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0. Introduction

The recognition of the importance of braided tensor categories came by the remarkable
recent developments of quantum group theory. An especially important example of such
a category is the braided tensor categﬁfyD of Yetter—Drinfeld modules over a Hopf
algebraH with bijective antipode. It is interesting and delightful to see that old results
on ordinary Hopf algebras, such as those by Nichols [18] (1978) and by Radford [19]
(1985), are reproduced in terms of the new notion of braided Hopf algelgrazm. Given
a braided Hopf algebr& in # YD, one can construct an ordinary Hopf algettat /
of biproduct; this naturally forms a tripleR # H, ¢, ) called aHopf algebra triple over
H,suchthat:H — R# H andx : R # H — H are Hopf algebra maps with o« = id,
if we definec(h) =1#h, n(x #h) = e(x)h. It was essentially proved by Radford [19]
and then reproduced by Majid [13] thRt— R # H gives a category equivalence, called
‘bosonisation, from the category of braided Hopf algebraﬁyﬂ) to the category of Hopf
algebra triples ovefl ; see Proposition 1.1.
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Motivated by the work of Nichols, Andruskiewitsch and Schneider started their
vigorous joint work on the classification of pointed Hopf algebras; see [2—4,6] (1998—
2002). Roughly speaking, their method is first to classify the strictly graded, braided Hopf
algebrasR in ggyp, wherekG is a group Hopf algebra over the ground fiéldand then
to lift eachR # kG to possibly all ordinary Hopf algebrasé such that gid ~ R #kG.

This is based on the following observationAlfis a pointed Hopf algebra, then the graded
coalgebragA = 69,120 A,/ A,—1 arising from the coradical filtratioAg C A1 C A2 C - --

of A forms a graded Hopf algebra, or in fagir@ded Hopf algebra triple oveAg = kG (A).

It follows by the graded version of the Radford—Majid bosonisation (see Proposition 1.2)
that there exists uniquely a strictly graded, braided Hopf alggbria &yD, where

G = G(A), such that g ~ R #kG as graded Hopf algebras over.

As s notedin [3], their method is valid to some extent, more generally, for Hopf algebras
with the Chevalley property [1], that is, for those Hopf algebtaghose coradicali = Ag
is a (not necessarily cocommutative) Hopf subalgebra, singelggn forms a graded Hopf
algebra which is of the forn® # H, whereR is a strictly graded, braided Hopf algebra in
ZyD. This will be realized by this paper in the case wh&ds the simplest, special
form R,, which is defined as follows.

Let N > 1 be an integer, and lgt be a primitiveNth root of 1 ink. Let R, denote the
graded algebra[y]/(y") endowed with the (strictly graded) coalgebra structure such that
1,y,¥%/(2)y, ..., yN"1/(N — 1),! form a divided power sequence; see Section 2. This is
called aquantumlinein [3]. Fix a Hopf algebraH with bijective antipode. It is proved in
Proposition 3.4, slightly generalizing [3, Theorem 3.2], that if the characteristicloes
not divide N and if R is a braided Hopf algebra of dimensianin # D such that the
coradicalRg and the spac®(R) of primitives in R are both 1-dimensional, theR is of
the formR, as an algebra and a coalgebra. The following three problems rise from here.

o Classification problenClassify all possible biproducts R, # H up to an isomorphism
of graded or ungraded Hopf algebras.

o Selfduality problem (for finite dimensional): Decide whether each R, # H is
selfdual or not.

o Lifting problem (for cosemisimplé?): Classify all Hopf algebras A with coradical H
such that gr A isisomorphic to a given R, # H asa graded Hopf algebra over H.

Given a rootg (# 1) of 1in k, we call (H, g, x) a Yetter—Drinfel’d (or YD) datum
for R,, or simplyfor ¢, if H is a Hopf algebra with bijective antipodg,is a grouplike
in H,andy : H — k is an algebra map such thatg) =g and(h — x)g = g(x < h) for
all h e H; see Definition 2.1. It is essentially proved in [2] that any structure that m&kes
into a braided Hopf algebra iff VD arises uniquely from a YD datum fat,. We show
that if H is cosemisimple (and semisimple), the first two problems above are equivalent to
the corresponding problems for YD data; see Propositions 2.3 and 2.5. For the last problem,
aresult (Theorem 3.1) from [16] plays the important role which the Taft-Wilson theorem
plays in the Andruskiewitsch—Schneider theory wltéris a group Hopf algebra; see the
proof of Proposition 3.1.
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Let us suppose that éh£ 2 andv/—1 € k. As our main results, we explicitly solve the
three problems whe# is each of the following non-cocommutative cosemisimple Hopf
algebras

Doy 23, Tam (m=22),  Agm m=3), Bam m=2 (1)

of finite dimension, 2 or 4m, defined in [15]; see Theorems 4.1-4.4 lfcontains a
primitive 2nth or 4nth root of 1, therDy, ~ (kD2,)* andZa,, ~ (kT4y,)*, whereDo, is the
dihedral group, andy,, is the dicyclic group. If is algebraically closefg is the unique
non-trivial (co)semisimple Hopf algebra of dimension 8, due to Kac and Paljutkin [11].
To solve the selfduality problem foda,,, B4, we prove that some braidings on them that
were discovered by Suzuki [22] are non-degenerate as bilinear forms; see Proposition 4.5.

Supposek is an algebraically closed field of characteristic2. The results thus
obtained classify especially those Hopf algebras of dimension 16 whose coradical is a
non-cocommutative Hopf subalgebra of dimension 8; see Theorem 5.1. Combined with
known results from [10], classifying pointed Hopf algebras of dimension 16, and from [12],
classifying semisimple Hopf algebras of dimension 16, this completes the classification of
the 16-dimensional Hopf algebras with the Chevalley property over an algebraically closed
field of characteristic zero. Note that 16 is the smallest dimension of Hopf algebras that was
not completely classified; see [8].

1. Preliminaries—the Radford—Majid bosonisation

Throughout we work over a fixed ground figldLet H be a Hopf algebra. We assume
that the antipodeS of H is bijective. This necessarily holds true, eitherHfis finite-
dimensional or if it is cosemisimple, or more generally if it has the Chevalley property.
We say thatH hasthe Chevalley property [1] if its coradical is a Hopf subalgebra. This
is equivalent to the fact that the tensor product of any two semisipmodules is
semisimple as a#/ -comodule.

Let ZyD denote the category of Yetter—Drinfeld modules ovér An object of
this category is a lefif-module V with a left H-comodule structuré:V — H Q V,

3(v) =Y v_1 ® vg such thas(h - v) = > h1v_1S(h3) @ ha - vo, Wwhereh € H, v € V;

see [3, Section 2] or [17, Section 10.6]. For two such obj&cend W, the tensor product

V ® W is an object in the category, endowed with the diagonal action and the codiagonal
coaction byH . ‘;,’yD forms a braided tensor category, endowed with the tensor product
just given and the braiding

c:V®W:>W®V, c(v®w)=2v_1-w®vo.

Following M. Takeuchi, we call a tripl€A,, 7) a Hopf algebra triple over H, if
A is a Hopf algebra, and: H — A and7:A — H are Hopf algebra maps such that
ot =id, the identity map ofH. Those triples form a category, in which a morphism
(A,t,m)— (A’,/, ") isaHopfalgebramap:A — A’ suchthatf ot=/, 7 =n"0o f.
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Let R be a braided Hopf algebra in the braided tensor cate§o/®. Thus it is in
particular a leftH -module algebra and leff -comodule coalgebra such that

AGxy) =) x1((x2)-1-y1) ® (x2)0y2.

wherex,y € R. Hence,R ® H is made into an algebra by the smash product and a
coalgebra by the smash coproduct. By [19, Theorem 1], this is in fact an ordinary Hopf
algebra, denoted b # H, which further forms a Hopf algebra triple ovArin the obvious

way thati(h) = 1 #h, n(x #h) = e(x)h.

Proposition 1.1[19, Theorem 3]R — R # H givesan equivalence, called ‘ bosonisation,
fromthe category of braided Hopf algebrasin ZyD to the category of Hopf algebra triples
over H.

A graded Yetter—Drinfeld module over H is an objectV = (V,-,§) in ZyD which
is at the same time a graded vector spéce @@0 V(n) such thatH - V(n) C V(n),
8(V(n)) C H®V (n) foreachn > 0. We denote by GE)JD the category of graded Yetter—
Drinfeld modules ovelHH. This also forms a braided tensor category in the same way as
above. In [3] and also in the Introduction above, braided Hopf algebrasih)m are
called graded braided Hopf algebragipyD.

A graded Hopf algebra over H is a pair (A,:) of a graded Hopf algebrat =
EB@(,A(n) and an isomorphism: H = A(0) of Hopf algebras. Notice then that the

compositer : A — A(0) - H of the natural projection with~! is the unique graded
Hopf algebra map, wher# is supposed to be trivially graded so thét0) = H, which
makes(A, ¢, ) into a (graded) Hopf algebra triple ovét. It will often be the case that
is the identity map. Amap (A, 1) — (A’, () of graded Hopf algebras over H is a graded
Hopfalgebramag : A — A’ suchthatf ot ="'

If a braided Hopf algebr& = @n20 R(n) in GrZyD is irreducible as a coalgebra so
thatR(0) = k1, thenR#H is a graded Hopf algebra ovér with homogeneous component
(R#H)(n)=R(n) ® H.

Proposition 1.2.R — R# H givesan equivalencefromthe category of irreducible braided
Hopf algebrasin GrZyD to the category of graded Hopf algebrasover H.

This can be proved in the same way as Proposition 1.1.

For a coalgebra’, we letCo ¢ C1 C C2 C --- denote the coradical filtration af,
and let giC = EB,,>0 C,/Cn—1 (C-1 = 0) denote the associated graded coalgebra. In
particular,Co denotes the coradical @f. If C is pointed irreducible (or dinig = 1), we
let P(C) denote the space of primitives (n

Let A be a Hopf algebra with the Chevalley property, and wkHte= Ag. Then by [17,
Lemma 5.2.8], gA forms a graded Hopf algebra ovAr. This iscoradically graded (see
[3, p. 669]) in the sense thagrA),, = B7_(grA) (i) for n =0, 1 and then necessarily for
all n > 0. By Proposition 1.2, there exists a unique (up to isomorphism) irreducible braided
Hopf algebrar in GrZyD such that g >~ R # H as graded Hopf algebras ovHr, this
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is necessarilgtrictly graded [23, p. 232] in the sense th&(0) = k1, R(1) = P(R), and
then necessarilg, = @/_, R() forall n > 0.

Definition 1.3[3, p. 659] R is called thediagram of A.

2. The Yetter—Drinfel’d datum

Let N > 1 be an integer. Supposgecontains a primitiveVth rootg of 1. Let R, denote
the graded algebrig y]/(y") endowed with a coalgebra structure such that

2 N-1

y
dy1=—2——
NIE NS,

d0=1, dlzya d2=—a ey
(24!

form a divided power sequence in the sense tha,) = >/ ydi ® d,—; for0<n < N.

Here,

n

_]_7

(n)g =2 (M)g! = (Mg (n = 1)g -+ (D).

The homogeneous componetit(n) is ky" (= kd,) if0 <n < N,andis 0ifn > N. One
sees thaR, is a strictly graded coalgebra; see Section 1.

Definition 2.1. A Yetter—Drinfeld (or YD) datum for R,, or simply for ¢, is a triple
(H, g, x) which consists of a Hopf algebrd with bijective antipode, a grouplikg in
H and an algebramap: H — k such thaty (¢) = ¢ and

(x ~hg=gh—yx) (heH). (2

Here— (respectively—) denotes the natural left (respectively rightf-module structure
on H, so thaty — h =) hix(h2). Wheng andH are fixed, we just say thag, x) isa
YD datum.

Let (H, g, x) be such a datum. Then the action (respectively the coaction) induced by

h-y=yx(h)y (heH) (respectively§(y)=g®y)

well defines onR, a structure of leftd-module algebra and coalgebra (respectively of
left H-comodule algebra and coalgebra). Therdlyyis further a braided Hopf algebra
in GrZyD; this will be denoted byR, (H, g, x). It is essentially proved in [2, Remark
following Lemma 8.1] that any structure that makRg into a braided Hopf algebra in
GrZyD or even inZyD arises uniquely from a YD datum far. In [3], R,(H, g, x) is
denoted byR (g; x), and is called @uantumline.

Suppos&k, = R, (H, g, x) as above. Then by Proposition 1.2 we have the graded Hopf
algebrar, # H overH, in whichy (= y # 1) is(1, g)-primitive in the sense that
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A(y)=g®y+y®L (3

As an algebra oveH (or anH-ring), it is generated by, and is defined by the relations
YN=0, hy=Y x(h)yha (heH).
One sees that any automorphismiyfin Gr2 YD is of the form
o« IRy — Ry, a'(y”):a"y" 0<n<N), (4)

wherea is a non-zero scalar.

The YD data forg form a category, in which a morphist#, g, x) — (H', ¢, x")
is a Hopf algebra mag : H — H’ such thatf(g) = ¢, x = x' o f. The assignment
(H,g,x)— R, #H, whereR, = R,(H, g, x), gives a functor from the category just
given to the category of graded Hopf algebras. Assigned to afregpabove is the map

F:=id®f:R,#H — R, #H'

of graded Hopf algebras. This mon-degenerate in the sense that the image Fnis not
included in the 0-compone®t’ of R, # H'.

Lemma 2.2.Suppose
Rq:Rq(Hs gv X)s Rq/ZRq/(H/s g/v X/)v

where (H, g, x), (H',g',x’) are YD data for some roots ¢, q’ of 1, respectively. If
F:R,#H — R, # H' is a non-degenerate map of graded Hopf algebras, then g = ¢’
and F =«a* ® f, where o isanon-zero scalar, and f:(H, g, x) — (H', g', x') isamap
of YD datafor g.

Proof. SinceF preserves the 0-component, it restricts to a Hopf algebrafmap — H'.
We see that the diagram

Rq#HHH

1

Rq/#H, — H’

commutes, where the horizontal arrows are the natural projections.

Regardk, # H as a rightd -comodule algebra along the natural projectRy#H — H.
Then the subalgebréer, # H)°H of H-coinvariants equal,. It follows that F is
restricted to a graded algebra m&p — R, between the subalgebras of coinvariants.
Hence,F(y) = ay for some scalar, which is non-zero sinfeis non-degenerate. Since
F is a Hopf algebra map, we see thatg) = ¢’, x = x' o f, and necessarily = ¢’,
F=o0®f. O
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Proposition 2.3.Let R, = R,(H, g, x), Ry = Ry (H', g', x') beasin Lemma 2.2 Then
the conditions (i) and (ii) below are equivalent to each other.

() g=q and (H, g, x) ~(H'. &', x");
(i) R,#H ~ R, #H' asgraded Hopf algebras.

These equivalent conditions imply

(i) R, #H ~ R, #H' asungraded Hopf algebras.

Conversely, (i) implies (i) and (ii), if H and H’ are both cosemisimple.

Proof. The equivalence (i} (ii) follows immediately from Lemma 2.2. Obviously, (ii)
implies (iii). Notice that ifH is cosemisimpleR, # H is coradically graded (see Section 1)
so that g(R, # H) = R, # H. By applying gr to such an isomorphism as in (iii), we obtain

an isomorphism as in (ii). O

Let (H, g, x) be a YD datum forg. SupposeH is finite-dimensional. Thery is a
grouplike in the dual Hopf algeb* of H, andg is regarded as an algebra m&8p — k.

Lemma 2.4.(1) (H*, x, g) isa YD datumfor q.
(2) Write

quRl](HugaX)’ R:;:Rq(H*aXag)
Then, (R, # H)* >~ R; # H* as graded Hopf algebras.
Proof. (1) This follows since one sees that Condition (2) in Definition 2.1 is equivalent
to that (g — ¢)x = x (¢ — g) for any ¢ € H*, where— (respectively—) denotes the
natural left (respectively right}f -module structure o *.
(2) Itis easy to see that the pairing ) : R, x R, — k given by
(") =8na(m)g! (O<n,I<N)

induces an isomorphism of graded algebras and coalgebrasdfyamto its dual. We see
that through this duality, the action and the coaction

H®Ry— Ry, h®yr x(h)y,
Rq_>H®Rqs y}_)g®y

are dualized so that
H*®R;<—R;, XQy <y,
R; < H"®R), ¢y < ¢®y.
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This proves Part (2). O

Proposition 2.5.Let (H, g, x) and R, be as above. Then the conditions (i) and (i) below
are equivalent to each other.

() (H,g, x) isselfdual inthesensethat (H, g, x) >~ (H*, x, );
(i) R, # H isselfdual as a graded Hopf algebra.

These equivalent conditions imply
(i) R, # H is selfdual as an ungraded Hopf algebra.

Conversely, (iii) implies (i) and (ii), if H issemisimple and cosemisimple.

Proof. This follows from Proposition 2.3 and Lemma 2.4

3. Hopf algebras with diagram R, (H, g, x)
Let A be a Hopf algebra with the Chevalley property, and wHte= Ao.

Proposition 3.1.Supposethediagramof A isR, (H, g, x), where (H, g, x) isa YD datum
for someroot ¢ of 1.

(1) We have an isomorphism grA >~ R, # H of graded Hopf algebras over H, which is
unique up to automorphism, «* ® id (see (4)), of R, # H. We shall identify gr A with
R, # H through such an isomor phism.
(2) Thereexistsa (1, g)-primitive z in A (see (3)) such that
(i) gzg7 =gz,
(i) Aisgeneratedbyz and H, and
(iii) z is mapped to the canonical generator y in R, through the natural projection
A1 —>graAQd).

Part (1) follows by Proposition 1.2 and Definition 1.3. To prove Part (2), we need a
result from [16]; it will play the role which the Taft-Wilson theorem [17, Theorem 5.4.1]
plays in [3] whenH is a group algebra.

Let A, H be as in the beginning of this section. $et= A/AH; this is a quotient left
A-module coalgebra od. It is proved in [16, Theorem 3.1] that there is a righitlinear
coalgebra map : A — H whose restrictiory |y to H is the identity map. Hence we have
the isomorphism

A~Q><H, ar ) a1®y(az) (5)
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of right H-module coalgebras, whefiedenotes the natural imageokt A in Q. Q >« H
denotes the smash coproduct arising from theAeitomodule coalgebra structure gn

Q> H®Q, Ma)=)_ y@)S(ya)®ar

One sees that the coradical filtration @< H is givenby H =) Qo @ H C Q1 ® H C
0>® H C ---, and preserves the filtration. It follows that the diagratof A is, as a
graded leftH -comodule coalgebra, identified with @rwhose comodule structure is given
by gri:grQ — H ®gr Q. Moreover, (5) induces an isomorphismAyr- R# H of graded
Hopf algebras oveH .

Proof of Proposition 3.1(2). We identify A with Q >« H through (5). Suppos® =
R,(H, g, x). SinceP(Q) =~ P(grQ) = P(R), P(Q) is spanned by a primitive which
is mapped toy. Since P(Q) is H-costable\(z) = g’ ® z for some grouplikeg’ in H.
Since thengri)(y) = ¢’ ® y, we musthave’ = g, and s (=z® 1) is a(1, g)-primitive
in A.

We haveA; = H @ zH. It is then straightforward to see that the spatg, (A) of
(1, g)-primitives in A (see (3)) is given by

P1g(A)=kz@k(1—g). (6)

1 1

This is stable under thg-conjugatioru — gug~1. Sincegyg™! =gy, we havegzg~! =

gz + a(1 — g) for some scalar. Replacingz with z + a(g — 1)~1(1 — g), we have
gz¢~t = qz. We have obtained &1, g)-primitive z satisfying (i), (iii). Condition (ii)
necessarily follows from (iii); see [3, Lemma 2.2]0

Remark 3.2.Let A be a Hopf algebra, and I§C.}, denote the set of all simple sub-
coalgebras i, so thatdg = P, C-. Andruskiewitsch and Schneider [5, Conjecture 4.1]
conjecture that

A1=Ao+ Y (C: AkDAo= Ao+ Y  CrCpu A Cp.
T T, L

SupposeA has the Chevalley property. Then the conjecture holds true, since by the
isomorphism (5), the proof of [5, Lemma 4.2] is valid; the lemma proves that the conjecture
holds true for gA.

Next we will slightly generalize [3, Theorem 3.2]; it characterizRg(H, g, x),
assuming that{ is a finite-dimensional semisimple Hopf algebra in characteristic zero.
Let H be a Hopf algebra with bijective antipode. The structure of any obje§W®

or in Grf YD will be denoted by, §.

Lemma 3.3(cf. [3, Lemma 3.1 (i)]).Let R be a finite-dimensional braided Hopf algebra
in YD such that the dimension dimR is not divided by the characteristic chk of k:
chktdimR. If z isaprimitivein R suchthat g - z =z, §(z) = g ® z for some grouplike g
in H,thenz=0.
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Proof. Suppose satisfies the assumptions above. It follows by [21, Theorem 2.2Rtl&at
free over the braided Hopf subalgelifa] generated by, and so that chtdimk[z]. The
ordinary Hopf subalgebr&(z, ¢g] in R # H which is generated by andg is commutative
sinceg - z = z. Hence k[z] = k[z, g]/(g — 1); this is a finite-dimensional, ordinary Hopf
algebra generated by a primitive If chk = 0, we must havé([z] = k, and soz = 0. If
chk = p > 0, then dink([z] = p" for somer > 0. Since clt { dimk[z], we haver =0, and
soz=0. O

Proposition 3.4(cf. [3, Theorem 3.2])Let H be a Hopf algebra with bijective antipode.
Let R be afinite-dimensional braided Hopf algebrain ZyD of dimension N = dim R such
that chk { N. Supposedim Rg = dim P(R) = 1. Then R isof theform R, (H, g, x), where
(H, g, x) isa YD datumfor a primitive Nthroot of 1.

Proof. SupposeP(R) = kz. Since P(R) is H-stable andH-costable, there exist a
grouplikeg in H and an algebra map: H — k such that

h-z=xh)z (heH), 6(z2)=¢g®z.

See [3, p. 672, lines 1-4]. Writg= x(g). Then,g -z =¢qz.
Write § = @,@0 S(n) forgrR, so thatS(0) = k1, S(1) = P(R) = kz. SinceS is strictly
graded, we have a divided power sequence of non-zero elements in

do=1 di=2z, do, ..., dy-1,

such thatS(n) = kd,, if n < N, andS(n) =0 if n > N. Since one sees thaf - R, C R,,,
8(R,) C HQ® R, foreachn, S is an objectin Gﬁ,’yl), and is in fact a braided Hopf algebra
in GrZyD; see the proof of [17, Lemma 5.2.8]. We have

gd andn’ 5(dﬂ)=gﬂ®dﬂ (0<H<N)

in S. Noticez¥ =0in S. Letm (< N) be the minimal positive integer such thdt = 0
in S. Then,S(n) = kz" if n < m. By theg-binomial formula [2, p. 446] ir§, and also inR

AN = Z (7) = P (7)
q

i=0

we see thatm), = ("f)q =0. It follows thatg™ =1, sinceg # 1 by Lemma 3.3.

To seem = N, suppose on the contrary that< N. Then the idealz) C S generated
by z is a braided Hopf ideal such thaf, ¢ (z). In the quotient braided Hopf algebra
S:=S/(z) in Gri YD, the natural imageé,, of d,, is a non-zero primitive such that

2 -

gm'szqm dmzd_ma 8(d_m)=gm®5?m-
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This contradicts Lemma 3.3, since the dual result of [21, Theorem 2.2] proves that
dimS | N, and so clt { dimS. Thereforemn = N. It follows thatg” = 1, andz generates
S and hencer.

Moreover,q" # 1 if 0 < n < N. Indeed, ifg were a primitiventh root of 1 with
0 <n < N, then we would have by (7) a primitive’, in R which contradicts Lemma 3.3.
Then it follows by the same reason thdt =0 in R. Now we seeR = R,(H,g,x). O

Remark 3.5. Suppose ch = p > 0. One sees thaR = k[z]/(z” — z) in ’,;yD gives
an example which shows that Proposition 3.4 does not necessarily hold true without the
assumption that chf dimR.

Corollary 3.6. Let A be a finite-dimensional Hopf algebra with the Chevalley property.
Write H = Ap. Supposethat chk doesnot dividetheindexdimA/dimH of H in A. Then
the diagram R of A isof theform R, (H, g, x) ifandonly if dimA1/dimH = 2.

Proof. We have dinRp = 1. LetQ = A/AH™ as before. Then, dimi/dimH =dimQ =
dimR. Moreover, dimA;/dimH = 2 ifand only if P(Q) (>~ P(R)) is 1-dimensional. The
corollary now follows from Proposition 3.4.0

4. Solution to the three problems forﬁz,,, ﬁm, Ay, and By,

Throughout in this section we suppose thakeh 2 and+/—1 € k. We will often use
the notation in [15].

Recall the three problems raised in the Introduction. We will solve them for the finite-
dimensional cosemisimple Hopf algebras

Doy 123, Taw m>2), A m=3), Bam (m=2).

For the second problem we will put dnsome additional assumption under whighis
necessarily semisimple. Then by Propositions 2.3 and 2.5, the first two problems reduce
to the classification and the selfduality of YD data for possipléVe know from [15,
Proposition 3.6] that the grou@ (H) of grouplikes inH is isomorphic toZy, Z, & Z3
or Zs4, whereZ, denotes the cyclic group of order Therefore the possibility of is
restricted to the casp= —1 or++/—1if G(H) ~ Z4, and to the casg = —1 otherwise.
Let K = k{(a) denote the group Hopf algebra generated by a groupliké order 2.
This is identified, through a unique isomorphism, to the dual Hopf algét¥rain which
we leteg, e1 denote the dual basis of 4, so thateg = (1/2)(1 + a), e1 = (1/2)(1 — a).
The Hopf algebras listed in (1) all includ€ as a central Hopf subalgebra. To describe
them below, we will give generators together with relations as algebraoyvand define
by their values the coalgebra structutes and the antipods.
_To recall first the definitions dby,,, 74, letn > 3 be an integer. By [15, Definition 3.1],
Do, is the commutative Hopf algebra includirg which is generated by an element
overK, and is defined by the relation

x"=1
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together with the structure
A(x) =x Q@ egx + x L ® e1x, e(x) =1, S(x) = eox L+ epx. (8)

If n is even, we write: = 2m with m > 2, andZa, is then the commutative Hopf algebra
defined in the same way as above except that (8) is replaced by

A(x):x@eox—i—ax*l@elx, e(x)=1, S(x) =eox71—e1x.
Thus,Da, = T4y as algebras. If contains a primitiverth root of 1, then
Doy~ (kD2:)*,  Tam =~ (kTan)",
where Dy, is the dihedral group of ordem2 and T, is the dicyclic (or binary dihedral)

group of order 4. In particular,Tg = Qg, the quaternion group.
By [15, Proposition 3.6], we have

~  [la)=7Z if nis odd
G(DZ")_{(a,xm)ZZZ@ZZ if n=2m is even

G(ﬁ )= ((eo + +/—1e1)x™) ~Zs4 if misodd
" (a,x™)y ~Zo®Zo if m is even

The Hopf algebras cannot be selfdual since they are commutative, but not cocommuta-
tive. Hence the selfduality problem is out of the question for them.

Theorem 4.1.Suppose H = Dy, (n > 3) andg = —1.
(1) If nisodd or n = 0 mod 4 there exists no YD datum.

(2) Supposen =2m =2 mod 4
(a) Thereexist precisely two YD data

(x™, x1). (ax™, x1).
where x1 isthealgebra map H — k defined by
xi(a) =1, x1(x) =—1. )
These two data are isomor phic to each other.
(b) Let R, =R, (H, g, x1), where g = x™ or ax™. Then R, # H cannot be lifted non-
trivially in the sense that if a Hopf algebra A with coradical H has R, as its
diagram,then A ~ R, # H.

Proof. To prove (1) and (2)(a), suppose, x) is a YD datum. For Condition (2) in
Definition 2.1, we may supposeis an element of the standard generators. Butan
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be excluded since itis a central grouplike. Sités now commutativeg can be canceled
from Condition (2), which is thus equivalent to

x (eox)x + x (e1x)x ™1 = x (x)eox + x (x) Lerx.

Sincex andx~! are K -linearly independent, it follows that(e1x) = 0, x (eox) = x (x) =

x (x)~L. This implies thaty (a) = 1, x(x) = —1. It is now easy to see that the possible
YD data are given as above. The two YD data are isomorphic to each other through the
automorphism o defined bya <> a, x <> ax.

To prove (2)(b), suppose a Hopf algebra with coradical H has the diagram
R,(H, g, x1), Whereg = x™. Then we have &, g)-primitive z as in Proposition 3.1(2). In
particular,gzg~! = —z. Sinceg anda commutekz, an eigenspace of the-conjugation
on P14 (A) (see (6)), is stable under tlheconjugation. It follows thatiza—! = z, since
aya—! = y. By computing squares in(z) = g ® z + z ® 1, we see that? is a primitive
in H, and hence? = 0.

Sincexy + yx = 0 we have thatz +zx € H, soxzx 1 +z € H. But H is commutative,
S0 xzx 14 z = xYxzx 1 4 2)x = z + x1zx, showing thatx ~1zx = xzx 1. Using
this, an easy computation shows thatxzx 1) = ¢ ® xzx ™ 4+ xzx~1 ® 1. Hence
xzx L+ z€ PLg(H) = k(g — 1). Write xzx 1 + z = a(g — 1) for somea € k. Then
wxzx t=az(g — 1) = —a(g + Dz andxzx 1z = a(g — 1)z, and then if we square the
relationxzx 1 + z = a(g — 1) we find —2az = 20%(1 — g), showing thate = 0. We
conclude thakz = —zx, which ends the proof. O

Theorem 4.2.Suppose H = T4y (m > 2).

(1) Ifmisevenandg = —1, or if m isodd and ¢ = ++/—1, then thereexists no YD datum.
(2) Supposem isoddand g = —1.
(a) Thereexist precisely two YD data

(eo+v=Ter)x™ xa).  ((eo—v=Tex)x™, xa),

where yx1 is the same algebra map as above, defined by (9). These two data are
isomor phic to each other.

(b) Let g = (eg + ~/—1e)x™. For any scalar « € k denote by A(«) the Hopf algebra
with generators a, x, z such that a, x satisfy the same algebra and coalgebra
relationsasin 74, and

az =za, Xz =-—2zx, zzza(a—l),

AR)=¢g®z7+272Q1, e(z) =0.

If a Hopf algebra A with coradical H has the diagram R, (H, g, x1), then there
exists o € k such that A ~ A(«). Moreover A(a) >~ A(a’) if and only if either
a=a' =00ra,a’ #0ando’/a isasguarein k. Thusthe non-trivial liftings are
classified by the factor group k*/(k*)2.
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Proof. Parts (1) and (2)(a) can be proved in the same way as the corresponding parts of
Theorem 4.1. For (2)(b), we first note that it is easy to see directlyAltaj is a well
defined Hopf algebra. Lett be a Hopf algebra with coradic#f and diagramk,. As
in Theorem 4.1(2)(b), there existse Py ,(A), whose projection in g4 is the element
y € Ry, such thalgz = —zg, az = za, and alsoczx 1+ z € P1,(H). Thenxzx 1+ z =
y(g — 1) for somey € k. On the other handi(z2) = g2 ® 22+ z2® 1 andz? € H,
showing thatz2 = a(a — 1) for somea € k. If we use these relations when we square
xzx L4+ z=y(g —1), we find—2yz = y%(a — 2g + 1), showing thaty = 0. Thus we
haveA >~ A ().

For the last statement, suppose in general thahdz are as in Proposition 3.1. Since
A1 = H ® zH as showed in the proof of Proposition 3.1(2), we see thatd& A — H
is a (1, g’)-primitive for some grouplikeg’ in H, theng’ = g andw € kz ® k(1 — g);
see (6). If in additiorgwg ™! = qw, thenw € kz. If f:A(x) — A(¢) is a Hopf algebra
isomorphism, we can apply the resultio= f(z) andg’ = f(g), to see thalf (z) = B8z’
for some non-zero scalg. By applying f to the relationz? = «(a — 1) we find that
a = o B2. For the other way around one can construct directly an isomorphism.

To recall the definitions ofd4,,, Bax, letm > 2 be an integer. By [15, Definition 3.3],
Ay, is the Hopf algebra including’ as a central Hopf subalgebra which is generated by
two elements,, s_ overK, and is defined by the relations

52 =1, (s45_)" =1 (10)
together with the structure
A(s+) = 5+ ® egs+ + 5+ @ e15+, e(s+) =1, S(s+) = eos+ + e15x.
Bay, is the Hopf algebra defined in the same way as above except that (10) is replaced by
s£=1, (s+5)" =a.

Thus, Aan = Ban as coalgebras. By [15, Remark 3.4dg ~ Dg ~ (kDg)*. If k is
algebraically closed3s is the unique (co)semisimple Hopf algebra of dimension 8, due
to Kac and Paljutkin [11], which is neither commutative nor cocommutative; see also
Section 5.

In both Ay, andBgs,, we write

S4(i) = S45_545— -+, S_(i) = S_S45_54 -+,

< —— <~ ——
for anyi > 0. By [15, Proposition 3.6], we have

G (Aam) = (a, s+ (m)) = 7o & Zo,

G(Bay) = | ((€0+ v/ =1en)si(m)) = Z4 if m is odd
" (a, (eo+ v —ler)s (m)) ~Zr®Zy if miseven.
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By the proof of [15, Proposition 3.6], foH = A4, or H = B4, we have a decomp-
osition

m—1
H:kGUD@(EBC) (11)
i=1

as a direct sum of subcoalgebras, where for adyi i< m —1 we have tha€’; := Ks. (i) ®

Ks_(i) is a 4-dimensional simple subcoalgebra with comatric bé\‘;s‘,’i’é(’.) "15*(’.)). We
153 (i) eos—(i)

also recall from [15] that

{a'(s2)/ (s45-)"10<i, j <1, 0<r<m—1} (12)
is a basis of . In particularH is free as a lefik-module.
Theorem 4.3.Suppose H = Ay, (m > 3) andg = —1.

(1) If m iseven, there existsno YD datum.
(2) Supposem isodd.
(a) Thereexist precisely two YD data

(s4(m), x2),  (asy(m), x3),
where x2 and y3 are defined by
x2(a) = -1, x2(s£) =1, x3(a) = x3(s+) = -1

These two data are isomor phic to each other.

(b) If k containsa primitive mth root of 1, then the two YD data are both selfdual.

(c) Let R, = R, (H, s+ (m), x2). The graded Hopf algebras R, # H arising from the
YD data cannot be lifted non-trivially.

Proof. To prove (1) and (2)(a), supposg, x) is a YD datum. Supposgis central inH,
so thatg can be canceled from (2) in Definition 2.1. Take- s in (2). Then we have

x (eos+)s+ + x(e1s+)s— = x(s4)eos+ + x (s—)e1s,

which implies thaty (a) = 1, x(s+) = x(s—) = —1, sinces; and s_ are K-linearly
independent. We see+# a, sincey (g) = —1.

(1) Supposen is even. Then any grouplike is central. But(s (m)) = x(as+(m)) = 1.
This proves Part (1).

(2) Supposen is odd.
(a) We seg = s, (m) orasy (m). Takeh = s+ in (2). Sinces+g = gs+, we then have

X (eos£)s+ + x (e1s+)sx = x(s£)eosx + x (sx)eiss,
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which implies thaty (a) = —1, x(s+) = x(s—) = 1. We see that the two pairs
given above exhaust all possible YD data. The two data are isomorphic to each
other through the automorphism &f given bya <> a, s+ <> as+.

(b) This together with the corresponding part of the next theorem will be proved later
in the end of this section.

(c) Denoteg = s (m). By Proposition 3.1 there existse A such thatPy z(A) =
k(g — 1) + kz with the natural image of in grA beingy andgz = —zg. As in
Theorem 4.1(2)(b) we see that = —za. Note thatzeg = e1z andze; = epz.

Sincehz = ) x(h1)zhp mod H, we have thats;z + zsi,s_z + zs— € H. Denote
ty =547 + z54,1— = s_z + zs—. Using the relations_g = gs4 = sy (m — 1) and
s+g = gs— =s_(m — 1), direct computations show that

Altp)=s—(m—1) Qeot+ +s+(m —1) @ ert4 + 14 Qeos+ +1- Qe1s4,
Atm)=s—(m -1 Q@ert—+s+(m—1) Q@eot— +1_ Qeos— +1t+ Qers_.
Taking into account (11), denote
e11 e12'| _ ( eosy e1s— and Jin fi2)) _ (eos+(m—1) exs_(m —1)
e21 €22 e15+ eos— fa1 f22 e1sy(m—1) eops_(m—1) )’
the comatric basis i@y andC,,_1. Note that
eoeii =eji, eofii=fii, eweii=erf;i =0 foranyi,
egeij =eofij =0, e1ejj=e;j, erfij=f;j foranyis# ;.
The comultiplication formulas for,. andz_ become
A(ty) = (fio+ f22) @ eot + (f11+ for) ety + 1 @e11+1-Qex1,  (13)
A(t-) = (fr2+ f220 Qert— + (fur+ fo1) @eot— +1- @exn+14 ®e1n.  (14)

These show that,,t_ € C1 @ Cp,—1, SO

=Y aije+ Y Bifiys  t-=) ajei+ ) Bifi

By looking at the coefficients ok21 ® e12,e12 ® €22, fi2 ® f21, fo2 ® f21 in the
comultiplication formula for,., we see thadtzp = w12 = 11 = B21 =0, SO

ty = a11e11 + ag1e21 + P12 f12 + Bz foo.

Similarly, by looking at the coefficients @fi1 ® e11, e21 ® e11, f11® f12, f22Q fo21in
the comultiplication formula for_, we find thatw11 = ap1 = 12 = B22=0, so

I_ = a10e12 +agze22 + Pf11f11+ Boifor.
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Now going again to the comultiplication ef with these formulas and identifying the
corresponding coefficients, we find that

1y =ae11 + Ber1 — afiz — afaz, (15)
t-=ae12+ Bez — Bf11— Bfa1 (16)
for some scalars, 8. These show that
s4+2=—254 + (ceg + Ber)sy —as_(m — 1),
s—z=—z5_ + (Beo+ae1)s— — Bsy(m —1).
The previous two relations show that
S_syz=25_54 + (¢ — Blas_s4+ + Bsy(m) — asy(m — 2).
Applying repeatedly this, we obtain that
(s,s+)hz = z(s,s+)h + h(a — ,B)a(s,er)h 4+ Bsy(m+2h—2) —asy(m+2h —4)
4+ - —asy(m — 2h)
wherem = 2h + 1. If we multiply by s to the left, we obtain after computations that
gz=—z8 + (axeo + Be1)s+(2h +1) — as1(2) + h(a — Blasy(2h + 1)
+ Bs(4) —asi(6) + -+ Bsy(4h) —al.
Note that we used the relations(4h — 2) = 54 (4), s—_(4h — 4) = 5,.(6), etc. We also
haves; (2h + 1) =s_(2h + 1).

Sincegz = —zg, we have that

=a+,3 a—p

0 s_(2h+1) +

as—(2h +1) + h(o — Bas_(2h + 1)

—al—asy(2) + Bsy(4) —asy (6) + -+ - + Bs4(4h)

and we see that = 8 = 0 by using (12). This shows thatz = —zs4, s_z = —zs_, and
alsoz2 = 0 follows from A(z%) = 22 ® 1+ 1 ® z2. We conclude thatt ~ grA. O

Theorem 4.4.Suppose H = By, (m = 2).

(1) Supposeg = —1. If m isodd or m =0 mod 4 there exists no YD datum.
(2) Supposeg = —landm =2 mod 4
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(a) There exist precisely four YD data
(84, X+)» (g+, x5)»
where g1 = (ep £ v/—1e1)s; (m), and . are defined by
x+(@) =1, x+(s4) ==£1, x+(s-)=F1l.

We have

8+ X+) = (8—» X=) £ (g+, x=) = (g—, X+)-

(b) If k containsa primitive 4mth root of 1, then the four YD data are all selfdual.
(c) The graded Hopf algebras R, # H arising fromthe YD data cannot be lifted non-
trivially.
(3) Supposem isodd and g = +/—1 (respectively ¢ = —+/—1).
(a) There exist precisely two YD data which are given by

(g+, ¥&) (respectively (g+, ) ifm=1mod 4
(g, ¥5) (respectively (g+,¥+)) ifm=3mod 4

where g+ = (eg = v/ —1e1)s4 (m) asabove, and v+ are defined by
Yi(a) = -1, Y (sy) =+£1, Ya(s—) =FL

The two data are isomor phic to each other.

(b) If k containsa primitive mth root of 1, then the two YD data are both selfdual.

(c) The graded Hopf algebras R, # H arising fromthe YD data cannot be lifted non-
trivially.

Proof. To prove (1) and (2)(a), supposg, x) is a YD datum forg = —1.

(1) Supposen is odd. Suppose firsg(a) = 1. Then,g = g4 or g_ (= gjrl). Since
x(sys)™ = x(a) = 1, it follows that x (s+) = —1. Takeh = 54, g = g+ in (2) in
Definition 2.1. Then we have-s; g+ = —gis4, whencesi sy (m) = sy (m)sy. This
impliess_ = as,, a contradiction. Suppose nexta) = —1. Theng = a, andy (s+) = £1
or ¥1. Takeh = sy, g = a in (2). Then we have_ = as, a contradiction.

Supposen is even. Theny (a) = x (s4s-)" =1,and sag = g+ org_ (=ag+). But, if
m =0 mod 4,x(s+(m)) =1 and hence (g+) = 1. Therefore Part (1) follows.

(2) Supposer =2 mod 4.

(a) To havey (g+) = —1, it must hold thaty (s+) = 1 or 1. In any case, Condition
(2) holds true fon = 51, g = g+, since then+g = ags+. This proves that all possible YD
data are given by the four pairs above.

The automorphisnyp of H defined by

fola) =a, Sfo(s+) =51
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gives rise to isomorphism@., x+) = (g—, x-), (§+, x-) = (§—, X+)-
We remark tha# fits into a Hopf algebra extension (see [15, Proposition 3.11]),

K =k{a) = H — kDoy,. a7

To see(g+, x+) % (g+, xx), let f be an automorphism d. Sincea is a unique non-
trivial central grouplike, we see that

fla)=a, (18)

and f induces an automorphisghof k D2,,. Hence there exists an odd integee® < m
prime tom such that

flse)=s+(r) or sz(r),

where Dy, is supposed to be generateddyyands_, and defined by the same relations
as (10). By replacing” with fp o f, we may supposé (s+) = s+ (r), So thateg f (s+) =

eos+ (r). Since(j‘l’;gi; fé;gj) forms a comatric basis, we have

0= A(eof(s4+)) — Aleos(r)) = e1f(s-) @ e1f(s4) — e15—(r) ® e1s4(r),

whenceey f (s+) = a®te1sL (r) for some O£ « € k. Sincee; = e1 f (s4)% = ae1s, (r)? =
a?e1, we havex = 1 or —1, so that

f(s+)=s+(r) or ass(r). (19)

Write r = 2t + 1. Then, f (s(m)) = f (s4+5-)"/%2 = a's(m), and hence

| g+ iftiseven
fer) = {g_ if ¢ is odd.
Since in addition
| x4(sx) iftiseven
x+(f(s£)) = {X(si) if 7 is odd,

we conclude thatg, x+) % (g+, x+)-

Note.We have proved that the automorphism grouggf (for anym > 2) consists of the
f defined by (18), (19) for each odd<0r < m prime tom, together withfp o 1.

(c) With arguments as in Theorem 4.3(2)(c) we see that theresi®y ¢ (A) with the
natural image of in grA beingy, and such tha¢z = —zg, az =za, s4+z —azsy,s—-z +
azs— € H.Denotery = s,z —azsy andr_ =s_z + azs—. H decomposes as a direct sum
of coalgebras with comatric bases given by the same formulas as in cadsg of
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In the case where: > 2 we keep the same notation as in Theorem 4.3(2)(c) for these.
In this case we have that

Aty) = (foo+ V—1f12) @ oty + 14 ® e11+ (fi1— vV—1fo1) ® eat

+1_Q e, (20)
A=) = (fi1— V—1f21) @ eot— +1- ® ezo+ (f22+ vV —1f12) ® et
+1+ ®eq2. (21)

Note thatf]; = fi1, fi, = ~—1f12, f3;,=—+/—1f21, f},= f22is a comatric basis for
Cn—1, satisfying similar relations at multiplication witly, e1. We see that formulas (20),
(21) become exactly (13), (14) witfi; substituted byfl/j, so by using (15), (16) we see
directly that

ty =ae11+ Ber1 — v —lofi2 — af22, (22)
- =ae1x+ Perr— Bfr1+ vV —1Bf1 (23)
showing that
stz =azsy + (aeg + Ber)s+ — a(eo + +/ —1e1)s, (m—1),
s—z=—azs— + (Beg + ae1)s— — ,3(60 — —1el)s+ (m—1).
Using these two relations we find after a few computations that
SyS_z=—z5+5_ + ((,8 —a)eg + (o + ,B)el)s+s_ + (@ — ,3)(6‘0 — x/—lel)s_ (m — 2).
Applying two times the above relation we get.s_)%z = z(s45_)2.
Write m =4h + 2, h > 1. We have thapz = —zg, whereg = (eg + +/—1e1)sy (m) =
(eo + v/—1e1)(s45_)?"*1. Sinceeg + +/—1ey is central and invertible, this implies that

(s45_)2 1z = —z(sys_)2*1, But

(s15)7 Tz = sps_z(sys2)?
= —2(s352) P 4 ((B — @eo + (@ + B)er) (s45-) 2+
+ (@ — B)(e0 — v/—1e1).

Using (s4s_)%*1z = —z(s,s_)?"*1, this gives

=0

n (1—x/—_1)(0t—/3)1+ (1+x/—_1)(0t—/3)a

(B — aa)(sys )t 5 5

which impliese = 8 =0 by (12).
In the case where: = 2, similar computations show that
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At4) = (e22+ v—1e12) ® eoty + 14 ® e11+ (€11 — v —1ez1) ® exty +1- ® ea1,
A1) = (e11— v—1e21) ® eot— +1— ® ez2+ (e22+ v/ —le12) ® eat— + 11 ® e12.

These show that, andz_ belong to the unique simple comatric coalgebra of dimension
4 of H, and then by direct computations one gets

t+ = (aeo + Be1)s+ — ot(eo + +/ —161)5_,

t_ = ,3(—60 + +/ —16‘1)S+ + (Beo + ae1)s—
for some scalara, 8. Now using the relationg = —gz, one obtaing: = 8 =0 as in the
casen > 2. This shows that, =¢_ =0, so indeed any lifting is trivial.

(3) Suppose is odd andy = +/—1.

(a) Supposeg, ) is a YD datum. To have/(g) = £+/—1, g must equalg, or
g—, so thatyr(a) = w(gi) = —1. Sincem is odd, we see, (m)s+ = asgs4(m), and so
geos+ = epstg, ge1s+ = —e1s+g. Takeh = s+ in (2). Then we have

V(s+)sg = Y (st)eosy — Y(sx)erss,

and soy (s4+) = —v(s—). We see now that the two pairs given above exhaust all possible
YD data. The two data are isomorphic to each other throfagh

(c) We prove forg = /=1, m =4h + 1 (h > 1), and the YD datunig, , v, ). The
other cases are similar. Write= g,. Let A be a Hopf algebra with coradic#f and
diagramR,. Again as in Theorem 4.3(2)(c) there exists P1 ¢(A) — H whose natural

image ingrA ~ R, #H is y, andgz = +/—1zg andaz = —za. Denoter, = sz + azsy,
t— =s_z —azs—. Then direct computations show that

Aty) =518 Qeot+ + 518 Q@ ert+ + 1+ @ eos+ + 1+ ® e15+.

In terms of the comatric bases these write exactly as (20), (21), therefore the solution
for ¢4, t_ is given by (22), (23). Thus

sS4z = —azs+(aeo + Be1)sy — a(eo + 4/ —1el)s, (m—1),
s—z=azs— + (Beo + ae1)s— — ,B(eo — —1el)s+ (m—1).
Using these as in part (2), an inductive argument shows that
(s_s+)2hz = z(s_s+)2h + (eo + —16‘1)S

where

h—
S=Y (—Bsy(8r—1—8i)+as, (8 —3—8i) + By (8 —5—8i)
i=0

1=

=

—as;(8h—7— 8i)).
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Then this gives

s+ (m)z = —azs+(m) + (aeg + Ber)sy(m) — ot(eo + \/—_161)S+ m+1)
+ (eo + v/ —1e1)T (24)

where

h-1

T = Z(—,Bs_(Sh —2—8i)+as_(8h—4—8i)+ Bs_(8h — 6 —8i)
i=0
—as_(8h —8— 8i))

(with the convention that_(0) = 1). The relationgz = v—1zg implies thats, (m)z =
—azsy(m), and then if we use the relations.(m) = as_(s;s_)?", s.(m + 1) =
(s45_)2L s (j) = a(sys_)™I/2 for even j, and the basis o34, from (12), the
relation (24) shows that = g = 0, and we are done.O

Forthe postponed proofs of selfduality we will use some interesting results by S. Suzuki.
Suzuki [22] constructed cosemisimple Hopf algebras,

AV, (N21, L>2 v,hel+, —)),

of dimension & L, and determined all braidings on each of the Hopf algebras. Braidings
(or coquasitriangular structures) on a bialgelbfaare those bilinear forms on it which
are in one-to-one correspondence with the braidings on the tensor category affright
comodules.

By definition, A}”\}L is generated by the elements of a comatric basis(

SupposeV =1, v = +. Then the defining relations fooffLA is given by

X11 Xlz)
X21 x22/"

2 _ 2 2 _ 2 2 2 _
X11= X2 X12= X315 xpp+xp=1,
xijxy =0 whenevei + j +k + 1/ is odd,

X11X22X11- -+ = X22X11X22°--, X21X12X21°++ = AX12X21X12---.
L L L L

Suppose. = m. We seg(

X11 x12) (eos+ e15—

o1 xan ers, eqs.) Gives isomorphisms

Ai_i_nj_ = A4ma Aii__m_ = B4m-
It follows by [22, Proposition 3.10] that given a scafasuch that
£2" =1 (respectively:2" = —1), (25)

we have a braidingj;r on Ay, (respectivelyyg on By,;,) which evaluates:
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€S+ e15— e1s+ eps—
€S+ 0 0 0 0
e15_ 0 & g1 0
e15+ 0 g1 & 0
eos— 0 0 0 0

By [22, Propositions 2.9 and 3.1(1}gr is symmetric (or it corresponds to a symmetric
braiding on the comodule category) only whegh= 1, while o, cannot be symmetric.
(o7 ando;” are denoted by; .1 in [22].)

Proposition 4.5.(1) Suppose m isodd and & is a primitive mth root of 1, so that £2" = 1;
see (25). Then the braiding cr; on Ag,, is non-degenerate, whence it is minimal in the
following sense: it does not arise from any braiding on a non-trivial quotient Hopf algebra
(thisisequivalent to that the dual quasitriangular structureon A}, isminimal in Radford’s
sense [20]).

(2) Suppose & is a primitive 4mth root of 1, so that £2” = —1; see (25). Then the
braiding oz ON Bay is hon-degenerate, whence it is minimal.

Proof. We prove first Part (2).

(2) Write H = Ba,,. Let ¢ : H — H°P denote the isomorphism defined bya) = a,
@(s+) = s+; see [15, p. 203, line 2]. Defing, ) = oz ©° (id®¢). Then,(, ): HQ H — k
is a (symmetric) Hopf pairing which evaluates:

a S+ S—
a 1 -1 -1
S+ -1 § gt
s— -1 gt §

It suffices to prove that, ) is non-degenerate, or equivalently the induced the Hopf algebra
map

k:H— H* «Mh)y=(h,)

is an isomorphism.

Setw =sys_in H.LetJ =k[a, w] C H denote the commutative subalgebra generated
by a andw. As is easily seen/ is a normal Hopf subalgebra of dimensiom Buch that
the quotient Hopf algebral /J* H is generated by the natural image of s, which is
a grouplike of order 2. Sincéw, a) = {(a, a) =1, it follows thatkx (J) C (kD2;,)*, where
we regardk D2, )* C H* through the natural injection which arises from the quotient map
in (17). Since(s+, a) = —1, the Hopf algebra map(s;) — (k(a))* induced fromk is an
isomorphism. So, it suffices to prove thdt; : J — (kD2,,)* is an isomorphism.

We have a split extension of groups,

(s4+5-) = Doy = (s4,5-) = (s4).
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Since(a, s1s—) =1, k| inducesk{a) — (k{s+))* (C (kD2y,)*), which is an isomorphism
since(a, s4+) = —1. So, it suffices to prove that

wid = J/(k(a))+J — (k(s+s,))*

induced fromk | is an isomorphism. Notice that is generated by the natural image
of w, which is a grouplike of order:.. We compute thatw, s+) = £F2, (w, w) = &4, If £
is a primitive 4nth root of 1, thert# is a primitivemmth root of 1, so thaj and hence
are isomorphisms.

(1) This is proved in the same way just as above. Notice that i odd ands is a
primitive mth root of 1, therg# is still such a root. O

We have proved in fact thady, is selfdual ifm is odd andk contains a primitiventh
root of 1, while B, is selfdual ifk contains a primitive Ath root of 1. We remark that
if m is even, Ay, is not selfdual since thenG{A;,,) = 8 # #G(A4y); in fact an algebra
map.44,, — k can evaluate 1 or1 independently at, s ands_.

Proof of Theorem 4.4(2)(b). To prove the selfduality of the YD da@=, x+), (g+. x5)
forg = —1whenH = B4, andm = 2 mod 4, we compute some values of the Hopf pairing
given above:

(8+,a)=1,
<g:|:, S+) = <€0 + \/—_16‘1, s+>(w, S+>m/2 = :l:\/—_lsim,
(g, 5-) = (e0 £ v/—Te1, s_J(w, s_)"/? = £/~ 1&".

Supposet is a primitive 4nth root of 1. Theng” = £/—1. If &™ = /-1, then we
seex(g+) = x+ = g+ o k, SO thatk gives an isomorphismH, g+, x+) >~ (H*, x+, g+).
If &" = —/—1, then we see(g+) = x+ = g+ o k, SO thatx gives an isomorphism
(H, g+, x) = (H*, x5, 8+). O

The corresponding parts (b) in Theorem 4.3(2) and Theorem 4.4(3) can be proved in the
same way. But, these results follow immediately from the selfduality of the Hopf algebras
Aapm, Ban, Since each YD datum in question is unique (up to isomorphism).

5. Hopf algebras of dimension 16 with the Chevalley property

The aim of this section is to complete the classification of Hopf algebras of dimension
16 with the Chevalley property over an algebraically closed field of characteristic zero.
Pointed Hopf algebras of dimension 16 are classified in [10], and semisimple Hopf algebras
of dimension 16 are classified in [12]. Then by the Nichols—Zoeller theorem and the fact
that a semisimple Hopf algebra of dimension 2 or 4 is a group algebra, the only case that
we have to investigate is when the coradical is a semisimple Hopf algebra of dimension 8
which is not a group algebra. We study this last case over an algebraically closed field
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of characteristigZ 2. For such a field there exist 3 isomorphism types of semisimple Hopf
algebras of dimension 8 non-isomorphic to group algebras (see [14]): two commutative
Hopf algebras, duals of group algebras, nam@p,)* and (kQ)*, where Dy is the
dihedral group with 8 elements ari@lis the group of quaternions, and a non-commutative
non-cocommutative Hopf algebids which is denoted by4 in [14]. It is interesting to
make the remark thak D4)* and (kQ)* are isomorphic as algebras (both are isomorphic
to a direct product of 8 copies @f), and also they are isomorphic as coalgebras (since
the irreducible representations &f4 and Q have the same dimensions), but they are
not isomorphic as Hopf algebras. It is proved in [15,24] that the Hopf algahiag)*,

(kQ)* and Hg can be distinguished by the fact that their categories of corepresentations
(i.e. comodules) are not monoidally equivalent. The Hopf algetigais presented by
generatorsg, b, x with relations

1
=1, b2 =1, x2=§(1+c+b—cb),

cb=bc, xc=bx, xb=cx

and it has the comultiplication, the counit and the antipode defined by

Alc)=c®ec, e(c) =1, S(c) =c,
Ab)=b®Db, e(b)=1, S(b) =b,

1
A(X)Z§(X®x+bX®x+x®cx—bx®cx), e(x) =1, Sx)=x.

Since Bg is a non-commutative non-cocommutative semisimple Hopf algebra of
dimension 8 we havBg ~ Hg. The presentation affg with generatorg, s, s_ satisfying
the relations of3g appears implicitly in the proof of [14, Remark 2.14 (1)]. It is helpful
to see explicitly an isomorphism betwegly andBg. Thus if we have the presentation of
Bg with generators, s, s—, then some elements b, x satisfying the relations from the
presentation ofig are given by

c= (eo + +/ —1el)s+s_, b= (eo — —161)S+S_,

1+4v-1 n 1 n 1 +1—«/—1
X =———e0S —e15— + —e1s _—
2 T2 V2T 2

These formulas can be obtained by direct (tedious) computations, by using the fact that
x lies in the unique comatric simple coalgebra of dimension Agfthereforex is a linear
combination ofegs,, e15—, e15+, egs—, and then by using the fact th&tx) = x and the
comultiplication formula forx.

For the other way around (the inverse of the isomorphism), some elementss_ in
Hg are given by

eos—.
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e en (P L) (T,
e (S Yo

By using the results of Section 4 we obtain the following.

Theorem 5.1.Let k be an algebraically closed field of characteristic # 2. Then there exist
precisely two isomorphism types of Hopf algebras of dimension 16 with the coradical a
non-cocommutative Hopf subalgebra of dimension 8. These Hopf algebras have coradical
Hg >~ Bg, and they are selfdual.

The two new Hopf algebras are biproducts a8gias showed in Theorem 4.4. Therefore
they can also be presented as biproducts éigewith generators, b, x, y, relations ofHs,
and

y2 =0, yc=—cy, yb = —by, yx = ++/—lexy,
A =c®y+y®1, e(y) =0.

The construction of these two Hopf algebras can be also performed by a method similar
to the one in [9], by taking certain Ore extensiong®f defining Hopf algebra structures
on them, which extend the Hopf algebra structuredgf and then factoring by a certain
Hopf ideal.

Little is known for Hopf algebras of dimension 16 with the coradical being not a Hopf
subalgebra (over an algebraically closed field of characteristic zero). It is known that such
Hopf algebras exist; see [7]. Some steps for classifying these are done in [8], where certain
cases for the coradical are discarded.
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