Then R is of the form Rq(H,g,χ), where
(H,g,χ) is a YD datum for a primitive N th root of 1.

Proof. SupposeP(R) = kz. Since P(R) is H -stable andH -costable, there exist
grouplikeg in H and an algebra mapχ :H → k such that

h · z = χ(h)z (h ∈H), δ(z)= g ⊗ z.

See [3, p. 672, lines 1–4]. Writeq = χ(g). Then,g · z = qz.
WriteS =⊕

n�0S(n) for grR, so thatS(0) = k1,S(1)= P(R) = kz. SinceS is strictly
graded, we have a divided power sequence of non-zero elements inS,

d0 = 1, d1 = z, d2, . . . , dN−1,

such thatS(n) = kdn if n < N , andS(n) = 0 if n � N . Since one sees thatH ·Rn ⊂ Rn,
δ(Rn)⊂H ⊗Rn for eachn, S is an object in GrHHYD, and is in fact a braided Hopf algeb
in GrHHYD; see the proof of [17, Lemma 5.2.8]. We have

g · dn = qndn, δ(dn)= gn ⊗ dn (0 � n <N)

in S. NoticezN = 0 in S. Let m (� N ) be the minimal positive integer such thatzm = 0
in S. Then,S(n) = kzn if n <m. By theq-binomial formula [2, p. 446] inS, and also inR

∆(zn) =
n∑

i=0

(
n

i

)
q

zi ⊗ zn−i , (7)

we see that(m)q = (
m
1

)
q
= 0. It follows thatqm = 1, sinceq �= 1 by Lemma 3.3.

To seem = N , suppose on the contrary thatm< N . Then the ideal(z) ⊂ S generated
by z is a braided Hopf ideal such thatdm /∈ (z). In the quotient braided Hopf algeb
S := S/(z) in GrHHYD, the natural imagēdm of dm is a non-zero primitive such that

gm · d̄m = qm
2
d̄m = d̄m, δ

(
d̄m
)= gm ⊗ d̄m.
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This contradicts Lemma 3.3, since the dual result of [21, Theorem 2.2] proves
dimS | N , and so chk � dimS. Therefore,m = N . It follows thatqN = 1, andz generates
S and henceR.

Moreover,qn �= 1 if 0 < n < N . Indeed, if q were a primitiventh root of 1 with
0< n<N , then we would have by (7) a primitive,zn, in R which contradicts Lemma 3.3
Then it follows by the same reason thatzN = 0 in R. Now we seeR =Rq(H,g,χ). ✷
Remark 3.5. Suppose chk = p > 0. One sees thatR = k[z]/(zp − z) in k

kYD gives
an example which shows that Proposition 3.4 does not necessarily hold true witho
assumption that chk � dimR.

Corollary 3.6. Let A be a finite-dimensional Hopf algebra with the Chevalley property.
Write H =A0. Suppose that chk does not divide the index dimA/dimH of H in A. Then
the diagram R of A is of the form Rq(H,g,χ) if and only if dimA1/dimH = 2.

Proof. We have dimR0 = 1. LetQ=A/AH+ as before. Then, dimA/dimH = dimQ=
dimR. Moreover, dimA1/dimH = 2 if and only ifP(Q) (� P(R)) is 1-dimensional. The
corollary now follows from Proposition 3.4.✷

4. Solution to the three problems forD̂2n, T̂4m, A4m and B4m

Throughout in this section we suppose that chk �= 2 and
√−1 ∈ k. We will often use

the notation in [15].
Recall the three problems raised in the Introduction. We will solve them for the fi

dimensional cosemisimple Hopf algebras

D̂2n (n� 3), T̂4m (m � 2), A4m (m � 3), B4m (m � 2).

For the second problem we will put onk some additional assumption under whichH is
necessarily semisimple. Then by Propositions 2.3 and 2.5, the first two problems
to the classification and the selfduality of YD data for possibleq . We know from [15,
Proposition 3.6] that the groupG(H) of grouplikes inH is isomorphic toZ2, Z2 ⊕ Z2
or Z4, whereZr denotes the cyclic group of orderr. Therefore the possibility ofq is
restricted to the caseq = −1 or±√−1 if G(H)� Z4, and to the caseq = −1 otherwise.

Let K = k〈a〉 denote the group Hopf algebra generated by a grouplikea of order 2.
This is identified, through a unique isomorphism, to the dual Hopf algebraH ∗, in which
we let e0, e1 denote the dual basis of 1, a, so thate0 = (1/2)(1+ a), e1 = (1/2)(1− a).
The Hopf algebras listed in (1) all includeK as a central Hopf subalgebra. To descr
them below, we will give generators together with relations as algebra overK, and define
by their values the coalgebra structure∆,ε and the antipodeS.

To recall first the definitions of̂D2n, T̂4m, letn � 3 be an integer. By [15, Definition 3.1
D̂2n is the commutative Hopf algebra includingK which is generated by an elementx

overK, and is defined by the relation

xn = 1
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together with the structure

∆(x)= x ⊗ e0x + x−1 ⊗ e1x, ε(x)= 1, S(x)= e0x
−1 + e1x. (8)

If n is even, we writen = 2m with m � 2, andT̂4m is then the commutative Hopf algeb
defined in the same way as above except that (8) is replaced by

∆(x)= x ⊗ e0x + ax−1 ⊗ e1x, ε(x)= 1, S(x)= e0x
−1 − e1x.

Thus,D̂4m = T̂4m as algebras. Ifk contains a primitiventh root of 1, then

D̂2n � (kD2n)
∗, T̂4m � (kT4m)

∗,

whereD2n is the dihedral group of order 2n, andT4m is the dicyclic (or binary dihedral
group of order 4m. In particular,T8 =Q8, the quaternion group.

By [15, Proposition 3.6], we have

G
(
D̂2n

)= { 〈a〉 � Z2 if n is odd,
〈a, xm〉 � Z2 ⊕ Z2 if n= 2m is even,

G
(
T̂4m

)= { 〈(e0 + √−1e1)x
m〉 � Z4 if m is odd,

〈a, xm〉 � Z2 ⊕ Z2 if m is even.

The Hopf algebras cannot be selfdual since they are commutative, but not cocom
tive. Hence the selfduality problem is out of the question for them.

Theorem 4.1.Suppose H = D̂2n (n� 3) and q = −1.

(1) If n is odd or n≡ 0 mod 4, there exists no YD datum.
(2) Suppose n= 2m≡ 2 mod 4.

(a) There exist precisely two YD data(
xm,χ1

)
,

(
axm,χ1

)
,

where χ1 is the algebra map H → k defined by

χ1(a)= 1, χ1(x)= −1. (9)

These two data are isomorphic to each other.
(b) Let Rq =Rq(H,g,χ1), where g = xm or axm. Then Rq #H cannot be lifted non-

trivially in the sense that if a Hopf algebra A with coradical H has Rq as its
diagram, then A�Rq #H .

Proof. To prove (1) and (2)(a), suppose(g,χ) is a YD datum. For Condition (2) in
Definition 2.1, we may supposeh is an element of the standard generators. But,a can
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be excluded since it is a central grouplike. SinceH is now commutative,g can be cancele
from Condition (2), which is thus equivalent to

χ(e0x)x + χ(e1x)x
−1 = χ(x)e0x + χ(x)−1e1x.

Sincex andx−1 areK-linearly independent, it follows thatχ(e1x)= 0,χ(e0x)= χ(x)=
χ(x)−1. This implies thatχ(a) = 1, χ(x) = −1. It is now easy to see that the possi
YD data are given as above. The two YD data are isomorphic to each other throu
automorphism ofH defined bya ↔ a, x ↔ ax.

To prove (2)(b), suppose a Hopf algebraA with coradical H has the diagram
Rq(H,g,χ1), whereg = xm. Then we have a(1, g)-primitive z as in Proposition 3.1(2). In
particular,gzg−1 = −z. Sinceg anda commute,kz, an eigenspace of theg-conjugation
on P1,g(A) (see (6)), is stable under thea-conjugation. It follows thataza−1 = z, since
aya−1 = y. By computing squares in∆(z) = g ⊗ z + z ⊗ 1, we see thatz2 is a primitive
in H , and hencez2 = 0.

Sincexy+yx = 0 we have thatxz+zx ∈H , soxzx−1+z ∈H . ButH is commutative,
so xzx−1 + z = x−1(xzx−1 + z)x = z + x−1zx, showing thatx−1zx = xzx−1. Using
this, an easy computation shows that∆(xzx−1) = g ⊗ xzx−1 + xzx−1 ⊗ 1. Hence
xzx−1 + z ∈ P1,g(H) = k(g − 1). Write xzx−1 + z = α(g − 1) for someα ∈ k. Then
zxzx−1 = αz(g − 1) = −α(g + 1)z andxzx−1z = α(g − 1)z, and then if we square th
relation xzx−1 + z = α(g − 1) we find −2αz = 2α2(1 − g), showing thatα = 0. We
conclude thatxz = −zx, which ends the proof. ✷
Theorem 4.2.Suppose H = T̂4m (m � 2).

(1) If m is even and q = −1, or if m is odd and q = ±√−1, then there exists no YD datum.
(2) Suppose m is odd and q = −1.

(a) There exist precisely two YD data((
e0 + √−1e1

)
xm,χ1

)
,

((
e0 − √−1e1

)
xm,χ1

)
,

where χ1 is the same algebra map as above, defined by (9). These two data are
isomorphic to each other.

(b) Let g = (e0 + √−1e1)x
m. For any scalar α ∈ k denote by A(α) the Hopf algebra

with generators a, x, z such that a, x satisfy the same algebra and coalgebra
relations as in T̂4m, and

az= za, xz = −zx, z2 = α(a − 1),

∆(z)= g ⊗ z+ z⊗ 1, ε(z)= 0.

If a Hopf algebra A with coradical H has the diagram Rq(H,g,χ1), then there
exists α ∈ k such that A � A(α). Moreover A(α) � A(α′) if and only if either
α = α′ = 0 or α,α′ �= 0 and α′/α is a square in k. Thus the non-trivial liftings are
classified by the factor group k∗/(k∗)2.
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Proof. Parts (1) and (2)(a) can be proved in the same way as the corresponding p
Theorem 4.1. For (2)(b), we first note that it is easy to see directly thatA(α) is a well
defined Hopf algebra. LetA be a Hopf algebra with coradicalH and diagramRq . As
in Theorem 4.1(2)(b), there existsz ∈ P1,g(A), whose projection in grA is the elemen
y ∈ Rq , such thatgz = −zg, az = za, and alsoxzx−1 + z ∈ P1,g(H). Thenxzx−1 + z =
γ (g − 1) for someγ ∈ k. On the other hand∆(z2) = g2 ⊗ z2 + z2 ⊗ 1 andz2 ∈ H ,
showing thatz2 = α(a − 1) for someα ∈ k. If we use these relations when we squ
xzx−1 + z = γ (g − 1), we find−2γ z = γ 2(a − 2g + 1), showing thatγ = 0. Thus we
haveA�A(α).

For the last statement, suppose in general thatA andz are as in Proposition 3.1. Sinc
A1 = H ⊕ zH as showed in the proof of Proposition 3.1(2), we see that ifw ∈ A − H

is a (1, g′)-primitive for some grouplikeg′ in H , theng′ = g andw ∈ kz ⊕ k(1 − g);
see (6). If in additiongwg−1 = qw, thenw ∈ kz. If f :A(α) → A(α′) is a Hopf algebra
isomorphism, we can apply the result tow = f (z) andg′ = f (g), to see thatf (z) = βz′
for some non-zero scalarβ . By applyingf to the relationz2 = α(a − 1) we find that
α = α′β2. For the other way around one can construct directly an isomorphism.✷

To recall the definitions ofA4m, B4m, let m � 2 be an integer. By [15, Definition 3.3
A4m is the Hopf algebra includingK as a central Hopf subalgebra which is generated
two elementss+, s− overK, and is defined by the relations

s2± = 1, (s+s−)m = 1 (10)

together with the structure

∆(s±)= s± ⊗ e0s± + s∓ ⊗ e1s±, ε(s±)= 1, S(s±)= e0s± + e1s∓.

B4m is the Hopf algebra defined in the same way as above except that (10) is replac

s2± = 1, (s+s−)m = a.

Thus, A4m = B4m as coalgebras. By [15, Remark 3.4],A8 � D̂8 � (kD8)
∗. If k is

algebraically closed,B8 is the unique (co)semisimple Hopf algebra of dimension 8,
to Kac and Paljutkin [11], which is neither commutative nor cocommutative; see
Section 5.

In bothA4m andB4m we write

s+(i)= s+s−s+s− · · · ,
i

s−(i)= s−s+s−s+ · · · ,
i

for anyi > 0. By [15, Proposition 3.6], we have

G(A4m)=
〈
a, s+(m)

〉� Z2 ⊕ Z2,

G(B4m)=
{ 〈(e0 + √−1e1)s+(m)〉 � Z4 if m is odd,√
〈a, (e0 + −1e1)s+(m)〉 � Z2 ⊕ Z2 if m is even.
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By the proof of [15, Proposition 3.6], forH = A4m or H = B4m we have a decomp
osition

H = kG(H)⊕
(

m−1⊕
i=1

Ci

)
(11)

as a direct sum of subcoalgebras, where for any 1� i � m−1 we have thatCi :=Ks+(i)⊕
Ks−(i) is a 4-dimensional simple subcoalgebra with comatric basis

( e0s+(i) e1s−(i)
e1s+(i) e0s−(i)

)
. We

also recall from [15] that{
ai(s−)j (s+s−)r | 0� i, j � 1, 0� r � m− 1

}
(12)

is a basis ofH . In particularH is free as a leftK-module.

Theorem 4.3.Suppose H =A4m (m � 3) and q = −1.

(1) If m is even, there exists no YD datum.
(2) Suppose m is odd.

(a) There exist precisely two YD data(
s+(m),χ2

)
,

(
as+(m),χ3

)
,

where χ2 and χ3 are defined by

χ2(a)= −1, χ2(s±)= 1, χ3(a)= χ3(s±)= −1.

These two data are isomorphic to each other.
(b) If k contains a primitive mth root of 1, then the two YD data are both selfdual.
(c) Let Rq = Rq(H, s+(m),χ2). The graded Hopf algebras Rq #H arising from the

YD data cannot be lifted non-trivially.

Proof. To prove (1) and (2)(a), suppose(g,χ) is a YD datum. Supposeg is central inH ,
so thatg can be canceled from (2) in Definition 2.1. Takeh= s+ in (2). Then we have

χ(e0s+)s+ + χ(e1s+)s− = χ(s+)e0s+ + χ(s−)e1s+,

which implies thatχ(a) = 1, χ(s+) = χ(s−) = −1, sinces+ and s− are K-linearly
independent. We seeg �= a, sinceχ(g) = −1.

(1) Supposem is even. Then any grouplike is central. But,χ(s+(m)) = χ(as+(m)) = 1.
This proves Part (1).

(2) Supposem is odd.
(a) We seeg = s+(m) or as+(m). Takeh= s± in (2). Sinces±g = gs∓, we then have

χ(e0s±)s± + χ(e1s±)s∓ = χ(s±)e0s∓ + χ(s∓)e1s∓,
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which implies thatχ(a) = −1, χ(s+) = χ(s−) = ±1. We see that the two pai
given above exhaust all possible YD data. The two data are isomorphic to
other through the automorphism ofH given bya ↔ a, s± ↔ as±.

(b) This together with the corresponding part of the next theorem will be proved
in the end of this section.

(c) Denoteg = s+(m). By Proposition 3.1 there existsz ∈ A such thatP1,g(A) =
k(g − 1) + kz with the natural image ofz in grA beingy andgz = −zg. As in
Theorem 4.1(2)(b) we see thataz = −za. Note thatze0 = e1z andze1 = e0z.

Sincehz ≡ ∑
χ(h1)zh2 modH , we have thats+z + zs+, s−z + zs− ∈ H . Denote

t+ = s+z + zs+, t− = s−z + zs−. Using the relationss−g = gs+ = s+(m − 1) and
s+g = gs− = s−(m− 1), direct computations show that

∆(t+) = s−(m− 1)⊗ e0t+ + s+(m− 1)⊗ e1t+ + t+ ⊗ e0s+ + t− ⊗ e1s+,

∆(t−) = s−(m− 1)⊗ e1t− + s+(m− 1)⊗ e0t− + t− ⊗ e0s− + t+ ⊗ e1s−.

Taking into account (11), denote(
e11 e12
e21 e22

)
=
(
e0s+ e1s−
e1s+ e0s−

)
and

(
f11 f12
f21 f22

)
=
(
e0s+(m− 1) e1s−(m− 1)
e1s+(m− 1) e0s−(m− 1)

)
,

the comatric basis inC1 andCm−1. Note that

e0eii = eii, e0fii = fii , e1eii = e1fii = 0 for anyi,

e0eij = e0fij = 0, e1eij = eij , e1fij = fij for anyi �= j.

The comultiplication formulas fort+ andt− become

∆(t+)= (f12 + f22)⊗ e0t+ + (f11 + f21)⊗ e1t+ + t+ ⊗ e11 + t− ⊗ e21, (13)

∆(t−)= (f12 + f22)⊗ e1t− + (f11 + f21)⊗ e0t− + t− ⊗ e22 + t+ ⊗ e12. (14)

These show thatt+, t− ∈C1 ⊕Cm−1, so

t+ =
∑

αij eij +
∑

βij fij , t− =
∑

α′
ij eij +

∑
β ′
ij fij .

By looking at the coefficients ofe21 ⊗ e12, e12 ⊗ e22, f12 ⊗ f21, f22 ⊗ f21 in the
comultiplication formula fort+, we see thatα22 = α12 = β11 = β21 = 0, so

t+ = α11e11 + α21e21 + β12f12 + β22f22.

Similarly, by looking at the coefficients ofe11 ⊗ e11, e21 ⊗ e11, f11 ⊗ f12, f22 ⊗ f22 in
the comultiplication formula fort−, we find thatα11 = α21 = β12 = β22 = 0, so

t− = α12e12 + α22e22 + β11f11 + β21f21.
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Now going again to the comultiplication oft+ with these formulas and identifying th
corresponding coefficients, we find that

t+ = αe11 + βe21 − αf12 − αf22, (15)

t− = αe12 + βe22 − βf11 − βf21 (16)

for some scalarsα,β . These show that

s+z = −zs+ + (αe0 + βe1)s+ − αs−(m− 1),

s−z = −zs− + (βe0 + αe1)s− − βs+(m− 1).

The previous two relations show that

s−s+z = zs−s+ + (α − β)as−s+ + βs+(m)− αs+(m− 2).

Applying repeatedly this, we obtain that

(s−s+)hz = z(s−s+)h + h(α − β)a(s−s+)h + βs+(m+ 2h− 2)− αs+(m+ 2h− 4)

+ · · · − αs+(m− 2h)

wherem= 2h+ 1. If we multiply by s+ to the left, we obtain after computations that

gz = −zg + (αe0 + βe1)s+(2h+ 1)− αs+(2)+ h(α − β)as+(2h+ 1)

+ βs+(4)− αs+(6)+ · · · + βs+(4h)− α1.

Note that we used the relationss−(4h− 2) = s+(4), s−(4h− 4)= s+(6), etc. We also
haves+(2h+ 1)= s−(2h+ 1).

Sincegz = −zg, we have that

0= α + β

2
s−(2h+ 1)+ α − β

2
as−(2h+ 1)+ h(α − β)as−(2h+ 1)

− α1− αs+(2)+ βs+(4)− αs+(6)+ · · · + βs+(4h)

and we see thatα = β = 0 by using (12). This shows thats+z = −zs+, s−z = −zs−, and
alsoz2 = 0 follows from∆(z2)= z2 ⊗ 1+ 1⊗ z2. We conclude thatA� grA. ✷
Theorem 4.4.Suppose H = B4m (m � 2).

(1) Suppose q = −1. If m is odd or m≡ 0 mod 4, there exists no YD datum.
(2) Suppose q = −1 and m≡ 2 mod 4.
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(a) There exist precisely four YD data

(g±, χ±), (g±, χ∓),

where g± = (e0 ± √−1e1)s+(m), and χ± are defined by

χ±(a)= 1, χ±(s+)= ±1, χ±(s−)= ∓1.

We have

(g+, χ+)� (g−, χ−) �� (g+, χ−)� (g−, χ+).

(b) If k contains a primitive 4mth root of 1, then the four YD data are all selfdual.
(c) The graded Hopf algebras Rq #H arising from the YD data cannot be lifted non-

trivially.
(3) Suppose m is odd and q = √−1 (respectively q = −√−1).

(a) There exist precisely two YD data which are given by

(g±,ψ±)
(
respectively (g±,ψ∓)

)
if m≡ 1 mod 4,

(g±,ψ∓)
(
respectively (g±,ψ±)

)
if m≡ 3 mod 4,

where g± = (e0 ± √−1e1)s+(m) as above, and ψ± are defined by

ψ±(a)= −1, ψ±(s+) = ±1, ψ±(s−) = ∓1.

The two data are isomorphic to each other.
(b) If k contains a primitive mth root of 1, then the two YD data are both selfdual.
(c) The graded Hopf algebras Rq #H arising from the YD data cannot be lifted non-

trivially.

Proof. To prove (1) and (2)(a), suppose(g,χ) is a YD datum forq = −1.
(1) Supposem is odd. Suppose firstχ(a) = 1. Then,g = g+ or g− (= g−1+ ). Since

χ(s+s−)m = χ(a) = 1, it follows that χ(s±) = −1. Takeh = s+, g = g± in (2) in
Definition 2.1. Then we have−s+g± = −g±s+, whences+s+(m) = s+(m)s+. This
impliess− = as+, a contradiction. Suppose nextχ(a)= −1. Theng = a, andχ(s±)= ±1
or ∓1. Takeh= s+, g = a in (2). Then we haves− = as+, a contradiction.

Supposem is even. Then,χ(a)= χ(s+s−)m = 1, and sog = g+ or g− (= ag+). But, if
m≡ 0 mod 4,χ(s+(m))= 1 and henceχ(g±) = 1. Therefore Part (1) follows.

(2) Supposem≡ 2 mod 4.
(a) To haveχ(g±) = −1, it must hold thatχ(s±) = ±1 or ∓1. In any case, Conditio

(2) holds true forh= s±, g = g±, since thens±g = ags±. This proves that all possible YD
data are given by the four pairs above.

The automorphismf0 of H defined by

f0(a)= a, f0(s±) = s∓
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gives rise to isomorphisms(g+, χ+)� (g−, χ−), (g+, χ−)� (g−, χ+).
We remark thatH fits into a Hopf algebra extension (see [15, Proposition 3.11]),

K = k〈a〉 ↪→H � kD2m. (17)

To see(g+, χ+) �� (g±, χ∓), let f be an automorphism ofH . Sincea is a unique non
trivial central grouplike, we see that

f (a)= a, (18)

andf induces an automorphism̄f of kD2m. Hence there exists an odd integer 0< r < m

prime tom such that

f̄ (s±)= s±(r) or s∓(r),

whereD2m is supposed to be generated bys+ ands−, and defined by the same relatio
as (10). By replacingf with f0 ◦ f , we may supposēf (s±) = s±(r), so thate0f (s±) =
e0s±(r). Since

( e0f (s+) e1f (s−)
e1f (s+) e0f (s−)

)
forms a comatric basis, we have

0=∆
(
e0f (s+)

)−∆
(
e0s+(r)

)= e1f (s−)⊗ e1f (s+)− e1s−(r)⊗ e1s+(r),

whencee1f (s±)= α±1e1s±(r) for some 0�= α ∈ k. Sincee1 = e1f (s+)2 = α2e1s+(r)2 =
α2e1, we haveα = 1 or−1, so that

f (s±) = s±(r) or as±(r). (19)

Write r = 2t + 1. Then,f (s(m))= f (s+s−)m/2 = at s(m), and hence

f (g+)=
{
g+ if t is even,
g− if t is odd.

Since in addition

χ+(f (s±))=
{
χ+(s±) if t is even,
χ−(s±) if t is odd,

we conclude that(g+, χ+) �� (g±, χ∓).

Note.We have proved that the automorphism group ofB4m (for anym � 2) consists of the
f defined by (18), (19) for each odd 0< r <m prime tom, together withf0 ◦ f .

(c) With arguments as in Theorem 4.3(2)(c) we see that there isz ∈ P1,g(A) with the
natural image ofz in grA beingy, and such thatgz = −zg, az = za, s+z − azs+, s−z +
azs− ∈H . Denotet+ = s+z− azs+ andt− = s−z+ azs−. H decomposes as a direct su
of coalgebras with comatric bases given by the same formulas as in case ofA4m.



772 C. Călinescu et al. / Journal of Algebra 273 (2004) 753–779

ese.

r
),
e

at
In the case wherem> 2 we keep the same notation as in Theorem 4.3(2)(c) for th
In this case we have that

∆(t+) = (
f22 + √−1f12

)⊗ e0t+ + t+ ⊗ e11 + (
f11 − √−1f21

)⊗ e1t+
+ t− ⊗ e21, (20)

∆(t−) = (
f11 − √−1f21

)⊗ e0t− + t− ⊗ e22 + (
f22 + √−1f12

)⊗ e1t−
+ t+ ⊗ e12. (21)

Note thatf ′
11 = f11, f ′

12 = √−1f12, f ′
21 = −√−1f21, f ′

22 = f22 is a comatric basis fo
Cm−1, satisfying similar relations at multiplication withe0, e1. We see that formulas (20
(21) become exactly (13), (14) withfij substituted byf ′

ij , so by using (15), (16) we se
directly that

t+ = αe11 + βe21 − √−1αf12 − αf22, (22)

t− = αe12 + βe22 − βf11 +√−1βf21 (23)

showing that

s+z = azs+ + (αe0 + βe1)s+ − α
(
e0 + √−1e1

)
s−(m− 1),

s−z = −azs− + (βe0 + αe1)s− − β
(
e0 −√−1e1

)
s+(m− 1).

Using these two relations we find after a few computations that

s+s−z = −zs+s− + (
(β − α)e0 + (α + β)e1

)
s+s− + (α − β)

(
e0 − √−1e1

)
s−(m− 2).

Applying two times the above relation we get(s+s−)2z = z(s+s−)2.
Write m = 4h+ 2, h � 1. We have thatgz = −zg, whereg = (e0 + √−1e1)s+(m) =

(e0 + √−1e1)(s+s−)2h+1. Sincee0 + √−1e1 is central and invertible, this implies th
(s+s−)2h+1z = −z(s+s−)2h+1. But

(s+s−)2h+1z = s+s−z(s+s−)2h

= −z(s+s−)2h+1 + (
(β − α)e0 + (α + β)e1

)
(s+s−)2h+1

+ (α − β)
(
e0 − √−1e1

)
.

Using(s+s−)2h+1z = −z(s+s−)2h+1, this gives

(β − αa)(s+s−)2h+1 + (1−√−1)(α − β)

2
1+ (1+ √−1)(α − β)

2
a = 0

which impliesα = β = 0 by (12).
In the case wherem= 2, similar computations show that
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∆(t+)=
(
e22 + √−1e12

)⊗ e0t+ + t+ ⊗ e11 + (
e11 − √−1e21

)⊗ e1t+ + t− ⊗ e21,

∆(t−)=
(
e11 − √−1e21

)⊗ e0t− + t− ⊗ e22 + (
e22 + √−1e12

)⊗ e1t− + t+ ⊗ e12.

These show thatt+ andt− belong to the unique simple comatric coalgebra of dimen
4 of H , and then by direct computations one gets

t+ = (αe0 + βe1)s+ − α
(
e0 + √−1e1

)
s−,

t− = β
(−e0 + √−1e1

)
s+ + (βe0 + αe1)s−

for some scalarsα,β . Now using the relationzg = −gz, one obtainsα = β = 0 as in the
casem> 2. This shows thatt+ = t− = 0, so indeed any lifting is trivial.

(3) Supposem is odd andq = ±√−1.
(a) Suppose(g,ψ) is a YD datum. To haveψ(g) = ±√−1, g must equalg+ or

g−, so thatψ(a) = ψ(g2±) = −1. Sincem is odd, we sees+(m)s± = as∓s+(m), and so
ge0s± = e0s∓g, ge1s± = −e1s∓g. Takeh= s± in (2). Then we have

ψ(s±)s∓ =ψ(s±)e0s∓ −ψ(s∓)e1s∓,

and soψ(s+) = −ψ(s−). We see now that the two pairs given above exhaust all pos
YD data. The two data are isomorphic to each other throughf0.

(c) We prove forq = √−1, m = 4h + 1 (h � 1), and the YD datum(g+,ψ+). The
other cases are similar. Writeg = g+. Let A be a Hopf algebra with coradicalH and
diagramRq . Again as in Theorem 4.3(2)(c) there existsz ∈ P1,g(A) − H whose natura
image in grA � Rq #H is y, andgz = √−1zg andaz = −za. Denotet+ = s+z + azs+,
t− = s−z− azs−. Then direct computations show that

∆(t±)= s±g ⊗ e0t± + s∓g ⊗ e1t± + t± ⊗ e0s± + t∓ ⊗ e1s±.

In terms of the comatric bases these write exactly as (20), (21), therefore the so
for t+, t− is given by (22), (23). Thus

s+z = −azs+(αe0 + βe1)s+ − α
(
e0 + √−1e1

)
s−(m− 1),

s−z = azs− + (βe0 + αe1)s− − β
(
e0 − √−1e1

)
s+(m− 1).

Using these as in part (2), an inductive argument shows that

(s−s+)2hz = z(s−s+)2h + (
e0 + √−1e1

)
S

where

S =
h−1∑
i=0

(−βs+(8h− 1− 8i)+ αs+(8h− 3− 8i)+ βs+(8h− 5− 8i)

− αs+(8h− 7− 8i)
)
.
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Then this gives

s+(m)z = −azs+(m)+ (αe0 + βe1)s+(m)− α
(
e0 + √−1e1

)
s+(m+ 1)

+ (
e0 +√−1e1

)
T (24)

where

T =
h−1∑
i=0

(−βs−(8h− 2− 8i)+ αs−(8h− 4− 8i)+ βs−(8h− 6− 8i)

− αs−(8h− 8− 8i)
)

(with the convention thats−(0) = 1). The relationgz = √−1zg implies thats+(m)z =
−azs+(m), and then if we use the relationss+(m) = as−(s+s−)2h, s+(m + 1) =
(s+s−)2h+1, s−(j) = a(s+s−)m−j/2 for even j , and the basis ofB4m from (12), the
relation (24) shows thatα = β = 0, and we are done.✷

For the postponed proofs of selfduality we will use some interesting results by S. S
Suzuki [22] constructed cosemisimple Hopf algebras,

Aνλ
NL (N � 1, L � 2; ν,λ ∈ {+,−}),

of dimension 4NL, and determined all braidings on each of the Hopf algebras. Braid
(or coquasitriangular structures) on a bialgebraH are those bilinear forms on it whic
are in one-to-one correspondence with the braidings on the tensor category of rigH -
comodules.

By definition, Aνλ
NL is generated by the elementsxij of a comatric basis

( x11 x12
x21 x22

)
.

SupposeN = 1, ν = +. Then the defining relations forA+λ
1L is given by

x2
11 = x2

22, x2
12 = x2

21, x2
11 + x2

12 = 1,

xij xkl = 0 wheneveri + j + k + l is odd,

x11x22x11 · · ·
L

= x22x11x22 · · · ,
L

x21x12x21 · · ·
L

= λx12x21x12 · · · .
L

SupposeL=m. We see
( x11 x12
x21 x22

) �→ ( e0s+ e1s−
e1s+ e0s−

)
gives isomorphisms

A++
1m �A4m, A+−

1m � B4m.

It follows by [22, Proposition 3.10] that given a scalarξ such that

ξ2m = 1 (respectivelyξ2m = −1), (25)

we have a braidingσ+ onA4m (respectivelyσ− onB4m) which evaluates:
ξ ξ
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e0s+ e1s− e1s+ e0s−
e0s+ 0 0 0 0
e1s− 0 ξ ξ−1 0
e1s+ 0 ξ−1 ξ 0
e0s− 0 0 0 0

By [22, Propositions 2.9 and 3.10],σ+
ξ is symmetric (or it corresponds to a symmet

braiding on the comodule category) only whenξ2 = 1, while σ−
ξ cannot be symmetric

(σ+
ξ andσ−

ξ are denoted bỹσξ,ξ−1 in [22].)

Proposition 4.5.(1) Suppose m is odd and ξ is a primitive mth root of 1, so that ξ2m = 1;
see (25). Then the braiding σ+

ξ on A4m is non-degenerate, whence it is minimal in the
following sense: it does not arise from any braiding on a non-trivial quotient Hopf algebra
(this is equivalent to that the dual quasitriangular structure on A∗

4m is minimal in Radford’s
sense [20]).

(2) Suppose ξ is a primitive 4mth root of 1, so that ξ2m = −1; see (25). Then the
braiding σ−

ξ on B4m is non-degenerate, whence it is minimal.

Proof. We prove first Part (2).
(2) Write H = B4m. Let ϕ :H

∼→ H op denote the isomorphism defined byϕ(a) = a,
ϕ(s±) = s±; see [15, p. 203, line 2]. Define〈 , 〉 = σ−

ξ ◦ (id⊗ϕ). Then,〈 , 〉 :H ⊗H → k

is a (symmetric) Hopf pairing which evaluates:

a s+ s−
a 1 −1 −1
s+ −1 ξ ξ−1

s− −1 ξ−1 ξ

It suffices to prove that〈 , 〉 is non-degenerate, or equivalently the induced the Hopf alg
map

κ :H →H ∗, κ(h)= 〈h, 〉
is an isomorphism.

Setw = s+s− in H . LetJ = k[a,w] ⊂H denote the commutative subalgebra gener
by a andw. As is easily seen,J is a normal Hopf subalgebra of dimension 2m such that
the quotient Hopf algebraH/J+H is generated by the natural images̄+ of s+, which is
a grouplike of order 2. Since〈w,a〉 = 〈a, a〉 = 1, it follows thatκ(J ) ⊂ (kD2m)

∗, where
we regard(kD2m)

∗ ⊂H ∗ through the natural injection which arises from the quotient m
in (17). Since〈s+, a〉 = −1, the Hopf algebra mapk〈s̄+〉 → (k〈a〉)∗ induced fromκ is an
isomorphism. So, it suffices to prove thatκ |J :J → (kD2m)

∗ is an isomorphism.
We have a split extension of groups,

〈s+s−〉 ↪→D2m = 〈s+, s−〉 � 〈s+〉.
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Since〈a, s+s−〉 = 1,κ |J inducesk〈a〉 → (k〈s+〉)∗ (⊂ (kD2m)
∗), which is an isomorphism

since〈a, s+〉 = −1. So, it suffices to prove that

µ : J̄ := J/
(
k〈a〉)+J → (

k〈s+s−〉)∗
induced fromκ |J is an isomorphism. Notice that̄J is generated by the natural imagew̄
of w, which is a grouplike of orderm. We compute that〈w, s±〉 = ξ∓2, 〈w,w〉 = ξ4. If ξ
is a primitive 4mth root of 1, thenξ4 is a primitivemth root of 1, so thatµ and henceκ
are isomorphisms.

(1) This is proved in the same way just as above. Notice that ifm is odd andξ is a
primitivemth root of 1, thenξ4 is still such a root. ✷

We have proved in fact thatA4m is selfdual ifm is odd andk contains a primitivemth
root of 1, whileB4m is selfdual ifk contains a primitive 4mth root of 1. We remark tha
if m is even,A4m is not selfdual since then #G(A∗

4m) = 8 �= #G(A4m); in fact an algebra
mapA4m → k can evaluate 1 or−1 independently ata, s+ ands−.

Proof of Theorem 4.4(2)(b).To prove the selfduality of the YD data(g±, χ±), (g±, χ∓)
for q = −1 whenH = B4m andm≡ 2 mod 4, we compute some values of the Hopf pair
given above:

〈g±, a〉 = 1,

〈g±, s+〉 = 〈
e0 ± √−1e1, s+

〉〈w, s+〉m/2 = ±√−1ξ−m,

〈g±, s−〉 = 〈
e0 ± √−1e1, s−

〉〈w, s−〉m/2 = ±√−1ξm.

Supposeξ is a primitive 4mth root of 1. Then,ξm = ±√−1. If ξm = √−1, then we
seeκ(g±) = χ± = g± ◦ κ , so thatκ gives an isomorphism(H,g±, χ±) � (H ∗, χ±, g±).
If ξm = −√−1, then we seeκ(g±) = χ∓ = g± ◦ κ , so thatκ gives an isomorphism
(H,g±, χ∓) � (H ∗, χ∓, g±). ✷

The corresponding parts (b) in Theorem 4.3(2) and Theorem 4.4(3) can be proved
same way. But, these results follow immediately from the selfduality of the Hopf alge
A4m,B4m, since each YD datum in question is unique (up to isomorphism).

5. Hopf algebras of dimension 16 with the Chevalley property

The aim of this section is to complete the classification of Hopf algebras of dime
16 with the Chevalley property over an algebraically closed field of characteristic
Pointed Hopf algebras of dimension 16 are classified in [10], and semisimple Hopf alg
of dimension 16 are classified in [12]. Then by the Nichols–Zoeller theorem and th
that a semisimple Hopf algebra of dimension 2 or 4 is a group algebra, the only ca
we have to investigate is when the coradical is a semisimple Hopf algebra of dimen
which is not a group algebra. We study this last case over an algebraically closedk



C. Călinescu et al. / Journal of Algebra 273 (2004) 753–779 777

opf
tative

tive

hic
ince
are

ations

a of

ful
of
e

ct that
of characteristic�= 2. For such a field there exist 3 isomorphism types of semisimple H
algebras of dimension 8 non-isomorphic to group algebras (see [14]): two commu
Hopf algebras, duals of group algebras, namely(kD4)

∗ and (kQ)∗, whereD4 is the
dihedral group with 8 elements andQ is the group of quaternions, and a non-commuta
non-cocommutative Hopf algebraH8 which is denoted byA in [14]. It is interesting to
make the remark that(kD4)

∗ and(kQ)∗ are isomorphic as algebras (both are isomorp
to a direct product of 8 copies ofk), and also they are isomorphic as coalgebras (s
the irreducible representations ofD4 and Q have the same dimensions), but they
not isomorphic as Hopf algebras. It is proved in [15,24] that the Hopf algebras(kD4)

∗,
(kQ)∗ andH8 can be distinguished by the fact that their categories of corepresent
(i.e. comodules) are not monoidally equivalent. The Hopf algebraH8 is presented by
generatorsc, b, x with relations

c2 = 1, b2 = 1, x2 = 1

2
(1+ c + b− cb),

cb = bc, xc = bx, xb = cx

and it has the comultiplication, the counit and the antipode defined by

∆(c)= c⊗ c, ε(c)= 1, S(c)= c,

∆(b)= b ⊗ b, ε(b)= 1, S(b)= b,

∆(x)= 1

2
(x ⊗ x + bx ⊗ x + x ⊗ cx − bx ⊗ cx), ε(x)= 1, S(x)= x.

Since B8 is a non-commutative non-cocommutative semisimple Hopf algebr
dimension 8 we haveB8 �H8. The presentation ofH8 with generatorsa, s+, s− satisfying
the relations ofB8 appears implicitly in the proof of [14, Remark 2.14 (1)]. It is help
to see explicitly an isomorphism betweenH8 andB8. Thus if we have the presentation
B8 with generatorsa, s+, s−, then some elementsc, b, x satisfying the relations from th
presentation ofH8 are given by

c = (
e0 + √−1e1

)
s+s−, b = (

e0 − √−1e1
)
s+s−,

x = 1+ √−1

2
e0s+ + 1√

2
e1s− + 1√

2
e1s+ + 1− √−1

2
e0s−.

These formulas can be obtained by direct (tedious) computations, by using the fa
x lies in the unique comatric simple coalgebra of dimension 4 ofH8, thereforex is a linear
combination ofe0s+, e1s−, e1s+, e0s−, and then by using the fact thatS(x) = x and the
comultiplication formula forx.

For the other way around (the inverse of the isomorphism), some elementsa, s+, s− in
H8 are given by
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a = cb, s± =
(

1∓ √−1

4
+ 1

2
√

2

)
x +

(
1± √−1

4
−

√−1

2
√

2

)
cx

+
(

1± √−1

4
+

√−1

2
√

2

)
bx +

(
1∓ √−1

4
+ 1

2
√

2

)
cbx.

By using the results of Section 4 we obtain the following.

Theorem 5.1.Let k be an algebraically closed field of characteristic �= 2. Then there exist
precisely two isomorphism types of Hopf algebras of dimension 16 with the coradical a
non-cocommutative Hopf subalgebra of dimension 8. These Hopf algebras have coradical
H8 � B8, and they are selfdual.

The two new Hopf algebras are biproducts overB8 as showed in Theorem 4.4. Therefo
they can also be presented as biproducts overH8, with generatorsc, b, x, y, relations ofH8,
and

y2 = 0, yc = −cy, yb = −by, yx = ±√−1cxy,

∆(y)= c ⊗ y + y ⊗ 1, ε(y)= 0.

The construction of these two Hopf algebras can be also performed by a method
to the one in [9], by taking certain Ore extensions ofH8, defining Hopf algebra structure
on them, which extend the Hopf algebra structure ofH8, and then factoring by a certa
Hopf ideal.

Little is known for Hopf algebras of dimension 16 with the coradical being not a H
subalgebra (over an algebraically closed field of characteristic zero). It is known tha
Hopf algebras exist; see [7]. Some steps for classifying these are done in [8], where
cases for the coradical are discarded.
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