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In these notes, we will establish Godel’s incompleteness theorems:

First Incompleteness Theorem. If A is a decidable set of sentences
true in the standard model of arithmetic, (w;0, S, <,+,-, E), then Cn A,
the theory of logical consequences of A, is not complete.

Second Incompleteness Theorem. The consistency of mathematics
cannot be demonstrated by elementary means.

Clearly, both theorems have to be stated more precisely. In particular, for the
First Incompleteness Theorem, we need a mathematical analogue of decidable
and for the Second Incompleteness Theorem, we need to explain what it would
mean to prove the consistency of a theory T" within T. Dealing with the first
issue will involve us in a discussion of Church’s Thesis which proposes a pre-
cise definition of decidable. The second issue has a natural solution: for any
reasonable mathematical theory T we can find a sentence Cony which will nat-
urally express the consistency of T' though Cony is a statement about natural
numbers. One instance of the Second Incompleteness Theorem is

ZFC bé COIIZFC

where ZFC' is Zermelo-Fraenkel Set Theory with the Axiom of Choice (the
foundation of present day mathematics).

1 Preliminaries

Our basic reference is
A Mathematical Introduction to Logic by Herbert Enderton (2nd Ed.)
except that for first-order logic:
e We will use connectives =, A and V (rather than - and —).

e We will have quantifiers V and 3 (rather than only V).



As Enderton does, we will require that = always be interpreted as equality
(as opposed to our treatment in Notes on Completeness where = was treated as
any other binary predicate symbol). Large parts of these notes are taken almost
directly from Enderton’s text.

We will use a more general notion of substitution than Enderton does. Sup-
pose @ is a formula, x1,...,z, are variables and t1,...,t, are terms.

(X1, ey Tty .oy tn)

is the formula obtained by simultaneously replacing each free occurrence of x; by
t; for i = 1,...,n. The reader should supply a formal definition by recursion.
Notice that this operation does not generally agree with substituting ¢; for
x; iteratively since that substitution may introduce new free occurences of x;

for some j > i. We will write ¢(t1,...,t,) for o(vi,...,v5]t1,...,t,) (were
V1, Vs, ... is the standard enumeration of the variables.
One also defines when ¢4, . . ., t,, are substitutable for x1, ..., x, in ¢ to mean

that no occurence of a variable in some t; becomes bound after the substitution.
Once again, the reader should supply a recursive definition. The version of the
substitution lemma below is proved by induction.

As usual, for any formula ¢, variables x1, ..., x, and terms t1, ... ,t, there is
an alphabetic variant ¢* of ¢ such that ¢4, ..., ¢, are substitutable for z1,...,z,
in ¢*.

Substitution Lemma. Assume A is a structure, ¢1,...,t, are terms and
Z1,...,Ty, are variables.

1. Suppose s is an assignment in A. If ¢ is a term then

Ay, Tty . t) = 5(931,...,:17"|§A(t1),...,EA(tn))A(t)

2. If ¢ is a formula such that tq,...,t, are substitutable for x1,...,x, in ¢
then

AE o(@1,. . xnlt, . t)[s] i Al @ls(@, ..., 2n[34(t), ., 54 (tn))]

We will write Mg for (w,0,5,<,+,-, F). For a sentence ¢ in Lg, we will
often simply say that o is true when o is true in NE.

2 Cantor’s Theorem
Recall
Cantor’s Theorem. For any set A, card(A)<card(P(A)).

Cantor’s theorem is equivalent to

For any set A, there is no surjection of A onto P(A).



Which in turn is equivalent to

Cantor’s Theorem (2nd version). For any binary relation R on A, there is
a subset of A which is not of the form R, for any a € |A|..

Proof. The proof is by diagonalization.
Let D be the subset of A defined by

ae€D iff (a,a)¢R
ie.
a€eD iff a¢ R,
Clearly, D # R, for all a € A. QED

Cantor’s diagonalization argument can be adapted to many other situations,
as we shall see.

3 Tarski’s Theorem
One use of Cantor’s diagonalization argument is

Diagonalization Lemma for Definable Sets. Assume A is a structure for
a language £. For any binary relation R on |A| which is definable in A, there
is a subset of |.A| which is not of the form R, for n € |A|.

Proof. The proof is identical with the proof of Cantor’s Theorem (the 2nd
version) given above noting that D is definable in A if R is. QED

When studying formal theories mathematically, it is natural to code expres-
sions by natural numbers. Such a coding is referred to as a Gddel numbering.
We require that a Gédel numbering € — #(g) is 1-1. We would also like it to
have the following properties:

1. e+ #(e) is computable.
2. The range of € — #(¢) is decidable.

Notice that if € — #(e) has properties 1 and 2 then for any set A of ex-
pressions, A is effectively enumerable iff #A is. Hence, A is decidable iff #A
is.

Given a Godel numbering € — #¢, define the binary operation sub; on w by

suby (#a,n) = #a(n)
for any formula o and
suby(a,n) =0

whenever a is not of the form #a for a formula « (the subscript 1 indicates that
the variable v; is being substituted for).



Exercise.* Assume ¢ — #(e) satisfies conditions 1 and 2 above. Show that
suby is computable.

We will argue later that the graph of any computable function is definable
in Mg, which will imply, by the exercise, that the graph of sub; is definable in
NEe. Therefore, the assumption of the contingent version of Tarski’s Theorem,
below, is natural.

A Contingent Version of Tarski’s Theorem. Assume ¢ — #(¢) is a Godel
numbering. If sub; is definable in Ng then #Th(Ng) is not definable in M.

Proof. Argue by contradiction and assume sub; and #Th(Ng) are both
definable in NVg. Let 6 define #Th(Ng) in Ng. Define the binary relation R on
w by

R(a,n) iff N = 0[subi(a,n)]

Notice that for any formula o with at most v free

R(#a,n) iff Ng = 0[subi(#a,n)]
i N | Ofa(n)]
iff NE ': Oz(ﬁ)
iff Ng E aln]

Therefore, every subset of w which is definable in NE is of the form R,. By the
previous theorem, R cannot be definable in Ng. However, letting “sub; (v1,v2) =
v3” be a formula which defines the graph of sub; in Ng we have

R(a,n) iff Ng E Yus (“suby(vi,v2) = v3” — 6(v3))[a, n]
for all a,n € w. This implies that R is definable in Ng — contradiction. QED

In a later section, we will prove Tarski’s Theorem which says that for a wide
family of Godel numberings # we have that #Th NE is not definable in Mg. To
prove this, we will use the theorem above and establish that sub; is definable

in NVg.

4 Y and A

Suppose L is a first-order language which contains the binary relation symbol
<. The collection of Ay formulas of L is the set of formulas which is generated
from the atomic formulas by =, A, V and both universal bounded quantification
and ezistential bounded quantification i.e. if « is in Ag, x is a variable and ¢ is
a term not containing = then both (Vz < t)a and (3x < t) @ are in Ag. Here
we are using (Va < t) a to abbreviate the formula Vz(z <t — «a) and we are
using (Jz < t) a to abbreviate the formula Jx(z < t A «). The collection of ¥
formulas of £ is the collection of formulas generated from Ag by A, V, bounded
universal quantification and existential quantification.



Given a structure A for a language £ and a set of formulas ®, an n-ary
relation R on |A| is said to be ®-definable in A if there is a formula ¢ € ® and
alist z1,...,z, of distinct variables containing the free variables of ¢ such that
o defines R in A with respect to x1, ..., z,. We say that R is A-definable in A
if it and its complement are both ¥-definable in A.

A relation R is X-definable, respectively A-definable, if it is X-definable,
respectively A-definable, in Mg. A function f : w* — w is Y-definable if its
graph is.

We will argue later that the X-definable functions are a precise mathematical
analogue of the computable functions. This is a form of Church’s Thesis.

Lemma 4.1 If R is a k-ary relation on w which is ¥ definable and x4, ...,z
are distinct variables then there is a X formula which defines R in Ng with
respect to x1,...,Tk.

Proof. One can use induction on the complexity of the defining formula of
R. Another approach begins with chosing a ¥ formula ¢ which defines R with

respect to some yi,...,yx. If no z; is among yi,...,yx then Jy; -+ Jyp(x; =
Y1 A+ Az = yp Ap) is a ¥ formula which defines R with respect to x1, ..., xk.
By doing this twice, one obtains a proof for arbitrary z1, ..., zg. QED

Lemma 4.2 The Y-definable relations are closed under rearranging variables
(including adding dummy variables), intersection, union, bounded universal quan-
tification and existential quantification.

Proof. Straightfoward. For example, if R C w™ is defined by the ¥ formula ¢
then the relation @ C w"™ given by

Qai,...,a,) iff forall b<a;, P(ai,...,ai—1,b,Gi41,...,an)
is defined by (V& < v;) @(v1, ..., 0i—1, T, Vit1, .-, Upn)- QED

Lemma 4.3 The X-definable relations are closed under substitution by 3-definable
functions.

Proof. By the previous two lemmas. QED

We will write ThsNVg for TRNE N E.
Theorem 4.4 Assume A is a structure for Lg. The following are equivalent.
1. A is a model of ThsNE.
2. A is a model of all literals in ThNg along with the sentences
Ve x £0

and

Ve<n+1D)(z=0Ve=1V---Vz=n)

for alln € w.



3. The standard part of A is isomorphic to Ng and is closed downward with
respect to < i.e. for anyn € w and any a € |A|, a <A 7 iff there exists
m < n such that a = m™.

Proof. (1 = 2) Trivial.

(2 = 3) Straightforward.

(3 = 1) Let h be the isomorphism of the Mg with the standard part of A.
Clearly, h(n) = m*. Let U be the set of formulas which are upward absolute
with respect to h i.e. U is the set of formulas « such that for any assignment s
in Vg

NeEFals] = AEalhos]

Claim: U contains all atomic formulas, is closed under conjunction, dis-
junction, bounded universal quantification and existential quantification.

The Claim follows by the induction principal using the homomorphism the-
orem for the case of atomic formulas. For simplicity, one might first prove the
claim for the case when N is a substructure of A i.e. when h is the identity (no-
tice that one can always reduce to this case by replacing A with an isomorphic
copy).

Since a formula is absolute iff it and its negation are upward absolute, the
claim implies that the absolute formulas contain the atomic formulas and is
closed under negation, conjunction, disjunction and bounded quantification.
Therefore, every Ay formula is absolute. Applying the claim again, every ¥
formula is upward absolute. This implies that A is a model of ThsNeg. QED

5 Decidability and Church’s Thesis

Many attempts have been made to define the terms computable, effectively enu-
merable and decidable precisely with the result that the classes of functions and
relations have been shown to be identical. This lead Church to hypothesize that
these families correspond to our intuitive notions of computable, effectively enu-
merable and decidable. We will discuss several of these approaches now, focusing
on the notion of computable function on the natural numbers.

We first recall a theorem from Enderton’s text (Theorem 33H of section 3.3).

Theorem 5.1% The following three conditions on a function f : wF — w are
equivalent:

1. f is computable.
2. The graph of f is effectively enumerable.
8. The graph of f is decidable.



5.1 -Definable Functions

Exercises.

1. Show that the collection of Ay formulas and the collection of ¥ formulas
are each closed under substitution.

2. Show that
Ne E (Vz < t)a i N | a(z|n) for all n < Ve

and
Ne = 3z < t)a iff Ne = a(z[@) for some n < tVE

for any formula «, variable z and ground term ¢ such that o has at most
x free. Remark: A ground term is a term without an occurrence of any
variable.

The exercise allows us to compute when A, sentences are true in Ng. A
finite sequence (@, ...,vn—1) of Ay sentences is a truth verification if for all
1 < n one of the following is true

e (; is a literal which is true in M.
e to be continued ...

Because the quantifiers in a sentence of Lg which is in Ag have finite bounds
when interpreted in Mg we have

Theorem 5.2* The set of true (i.e. satisfied in Ng) Ag sentences is decidable.

A useful subcollection of the ¥ formulas is the collection of £ formulas
which have the form
dz 6

where 6 is Ag.
Lemma 5.3 Any X formula ¢ of Lg is equivalent in Ng to a formula ¢* in XY.
Proof. By the induction principle. QED

The natural proof of the lemma shows that ¢* can be found effectively from
0 in the lemma. This and the previous theorem imply

Theorem 5.4% The set of true X2 sentences is effectively enumerable.
Corollary 5.5* Every X-definable operation on w is computable.

Proof. Immediate from the theorem. QED



5.2 Turing Computable Functions
A Turing Machine is a tuple M = (Q,T, 0, qo, B) where

e () is a finite set whose elements are the states of M.

e [ is a finite set whose elements are the tape symbols of M including the
blank symbol B and 1 (where B # 1).

e J§ is a partial function from @ X T" to @ x I x {R, L} called the next move
function of M.

e (o is an element of ) which is called the start state of M.

We imagine a Turing Machine M computing on an infinite 1-way tape di-
vided into an infinite number of cells each of which contains a tape symbol and
all but finitely many of which contain the blank symbol. At every stage of the
computation, M is in one of the states from () and is reading the contents of
one of the cells. At the beginning of the computation, M is in the start state
qo, M is reading the first cell of the tape and the tape contents must be of the
form 1% B1%2 B1% ... B1** B> where i1, ..., 14 are positive integers. In this case
we say M has input (i1,...,4x). The move function explains how the computa-
tion proceeds: if at a stage in the computation M is in state ¢, reading a cell
with contents a and §(q, a) is defined and equals (¢, a’, X) then M replaces the
contents of the cell it is reading with a’, changes its state to ¢’ and moves one
cell in the direction X (where R stands for right and L stands for left). The
computation comes to a halt when either M the next move function is undefined
or the first cell is being read and the move function says to move to the left
(off the tape). If M comes to a halt and the tape has contents 1™ B then the
output of the computation is m.

Given a Turing machine M, for each k € w, M computes a partial function f
from w¥ to w given by f(iy,...,i,) = m iff M halts on input (iy,...,4) and has
output m. A partial operation on w is Turing computable if there is a Turing
machine which computes it.

5.3 Recursive Functions

We will use ¢;* to denote the m-ary constant operation on w with value b:
ct(ar,...;am) = b

The collection of ¢}* are called constant functions. I} is the m-ary operation
on w given by
IMa,...,am) = ag

The collection of I}* are called projection functions. The binary function K is
the characteristic function of the ordering relation on w i.e. K takes only the
values 0 and 1 and K(m,n) =1 iff m < n.



Assume R is an n + l-ary relation on w and aq,...,a, € w such that there
exists b € w with R(aq,...,a,,b). We write ux.R(ay,...,a,,x) for the least
such b

Suppose F is a family of operations on w.

F closed under compositions if whenever f € F is k-ary and ¢1,...,9x € F
are n-ary then the n-ary operation h on w given by

h(ai,...,an) = f(g1(ar,...,an), ..., grlar,...,an))

is in F.

F is closed under the p-operator if whenever g € F is (n+ 1)-ary and for all
ai,...,a, € w there is b € w such that g(ay,...,a,,b) =0 then f € F where f
is the n-ary operation on w given by

flay,...;an) = px.glay,...,an,z) =0

Definition 5.6 The family of recursive functions is the smallest family of op-
erations on w which contains the constant functions, the projection functions,
+, - and K and is closed under composition and the p-operator.

5.4 Representable Functions

Definition 5.7 Assume T is a satisfiable theory in a language £ including the
constant 0 and the unary function symbol S and R is a k-ary relation on w. Also,

suppose ¢ is a formula all of whose free variables are among x1, ..., x;. We say

that ¢ represents R in T with respect to x1,...,x if for all ny,... . ngp € w
(n1,...,np) € R = T Eo(x1,..., 25|00, .., 70k)

and

n1,...,ng) € R = T —p(x1,...,x|01,...,Tk)

Exercise 3. With T, R, ¢ and x4, ..., 2, as in the definition above, we say that
¢ weakly represents R in T with respect to x1,...,z, if forall ny,...,npy €w

R(ny,...,ng) <= T Eo(x1,...,25|00,...,7F)

Show that if T is satisfiable then ¢ represents R in T" with respect to x1,..., 2
iff ¢ weakly represents R in T+ with respect to xy, ...,z for every satisfiable
theory TF extending T.

Definition 5.8 A relation R on w is representable in T if ¢ represents R in T'
with respect to x1,...,x, for some ¢ and x1,...,x,. R is representable if it is
representable in T for some finitely axiomatizable theory T. An operation f on
w is representable in T if its graph is representable in T. f is representable if
the graph of f is representable.



Theorem ?? shows that ThsNg says little about nonstandard elements. We
would like a Ag formula which defines the standard elements as well as certain
nonstandard elements which share some properties of the standard elements.
For our purposes the formula

(0=v1VO<wv) A (Vg <v1)(Sva <v1 V Svg =)

which we denote by p. Notice that if A = ThyNg then any standard element
will be in the set defined by p and if a is nonstandard and in the set defined by
p then 74 <A ¢ for all n € w.

Theorem 5.9 Suppose T is a theory in Lg which contains all true ¥ sentence.
If R is A-definable relation on w then R is representable in T (in fact, there is
a ¥ formula which represents R in T ).

Proof. For notational simplicity, assume R C w is A-definable. Let Jusp and
Jua1p define R and the complement of R respectively where ¢ and v are Ag.
The formula

Fua(p(va) A p(vr,v2) A (Vuz < v2) (=9 (v1,v3)) )

represents R in T QED

5.5 A-Definable Functions
5.6 Church’s Thesis

The 5 families of functions described above can be shown to be identical. Church
proposed that they capture the notion of computable function:

Church’s Thesis has three equivalent forms:

(version 1) An operation f : w* — w is computable iff it’s graph is ¥-
definable.

(version 2) A relation on w is effectively enumerable iff it is 3-definable.

(version 3) A relation on w is decidable iff it is A-definable.

Exercise 4.* Give an informal proof showing that the three versions of Church’s
Thesis are equivalent. Hint: Theorem 4.4* implies the right to left direction in
each version.

Diagonalization Lemma for A-definable Relations. If R is a binary rela-
tion on w which is A-definable then there is a A-definable subset of w which is
not of the form R,, for any n € w.

Proof. Define the diagonalizing set D as in the proof of the Contingent Version
of Tarski’s Theorem. A fairly easy argument shows that D is A-definable. QED

10



Theorem 5.10* (A Version of the Halting Problem) Assume Church’s
Thesis. The set of true 3 sentences is not decidable.

Proof. Argue by contradiction and assume the set of true ¥ sentences is de-
cidable. Let ag, aq,... be an effective enumeration of all ¥ formulas of Lg with
at most vy free. Define the binary relation R on w by

R(m,n) if NgE an(m)

By our assumption, R is decidable. Assuming Church’s thesis, R is A-definable
contradicting the previous lemma. QED

6 Arithmetization of Syntax

As we mentioned earlier, we would like to identify formulas with natural numbers
by a Godel numbering. The following exercise shows that our choice is not
particularly important given that our choice satisfies the conditions 1 and 2 of
section 3.

Exercise 1.* (CT) Assume #; and #, are Godel numberings which satisfy
conditions 1 and 2. Show that for any set of expressions A

o #; A is Y-definable iff #5 A is X-definable.
o #; A is A-definable iff #5A is A-definable.

There are many ways to set up a Goédel numbering, but the most natural
is to begin with a numbering of the symbols. Fix a language £. A numbering
of £ is a 1-1 function which maps the symbols of £ into w so that h maps the
symbols

(, ), -, /\, \/,V, 3, U1, V2,03, ..

onto the odd numbers greater than 1 in the order given. Actually, all we really

need is that h restricted to these symbols is computable and maps this family of

symbols 1-1 onto a decidable set of natural numbers with infinite complement.
A numbering h is A-definable if both of the relations

{(m,n)|m = h(P) for some n—place relation symbol P}

and
{(m,n)|m = h(f) for some n—place function symbol f}

are A-definable. Notice that if £ has only finitely many predicate and function
symbols (we're including constants as 0-place function symbols) then both sets
are finite and, hence, A-definable. Also, in this case h is clearly computable.

Notice that for a A-definable numbering h, it may be the case that neither
the set of h(P) for predicate symbols P or the set of h(f) for function symbols
f is A-definable. Nevertheless, such h will be sufficient for our purposes.

11



Assuming h is a A-definable numbering, we define the Gddel numbering
generated by h so that for an expression € = sgs1 - - Sy,

#(5> = <h<50)7 [ERE h(sn)>

where we define

(no,...,n) = pp°tipp e ppett
The important properties of this tupling function mapping the collection of finite
sequences of natural numbers into the natural numbers are

o It is 1-1.
e It is computable.
e It has decidable range.

The last condition implies that the range is A-definable by Church’s Thesis.
We'll give a formal proof of this fact later.
We extend # to sequences of expressions so that

#(eo - en) = (#(c0);- -, #(en))

For n € w, we say that n is a sequence number if there are k € w and
mo, ..., mg—1 such that n = (mg,...,mg_1).

Exercise 2. Assume h is a numbering such that the parameters of £ are mapped
to numbers which are not sequence numbers (notice that no odd number greater
than 1 is a sequence number).

Define the set of hyperexpressions to be the smallest collection containing
the symbols of £ that is closed under taking finite sequences. Assume that no
symbol of L is a finite sequence of hyperexpressions.

a. Show that the set of hyperexpressions is freely generated from the set of
symbols by the sequence operations.

b. Extend h to a function # defined on all hyperexpressions so that

#(eo-en) = (#(c0), ..., #(e))
Show that # is 1-1.

7 The Main Technical Lemma

In this section we state the main technical lemma that we will need for the
sequel. This lemma says that various functions and relations connected with
syntax and semantics are either X-definable or A-definable. Proofs will be given
in a later section.

For this section, fix a A-definable numbering h for a language £. Since £
has only finitely many parameters, h is A-definable.

Main Technical Lemma

12



1. sub; is X-definable.
2. There is a ¥-definable function #mpl such that
impl(#o, #0) = #(a — )
for all formulas « and (3.
3. There is a ¥ definable function neg such that
neg(#a) = #(-aq)
for any formula a.
4. #A is A-definable where A is the set of sentences.

5. If A is a set of sentences such that #A is Y-definable then #Cn A is
Y-definable.

Exercise 1.* Give an informal proof of the Main Technical Lemma assuming
Church’s Thesis. Hint: Show that # satisfies conditions 1 and 2 of section 3.

8 Tarski’s Theorem and Godel’s First Incom-
pleteness Theorem

In this section, we will prove Tarski’s Theorem and Gdédel’s First Incompleteness
assuming the Main Technical Lemma.

For this section, fix a A-definable numbering A for Lg.

By the contingent version of Tarski’s Theorem in Section 3 and part 1 of the
Main Technical Lemma, we have

Tarski’s Theorem #7Th NE is not definable in NE.

The theorem immediately the following corollaries.
Corollary 8.1 ThNg is not A-definable.
Corollary 8.2* Assume Church’s Thesis. ThNE is not decidable.
Corollary 8.3* Assume Church’s Thesis. Th Ng is not aziomatizable.

The corollaries are more properly viewed as a versions of Godel’s First In-
completeness Theorem. The fact that it follows simply from Tarski’s Theorem
is due to our choice of A-definability as the formal analogue of decidable. If
we had chosen one of the other approaches, we would need a more elaborate
argument e.g. we could show that the other approach is equivalent to using
A-definability.

13



Godel’s First Incompleteness Theorem If A is a set of sentences which are
true in Ng and #A is Y-definable then Cn A is not a complete theory.

Proof. Argue by contradiction and assume A is a set of true sentences such
that #A is X-definable but with the property that Cn A is complete. By part
5 of the Main Technical Lemma, #Cn A is YX-definable. Since Cn A is complete
and contained in Th g, Cn A = ThNg. Therefore, #Th Mg is definable in Mg
contradicting Tarski’s Theorem. QED

The First Incompleteness Theorem leaves open some interesting questions.

If we focus on Th Ng, we know that it has no decidable set of axioms but we
can ask how simple a set of axioms might be. We will see later that we can’t do
much better than the complexity of the theory itself since #A is not definable
in Vg for any set A of axioms for Th Ng.

If we focus on the notion of decidability rather than the theory Th Mg itself,
we might ask if there are interesting subtheories T' of Th Ng such that #T is
A-definable. We will see this is not the case: there is no subtheory T of Th N
such that #T is A-definable.

We will close this section with a related result which implies much of the
result just described but doesn’t require as many technical details (one only
needs the lemma which says that sub; is 3-definable).

We first give a formal version of the undecidability of a the version of the
Halting Problem discussed previously.

Theorem 8.4 If A is the set of true 3 sentences then #A is not A-definable.

Proof. Argue by contradiction and assume #A is A-definable where A is the
set of true X sentences. Define the binary relation R on w by

R(m,n) iff subi(m,n) € #A

Our assumption implies that R is A-definable. Moreover, every A-definable
subset of w is of the form R,,. This contradicts the Diagonalization Lemma for
A-Definable Relations in Section 4. QED

Theorem 8.5 IfT is a satisfiable theory in Lg which contains all true sentences
in X then #T is not A-definable.

Proof. Argue by contradiction and assume the theorem is false. By Theorem
5.9, every A-definable relation is representable in T'. Arguing as in the previous
theorem, we can define a binary relation R on w which is A-definable such that
every A-definable subset of w has the form R, for n € w — a contradiction.
QED

The following is a common generalization of the previous two theorems.

Theorem 8.6 Assume A is a set of ¥ sentences containing all true ¥ sentences
but disjoint from the collection of ¥ sentences o such that ThyNg | —o. #A
is not A-definable.

14



Proof. Similar to the proof of the previous theorem replacing T' by Cn ThsNE.
QED

Lemma 8.7 Assume T is a complete theory in a language L with a A-definable
numbering. If #T is X-definable then #T is A-definable.

Proof. Since T is complete, for a sentence o we have a ¢ T iff —~a € T'. So for
n € w, n & #T iff either n is not the Gédel number of a sentence or neg(n) € #T.
By Main Technical Lemma 3, #7T has a Y-definable complement. QED

Theorem 8.8 Assume T is a theory in the language Lg containing all true X
sentences. If #T is X-definable then #T is not complete.

Proof. By the previous lemma and Theorem ?77. QED

9 A Subtheory of Number Theory

In this section we study a finite set of axioms named Ag. The crucial properties
of Ag are

1. Every sentence in Ag is true in NE.
2. Ag is finite.
3. For every sentence o in X,

NelFo = AgkEo

Let Ag be the set of sentences consisting of

(L1) Ve £ 0

(L2) VaVy (x < Sy < x <yVz=y)
(Al) Ve 2 +0 = «

(A2) VaVy 4+ Sy = S(z +y)

(M1) Yz -0 =0

(M2) VaVy z-Sy = z-y+a

(E1) Vz zE0 = SO

(E2) VaVy 2ESy = (2Ey) -«

Clearly, the elements of Ag are true in MNg.
Exercise 1. Show that Va Sz # 0 follows from Ag.

Exercise 2.* Find a nonstandard model of Ag which is decidable.
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Theorem 9.1 Assume A is a model of Ag.

1. Forn € w, for any a € |A|, a <* 72 iff a = m™ for some m € w with
m<n.

2. If h:w — |A] is defined by
h(n) = At
then h is an embedding of Ne into A.

Proof. Part 1 can be proved by induction on n using the fact that (L1) and
(L2) are true in A.

For part 2, first notice that h preserves S. Part 1 implies that h is 1-1 and
preserves <. We next prove h preserves +, - and E in that order.

To see that h preserves +, first fix n € w. Now show that h(n +m) =
h(n)+*h(m) by induction on m € w using the fact that (A1) and (A2) are true
in A.

Similar arguments hold for - and E. QED

Theorem 9.2 Ag = TheNEg

Proof. By the previous theorem and Theorem 4.9. QED

10 The Strong Undecidability of Ag and Church’s
Theorem

A satisfiable set of sentences A is strongly undecidable if there is no theory T
with T'U A satisfiable such that #7T is A-definable.

Lemma 10.1 Assume T is a theory and A is a finite set of sentences. If #T
is A-definable then #Cn (T U A) is A-definable.

Proof. For any n € w, n € #Cn(T U A) iff either n ¢ #(sentences) or
imp(#a,n) € #T where « is the conjunction of the elements of A. QED

Theorem 10.2 Ag is strongly undecidable.

Proof. Argue by contradiction and assume T is a theory such that T'U Ag
is satisfiable and #7T is A-definable. By Lemma 9.1, we may assume that T'
contains Ag and, hence ThxNg. This contradicts Theorem ?7?. QED

Corollary 10.3 If T is a theory in Lg such that T U Ag is satisfiable and #T
is X-definable then T is incomplete.

Proof. Immediate from the previous theorem and Lemma 77. QED
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Corollary 10.4 Church’s Theorem The set of Gddel numbers of valid sen-
tences in Lg is not A-definable.

Proof. Immediate from the theorem. QED

One can ask for which finite languages Church’s Theorem holds. One condi-
tion which suffices is that the language have an n-ary relation symbol for some
n > 2.

11 More Properties of X-Definable and A-definable
Relations and Functions

Lemma 11.1 The collection of A-definable relations contains the collection of
Ag-definable relations, including = and <, and is closed under complement,
intersection, union, bounded universal quantification and bounded existential
quantification.

Proof. By lemma 77. QED

We can now use Lemmas 10.277 and 10.377 to establish that various rela-
tions are A-definable rather than explicitly talk about formulas.

Lemma 11.2 If a function is X-definable then it is A-definable.

Proof. Assume f : w¥ — w is ¥-definable. We need to see that the complement
of the graph of f is ¥-definable. This follows from the fact that f(a1,...,ax) #b
iff there exists ¢ € w such that f(a1,...,ax) = c and b # c. QED

Lemma 11.3 The X-definable functions include all the constant functions, the
projection functions, the successor function, the predecessor function, addition,
multiplication and exponentiation and are closed under compositions and the
p-operator.

Proof. That the specific functions mentioned are 3-definable is straightforward
e.g. I is defined by v,41 = v;.

To verify closure under compositions, assume h : w* — w and g¢; : W — w
(i =1,...,k) are X-definable. Let f : w™ — w be given by f(a1,...,a,) =
h(gi(at,---,an), ..., gx(a1,...,a,)). We have f(a1,...,a,) = b iff there are

€1,.-. ¢, € wsuch that g;(ay,...,a,) =c¢;fori=1,...,nand h(cy,...,c;) = 0.
To verify closure under the p-operator, assume g : w"*! — w and for all
ai,...,a, € w there is b € w such that g(ay,...,a,,b) = 0. Define [ : W™ — w

by f(ai,...,an) = pb.g(ay,...,a,,b) = 0. We see that f(a1,...,a,) = b iff
g(ai,...,a,,b) =0and for all ¢ < b, g(ay,...,an,c) # 0. Since g is A-definable
by the previous lemma, we see that f is 3-definable. QED

Lemma 11.4 A relation is A-definable iff its characteristic function is -
definable.
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Proof. By Lemma 10.477. QED

Lemma 11.5 The X-definable functions are closed under definition by A-definable
cases i.e. if fi : w* — w is B-definable for i = 1,...,n and R; C w* is A-
definable for i =1,....n then f : w* — w is X definable where f(ay,...,ax) =
filay, ..., ax) whenever R;(ay,...,ax).

Proof. f(ai,...,ax) is given by
filay,...,ax) - Charg,(a1,...,a) + -+ fu(as,...,ax) - Charg, (a1,...,ax)

QED

12 Talking about Sequences in Arithmetic

In this section we develop the results about sequences needed to handle syntax.
Recall the definition

no+1, ni+1

(no,...,nk—1) = p° " Py A

where py, is the k'h prime number. We interpret the case k = 0 to mean () = 1.

A number is a sequence number if it is of the form (ng,...,ni_1). We define
several auxiliary functions. [h({ng,...,ng_1)) = k and lh(a) = 0 if a is not a
sequence number. ((ng,...,ng—1)); =n; if i <k, ((ng,...,nk—1)); =0if k <
and (a); = 0 if a is not a sequence number. (ng,...,ng_1)|i is (ng,...,n;—1) if
i<k, (ng,...,ng—1)|i = (ng,...,ng—1) if k <iandali = 0if a is not a sequence
number. (ng,...,Nng—1) * (Mo, ..., Mj—1) = (Ng,...,Nk—1,Mo,...,mj_1) and

a* b =0 if either a or b is not a sequence number.

Lemma 12.1

1. The relation consisting of all pairs (a,b) of natural numbers such that a

divides b is A-definable.

The set of primes is A-definable.

The set of sequence numbers is A-definable.
The function n v p, is X-definable.

The function lh is X-definable.

The function a,i+— (a); is X-definable.

The function a,i — ali is X-definable.

© RS S

The function a,b v a * b is 3-definable.
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Proof. Except for part 4, straightforward using the lemmas of the previous
section.

For part 4, let X be the set of numbers of the form p} - p3 - - Using
parts 1 and 2, we see that X is A-definable. This implies that the graph of
n +— p, is X-definable. QED

k+1
P -

Definition 12.2 Assume f : w**! — w. Define f : w**! — w by

f(a,bl,...,bk) = <f(0,b1,...,bk),...,f(a—1,b1,...,bk)>
Lemma 12.3 If f : w*t! — w is ©-definable then so is f.
Proof. Straightforward. QED

Lemma 12.4 The family of X-definable functions is closed under primitive re-
cursion i.e. if h : wF? — w is B-definable then the function f : Wkl — w is
Y-definable where

f(a,bl,...,bk) = h(f(a,bl,...,bk),a,bl,...,bk)

Proof. First show that f is Y-definable. B

To see that f is ¥-definable, notice that f(a,b1,...,bx) = (f(a+1,b1,...,b%))a-
QED
k& wand b : w2 — w are T-definable. Use the
k+1 _ w is ¥-definable where

Exercise. Assume g : w
previous lemma to show that f:w

f(07b17"'7bk) = g(b17"';bk)

and
f(a—i—l,bl,...,bk) = h(f(a,bh...7bk),a,b1,...,bk)
for a € w.
Define
#((nos .- ymE)) = mox - xng
#(() =1
and

if a is not a sequence number.
Lemma 12.5 The function a — *(a) is X-definable.

Proof. From the previous exercise and part 8 of Lemma 11.1. QED
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13 Proofs of the Main Technical Lemmas

We begin by commenting that the relations and functions described in items
1-9 of section 3.4 of Enderton’s text are A-definable. This includes parts 1 and
4 of the Main Technical Lemma. The proofs are straightforward but somewhat
tedious and follow the same lines as in the text. Many of the concepts we have
introduced by induction can be dealt with by primitive recursion. For parts 2
and 3 of the Main Technical Lemma, we can take

imp(n,m) = (h(()) *nx (h(=)) x m * (h()))

and
neg(n) = (h((),h(=)) *n = (h()))
Part 5 of the Main Technical Lemma is more complicated — it is a formal
version of the Completeness Theorem.

Lemma 13.1 Assume L is a language with a A-definable numbering. #V is
Y-definable where V' is the set of all sequences of formulas «q, ..., ak_1,0 such

that {ao, ce ,Ozkfl} ': ﬁ

Proof. We will not give all the details, but we begin by assuming that the
reader is aware of an effective sequent calculus for which the completeness the-
orem can be proved i.e. a sequent has a proof in the calculus iff it is valid. If
the completeness theorem is proved properly, the rules of the sequent calculus
will be decidable. This means that the set of Gédel numbers of rules should
be A-definable. To make this precise, we need to explain what the Godel
number of a rule is. Our approach will be such that a rule can have several
Godel numbers. First, (#ap, ..., #ag_1,#0) is a Gidel number of the sequent
{ag,...,ap—1} F B. Notice that a sequent which has at least one premise has
infinitely many Godel numbers. If S; (i = 1,...,n — 1) and S are sequents
with Godel numbers aq, ..., a,—1 and b respectively then the rule with premises
S1,...,5,—1 and conclusion S will have Gddel number (ay,...,an,—1,b). We
can now state precisely

Claim: The set of Gédel numbers of rules in our calculus is A-definable.

The proof will generally be very tedious but straightforward.

The claim easily implies the lemma. QED

Part 5 of the Main Technical Lemma is now straightforward since o € Cn(A)
iff there is a finite list v, . .., a1 of elements of A such that {«g,...,ar_1}
o.

14 A Fixed Point Theorem for Ag

In this section we will prove
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Fixed Point Theorem for Ag. For any formula 6 with at most v, free, there
is a sentence o such that

Ae o < 0(F0)

Notice that the proof of Tarski’s Theorem actually shows that for any for-
mula 6 with at most v; free there is a sentence o such that

Ne o < —0(#0)
which clearly implies the following week version of the result we seek.

Fixed Point Lemma for Ng. For any formula 6 with at most v; free, there
is a sentence o such that

Ne E o < 0(#0)

Can o be found effectively given 67 Yes, by looking carefully at the proof of
the the theorem. We define a binary relation R on w by

R(a, k) iff Ng |= 0[subi(a, k)]
and then define the set D by
k € D iff R(k,k)
In other words
ke D iff N = 0[suby(k, k)]
We see that if we let ¢ be any formula which defines D in Ng and let a = #¢
then
NEyp@) if aeD
it Ne E O[subi(a,a)]
iff Ne = 0[#¢(@)]
it NVe = 0(#¢(a@))
So o may be taken to be (@) i.e. p(F#¢). Our task is to choose ¢ so that we
have a fixed point for 6 in Ag rather than just Ng. We may assume without loss

of generality that vy is substitutable for v; in 6. Letting (v, v2) be a formula
which defines the function k — sub; (k, k) in Ng, we could let ¢ be

Voa (y(v1,v2) — 0(vz))

Fvg(y(v1,v2) A (v2))

This gives us two fixed points in Ng:

Yoo (y(ar, v2) — 0(v2))
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where a1 = #Va(y — 0(v2)) and

Jva(y(@z, v2) A O(v2))

where ay = #3v(y(v1, v2) A 0(v2)). Will either of these formulas work for Ag?
Notice that the first would give the left to right implication, but not clearly the
right to left implication, while the second would give the right to left but not
clearly the left to right. The problem is that the formula v may not determine
a function in all models of Ag. To remedy this we need

Lemma 14.1 Suppose f : w — w is a X-definable operation. There is a X
formula y(v1,ve) which defines f in Ng such that

Ag f= Yoz (y(@, v2) < vz = f(n))
for any n € w.

Proof. Let ¢ be a formula which represents (the graph of) f in Ag. Let v be
the formula

P(v1,v2) A (Yog < v2)(mp(v1,v3))
Suppose A is a model of Ag. Also let n € w and let a be an arbitrary element

—A
of |A|. We leave it to the reader to show that A | v(7, v2)[vz|a] iff a = f(n)
QED

We remark that the lemma can be proved with Ths N Vg in place of Ag.

Proof of the Fixed Point Lemma for Ag. Choosing the formula v by the
lemma above, one can show that either of the choices for ¢ above leads to a
fixed point for 6 in Ag. We'll consider the second example of .
As above, we let ¢ be Jua(y(v1,v2) A 8(v3)), let a = #¢ and let o = ¢(a).
To show that o is a fixed point for 6 in Ag, assume A is a model of Ag. First

notice that
4

A 0(Fo) iff A= 0Fo
We also have
Ao iff AE Jua(v(@,v2) AbB(v2))
iff A =~(a@,v2)[ve,b] and A |= 0(v2)[ve, b] for some b € | A]
iff b= sub;(a, a)A and A = 0[b] for some b € | A|

iff A 0F0

The last equivalence follows from subj (a,a) = suby (#¢, #¢) = #p(Fp) = #0.
QED
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15 The Derivability Conditions

We have seen that for any set of sentences A in a language with a A-definable
numbering such that #A is ¥ definable, #Cn A is also >-definable. Let Pra
be a ¥ formula which defines #Cn A in Mg (Pra stands for provable from A).
There are many ways to choose Pr4, but the natural approach would be have
it clearly say “there is a valid sequent whose conclusion is v; and all of whose
premises are in A” and use Main Technical Lemma 3 which says there is a X
definition of the codes of the valid sequents.
We will write
Praa

for Pr4(#a) when « is a formula.
We see that for sentences o and 3

1. If A= o then Ng = Prja.
2. Ne = Pra(a— B) AN Praa — Praf

3. Ne E Praa — PrsPrja provided A implies any true X sentence e.g.
A extends Ag.

This leads us to the following Derivability Conditions for a set of sentences A in
a language £ extending Lg with a A-definable numbering and a choice of Pry4.

D1. For any sentence «, if A =« then A = Praa.
D2. For any sentences « and 3, A = Pra(a — 8) A Praa — Prap.
D3. For any sentence o, A |= Praa — PraPraa.

Notice that any A which extends Ag will satisfy D1. While D2 and D3 are fairly
mild conditions, they apparently do not hold for Ag. D1-D3 follow if we add
restricted families of induction axioms i.e. axioms of the form

Vg - Vg (p(0) A Vi (p(v1) — ¢(Sv1)) — Yorp(vr))

and we make a reasonable choice for Pr,4, but we will not prove that fact in
these notes.

16 The Second Incompleteness Theorem

Let Conyz to be the formula —Pr40 # 0. If we have chosen Pra4 appropriately,
Cony is a number-theoretic statement, i.e. a sentence in Lg, which expresses
that A is consistent.

Godel’s Second Incompleteness Theorem Assume A is a set of sentences
in the language Lg extending Ag and Pry4 is chosen so that the derivability
conditions hold. If A is satisfiable then

A bé COHA
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Proof. Assume A is satisfiable.
Since A extends Ag, there is a sentence o such that

A= (0 < = Pryo)

Notice that A [~ o since otherwise we would have A = Prao (by D1) and
A |E =Pryo (by choice of o) implying A is not satisfiable.

We claim that A + Conyg |= o, from which the theorem follows. This is
equivalent to showing A + —o = —Conyk, i.e. A+ -0 = Prs0# 0. We have

A+ -0 |= Pryo
by choice of . By D3 we have
A+ -0 = PraPraoc
Applying D1 we have
A+ -0 = Pry(oc — —Pryo)
again using the choice of . Since we know A + —o |= Pryo,
A+ -0 |= Pra(—Prao)

by D2. Since D1 implies that A = Pra(¢ — (—¢ — 0 # 0)) for any formula ¢
we have
At -0 = Pra0#0

by applying D2 twice. QED

The proof of the Second Incompleteness Theorem may seem mysterious.
What lead to the choice of the fixed point? We’ll sketch a proof of the Second
Incompleteness Theorem under slightly strengthened assumptions which can
lead to the discovery of ¢ in the proof if analyzed carefully.

We assume A is a set of sentences in the language Lg which contains Ag and
Pry is a ¥ formula which satisfies the derivability conditions and the following
strong version of D3:

For any ¥ sentence o, A |=0 — Pryo.

Notice that Ng = 0 — Prao for any X sentence o if A contains Ag and Prg
defines #Cn(A).

Let X be a maximal collection of 3 sentences such that AU X is satisfiable.
We will show that Pr,0 # 0 is in X which implies that A U =Con 4 is satisfi-
able. Argue by contradition and assume Pr,0 # 0 ¢ X. By the derivability
conditions, for any sentence o, in particular any X sentence o, it is not possible
that both Prac and Pra(—o) are in X. An easy argument shows that if o is a
Y sentence and o € X then AU X | —o and, by the strengthened derivability
conditions (and the Compactness Theorem), AU X = Prs(—o). Hence

AUX =0 < Pryo
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and
AUX |= -0 < Pry(-o)

This implies that

e The complement of any relation on w which is representable in AU X by
a 3 formula is representable in AU X by a 3 formula.

Define R C w X w by
R(m,n) <= AUX E Pra(subi(m,n))
One can show that

e R is representable in AU X by a X formula.

e Every subset of w which is representable in AU X by a ¥ formula is of the
form R,.

We now get a contradiction by noticing that the diagonalizing set for R should
be of the form R,.

The argument above can be modified to prove the version of the Second In-
completeness Theorem given earlier. Rather than let X be a maximal collection
of ¥ sentence such that A U X is satisfiable, let X be a maximal collection of
sentences of the form Pr4p such that A U X is satisfiable. One can also give
the argument a more model theoretic flavor if one works with a model of AU X
and considers the collection of relations on w which are “representable” in the
structure.
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