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We will introduce a partial ordering <; on the class of ordinals which will
serve as a foundation to a new approach to ordinal notations for formal systems
of set theory. < is defined by induction so that

a=1p iff (o, <, =1) is a Xj-elementary substructure of (53, <, =1)

To be more precise, by induction on 8 we define the set of a such that a=<;0.
Note that we have taken some liberty in writing (a, <, <1) where we should
have restricted the relations to a.

The original use of <; was as a tool in confirming Reinhardt’s conjecture
that the Strong Mechanistic Thesis is consistent with Epistemic Arithmetic [1].
The purpose of this paper is to establish the properties of <; needed for that
result by giving an “effective” description of <; in terms of ordinal arithmetic.
In this way, <1 is reduced to familiar concepts from set theory. The role of <;
in constructing ordinal notations will be developed elsewhere.

1 Preliminaries

We will use lower case Greek letters to range over ordinals. ORD will denote
the class of ordinals.

end is the operation defined on the ordinals as follows. Suppose « is an
ordinal. If & = 0 then end(a) is defined to be 0. Suppose « is nonzero. a can be
written in a unique way as a; + as + - - - + o, where each «; is indecomposable
(an ordinal is indecomposable if it has the form w") and a; > az > -+ > ay.
Define end(a) to be ay,.

Since the definition of a ¥; formula varies, we specify that a ¥; formula is
a quantifier-free formula prefixed by a string of existential quantifications.

If A and B are structures for the same language we will write A=<x,B to
indicate that A is a ¥;-elementary substructure of B. For convenience, we will
break with tradition by allowing stuctures whose universe is empty.

Definition 1.1 Suppose A and B are structures for the same language and
X C AN B. Define A =2x B iff there is an isomorphism of A and B which fixes
all the elements of X.



The next proposition provides an equivalence that will allow us to avoid
mentioning formulas.

Proposition 1.2 Assume A and B are structures for a finite language without
function symbols. A is a 31-elementary substructure of B iff A is a substructure
of B and whenever X is a finite subset of |A| and Y is a finite subset of |B|\ | A
then there is a subset Y of | A| such that

XUY 2y XUY

Proof. Straightforward. O

Note that in the last line of the proposition we have used X UY and X UY
to designated substructures of B. We will continue to abuse notation in this
way. Specifically, when X is a set of ordinals we will sometimes simply write X
for the structure (X, <, <1).

2 An Effective Characterization of <

Some basic properties of <7 are collected in the following lemma.

Lemma 2.1 1. =y is a well-founded partial order in which the predecessors
of any element are linearly ordered by <.

2. If a=x18 and a < v < B then a=17.

3. Suppose k < a < B. [K,a)=y,[k,B) iff whenever X C [k,a) and Y C
[o, B) are finite then there is Y contained in [k, ) such that X <Y and
XUy xuy.

4. a=1B iff whenever X C o and Y C [a,f) are finite then there is Y
contained in o such that X <Y and XUY Z X UY.

5. If a < B and =18 then « is a limit ordinal.

Proof. Straightforward. Use proposition 1.2 for part 3. Part 4 is the case Kk =0
of part 3. |

We will write <700 when a=; for all 8 > «. Notice that for any ordinal
« the collection of all 8 such that a=<;8 is an interval of ordinals and either
a=100 or there is a largest 8 such that a=<;0.

Definition 2.2 For a an ordinal, define depth(a) to be the largest ¢ such that
a=1a + 6 when such § exists and oo otherwise.

Notice that depth(a) = 0 if « is not a limit ordinal. This follows from the
last part of the previous lemma.



Definition 2.3 Define a function d on the class of ordinals by induction as
follows. Let d(0) = 0 and d(c) = 0 whenever a is a successor ordinal. If a
is divisible by &g, i.e. « has the form gg - 7 for some 7 # 0, define d(a) = oo.
Suppose « is a nonzero limit ordinal which is not divisible by £q. Since « is not a
successor ordinal, end(a) is w” for some nonzero p. Write p as p; + p2 + -+ + px
where p; > pa > -+ > pi and each p; is indecomposable. Define d(a) by

d(a) = p1 +d(p1) + p2 + d(p2) + - + pr + d(pk)

To see that the definition of d(a) is a proper induction note that in the
final case of the definition end(a) is less than ¢y since « is not divisible by &y.
Therefore, p < w? < a.

Note that d(a) = d(end(a)) so we could just as well define d(w®) by induc-
tion on o and then extend d to all ordinals.

Lemma 2.4 For all a and 3, if 8 # 0 then
d(a+ B) = d(B)

Proof. Since d(y) = d(end(y)) for all v, d(a+ ) = d(end(a+8)) = d(end(B)) =
d(B). m]

The following theorem establishes that depth(a) = d(a). The rest of this
section will be devoted to its proof.

Theorem 2.5 For all o and 3, a=18 iff a < B < a+d(a).

The right hand side of the theorem has the obvious meaning when d(a) = co.

There are ways of analyzing <; without using ordinal arithmetic, but by
doing so we lay bare the structure of <; in familiar terms. The relation <,
and generalizations of it will be used elsewhere to calculate ordinals for various
systems of set theory. There, another approach is crucial.

The ordinals which are <;-minimal will be useful in gaining a clearer un-
derstanding of < (« is <;-minimal if there is no 8 # a with 8=<1a). By the
reflection principle, there are ordinals a with depth(a) = oo. The least such
ordinal is the largest <;-minimal ordinal.

Definition 2.6 Let k., (@ < 6) be the increasing enumeration of the =<;-
minimal ordinals. Define I, to be the collection of 8 with k,=10.

Lemma 2.7 1. The enumeration o — Ko S strictly increasing and contin-
UOUS.

2. Ifa< B <0 then I, < Ig.
3 Ifa<p<0,6€l,, andn € Ig then § A1 1.



4. If a < 0 then Iy = [Ko, ko + depth(ky)].
5. If « < 6 then Ko+1 = Ko + depth(ky) + 1.
6. Iy = [kg,00).

7. If o < 0 then U£<aI§ = Kg.

8. Uaco In = ORD.

Proof. Straightforward. |

The third and fourth parts of the preceding lemma show that the intervals
I, are the connectivity components of <;.

Lemma 2.8 60 is a limit ordinal.

Proof. Since kg = 0, depth(kg) = 0. By the previous lemma, if @ < 6 then
Ka+1 = Ko + depth(kq) + 1. Since k441 is a succesor ordinal, depth(kq+1) = 0.
But depth(kg) = 00. So 6 is a limit ordinal. O

Lemma 2.9 Ifa=<ia+1+8 and B, B C [a+1,a+1+ 8] then for all A C [0, q]
B~Biff AUB~AUB

Proof. Assume «, 8, B, and B are as in the hypothesis of the lemma. Suppose
in addition that A C [0,a] and B = B. Let h: AUB — AU B extend the
isomorphism of B and B and act as the identity on A. h clearly preserves <.
To see that h preserves <; simply note that for any ¢ < a either £=<7 for all
n € [a+1,a+ 1+ 3] or there is no n € [+ 1,a + 1 + §] such that £<1n
(depending on whether £<;a or not). This latter fact follows from parts 1 and
2 of lemma 2.1 and the assumption that a<;a+ 1+ . O

Lemma 2.10 If aXja+ 1+ 8 then forallé,n€ja+1,a+1+4+1]
£ iff [a+1,6) =z, [a +1,n).

Proof. Assume a=<ja+1+ B and £ <y where{,n€a+1l,a+1+8+1].

(=) Suppose £<17. Assume X C [a+1,£) and Y C [£,n). Let X+ =
X U{a}. Since £<17, there is ¥ C £ such that X+ <Y and XtUY 2 X*TUY.
Since « € X, Y C [+ 1,6). And XTUY = XT UY clearly implies that
XUY=~XUY.

(<) Suppose [a + 1,&)=<x,[a+ 1,17). Assume X C £ and Y C [¢,7n). Let
X'=XnN[0,a] and X" = X N[a+ 1,§). Since [a+1,§)=x, [a+1,7), there is
Y C [+ 1,€) such that X' <Y and XUY 2 X'UY. Since X” <a<Y
X < Y. By the previous lemma, X”UX'UY ~ X"UX'UY i.e. XUY 2~ XUY.
O



Lemma 2.11 Ifa<xia+ 1+ then [0, + 1] 2 [a+1,a+1+5+1].

Proof. Let ¢ be the unique order isomorphism from [+ 1, + 1+ 8 + 1] onto
0,84 1] i.e. p(a+1+€&) =& Define <} to be the projection of <; under
. We will show that <7 satisfies the inductive clause in the definition of <;
for ordinals < 8 + 1. This implies that <7 is the restriction of <; to [0,5 + 1].
Suppose §,n < 8+ 1.
£xin f a+14+EZia+1+47

iff [a+l,a+1+&)=<s,la+l,a+1+7)

iff (Ea < 5I)ﬁ21(77,<,ﬁf)
The first equivalence is by the definition of <7, the second by the previous
lemma, and the last by appealing to the isomorphism ¢. O

Lemma 2.12 If a<Xja+§ and =18+ § then [a,a+ 6] =2 [3,8+ 4].

Proof. For § = 0 the lemma is trivial. Suppose § # 0. By the previous lemma
[+ 1,aa+ 48] = [+ 1,8+ 6. The lemma is now clear since a<;a + £ and
B=18 + & whenever 0 < & < 6. O

Lemma 2.13 If a=i00 then ORD = [a + 1,00).

Proof. Assume a=100. By lemma 2.11, [0,84+ 1] 2 [a + 1,4+ 1+ 8+ 1] for all
B. The isomorphism must be £ — a4+ 1+ € in each case. Soé —»a+ 1+ € is
an isomorophism of ORD and [a + 1, 00). O

The condition that a<;a+14/3 can be dropped in lemma 2.11, implying that
the conclusion of the previous lemma holds for all a. Establishing this would
allow a shorter but less illuminating conclusion to the proof of the theorem.

Lemma 2.14 If 0 < depth(c) there is a A < 6 such that
[a+ 1,0+ depth(a)] = U<y I
and
depth(a) = 1+ Kk + depth(kx)

Proof. Assume 0 < depth(a). If depth(a) = oo the conclusion of the lemma
holds with A = 6 by the previous lemma. So we may assume that depth(a) < oo.

Let (3 satisfy 148 = depth(a). By lemma 2.11 [0, 8+1] & [a+1, a+1+8+1].
In particular, [a+ 1, a+depth(a)] 2 [0, 3]. Let A be maximal such that k) < .
If we show that 8 = k) + depth(k)) the conclusion of the lemma follows from
the fact that ;<) I¢ = [0, kx + depth(ky)].

By choice of \, 8 < kx11 = k) + depth(ky) + 1. Equivalently, 8 < k) +
depth (k).



In order to reach a contradiction, assume 8 < k) + depth(ky). In this case
kx=18+ 1 implying a + 1 + kx=1a+ 14+ G+ 1. Since k) < B, a=1a+ 1+ k).
But then a=<ja+ 1+ 8+ 1= a+ depth(a) + 1 — contradiction. O

Using the previous lemma one can show that every £ < kg is either equal to
some K, or is of the form 7+ k. where 7 is the largest ordinal less than £ which
is below £ in <;. We will not need to establish this fact here, but it illustrates
the key role of the k.

Lemma 2.15 If aXija+ 1+ n then depth(a+ 1+ n) = depth(n).

Proof. Let A be given by the previous lemma. If <17+ 7 then n+7 € U€<)\ I..
Andif a+14+n=1a+1+n+7 Then a+1+4+n+7 < a+depth(a). These facts
along with the previous lemma imply that n=<in+7if a+1+n=<1a+14+n+7
for all 7. O

Definition 2.16 If depth(a) # 0 define length(c) to be the unique A < 0 such
that

[a+ 1,0+ depth(a)] = Ug< I
Definition 2.17 For o < 0, if depth(ka) # 0 then define Ay, to be length(kq).

If X C o we say that X is cofinal in « if for all £ < « there is n € X with
&£ < n < a. Notice that X is never cofinal in « if « is a successor ordinal.

Define the function logend on the class of ordinals as follows. logend(0) = 0.
Ifo; >a > -+ > a, then

logend(w™ + w®? + -+ + w*) = ay,

Note that if 8 # 0 then logend(a + ) = logend(B).
Another characterization of logend(a)) when a # 0 is as the least A such that
the collection of 8 with logend(8) = A is not cofinal in a.

Lemma 2.18 If o < 0 then there is a finite Z C [0, ko + depth(kqa)] such that
there is no isomorphic copy of Z contained in ko + depth(ke).

Proof. We argue by induction on a.

For a = 0 the choice Z = {0} works.

Suppose a # 0. There are finite sets X C ko and Y C [kq, ko + depth(kq)]
such that there is no Y C ko with X < Y and XUY = X UY. Notice
that £ A1 n for £ € X and 7 € Y. By lemma 2.7, there is § < a such that
X C [0, ks + depth(kg)]. Notice that there can be no Y C (kg + depth(kg), ka)
which is isomorphic to Y since in that case X < ¥ and X UY 2 X UY.
By the induction hypothesis, there is Z' C [0,k + depth(kg)] which has no
isomorphic copy contained in kg +depth(kg). Let Z = Z' UY. In order to reach



a contradiction, assume Z is an isomorphic copy of Z with Z C kq + depth(kq).
Let Z~ "and Y correspond to Z' and Y respectively under the isomorphism of Z
and Z. Since Z' Z kg + depth(kg) we must have Y C (kg + depth(kg), Ko +
depth(ke)). By using the fact that kKo=1ks + depth(k,) we may assume that
Y C (kg + depth(kp), Ka) — contradiction. O

The following lemma says, roughly, that I, absorbs one new interval, Iy,
beyond those which have been absorbed by cofinally many Ig with 5 < .

Lemma 2.19 If a < 0 is a limit ordinal then depth(ky) # 0 and 1 + A, =
logend(a).

Proof. We argue by induction on .

Suppose a < 6 is a limit ordinal. Note that logend(a) # 0 so there is an
ordinal \ such that 1+ A = logend(a). Choose o’ such that a = o’ +w!**. To
see that A = A\, we must show that depth(ks) =1+ k) + depth(k)).

We first establish that £, <1k4+1+d by induction on § for § < k) + depth(ky).
Assume that X C k, and Y C [Kq, ko + 1 + §). Note that £ A;  whenever
£ € X and n €Y. Choose 8 < a such that X C kg. We will find an isomorphic
copy Y of Y contained in L, for some y with 8 < v < a. Since £ A1 n for § < kg
andnel, XUY 2 XUY.

We may assume without loss of generality that ko € Y. Let Y =Y \ {kqo}.
By lemma 2.11 and the induction hypothesis, [kq + 1,60 + 1+ ) = §. This
implies that § contains an isomorphic copy of Y'. We can conlude that k)
contains an isomorphic copy of Y. This is clear if § < k). If k) < § then we
can use the fact that k=10 to obtain an isomorphic copy of Y’ in k) from one
in 4.

We now consider two cases.

First, suppose that A = 0. In this case, k) + depth(xy) = 0. So we must
have § = 0 implying that Y = {k.}. ¥ = {ks} satisfies our requirements.

Now suppose that A\ # 0. If we fix an isomorphic copy of Y’ contained in
kx we see that copy must be contained in [0, kxs + depth(k)] for some X' < A.
Note that 8 4+ w't* < « since end(e) = w't*. By the induction hypothesis,
depth(kg, +x) = 1+ Kk + depth(ka) and [0, £y + depth(kx)] = (kg ea +
L kgyien + 1+ Ky + depth(kar)]. Therefore, [k, 1ix + 1,65, 1en + 1+
kx4 depth(ky)] contains some Y’ which is isomorphic to Y’. ¥ = {Kgppren U
Y’ is isomorphic to Y and is a subset of T Bl Al

This concludes the induction and establishes that ko =<1k6+1+K) + depth(ky).

We now show that ko, A1 ko + 1+ K + depth(ky) + 1. By lemma 2.18,
there is a finite subset Z of [0, &) + depth(kx)] with no isomorphic copy in
[0, + depth(ky)). Note that Z cannot be empty. Lemma 2.11 implies that
there is a subset Y' of [ko+1, ko + 14k + depth(k))] which is isomorphic to Z.
Let Y =Y’ U{Kkq} Recall that o' < @ and a = o' + w't*. Let X = {ko11}-



We claim there is no isomorphic copy Y of Y contained in ko with X <
Y. Argue by contradiction and assume that Y is a counterexample. Let
Y’ correspond to Y’ under the isomorphism of Y and Y. Since ko= 1€ for
all £ € Y we see by part 3 of lemma 2.7 that Y must be contained in I
for some 8 < a. The fact that X < Y implies that o’ < 8. So we have
o < B < o +w'tA. This implies that logend(8) < 1 + X. Since ¥ C
[k, kg + depth(kg)], we must have Y’ C (kg, kg + depth(kg)]. Y", being iso-
morphic to Z, is nonempty. So we must have depth(kg) # 0 implying 3 is a limit
ordinal. There is X’ such that logend(8) = 1+ X'. By the induction hypothesis
and lemma 2.11, (kg, kg + depth(kg)] = [k + 1,65 + 1 + kx + depth(ka)] =
[0, kx + depth (k). Since (kg, kg + depth(ks)] contains Y’ which is isomorphic
to Z, [0, kxr + depth(ky)] contains an isomorphic copy of Z — contradiction. O

Lemma 2.20 k., - =100 for all n > 0. Moreover, 6 = €.

Proof. We first show that ¢y < 6. In order to reach a contradiction, assume
0 < 9. Ag is defined since 6 is a limit ordinal, and 1 + Ay = logend(#) by the
previous lemma. Since 0 < &g, logend(f) < 6 implying Mg < 6 and depth(xg) =
1+ K, + depth(ky,) < 0o — contradiction.

We will now show that

(*) Keg - 7751"760 . (77 + 1)

for n > 0. This implies that k., -n=100 for all n > 0. Note that () is equivalent
to depth(key - 1) > Key-

We establish (*) by induction on 5. By the previous lemma, A, = 9. There-
fore, depth(key) = 1 + Ko + depth(ke,) = ke, + depth(ke,). This immediately
implies that (*) holds with n = 1. So we may assume that 1 < 7.

We first consider the case where n = n' + 1 for some ' # 0. By the
induction hypothesis, ke, - 7' <1Key - 7 + Keo- Applying lemma 2.15 we see
depth(key - ' + Key) = depth(ke, - + 1+ Key) = depth(key) > Keg-

Now consider the case where 7 is a limit ordinal. We show by induction on
& < Ke, that ke - N1k, - + & For £ = 0 this is clear. So we may assume
§ # 0. Suppose X C ke, -m and Y C [Ke, * 1, ke, - + §) are finite sets. We
need to show there is ¥ C k(go) -7 with X <Y and XUY = X UY. If € is
a limit ordinal then the induction hypothesis allows us to find Y. So we may
assume ¢ = 7 + 1 for some 7. Choose v < 7 such that X C k,, - v. By lemma
2,12, [Keg - (W + 1), ke - (v + 1) + 7] 22 [Keg * M, Keo - M + T]- Therefore, there is a
subset Y of [ke, - (v + 1), ke, - (v + 1) + 7] which is isomorphic to Y. Since the
induction hypothesis implies that ., - v=<1k¢, - 7+ 7, we can use lemma 2.9 to
conclude that X UY 2 X UY. m|

Lemma 2.21 Ifa,B < ey and 8 # 0 then

1. depth(ka+p) = depth(kg).



2. Ka+p = Ko + depth(kq) + Ka.
3. depth(h‘/a) = Klogend(a) + depth(ﬂlogend(a))'

Proof. Notice that the first part of the lemma is trivial if 3 is a successor ordinal
since than both kg and k,4g are successor ordinals and both have the value
0 under depth. So we may assume [ is a limit ordinal. Using lemma 2.19,
14+ Ao+ = logend(a + B) = logend(B8) = 1 + Ag. Therefore, A\y+p = Ag which
implies the desired equality.

We prove the second part by induction on 8 > 0. Notice that k; =
ko + depth(kg)+1 = 1. For the case 8 = 1 we have Kq1+1 = ko + depth(kqy)+1 =
Ko + depth(kqa)+k1. If B is a limit ordinal then the desired equality follows from
the induction hypothesis and the continuity of the enumeration k¢ (£ € €9). So
we may assume that 3 = 8’ + 1 for some 8’ # 0. Using the induction hypoth-
esis we see Kqig/+1 = Ka+p + depth(Kayp) +1 = Kaqp + depth(kg) + 1 =
Ko + depth(kq) + kg + depth(kg) + 1 = Ko + depth(ka) + kgr41. The second
equality uses the first part of this lemma.

Towards proving the third part, notice that if @ = 0 or a is a successor
ordinal then depth(ka) = 0 = Ko + depth(ko) = Kiogend(a) + dePth(Kiogend(a))-
So we may assume that o is a limit ordinal. We see that depth(ks) = 1+
kx, + depth(ky,) = k1 + depth(k1)+kKa, + depth(ky,) = K14x, + depth(Kiya,) =
Klogend(a) T depth(nlogend(a)). In the third equality, the case A\, = 0 is easy
while we can use the previous two parts of this lemma for the case A\, #0. O

Lemma 2.22 If a < g then depth(kqy) < Kq.

Proof. Suppose « < gg. Since a < €9, logend(a) < a. By the third part of the
previous lemma, depth(ka) = Kiogend(a) + depth(Kiogend(a)) < Ka- O

Proof of theorem 2.5: The verification that depth = d is closely related to the
calculation of k.

Suppose a < €g and a = a3 + ag + - -+ + a, Where ay > ag > --- > «ay, are
indecomposable. By the second part of the previous lemma

Ko = Ko, + depth(ke,) + -+ Ka,,_, + depth(ka,_,) + Ka,

Combined with the following claim, x, can be calculated in terms of depth.
Claim: If o < gg then Ky = wW®.
We prove the claim by induction on «.
For the case a =0,

Kyo =K1 =1 =w°

When « is a limit ordinal, the claim follows from the induction hypothesis
by using the continuity of the enumeration k¢ (§ < o).

Suppose o = o/ + 1. Using the continuity of k¢ (§ < &)



(¥)  Kwe = sup{k o', |7 € w}
By the remark preceding the statement of the claim,
Hwa'-('n+1) = (Hwa' + depth(nwo" )) ‘n+ Kya!

By the previous lemma and the induction hypothesis, we obtain the following
bounds for K a.(,, 1)

w* - (n+1) < Kol (n41) < w® - (2n+1)

By (%), Kpo = w®.

This concludes the proof of the claim.

We now prove that depth(a) = d(a) by induction on a.

If « = 0 or a is a successor ordinal then depth(a) = 0 = d(a). If a is
divisible by €¢ then depth(a) = co = d(a) by lemma 2.20 and the definition of
d.

Assume « is a limit ordinal which is not divisible by &g.

Case 1: a > ¢.

There are v # 0 and u < €¢ such that o = &g - v + p.

Since « is not divisible by €g, u # 0. Let 7 be given by =1+ 7.

depth(a)= depth(t)  (by lemma 2.15)
=d(r) (by the induction hypothesis)
=d(a) (by lemma 2.4)

Case 2: a < gg.

There is 8 < g such that a € Ig ie. kg < a < kg + depth(kg).

Suppose o # kg. We have a = kg + 1+ 7 for some 7. Lemma 2.22 implies
that 7 < kg < a. A calculation as in case 1 shows depth(a) = d(a). So we may
assume a = Kg.

Since « is a limit ordinal, so is 3. There are indecomposable 8, > B2 > --- >
Brn such that 8 = 81 + B2+ --- + Bn. Let p = logend(B) i.e. B, = wP. Since
is a limit ordinal, p # 0. So there are indecomposable p; > ps > --- > pg such
that p = p1 4+ p2 +---+ px. Notice that for each i, p; < 8 < kg so, by the
induction hypothesis, depth(p;) = d(p;).

depth(kg) = Kpy4-tpy + depth(Kp, +...qpy,)
(by part 3 of lemma 2.21)

= Kpyttpi T+ depth(sy,)
(by part 2 of lemma 2.21)
= Kp, +depth(k,,) + -+ -+ K, + depth(k,,)
(by the remark before the claim above)
= p1+depth(p1) + -+ - + px + depth(px)
(by the claim above)
=p1+d(pr) +- -+ pr + d(px)
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by the induction hypothesis)

n)
by definition of d)

Kg,)

(
d(B
(
(
(by the claim above)
(
(
(r
(

Il
.

d kg, + depth("“’ﬂl) ct KB,y T+ depth(h"ﬁnfl) + K’ﬂn)
by lemma 2.4)

5)

by the remark before the claim above)

=d

3 Concluding Remarks

The characterization of <; in the previous section implies that (g - w, <, <1) is
isomorphic to a recursive structure (this will be needed in [1]). One might ask
whether this fact can be proved in weak theories. To answer this question, we
replace the ordinals below ¢ -w with notations of the form eq-n+t where n and ¢
are notations from the usual system of notations for g and n is a notation for a
natural number. From now on we will use lower case Greek letters to range over
notations for ordinals below €y-w and we now view d as being defined on elements
of the notation system. The proof given above uses inductive constructions over
the ordinals. We will now sketch an argument that =<; is primitive recursive
in PRA, the theory of pimitive recursive arithmetic. The disadvantage of this
approach is that it cannot be motivated as well as the approach taken in this
paper and it ignores much of the structure uncovered here. In particular, this
approach gives little idea where the definition of d comes from.

We must first give a definition of <; within PRA. Notice that d is primitive
recursive. The definition of d(«) is given by induction on the buildup of the
notation . We use theorem 2.5 to define <; within PRA:

az1f if a<B<a+d)

We now argue, within PRA, that a=:8 iff (o, <, =<1)=s,(8, <, =1) for all
and B (where < denotes the ordering of the notations in type g - w).
Using lemma 2.4, we see that for all A\,3, and a # 0

a1Biff A+ a1 A+

A somewhat tedious but straightforward exercise in ordinal arithmetic shows
that <; is transitive. This argument will use induction on the buildup of no-
tations. One can define a function which from «, 3, and finite sets X and Y
satisfying <18, X C o, and Y C [a, 8) will produce ¥ C o with X < Y such
that XUY = X UY. This shows that o=y, 8 whenever a<; 3. To establish the
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converse one defines a function which given a < ¢¢ will produce a finite subset
of [w®, w* + d(w®)] with no isomorphic copy below w® 4 d(w®). This can be
used to find examples showing that a As, a+d(a)+ 1 for all a. The functions
described here are defined by induction on the buildup of notations and, under
the usual coding of finite sets, are seen to be primitive recursive.
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