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ABSTRACT. S. Capparelli, J. Lepowsky and A. Milas initiated a new approach
of getting Rogers-Ramanujan-type recursions by studying the principal sub-
spaces, introduced by B. Feigin and A. Stoyanovsky, of the standard sl(2)-

modules. We extend their approach to the level 1 standard modules for s((3).
We obtain exact sequences which lead us to a complete set of recursions satis-
fied by the graded dimensions (characters) of the principal subspaces of these
modules.

1. Introduction

Since vertex operator algebras were introduced mathematically by R. Borcherds
and I. Frenkel-J. Lepowsky-A. Meurman, they have turned out to be extremely use-
ful in many areas of mathematics: the theory of finite groups, modular functions,
combinatorics, integrable systems, string theory, and conformal field theory. The
theory of vertex operator algebras ([B], [FLM], [FHL]; cf. [LL]) provides, among
many other things, constructions, both early and contemporary, of a great vari-
ety of representations of twisted and untwisted affine Lie algebras. The affine Lie
algebras of type A, D and E, twisted by the principal automorphism of the un-
derlying finite-dimensional simple Lie algebra, were realized by means of certain
twisted vertex operators ([LW1], [KKLW]; see also [L]). In [FK] and [S], the
untwisted affine algebras of types A, D) and E(M were represented using un-
twisted vertex operators. These approaches were generalized for all the standard

—

5[(2)-modules in [LW2]-[LW4], where the Z-algebra program was initiated, and
thus a representation-theoretic proof of the Rogers-Ramanujan identities was given.
In the past years other classical and also new combinatorial identities have been
obtained (see e.g. [LP2], [Ca], [MP], [Misl] and [Mis2]).

Certain specializations of the solution of the Rogers-Ramanujan recursion lead
to the sum sides of the Rogers-Ramanujan identities (cf. [A]). A vertex-algebraic
interpretation of this recursion was given in [CapLM1]. By studying the principal
subspaces, introduced by B. Feigin and A. Stoyanovsky in [FS1]-[FS2], of the level

1 standard sl(2)-modules, S.Capparelli, J. Lepowsky and A. Milas recovered the
Rogers-Ramanujan recursion and the graded dimensions (the generating functions
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of the dimensions of the homogeneous spaces) of these subspaces. In [CapLMz2]
they proveilihat the graded dimensions of the principal subspaces of the level £ > 1
standard s[(2)-modules satisfy the Rogers-Selberg recursions. As a continuation of
this program, we have recently obtained in [C1] a complete set of recursions (g¢-
difference equations) satisfied by the graded dimensions of the principal subspaces

— —

of the level 1 standard modules for sl({ 4+ 1) with [ > 2. Similar results regarding

the principal subspaces of higher-level s((3)-modules have been obtained in [C2].
One of the main features of this approach is to uncover new structures even when
it is hard to find combinatorial identities.

The present paper is an announcement of the author’s results about the prin-

—

cipal subspaces of the level 1 standard s[(3)-modules. We refer to [C1] for details,
background and the proofs of the results in the present paper.

The principal subspaces of the standard s[(l 4+ 1)-modules for [ > 1 were intro-
duced and studied by B. Feigin and A. Stoyanovsky in [FS1] and [FS2]. These are
the subspaces generated by the affinization of the nilpotent subalgebra of s[(l + 1),
denoted by n, consisting of the strictly upper-triangular matrices. B. Feigin and A.
Stoyggovsky found formulas for the principal subspaces of the standard modules
for s1(2), which led to new proofs of the Rogers-Ramanujan and Gordon identities.
G. Georgiev also CO/IIElted the graded dimensions of the principal subspaces of

certain standard sl(l + 1)-modules, by constructing combinatorial bases. In a re-
cent paper, M. Primc introduces Feigin-Stoyanovsky-type principal subspaces and
constructs bases of them. In [ARS] E. Ardonne, R. Kedem and M. Stone use
prﬂlc\ipal subspaces to give a formula for the g-characters of arbitrary standard

sl(l + 1)-modules.

The principal subspaces of the level 1 standard modules L(A;) for sl(3) are
denoted by W(A;) for i = 0,1,2. These are defined as W (A;) = U(n) - va,, where
n=n®C[t,t '] and A; and vy, are the highest weights and highest weight vectors,
respectively, of L(A;) (cf. [FS1] and [FS2]). We identify W(A;) with the quo-
tient space U(n)/I,, where I, is the annihilator of the highest weight vector vj,
in U(n). In [FS2] a result was announced describing these ideals (at least for the
principal subspace of the vacuum representation L(Ag)). In this paper we prove the
completeness of the list of relations for the principal subspaces W (A;) for i = 0,1,2
given in [FS2], and thus we give a presentation of these principal subspaces (see
Theorems 3.1 and 3.6). The description of the left ideals I, combined with inter-
twining vertex operators enables us to construct exact sequences of maps among
principal subspaces (see Theorem 4.2).

Our main goal is to find a complete set of recursions (g-difference equations),
whose solutions are the graded dimensions of the principal subspaces of the level 1

—

—

standard s[(3)-modules. These recursions are consequences of the exact sequences
mentioned above. We denote by xo(x1,x2;q) the graded dimension with respect to
certain natural “weight” and “charge” gradings. We have obtained the following
result:

THEOREM 1.1. The graded dimension xo(x1,22;q) of the principal subspace
W (Ao) satisfies the recursions

Xo(z1,%2:9) = Xo(214, ¥2;q) + z19X0(214°, 224" '3 q)
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and
Xo(21, 223 ¢) = Xo(z1, 7245 ¢) + T2qx0(x1¢ ", 22475 q).

By solving these recursions we recover the graded dimensions of the principal

—

subspaces of the level 1 standard sl(3)-modules previously obtained by Georgiev
using a different approach.
As we have mentioned, the results discussed in this paper are generalized to

the principal subspaces of level 1 standard 5[(l/+\1)—modules in [C1], and to the

—

principal subspaces of certain higher-level standard s[(3)-modules in [C2]. Related
questions in new directions are beginning to be investigated in joint work with J.
Lepowsky and A. Milas.

I am very pleased to dedicate this paper to my advisor, Professor James Lep-
owsky, on the occasion of his sixtieth birthday. I am grateful to him for suggesting
this area of research, his enthusiasm and guidance.

2. Preliminaries

In this section we recall the vertex operator construction of the level 1 standard

5?(5)—modules ([FK], [S]) and the associated vertex operator algebra and module
structures ([B], [FLM]). We also review the construction of certain intertwining
operators among these standard modules [DL]. We work in the setting of [FLM]
and [DL], to which we refer for more details. See also [LL].

We work with the Lie algebra s[(3), which has a basis

{Ialv xa27 Ia1+0¢2; hala ha27 I*Otla x*&zv I,QI,OQ}
and the standard bracket relations
[xial 5 xiag] = :E:I:(a1+o¢2)7 [:Eozl s :E—oq] = hoqa [:Eozg s :E—ozg] = hagu
[:Eauxfom] =0, [Ia25l‘*0¢1] =0,
[hal ) :Eiozl] = :l:2$i0117 [hotg b) xﬂ:ag] = :l:2$i0127
[x:tazvh(ll] =tZa,, [:E:tauhaz] =tTiq,-

Denote by h the Cartan subalgebra Chy, ® Chy, of s[(3). The standard symmetric
invariant nondegenerate bilinear form (x,y) = tr(zy) defined for any = and y in
sl(3) allows us to identify h with h*. Take ay, as and a1 + as to be the (positive)
roots corresponding to the vectors x4,, Ta, and Zu, +a,- In particular, (o, a) = 2
for any root a. Under our identification we have h,, = a1 and h,, = az. We
denote by Q = Zay + Zas the root lattice and by P = Z\1 +Z\2 the weight lattice.
Here A; and \; are the fundamental weights ((\;, oj) = 6, ; for ¢,7 = 1,2).

It is known that there exists a central extension of P by a finite cyclic group
which we denote by A, satisfying the following condition:

e(a, B)e(B,0) " = (=1)!*? for a,8 € Q,
where
(2.1) e:PxP— A
is a 2-cocycle corresponding to this extension. Set
(2.2) e\ 1) = e\, w)e(p, )™ for A\ € P,
and this is the commutator map of this central extension (cf. [FLM] and [DL]).



4 CORINA CALINESCU

We shall often be working with the positive nilpotent subalgebra of s[(3),
n=Cxq ®Cxun, ®Cxoytan,

which we may think of as consisting of the strictly upper triangular matrices.
Now we consider the untwisted affine Lie algebra associated to s((3),

sI(3) = sI(3) ® C[t,t '] @ Ce,
where c is a nonzero central element and
[z @™, y@t"] = [2,y] @ ™" + m(z, y)dmn,0c
for any z,y € sl(3) and m,n € Z. By adjoining the degree operator d such that

[d,z @ t"] = ma ® t™ and [d,¢] = 0 we obtain the affine Kac-Moody algebra
sl(3) = sl(3) ® Cd (cf. [K]). Consider the following subalgebras of s((3):
n=n®C[tt ],
it =n®C[t,
h=heC[t,t '] ®Cc,
and
bz= ] bet"ecCe
meZ\0

p—

The latter is a Heisenberg subalgebra of s((3), in the sense that its commutator
subalgebra is equal to its center, which is one-dimensional. The form (-,-) on b
extends to h & Ce & Cd ({c,c) = 0, (d,d) = 0 and (¢,d) = 1). The simple roots
of the untwisted affine algebra sl(3) are ag,a1,a2 € (h @ Cec @ Cd)*, which we
identify with b & Cc @ Cd using the form. The fundamental weights of 5/[(3) are
Ao,Al,AQ, where <Ai,O[j> = 510', <Ai,C> = 1 for Z,j = 0,1,2 and <A0,d> = 0,
(Ay,dy = (Aa,d) = —1/3. (The numbers 0, —1/3 and —1/3 are the negatives of
the conformal weights of the highest weight vectors.) We use the notation L(Ag),

L(A1), L(A2) for the standard 5T(§)-modules of level 1. These are also called the
integrable highest weight modules of level 1.

From now on we will write z(m) for the action of  ® t™ on any 5/[(3)—module,
where z € 51(3) and m € Z. It will be clear from the context whether x(m) is an
operator or an element of U (sT(g))

We form the induced H—module

M(1) =U(h) @upecyaece C,

such that h®C[t] acts trivially and ¢ acts as identity on the one-dimensional module
C. Denote by C[Q] and C[P] the group algebras of the lattices @ and P introduced
above, with bases {e“|a € Q} and {e*|\ € P}, respectively. Consider the following
vector spaces:

Ve = M(1) @ C[P],

Vo =M(1)©C[Q)]
and

Voet = M(1) ® C[Qe for i =1,2.
Then
Ve = Vo @ Vet @ Vge2.
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For every A € P set
(2.3) Y(er x) = E7(=\x)ET (=) x)exeraz?,

an End Vp-valued formal Laurent series in /3, where E*(—\, z) are defined by:

—A(n) _

+/_ _ n

(2.4) E*(=\z) =exp Z "
+n>1

and

(2.5) exer(v@er) = (M A+ p)o @ e H,

(2.6) Po@et) =My et

for all v € M(1), A\, € P. We shall often write ¢* instead of 1 ® e* and h(m)
instead of h(m)®1 (h € h, A € P, m € Z). In this paper, by e* we mean either an
operator or a vector of Vp and this will be clear from the context. More generally,
for a generic homogeneous vector in Vp set

T \ ' T 1 d m;—1 \ '
(27) v ([[ hi(—mi) @ e ) =11 <(mi = <d) mm) V(e ) -
where h; € h, m; € Zy and A € P. Recall that h;(z) = >, o7 hi(m)az~™"" and
:: stands for the normal ordering operation. The formula (2.7) determines a well-
defined linear map from Vp to the vector space of End Vp-valued formal Laurent
series in a1/,

There is a natural s{(3)-module structure on Vp, result which is stated below.

—

—

THEOREM 2.1. [FK], [S]; ¢f. [FLM] The vector space Vp is an sl(3)-module
of level 1. The action xo(m) of xo @ t™ for a root o and m € Z is given by the
coefficient of x=™~1 in Y (e®, ). Moreover, the direct summands Vg, VQe)‘1 and

—

Ve of Vb are the standard s1(3)-modules of level 1 with highest weights Ao, Ay
and Ao and highest weight vectors vp, =1® 1, vy, =1® eM, vp, =1® etz

Moreover, the vector spaces Vg, Vp and VQe)‘i, i = 1,2 are naturally endowed
with vertex operator algebra and module structures. This result is due to Borcherds
and Frenkel-Lepowsky-Meurman.

THEOREM 2.2. [B], [FLM] The formulas (2.3) and (2.7) give a vertex operator
algebra structure on Vg and a Vg-module structure on Vp. The vertexr operator
algebra Vg is simple and Vge*, and Vge 2 are irreducible Vo -modules.

From now on we will identify the standard modules as follows:

Vo =~ L(Ag), Vge™ =~ L(A;) and Vge™? ~ L(As).
We now discuss intertwining operators and fusion rules for the vertex operator
algebra L(Ag) and its modules L(Ao), L(A1) and L(Az). See Chapter 12 of [DL]

for a detailed exposition. In order to construct intertwining operators one needs to
introduce two operators e and ¢(-,\) on Vp as follows:

eiw)\(v ® eﬁ) — eiw(A,ﬁ),U ® eﬁ,

c(-, (v @e?)=c(B,\v® e,
where v € M (1) and 3, A € P (recall the commutator map (2.2) introduced above).
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Let k,r,s =0,1,2. Then
(2.8) Y(-,z): L(A,) — Hom (L(Ay), L(Ap)){z}
w = V(w,z) =Y (w,z)e™ (-, \).

defines an intertwining operator of type

( L(ATL)(APL)(AS) ) ’

which is nonzero if and only if p = r + s mod 3 (cf. [DL]).
In this work we will use intertwining operators of type

(2.9) ( L(AS(AQ(AO) ) ’

where j = 1,2. It is known that the dimension of the space of intertwining operators
of type (2.9) is one (cf. [DL]). Also the operator Y(-, z) of type (2.9) involves only
integral powers of x (see Remark 5.4.2 of [FHL]). In particular, we have the linear
maps

(2.10) V(e ) : L(Ag) — L(A)[[z, 2]

for j=1,2.

3. Principal subspaces

—

The principal subspaces of the standard s[(3)-modules were introduced and
studied by Feigin and Stoyanovsky in [FS1]-[FS2] and later by Georgiev in [G1].
These are defined as follows:

(3.1) W(Ai) =U(n) - va,,

fori =0,1,2. Here U(n) is the universal enveloping algebra of n and v, is a highest
weight vector of L(A;).
Consider the natural surjective maps

fa, UM — W(A)
a —  a-vp,

where ¢ = 0,1,2. Denote by I, the annihilator of the highest weight vector vy, in
U(n):
(3.2) IAi = Ker fAi,
a left ideal of U(n). The aim of this section is to give a precise description of the
ideals I,,. This is equivalent to finding a complete set of relations for W (A;), that
is, to giving a presentation of these principal subspaces. This question was raised
and discussed partially in [FS2]. The presentation of the principal subspaces will
be a key ingredient to obtain recursions satisfied by the graded dimensions of the

principal subspaces.
We consider the following formal infinite sums:

(3.3) RY="3" a4, (mi)ra, (m2)

mi+meo=t

(3.4) RP = 3" way(mi)za,(ms)
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for any ¢t € Z. For each integer t, R,[fl] and R?] act naturally on any highest weight

5T(§)-module, in particular, on L(A;) for i = 0,1,2. In order to describe the ideals

I, it will be convenient to truncate RE] and R,[fz] as follows:

(3.5) R, = > Lo (1)L oy (M2)
mi1+mo =1
mi,mg <M

where j = 1,2 and m is a (possibly positive) integer. We shall often be viewing
(3.5) as elements of U(n) rather than as endomorphisms of modules. It will be clear
from the context when expressions such as (3.5) are understood as elements of the
enveloping algebra or as operators. We denote by J the two-sided ideal of U(n)
generated by the elements Rﬂn and R?,]n for all t,m € Z.

The description of I, is given by the following theorem, which was initially
announced in [FS2]. The result regarding the ideals Iy, and I, is analogous and

will be given at the end of this section.

THEOREM 3.1. The annihilator of the highest weight vector of L(Ag) in U(n)
has the following structure:

(3.6) Iy, =J+U(@)nt,

As one can see, the inclusion J+ U (n)at C I, follows from the highest weight
vector property and from the fact that Y (e®,z)? and Y (e*2,z)? are well-defined
operators which equal zero on the standard module L(Ag), and in particular on

W (Ap). The opposite inclusion requires certain results which will be stated below.
The proofs are given in [C1].

REMARK 3.2. The action of the Virasoro algebra operator L(0) on the vector
space Vp gives a grading of Vp by “conformal weights” (cf. [LL]). Since

wt h(—=m) =m
for h € h and m € Z and
1
wt e = 5()\,/\)

for A € P, thisis a éZ—grading. In particular,

w| =

1
wt vp, =0, wWtop, = 3 and wt v, =

We shall restrict this grading to the standard modules L(A;) and to the princi-
pal subspaces W (A;), i = 0, 1, 2. For any root a and for any integer m one has that
Za(m), viewed as either an element of the enveloping algebra or as an operator, has
weight —m:

wt 24(m) = —m.
For any ¢« = 0,1, 2 we have
(3.7) L(0)Ia, C I4,.
Also, for j = 1,2 and t,m € Z we have
(3.8) L(0)RY), = —tRY) .

In particular, the ideal J of U(n) is L(0)-stable.
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Let us set B = {Tay, Tays Tay+as }» & basis of the Lie subalgebra n. We order
the elements of B as follows:

Tay =< Tay = Tag+as-

Set B = {z(m) | x € B, m € Z}, so that B is a basis of the Lie algebra ii. We
choose the following total order < on ‘B:

z1(m1) X za(me) iff 1 < z9 or x1 =x2 and my < mo.
Then by the Poincaré-Birkhoff-Witt theorem we get a basis of the universal en-
veloping algebra U (n):
Tay (M) Tay (Ms)Tay (M) Tay (M) Tay +as (1) Tay a0, (Ip)

with my <--- <mg, ny <--- <npand i <--- <. We shall refer to the expres-
sions ., (m1) ...z, (m,), where y1,..., 7 € {o1, a2, a1 +as} and my, ..., m, € Z,
as the (noncommutative) monomials in U(n).

REMARK 3.3. Consider a homogeneous basis element of U(n) of the form
Tap (1) Ty (M) Tay (M) - Tay (M) Tay 402 (11) -+ - Tay+as (Ip) such that my,, 1, <
—1. Then by using the brackets, this monomial can be written as a linear com-
bination of elements Zqa,(M1,2) " Tay (Mry 2)Tay (M1.1) -+ Tay (Myy 1) of the same
weight, such that m; 2 < --- < my, 2, mi1 < -+ < my 1 < —1, and elements of
the left ideal U(n)n™. This result was proved and exploited in [G1].

The computation

Lay (mT2>2)w0t1 (mlJ) oy (mlel)

1
- Z Loy (mr2,2 - 1)x0t1 (ml,l) o Tay (mt,l + 1) o Tay (mﬁ,l)
t=1

1
+ Z Ty (Miry,2 = 2)Tay (M11) +* Tay (Ms1 +1) - @ay (M1 + 1)+ Ty (Mg 1)
s,t=1

r#s

+(_1)T1xa2 (mT272 - Tl)xal (m171 + 1) Ty (mlel + 1) € U(ﬁ)ﬁJr
leads to the following:

LEMMA 3.4. Letri,r2 > 1 and my2,...,Mpy 2, M11,..., My, 1 be integers such
that mio < -+ <m0 and miy < - <my, 1 < —1. Assume that my, 2 > 71.
Then
(39) Loy (mLQ) o Lag (mTz,Q)thl (ml,l) o Tay (mﬁ,l)

is a linear combination of monomials of the same weight as (3.9),

(310) Loy (m/1,2) Ty (m;ﬂ2,2)wa1 (mll,l) Ty (m;ﬂl,l)v
with
(3.11) My < Sml,<ri—1 mp, <o <ml < -1,

and monomials of U@)n™. In particular, any homogeneous element of U(n) can
be written as a sum of two homogeneous elements, one such that the corresponding
sequences of integers satisfy (3.11) and the other an element of U(n)n™.
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Using the previous lemma, one can deduce that the principal subspace W (Ag)
of L(Ag) is spanned by the elements

(312) Lay (m172) o Lay (mT272)I0¢1 (mlyl) Ly (mﬁ,l) -1
such that
(313) ml)g S S mr272 S T — 1 and ml,l S S mrl,l S —1.

Let « = a1 or as and mq,...,m, € Z for r > 2. We say that a mono-
mial z4(mq) - 2o(m,) satisfies the difference two condition if the corresponding
sequence ma, ..., m, satisfies the two difference condition, i.e.,

my—my_1>2 forany [, 2<I[<r.
Now by using the elements Rl[eljn and R,[f,]n (recall (3.5)) and certain linear maps
associated with the intertwining operators (2.10) we obtain the following result:

LEMMA 3.5. Let ri,ro > 1 and let my2,...,Mypy2,M1,1,...,Mp, 1 be integers
such that mio < -+~ <my,1 <r—1andmiy <---<my, 1 < —1. Then
M = Ly (mLQ) T Tay (mTz,Q):EOtl (ml,l) o Tay (mTl,l)
can be expressed as
M = My + Ma + M3,

where My is a linear combination of monomials satisfying the difference two con-
dition, My € J, M3 € U®)n™, and such that wt M; = wt My = wt M3 = wt M.
Furthermore, any linear combination of monomials satisfying the difference two
condition (such as M) that belongs to In, must be zero.

Now Lemmas 3.4 and 3.5 yield the inclusion
In, CJ+ U@,

and thus Theorem 3.1. The desired result regarding the presentation of the principal
subspaces W (A1) and W (As) is:

THEOREM 3.6. The annihilators of highest weight vectors of L(A1) and L(A3)
in U(n) are described as follows:

(3.14) Ir, = J+ U@t + U@)za, (—1)
and
(3.15) In, = J + U@ + U[M)za,(—1).

Combining Theorems 3.1 and 3.6 we obtain the discrepancy between the ideals
I, and Ip, for ¢ = 1,2; this is important in the proof of the exactness of our
sequences of maps among principal subspaces:

COROLLARY 3.7. We have
(3.16) In, = Ing + U)20, (—1)
and

(3.17) In, = Ing + U(@)2a, (—1).
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4. Main result

In this section, by setting up two exact sequences for the principal subspaces of
the level 1 standard s[(3)-modules (see Theorem 4.2), we are able to find a complete
set of Rogers-Ramanujan-type recursions (see Theorem 4.3), which characterize the
graded dimensions of the principal subspace W (Ay).

Recall from Remark 3.2 the grading of Vp by “conformal weights”. The vector
space Vp has gradings by “charge” given by the eigenvalues of the operators \;
and Ay (thought as A;1(0) and A2(0)), and these are compatible with the weight
grading. We shall consider these gradings restricted to the principal subspaces
W (Ao), W(A1) and W(As).

Now for ¢ = 0,1, 2 we consider the graded dimensions of W (A;) (the generating
functions of the dimensions of the homogeneous subspaces), where we use the formal
variables x1,z2 and g:

Xi(21, 223 q) = dim, (W(A;), 21,223 q) = tr|w a2t 252 ¢,

The linear maps

M Vp —Vp and ¥ :Vp — Vp

are clearly isomorphisms with e™*1 and e~*2 as inverses. The restrictions of these
maps to W(Ag) are the linear maps

(4.1) eM W (Ag) — W (A1) and e : W(Ag) — W(A2).

One can view (4.1) as essentially the “constant factors” of Y(eti, z) for j = 1,2.
By using the maps (4.1) we obtain relations between the graded dimensions of the

—

principal subspaces of the level 1 standard sl(3)-modules.

PROPOSITION 4.1. We have

(4-2) Xl(l‘l, T2; Q) = 133/3115;/3(11/3960(131(17 x2; Q)
and
(4.3) x2(z1,22;q) = fﬂi/gfﬂg/gql/?’Xo(!El,!Esz;Q)-

Now we consider the weights N =aj—)\ €P for j = 1,2 and the linear
isomorphisms e : Vp — Vp. The restrictions of e*’ to W(A;) are the linear
maps
(4.4) e T W(A) — W(Ao) and e : W(As) — W(Ao).

Then it follows that
eA] (Iai (ml,i) Loy (m’r‘i7i) ' vAj)
= Za; (mLi - <)‘j7 al>) Loy (mm,i - <)‘j7 ai>)$aj (_1) * VAo
for any r; > 0, mi4,...,my,; € Z and ¢,j = 1,2. These maps are injective.

Recall from the end of Section 2 the intertwining operators

(4.5) V(e x) : L(Ao) — L(A)|[z, 2",

where j = 1,2. As in [G1] and [CapLM1]|-[CapLM2]| we consider the constant
terms (the coefficients of 2°) of these intertwining operators and denote them by
V.(e*,x). These are linear maps between principal spaces

(4.6) Ve(eM z) : W(Ag) — W(A1) and Y.(e?2,z) : W(Ag) — W(As).
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The map Y.(e*,z) has the property that it sends the highest weight vector
vp, to va, for j =1,2 (after certain normalization of Y (e, z) if necessary):

yc(e)\j ) :E)(UAO) = Upy-
Also, by the Jacobi identity in the definition of the notion of intertwining operator
one sees in particular that V.(e*, r) commutes with the action of U(n):

[Ve(e,2), U(n)] = 0.
Thus the maps (4.6) are surjective.
The main result of this paper is the following theorem, which gives exact se-

quences of maps among principal subspaces. To prove this theorem we use proper-
ties of intertwining operators and Corollary 3.7.

THEOREM 4.2. Recall the linear maps e, e, Vo(eM, x) and V.(e*2,z) in-
troduced above (see (4.4) and (4.6)). The sequences of maps between principal
subspaces

(4.7) 0 — WAL o W(Ag) > W(Ay) — 0
and

s Ve(et2,z)
(4.8) 0 — W(As) <o W(Ag) * W(Ay) — 0
are exact.

As a consequence of this theorem we obtain recursions satisfied by the graded
dimension xo(x1,x2;q) of the principal subspace W (Ag).

THEOREM 4.3. We have

(4.9) Xo(®1, 225 q) = Xo(21¢, %23 ¢) + z1gx0(214%, 22" '3 q)
and
(4.10) Xo(z1, 223 9) = Xo(z1,22q; @) + T2qx0(z197 ", 22473 q).

Now by solving the recursions (4.9), (4.10) and by using Proposition 4.1 we
obtain the graded dimensions of W(Ag), W (A1) and W (Az).

COROLLARY 4.4. Using the notation
(@m=1=q)(1=¢*) - (1=q™) for m=>0

we have

2, .2
qu +ry—rirse

(4.11) Xo(x1,x2;q) = Z W% Lo™)

r1,7220

T%+T§*T‘1T2+T1
(4.12) Y1 (21, 221q) = If/Bx;/Bql/g Z q—xilx?
a0 (@ri (@)

and

2 rZ—riratrs
oy o 1/32/3 1/3 g r1ora
(4.13) X2(z1,725q) = 21" "5 " q E Ty Ty
e (Q)rl(Q)rz b2

Thus we have recovered the formulas for the graded dimensions of W(A;) for
1 =0,1,2 previously obtained in [G1] by a different method.

r1,72>0
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CORINA CALINESCU

REMARK 4.5. In [C2] we have obtained recursions that characterize the graded

dimensions of certain principal subspaces of higher-level standard sl(3)-modules,
and these combined with the known graded dimensions of principal subspaces with
highest weights iAg + (k — i)A;, where 0 < ¢ < k and j = 1,2, enable us to
derive the graded dimensions of the principal subspaces with highest weights of
type iA1 + (K —i)Ay for 1 < i < k.
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