LANGLANDS CONJECTURES FOR GL_n

J.W. COGDELL

One of the principle goals of modern number theory is to understand the Galois group G_k = Gal(k/k) of a local or global field k, such as Q for example. One way to try to understand the group G_k is by understanding its finite dimensional representation theory. In the case of a number field, to every finite dimensional representation ρ : G_k → GL_n(C ) Artin attached a complex analytic invariant, its L-function L(s, ρ). One approach to understanding ρ is through this invariant. For one dimensional ρ this idea was fundamental for the analytic approach to abelian class field theory and the understanding of G^{ab}_k . To obtain a more complete understanding of G_k we would hope for a more complete understanding of the L(s, ρ) for higher dimensional representations.

There is another class of objects which possess similar analytic invariants. These are the automorphic representations π of GL_n(A ), where A is the adele ring of k. The analytic properties of the L-functions L(s, π) attached to automorphic representations are well understood [13].

The Langlands conjectures predict the existence of a correspondence between the ndimensional representations of G_k and the automorphic representations of GL_n(A ) which preserves these analytic invariants. There is a concomitant correspondence between ndimensional representations of G_k for a local field k and the admissible representations of GL_n(k), the local Langlands conjecture. There are two ways to view such correspondences. If one views the passage of information from the automorphic side to the Galois side, as we have done above, this is a local or global non-abelian class field theory. If one views the passage if information from the Galois side to the automorphic side this is an arithmetic parameterization of admissible or automorphic representations.

Over the past ten years there has been significant progress made in the understanding of these Langlands conjectures. It began in the early nineties with the proof of the local Langlands conjecture for local fields k of characteristic p by Laumon, Rapoport, and Stuhler [44]. In the late nineties it was followed by a proof of the local Langlands conjecture for non-archimedean fields of characteristic zero by Harris and Taylor [27], followed quickly by a simplified proof due to Henniart [30]. Around the same time, following the program of Drinfeld from his proof of the Langlands conjecture for GL_2 over a global function field [23], L. Lafforgue established the global Langlands conjecture for GL_n in the function field case [35].

In this survey we would like to present an overview of these results, emphasizing their common features. There are already several excellent surveys on the individual works, namely those of Carayol for the local conjectures [9, 10] and Laumon for the global conjectures 1

[42, 43] and we refer the reader to these for more in depth coverage. The first two sections of this paper discuss Galois representations, automorphic representations, and their L-functions. We next discuss the local Langlands conjectures in both the representation theoretic version, proved by Langlands in the archimedean case around 1973 [38], and the L-function version, which was the version established by Laumon, Rapoport, Stuhler, Harris, Taylor, and Henniart in the non-archimedean case. Finally we discuss the version of the global Langlands conjecture established by Drinfeld and Lafforgue in characteristic p.

Although there has been little general progress on the global Langlands conjecture for number fields, there have been spectacular special cases established recently. Most notable among these is the proof by Wiles of the modularity of certain 2-dimensional ℓ-adic representations of G_Q associated to elliptic curves over Q, which he established on his way to the proof of Fermat’s last theorem [59], and related results. Unfortunately, we will not discuss these results here.

1. Galois Representations and their L-functions

If G is a topological group and F is a topological field then let Rep_n(G; F ) denote the set of equivalence classes of continuous representations ρ : G → GL_n(F ). Let Rep^0_n(G; F ) be the subset of irreducible representations. For the most part we will be interested in complex representations and so we will use Rep_n(G) for Rep_n(G; C ) and similarly for Rep^0_n. At times we will be interested in F = Q_ℓ and when we do, we will use the coefficient field in the notation.

If k is either a local or global field we will let k be a separable algebraic closure of k. Let G_k = Gal(k/k) be the (absolute) Galois group and W_k the (absolute) Weil group [51].

Let k be a non-archimedean local field. Let p be the characteristic and q the order of its residue field κ. Let I ⊂ G_k be the inertia subgroup. If we let Φ denote a choice of geometric Frobenius element of G_k then W_k can be taken as the subgroup of G_k algebraically generated by Φ and I but topologized such that I has the induced topology from G_k, I is open, and multiplication by Φ is a homeomorphism. This can also be given the structure of a scheme over Q [51]. Then we have a continuous homomorphism G_k → W_k with dense image. Thus we have a natural inclusion Rep_n(G_k) → Rep_n(W_k). The image, that is, the those representations that factor through continuous representations of G_k, are the representations of W_k of Galois type. We also have a natural character ω^s ∈ Rep_1(W_k) defined by ω^s(I) = 1 and ω^s(Φ) = q^{−s}. This is also denoted by ω^s(w) = ‖w‖^{−s} and gives a homomorphism ν : W_k → Z defined by ‖w‖ = q^{−ν(w)}. Then every irreducible representation ρ of W_k is of the form ρ = ρ^∘ ⊗ ω^s where ρ^∘ is of Galois type [49, 19].

The representations that arise most naturally in arithmetic algebraic geometry, for example those associated with the ℓ-adic cohomology of algebraic varieties, are not complex representations but rather representations in Rep_n(G_k; Q_ℓ), with ℓ ≠ p, or Rep_n(W_k; Q_ℓ). The representation theory for ℓ-adic representations is richer than for complex representations due to the difference in topologies in the two fields. Recognizing this, Deligne introduced what is now known as the Weil-Deligne group W^′_k of the local field so that its representation theory is essentially algebraic, so in essence it doesn’t distinguish between C and Q_ℓ, and whose category of representations is the same that of the continuous ℓ-adic representations of G_k or W_k [19]. Following Tate [51], let us define W^′_k to be the group scheme over Q which is the semidirect product of the Weil group W_k with the additive group G_a , i.e., W^′_k = W_k ⋉G_a , where W_k acts on G_a by wxw^{−1} = ‖w‖x. If F is any field of characteristic 0, such as Q_ℓ or C , the F -points of W^′_k is just W_k × F with composition (w_1, x_1)(w_w, x_2) = (w_1w_2, x_1 + ‖w_1‖x_2). But what is really important is the representation theory of W^′_k. An n-dimensional representation of W^′_k over F is a pair ρ^′ = (ρ, N) consisting of (i) an n-dimensional F -vector space V with a group homomorphism ρ : W_k → GL(V ) whose kernel contains an open subgroup of I, that is, which is continuous for the discrete topology on GL(V ), and (ii) a nilpotent endomorphism N of V such that ρ(w)Nρ(w)^{−1} = ‖w‖N [19, 49, 51].

If ρ^′ = (ρ, N) is a representation of W^′_k, there is a unique unipotent automorphism u of V which commutes with both N and ρ(W_k) and such that e^{aN} ρ(w)u^{−ν(w)} is semisimple for all a ∈ F and all w ∈ W_k − I [19, 51]. The Φ semisimplification of ρ^′ is then ρ^′_{ss} = (ρu^{−ν} , N). ρ^′ is called Φ-semisimple (or Frobenius semisimple) if ρ^′ = ρ^′_{ss}, for in this case u is the identity and all the Frobeniuses act semisimply. This is equivalent to the representation ρ being semisimple in the ordinary sense.

We will let Rep_n(W^′_k; F ) denote the equivalence classes of n-dimensional Φ-semisimple F - representations of the Weil-Deligne group W^′_k. When F = C we will simply write Rep_n(W^′_k) for Rep_n(W^′_k; C ).

The importance of the Weil-Deligne group is in that it lets us capture, in an algebraic way, the continuous ℓ-adic representations of G_k or W_k [19, 49, 51]: for every semisimple ℓ-adic representation ρ_ℓ ∈ Rep_n(W_k; Q_ℓ) there is an open subgroup of the inertia group I on which ρ_ℓ is trivial and hence ρ_ℓ gives rise to an (ordinary) Φ-semisimple Q_ℓ-representation ρ^′ of W^′_k.

Note that by condition (ii) in the definition of a representation of W^′_k the topology on F plays no role, so that if we have a fixed isomorphism ι : Q_ℓ → C we may identify Rep_n(W^′_k; Q_ℓ) ≃ Rep_n(W^′_k; C ) = Rep_n(W^′_k). Furthermore, note that in an irreducible representation of W^′_k we must have that N = 0, since the kernel of N would be an invariant subspace, and so Rep^0_n(W^′_k) = Rep^0_n(W_k).

If ρ^′ = (ρ, N) ∈ Rep_n(W^′_k; F ) is an representation of W^′_k on the vector space V , let V^I_N = (Ker N)^{ρ(I)} be the invariants of the inertia subgroup I on the kernel of N. The we can define the local L-factor by setting

Z(t, V ) = det(1 − tρ(Φ)|V^I_N )^{−1} ∈ F (t)

to be the inverse of the characteristic polynomial of Φ acting on V^I_N and if we have an embedding F → C , so if F = C or we use the isomorphism ι : Q_ℓ → C , then we view F as a subfield of C and set L(s, ρ^′) = Z(q^{−s}, ρ^′). The definition of the local constants ε(s, ρ^′, ψ), with ψ an additive character of k, is more delicate and we refer the reader to Deligne [19], Rohrlich [49] or Tate [51] for their precise definition. Of course, in the case N = 0 these are the usual local Artin-Weil L-functions and ε-factors.

If the local field k is archimedean, so k = R or C , then we are interested only in complex representations of G_k or W_k. When k = C the Weil group is simply C^× while if k = R then W_R ≃ C^× ∐ jC^× where j^2 = −1 and jcj^{−1} = c for c ∈ C^× . In either case we have 1 −−−→ C^× −−−→ W_k −−−→ G_k −−−→ 1. There is no archimedean Weil-Deligne group, so for consistency we will set W^′_k = W_k in these cases. The L-and ε-factors are then defined in terms of the classical Γ-function and a local functional equation [51].

When k is a global field we will at least be interested in the representations of the global Galois group G_k, the global Weil group W_k, or possibly the conjectural Langlands group L_k [46].

When F = Q_ℓ we will let Rep_n(G; Q_ℓ) denote the set of global ℓ-adic representations in the following sense. They should be continuous, algebraic (in the sense that they take values in GL(E_λ) for a finite dimensional extension E_λ/Q_ℓ ), and almost everywhere unramified (in the sense that there is a finite set of places S(ρ) of k such that for all v /∈ S(ρ) the representation ρ is unramified at v).

For any global representation ρ of G_k or W_k we have a local representation ρ_v for each completion v of k obtained by composing ρ with the natural maps G_{kv} → G_k or W_{kv} → W_k. The conjectural Langlands group L_k should have similar local-global compatibility with the local Weil-Deligne groups.

To any n-dimensional complex or ℓ-adic representation of either the Galois group or the Weil group we have attached a global complex analytic invariant, the global L-function L(ρ, s) defined by the Euler product L(s, ρ) = ∏ v L(s, ρ_v) ε(s, ρ) = ∏ v ε(s, ρ_v, ψ_v) where ψ = ∏ v ψ_v is an additive character of k.

These global analytic invariants are conjectured to be nice in the sense that

(1) L(s, ρ) should have a meromorphic continuation with at most a finite number of poles, entire if ρ is irreducible but not trivial;

(2) these continuations should be bounded in vertical strips; (3) they satisfy the functional equation L(s, ρ) = ε(s, ρ)L(1 − s, ρ̃).

For G = G_k or W_k and F = C these are the classical Artin-Weil L-functions and by Brauer’s Theorem are known to converge in a right half plane, have meromorphic continuation to C , and satisfy a functional equation.

If k is a global function field, with constant field of order q, and ρ is an ℓ-adic representation of G_k as above, then Grothendieck has shown that the L-function is in fact a rational function of q^{−s} and satisfies a functional equation and Deligne later showed that the ε-factor of the functional equation had a local factorization and was given as above [51].

2. Automorphic representations and their L-functions

On the automorphic side, if k is a local field, we let A_n(k) denote the set of equivalence classes of irreducible admissible complex representations of GL_n(k). When k is nonarchimedean local, we let A^0_n(k) denote the subset of equivalence classes of supercuspidal representations of GL_n(k). By the theory of Godement–Jacquet [24], or the theory of Jacquet–Piatetski-Shapiro–Shalika outlined in [13], there a complex analytic invariant attached to every π ∈ A_n(k), namely its L-function L(s, π) and a local ε-factor ε(s, π, ψ) depending on a choice of additive character. If in addition we have an irreducible admissible representation π^′ of GL_m(k) then we have the local Rankin-Selberg convolution L-functions L(s, π × π^′) and ε-factor ε(s, π × π^′, ψ). If k is a global field we let A denote its ring of adeles. Let A_n(k) denote the set of irreducible automorphic representations of GL_n(A ) and A^0_n(k) the subset of cuspidal automorphic representations. If π = ⊗^′π_v is an automorphic representation of GL_n(A ) and π^′ = ⊗^′π^′_v an automorphic representation of GL_m(A ) then we have its associated L-function and ε-factor defined by Euler products L(s, π × π^′) = ∏ v L(s, π_v × π^′) ε(s, π × π^′) = ∏ v ε(s, π_v × π^′_v, ψ_v). As we have seen [13], these invariants are known to be nice, that is if π and π^′ are unitary cuspidal representations, then

(1) L(s, π × π^′) has an analytic continuation to all of C with at most simple poles at s = 0, 1 iff π^′ = π̃;

(2) these continuations are bounded in vertical strips;

(3) they satisfy the functional equation L(s, π × π^′) = ε(s, π × π^′)L(1 − s, π̃ × π̃^′).

When considering representations that occur in ℓ-adic cohomologies it is most natural to use Q_ℓ-valued automorphic forms and representations, which we denote by A_n(k; Q_ℓ). For example, we will need to consider the space of Q_ℓ-valued cuspidal representations whose central character is of finite order, which we will denote by A^0_n(k; Q_ℓ)_f . These are the representations of GL_n(A ), or the associated Hecke algebra H of locally constant Q_ℓ-valued functions of compact support on GL_n(A ), in the space of certain Q_ℓ-valued cusp forms on GL_n(A ). For the convenience of the reader, we will review the definition from [42] for the case of function fields over finite fields. The Q_ℓ-valued cusp form on GL_n(A ) of interest is a function φ : GL_n(A ) → Q_ℓ such that

(i) φ(γg) = φ(g) for all γ ∈ GL_n(k);

(ii) There is a compact open subgroup K_φ ⊂ K = GL_n(O_k) such that φ(gk) = φ(g) for all k ∈ K_φ;

(iii) There is an a ∈ A^× with deg(a) ≠ 0 such that φ(ag) = φ(g); (iv) φ is cuspidal in the usual sense that the integral ∫ U φ(ug) du ≡ 0 for each unipotent radical U of a maximal parabolic subgroup of GL_n(A ).

Note that the condition (iii) implies that the central character of φ is of finite order. The theory can essentially be identified with the complex theory through the isomorphism ι : Q_ℓ → C and the natural L-functions can be identified with the usual complex analytic ones or they can be left as ℓ-adic valued rational functions as in the appendix of [35] .

3. The Local Langlands Conjecture

In its most basic form, the local Langlands conjecture is a non-abelian generalization of (abelian) local class field theory. The conjecture as first formulated by Langlands was in terms of the Weil group. An early formulation, possibly the first, can be found in [36]. Langlands never restricted himself to GL_n but always formulated in terms of reductive algebraic groups in general. Deligne first pointed the necessity of passing to what is now known as the Weil-Deligne group to be able to include the special representations of GL_2(k) for a local field k [18]. The current formulation of the conjecture which is closest to Langlands original is to be found in Borel’s article in Corvallis [4].

Local Langlands Conjecture I: Let k be a local field. Then there are a series of natural bijections Rep_n(W^′_k) ↔ A_n(k) ρ = ρ_π ↔ π = π_ρ satisfying a set of representation theoretic desiderata, including:

(i) For n = 1 it should be given by the local class field theory isomorphism. (ii) The central character of π_ρ corresponds to the determinant det(ρ) under the n = 1 correspondence;

(iii) Compatibility with twisting, i.e., if χ is a character of k^× then ρ_{π⊗χ} = ρ ⊗ χ; (iv) π_ρ is square integrable iff ρ(W^′_k) does not lie in a proper Levi subgroup of GL_n(C ); (v) π_ρ is tempered iff ρ(W_k) is bounded.

(vi) If H is a reductive connected k-group and H(k) → GL_n(k) is a k morphism with commutative kernel and co-kernel, then there is a required compatibility between these bijections for GL_n(k) and similar maps for H(k).

For more details on the the compatibility condition (vi), see the article of Borel in Corvallis [4] or the accompanying article [14]. This is related to Langlands’ general functoriality conjecture. Langlands himself never separated this version of his conjecture from his general principle of functoriality [40]. Note that there is no mention of L-functions in this formulation.

For non-archimedean local fields, it was in the book by Jacquet and Langlands [31] and then in the work of Deligne [18] that a version of the local Langlands conjecture was phrased not in terms of representation theoretic properties, but rather in terms of the complex analytic invariants, or L-functions, of the two sets in question. Deligne gave the complete formulation for GL_2. It was in this paper that he utilized for the first time the Weil-Deligne group, which he had introduced in [19] in the context of ℓ-adic representations, in order to have a correct formulation on the case of GL_2 over a non-archimedean local field.

Local Langlands Conjecture II: Let k be a non-archimedean local field. For each n ≥ 1 there exists a bijective map A_n(k) → Rep_n(W^′_k) denoted π → ρ_π with the following properties.

(i) For n = 1 the bijection is given by local class field theory, normalized so that the uniformizer of k corresponds to the geometric Frobenius.

(ii) For any π ∈ A_n(k) and π^′ ∈ A_n′ (k) we have L(s, ρ_π ⊗ ρ_π′ ) = L(s, π × π^′) ε(s, ρ_π ⊗ ρ_π′ , ψ) = ε(s, π × π^′, ψ). (iii) For any π ∈ A_n(k) the determinant of ρ_π corresponds to the central character of π under local class field theory.

(iv) For any π in A_n(k) we have ρ_{π̃} = ~ρ_π.

(v) for any π ∈ A_n(k) and any character χ of k^× of finite order we have ρ_{π⊗χ} = ρ_π ⊗ χ.

There are two ways to think about what these conjectures offer. If one views the primary passage of information to be from A_n(k) to Rep_n(W^′_k), then this can be thought of as Langlands formulation of a non-abelian local class field theory. If one views the primary passage of information from Rep_n(W^′_k) to A_n(k) then this gives an arithmetic parameterization of irreducible admissible representations of GL_n(k). This is the arithmetic Langlands classification of A_n(k).

3.1. k local archimedean, i.e., k = R or C . In this case G_k is well understood; it is either Z/2Z or trivial. So the passage of information in this case is in the opposite direction. This was done in great generality by Langlands about 1973 [38], and not only for GL_n but for general real reductive groups. For archimedean local fields there is no Weil-Deligne group. The representation theoretic version is what is now known as the Langlands classification or the Langlands parameters for representations of real groups. In fact, Langlands did this in conjunction with the arithmetic parameterization in terms of Rep_n(W_k) for GL_n (or admissible homomorphisms W_k →^L G for general G). The deep and interesting part is the classification of representations in term of the information obtained from these maps, particularly their relation with the construction of the discrete series.

Theorem 3.1. Let k be R or C . Then there are a are a series of natural bijections

Rep_n(W_k) ↔ A_n(k)

satisfying the properties (i)–(vi) of version I of the local Langlands conjecture.

For the precise relation with the usual Langlands classification for real algebraic groups, see [38]. The statement proved is of course that originally given by Langlands and this may well have motivated the precise conditions in the conjecture. Note again that the conditions are representation theoretic and the L-functions and ε-factors play no role.

3.2. k local non-archimedean. Recently, this second version of the local Langlands conjecture has been established for non-archimedean local fields, first by Laumon, Rapoport, and Stuhler in the positive characteristic case in 1993 [44] and then in the characteristic 0 case by by Harris and Taylor [27] in 1999 and by Henniart [30] in 2000. In both cases, the correspondence is established at the level of a correspondence between irreducible Galois representations and supercuspidal representations. Much of the original representation theoretic desiderata of the original conjecture has been replaced by an equality of twisted L-functions, i.e., of the associated families of complex analytic invariants.

Let A^0_n(k)_f denote the set of isomorphism classes of irreducible admissible representations of GL_n(k) having central character of finite order. Then the theorem of Laumon, Rapoport, and Stuhler is the following [44].

Theorem 3.2. Let k be a local field of characteristic p > 0. For each n ≥ 1 there exists a bijective map A^0_n(k)_f → Rep^0_n(G_k) denoted π → ρ_π satisfying the conditions (i)–(v) of version II of the local Langlands conjecture.

When the local field k is of characteristic 0 the local Langlands conjecture established by Harris and Taylor [27] and Henniart [28] has precisely the same statement.

Theorem 3.3. Let k be a local field of characteristic 0. For each n ≥ 1 there exists a bijective map A^0_n(k)_f → Rep^0_n(G_k) denoted π → ρ_π satisfying conditions (i)–(v) of version II of the local Langlands conjecture.

The proofs involve the use of Q_ℓ-representations on both the Galois and automorphic side, and is translated into the statements above in terms of complex analytic L-functions through the isomorphism ι of Q_ℓ with C .

3.2.1. Reductions and Constructions. In any of the non-archimedean local cases, the proof passes through a chain of identical reductions which reduces one to proving the existence of a single map having the desired properties. The three proofs then differ in the constructions used to prove the existence of at least one correspondence.

There are essentially three steps in the reduction. Assume that we have any correspondence A^0_n(k)_f → Rep^0_n(G_k), still denoted π → ρ_π, which satisfies (i)–(v) of the theorem.

1. Injectivity: Poles of L-functions. For ρ and ρ^′ in Rep^0_n(G_k) we have that L(s, ρ ⊗ ρ^′) has a pole at s = 0 iff ρ^′ ∼= ~ρ. Similarly, if π and π^′ are both in A^0_n(k) then L(s, π × π^′) has a pole at s = 0 iff π^′ ≃ ~π. Thus we see that any such correspondence satisfying (ii) is automatically injective.

2. Bijectivity: Numerical Local Langlands. For ρ ∈ Rep^0_n(G_k) let a(ρ) denote the exponent of the Artin conductor of ρ [51]. This is determined by the ε–factor ε(s, ρ, ψ). Let μ : k^× → C^× be identified with a character of the Galois group via local class field theory. If we let Rep^0_n(G_k)_{m,μ} denote the set of ρ ∈ Rep^0_n(G_k) with a(ρ) = m and det(ρ) = μ then this set is finite. Similarly, we let A^0_n(k)_{m,μ} denote the set of π ∈ A^0_n(k) with f(π) = m and central character ω_π = μ, where now f(π) is the exponent of the conductor of Jacquet, Piatetski- Shapiro, and Shalika [13], and this set is also finite. The statement of the numerical local Langlands conjecture, which had been established by Henniart in 1988 [30], is that for fixed m ∈ Z_+ and multiplicative character μ of finite order we have |Rep^0_n(G_k)_{m,μ}| = |A^0_n(k)_{m,μ}|. Since (ii) and (iii) guarantee that our correspondence preserves the character μ and the conductors, then once we know that the correspondence is injective, the numerical local Langlands conjecture gives that the correspondence is surjective and hence bijective.

3. Uniqueness: The Local Converse Theorem. The uniqueness of a correspondence satisfying (i)–(v) is a consequence of the local converse theorem for GL(n). This result was first stated by Jacquet, Piatetski-Shapiro, and Shalika [32] but the first published proof was by Henniart [29] with precisely this application in mind. The statement is the following. Suppose that π and π^′ are both elements of A^0_n(k) and that the twisted ε–factors agree, that is ε(s, π × τ, ψ) = ε(s, π^′ × τ, ψ), for all τ ∈ A^0_m(k) with 1 ≤ m ≤ n − 1. Then π ∼= π^′. (Note that the corresponding twisted L-functions are all identically 1 [13].) From this, by induction on n, one sees that any such (now bijective) correspondence satisfying (i)–(v) must be unique.

These three steps then reduce the local Langlands conjecture to the question of existence of some correspondence satisfying (i)–(v). It is this existence problem that was solved by Laumon, Rapoport, and Stuhler in positive characteristic and by Harris and Taylor and then Henniart in the characteristic zero case.

4. Existence: Global Geometric Constructions. In all cases, the local existence is based on establishing certain instances of a global correspondence of Galois representations and automorphic representations. Note that we now work with ℓ-adic representations on both the Galois and automorphic side.

For k of characteristic p > 0, Laumon, Rapoport, and Stuhler begin with a local representation π ∈ A^0_n(k). They realize k as a local component of a global field K of characteristic p, so k = K_v for some place v of K, and then embed π as the local component at v of a cuspidal representation Π of a global division algebra D(A ) of rank n such that D^×(K_v) = GL_n(k) and Π_v = π. They globally realize an action of G_K × D^×(A ) on the ℓ-adic cohomology of the moduli space of D-elliptic modules (D an order in D) such that in the decomposition of this cohomology a representation R ⊗ Π of G_K × D^×(A ) occurs. By construction Π_v = π and they take R_v = ρ_π. By the nature of their construction they are able to verify that (i)–(v) are satisfied. Thus they establish the needed local existence statement via a global geometric construction and a limited global correspondence.

The proof of Harris and Taylor of the local Langlands conjecture for non-archimedean fields of characteristic 0 is similar in spirit to that of Laumon, Rapoport, and Stuhler in characteristic p. They replace the moduli space of D-elliptic modules with certain “simple Shimura varieties” associated to unitary groups U_n of Kottwitz. They realize k as a local component of a number field K, so k = K_v for some place v of K, and then embed π as the local component at v of a cuspidal representation Π of a certain (twisted) unitary group of rank n. They then realize a global correspondence between these cuspidal representations and global Galois representations in the ℓ-adic cohomology of the associated Shimura varieties. By studying the resulting correspondence locally at a place of bad reduction they find a local representation on which they have an irreducible action of GL_n(k) × D^×_n (k) × W_k, where D is the division algebra over k of rank n and Hasse invariant 1/n, by π ⊗ JL(π) ⊗ ρ_π, where JL(π) is the image of π under the local Jacquet-Langlands correspondence and ρ_π is thus defined. Again, from their construction they can verify that this correspondence satisfies conditions (i)–(v). Note that not only do they get a geometric realization of the local Langlands correspondence, they get a simultaneous realization of the local Jacquet- Langlands correspondence.

Henniart, in his proof of the local Langlands conjecture for non-archimedean fields of characteristic 0, again uses a global construction but in a far less serious way. In particular, he does not give a geometric realization of the correspondence. For Henniart, both the statement and the proof most naturally give a bijection from the Galois side to the automorphic side ρ → π_ρ. Henniart begins with an irreducible representation ρ of G_k with finite order determinant. This then factors through a representation of Gal(F/k) for a finite dimensional extension F of k. Using Brauer induction, he writes ρ as a sum of monomial representations. The characters can be lifted to the automorphic side by local class field theory, and so he must show that the corresponding sum of automorphically induced representations exists and is supercuspidal. The resulting supercuspidal representation is then π_ρ. This he does again by embedding the local situation into a global one and then appealing to certain weak cases of global automorphic induction that had been earlier established by Harris [25]. Harris’s result relies on the theory of base change and the association of ℓ-adic representations to automorphic representations of GL_n(A ) by Clozel [12], which in turn relies on the work of Kottwitz on the good reduction of certain unitary Shimura varieties. So at the bottom there is in fact a global geometric construction, but it is of a simpler type than used by Harris and Taylor. Henniart’s proof makes more use of L-functions and less use of geometry. His proof is shorter and more analytic, but does not give a geometric realization of the correspondence.

A more complete synopsis of these results can be found in the Séminaire Bourbaki reports of Carayol [9, 10].

3.3. Complements. In order to complete the local Langlands correspondence one needs to consider all suitable representations of the Weil-Deligne group on the Galois theoretic side and all irreducible admissible representations of GL_n(k) on the automorphic side. In order to do this, the first step is to remove the condition of finite-order on the central character. This is obtained by simply replacing the Galois group by the Weil group on the Galois side of the correspondence. On the automorphic side one still has supercuspidal representations. Then to pass to all admissible representations of GL_n(k) one uses the representations of the Weil- Deligne group. Representation theoretically, the passage from representations of the Weil group to representations of the Weil-Deligne group on the Galois side mirrors the passage from supercuspidal representations to irreducible representations on the automorphic side, as was shown by Bernstein and Zelevinsky (see [1, 60], particularly Section 10 of [60], or [47]). Thus from the results of Laumon, Rapoport, Stuhler, Harris, Taylor, and Henniart the full local Langlands correspondence follows.

In spite of these results, the work on the local Langlands conjecture continues. The proofs above give the existence of the correspondence and in some cases provides an explicit geometric model. It provides a matching of certain invariants, like the conductor, and the local L-functions. However, for applications, it would be desirable to have an explicit version of the local Langlands correspondence, particularly for the supercuspidal representations of GL_n in terms of the Bushnell-Kutzko compact induction data [6]. The search for an explicit local Langlands correspondence is currently being pursued by Bushnell, Henniart, Kutzko, and others.

4. The Global Langlands Conjecture

As in the local case, in its most basic form, the global Langlands conjecture should be a non-abelian generalization of (abelian) global class field theory. When Deligne pointed out the necessity of introducing the Weil-Deligne group in the local non-archimedean regime, it was realized that there seemed to be no natural global version of the Weil-Deligne group. This lead to a search for a global group to replace the Weil-Deligne group. This was one of the purposes of Langlands’ article [39]. It is now believed that this group, which Ramakrishnan calls the conjectural Langlands group L_k, should be related to the equally conjectural motivic Galois group of k, M_k [46].

4.1. k a global field of characteristic p > 0. In spite of these difficulties, Drinfeld formulated and proved a version of the global Langlands conjecture for global function fields [23] which related the irreducible 2-dimensional representations of the Galois group itself with the irreducible cuspidal representations of GL_2(A ). This is the global analogue of the local theorem of Laumon, Rapoport, and Stuhler for which the Weil-Deligne group was not needed. We should emphasize that the results of Drinfeld were obtained in the 1970’s, though published only later, and so predate those of Laumon, Rapoport, and Stuhler by several years. Recently the work of Drinfeld has been extended by L. Lafforgue to give a proof of the global Langlands conjecture for GL_n over a function field [35].

The formulation of the global Langlands conjecture established by Drinfeld and Lafforgue is essentially the same as in the local non-archimedean case above with a few modifications that we would now like to explain. Take k to be the function field of a smooth, projective, geometrically connected curve X over a finite field F of characteristic p. Fix a prime ℓ which is different from p and an isomorphism ι : Q_ℓ → C .

On the Galois side, they consider isomorphism classes of irreducible continuous ℓ-adic representations ρ : G_k → GL_n(Q_ℓ) which are unramified outside a finite number of places, as described in Section 1, and whose determinant is of finite order. We will denote these by Rep^0_n(G_k; Q_ℓ)_f . On the automorphic side they consider the space of Q_ℓ-valued cuspidal representations whose central character is of finite order A^0_n(k; Q_ℓ)_f , as described in Section 2. A reasonable formulation of a global Langlands conjecture in analogy with what we have in the local situation is the following.

Global Langlands Conjecture in characteristic p: For each n ≥ 1 there exists a bijective map A^0_n(k; Q_ℓ)_f → Rep^0_n(G_k; Q_ℓ)_f denoted π → ρ_π with the following properties.

(i) For n = 1 the bijection is given by global class field theory. (ii) For any π ∈ A^0_n(k; Q_ℓ)_f and π^′ ∈ A^0_n′ (k; Q_ℓ)_f we have L(s, ρ_π ⊗ ρ_π′ ) = L(s, π × π^′) ε(s, ρ_π ⊗ ρ_π′ ) = ε(s, π × π^′). (iii) For any π ∈ A^0_n(k; Q_ℓ)_f the determinant of ρ_π corresponds to the central character of π under global class field theory.

(iv) For any π in A^0_n(k : Q_ℓ)_f we have ρ_{π̃} = ~ρ_π.

(v) for any π ∈ A^0_n(k; Q_ℓ)_f and any character χ of k^× of finite order we have ρ_{π⊗χ} = ρ_π ⊗ χ; (vi) the global bijections should be compatible with the local bijections of the local Langlands conjecture.

If we take a cuspidal representation π ∈ A^0_n(k; Q_ℓ)_f , let S(π) denote the finite set of places x ∈ |X| such that π_x is unramified for all x /∈ S(π). For x /∈ S(π) the local representation π_x is completely determined by a semi-simple conjugacy class A_{πx} in GL_n(Q_ℓ), which we identify with GL_n(C ) via ι, called the Satake class or Satake parameter of π_x [4]. As this parameter determines and is determined by a character of the associated unramified Hecke algebra H_x at x [50] the eigenvalues of A_{πx} , denoted z_1(π_x), . . . , z_n(π_x), are also called the Hecke eigenvalues of π_x. These Hecke eigenvalues completely determine π_x. Then by the strong multiplicity one theorem for GL_n [13] the collection of Hecke eigenvalues {z_1(π_x), . . . , z_n(π_x)} for almost all x /∈ S(π) completely determine π.

If we take a Galois representation ρ ∈ Rep^0_n(G_k; Q_ℓ)_f then we also have a finite set of places S(ρ) such that ρ is unramified at all x /∈ S(ρ). For x /∈ S(ρ) the image ρ(Φ_x) of a geometric Frobenius Φ_x at x is a well defined semi-simple conjugacy class in GL_n(Q_ℓ) ≃ GL_n(C ). The eigenvalues of ρ(Φ_x), denoted z_1(ρ_x), . . . , z_n(ρ_x), are called the Frobenius eigenvalues of ρ_x. These Frobenius eigenvalues completely determine ρ_x and by the Chebotarev density theorem the collection of Frobenius eigenvalues {z_1(ρ_x), . . . , z_n(ρ_x)} for almost all x /∈ S(ρ) completely determine ρ itself.

The result established by Drinfeld for n = 2 [23] and Lafforgue for n ≥ 3 [35], which as we will outline below is equivalent to the statement above, is the following.

Theorem 4.1. Let k be a global function field of characteristic p as above. For each n ≥ 1 there exists a unique bijective map A^0_n(k; Q_ℓ)_f → Rep^0_n(G_k; Q_ℓ)_f denoted π → ρ_π such that for every cuspidal π ∈ A^0_n(k; Q_ℓ)_f we have the equality of Hecke and Frobenius eigenvalues {z_1(π_x), . . . , z_n(π_x)} = {z_1(ρ_{π,x}), . . . , z_n(ρ_{π,x})} for all x /∈ S, a finite set of places containing S(π) ∪ S(ρ_π), or equivalently we have the equality of the partial complex analytic L-functions L^S (s, π) = L^S (s, ρ_π).

To see that this does indeed give the statements of the conjecture as presented above, note first that for all x /∈ S, the equality of the equality of the associated Hecke and Frobenius eigenvalues at these places is consistent with the local Langlands conjecture at the unramified places. Hence (vi) is satisfied at these places. Next, for π ∈ A^0_n(k; Q_ℓ)_f we have an Euler product factorization for the L-function L(s, π) = ∏ x∈|X| L(s, πx) and for all x /∈ S(π) the local L-function is given by L(s, π_x) = det(1 − ι(A_{πx} )q^{−s})^{−1} [13]. Hence the Hecke eigenvalues for π_x, x /∈ S(π), are determined by the local L-factor at these places and conversely. Similarly, for ρ ∈ Rep^0_n(G_k; Q_ℓ)_f we again have a factorization of the global L-function L(s, ρ) = ∏ x∈|X| L(s, ρx) where now L(s, ρx) = det(1 − ι(ρ(Φx))q −s x )^{−1}. Hence now the local eigenvalues of Frobenius for ρ(Φ_x), x /∈ S(ρ), are determined by the local L-factor at these places and conversely. Hence we do have the equality of partial L-functions L^S (s, π) = L^S (s, ρ_π) for a finite set S ⊃ S(π) ∪ S(ρ_π) as stated. Using the global functional equation for both L(s, π) and L(s, ρ_π) and the local factorization of the global ε–factors, standard L-function techniques give that in fact S(π) = S(ρ_π), that L(s, π_x) = L(s, ρ_{π,x}) at these places, and that in general the restriction of ρ_π to the local Galois group of k at x corresponds to π_x under the local Langlands conjecture. Thus (vi) is satisfied in general and from this (ii)–(v) follow from the Euler product factorizations and the analogous statements from the local conjecture.

4.1.1. Reductions and Constructions. As in the local situation, the proof passes through a chain of reductions that reduces one to proving the existence of a single map having the desired properties. The existence is then established by a global construction using the cohomology of a certain moduli scheme on which GL_n acts.

1. Uniqueness and bijectivity. Given the existence of one global bijection as above, the uniqueness of the bijection has long been known to follow from an application of the strong multiplicity one theorem on the automorphic side [13] and the Chebotarev density theorem on the Galois side. These strong uniqueness principles also imply that any such maps π → ρ_π and ρ → π_ρ satisfying the conditions of the theorem must be reciprocal bijections.

2. The inductive procedure of Piatetski-Shapiro and Deligne. This inductive principle was outlined by Deligne in an IHES seminar in 1980 and then later recorded in [41]. It reduces the proof of the theorem to the following seemingly weaker existence statement.

Theorem 4.2. For each n ≥ 1 there exists a map A^0_n(k; Q_ℓ)_f → Rep^0_n(G_k; Q_ℓ)_f denoted π → ρ = ρ_π such that we have the equality of Hecke and Frobenius eigenvalues {z_1(π_x), . . . , z_n(π_x)} = {z_1(ρ_{π,x}), . . . , z_n(ρ_{π,x})} for almost all x /∈ S(π) ∪ S(ρ_π).

Indeed, suppose one has established the existence of the map π → ρ_π for π ∈ A^0_r (k; Q_ℓ)_f for r = 1, . . . , n − 1. Then utilizing the global functional equation of Grothendieck, the factorization of the global Galois ε-factor [41], and the converse theorem for GL_n [13, 15, 16] one obtains for free the inverse map ρ → π_ρ for ρ ∈ Rep^0_r (G_k; Q_ℓ)_f for r = 1, . . . , n.

3. Existence [23, 35]. It had been known since Weil that there is a natural moduli problem associated to GL_n over a function field, namely the set of isomorphism classes of rank n vector bundles on the curve X are parameterized by the double cosets GL_n(k)\ GL_n(A )/ GL_n(O). To obtain the maps in question, one needs a bit more structure, and so Drinfeld and then Lafforgue considered the (compactified) Deligne-Mumford stack V of rank n shtukas (with level structure), which is actually a stack over X × X. There is a natural action of the global Hecke algebra H on this stack by correspondences and the corresponding ℓ-adic cohomology H^∗_c (k⊗_kV ; Q_ℓ) then affords a simultaneous representation of H and G_k×G_k. One then uses the geometric Grothendieck-Lefshetz trace formula to compute the trace of this representation. One then compares this with the output of the Arthur-Selberg trace formula to prove that indeed the derived representation π ⊗ ρ_π ⊗ ~ρ_π of H × G_k × G_k occurs in this cohomology. The construction is inductive and essentially uses everything.

4.1.2. Complements. An immediate consequence of this result is the Ramanujan-Petersson conjecture for GL_n. This had been earlier established by Drinfeld for n = 2 [22] and partially by Lafforgue for n ≥ 3 [34]. The complete solution follows from the global Langlands conjecture.

Theorem 4.3. For every π ∈ A^0_n(k)_f and every place x /∈ S(π) we have |z_i(π_x)| = 1.

In addition, Lafforgue [35] is able to deduce the following conjecture of Deligne [20].

Theorem 4.4. Every irreducible local system ρ over a curve whose determinant is of finite order is pure of weight 0; moreover the symmetric polynomials in the eigenvalues of Frobenius generate a finite extension of Q.

In addition, Lafforgue is able to conclude that over a curve the notion of an irreducible local ℓ-adic system does not depend on the choice of ℓ and to verify the assertion of descent in the “geometric Langlands correspondence”.

A more complete synopsis of these results can be found in the reports of Laumon [42, 43].

4.2. k a global field of characteristic 0. There is very little known of a general nature in the number field case. However, there are some rather spectacular examples of such global correspondences.

4.2.1. General conjectures. Recall that for n = 1 from global class field theory we have a canonical bijection between the continuous characters of G_k and characters of finite order of k^×\A^× . To obtain all characters of k^×\A^× we must again replace the Galois group by the global Weil group W_k.

For n ≥ 2, by analogy with the local Langlands conjecture, we need a global analogue of the Weil-Deligne group. But unfortunately no such analogue is available. Instead the conjectures are envisioned in terms of a conjectural Langlands group L_k [46]. At best, one hopes that L_k fits into an exact sequence 1 −−−→ L^0_k −−−→ L_k −−−→ G_k −−−→ 1 with L^0_k complex pro-reductive. This should fit into a commutative diagram 1 −−−→ L^0_k −−−→ L_k −−−→ G_k −−−→ 1

1 −−−→ M^0_k −−−→ M_k −−−→ G_k −−−→ 1 where M_k is the equally conjectural motivic Galois group [46].

In these terms, in general one expects/conjectures the following types of global correspondences [11, 46].

(i) The irreducible n-dimensional representations of G_k should be in bijective correspondence with the cuspidal representations of GL_n(A ) of Galois type. (This is a restriction on π_∞.)

(ii) The irreducible n-dimensional representations of M_k should be in bijective correspondence with the algebraic cuspidal representations of GL_n(A ). These are the analogues of algebraic Hecke characters.

(iii) The irreducible n-dimensional representations of L_k should be in bijective correspondence with all cuspidal representations of GL_n(A ).

Of course, all of these correspondences should satisfy properties similar to those on the local conjectures, particularly the preservation of L- and ε- factors (with twists), compatibility with the local correspondences, etc.

In reality, very little is known of a truly general nature. One problem for the current methods seems to be that there is no natural moduli problem for GL_n over a number field.

4.2.2. Known results. There are many partial results of a general nature if one starts on the automorphic side and tries to construct the associated Galois representation.

When n = 2 and k = Q we have the fundamental result of Deligne [17], based on foundational work of Eichler and Shimura, which associates to every cuspidal representation π of GL_2(A_Q ) which corresponds to a holomorphic new form of weight ≥ 2 a compatible system of ℓ-adic representations ρ = ρ_π such that L(s, π) = L(s, ρ). The Ramanujan-Petersson conjecture for such forms followed. This was extended to weight one forms over Q in the classical context by Deligne and Serre [21]. These results were extended to totally real fields k, still with n = 2, by a number of people, including Rogawski-Tunnell [48], Ohta [45], Carayol [8], Wiles [58], Taylor [52, 54], and Blasius-Rogawski [3]. For imaginary quadratic fields there is the work of Harris-Soudry-Taylor [26] and Taylor [53]. For more complete surveys, the reader can consult the surveys of Blasius [2] and Taylor [55].

For general GL_n and k a totally real number field Clozel has been able to attach a compatible system of ℓ-adic representations to cuspidal, algebraic, regular, self-dual representation of GL_n(A_k ) having local components of a certain type at one or two finite places [12].

More spectacular are the results which go in the opposite direction, that is, starting with a specific Galois representation and showing that it is modular. The results we have in mind are those of Langlands [37] and Tunnell [57], with partial results by Taylor, et. al, [7, 56], on the modularity of degree 2 complex Galois representations (the strong Artin conjecture) and the results of Wiles [59] and then Breuil, Conrad, Diamond, and Taylor [5] on the modularity of (the two dimensional Galois representation on the ℓ-adic Tate module of) elliptic curves over Q.

References

[1] J. Bernstein and A. Zelevinsky, Induced representations of p-adic groups, I. Ann. scient. Éc.

Norm. Sup., 4^e série, 10 (1977), 441-472.

[2] D. Blasius, Automorphic forms and Galois representations: some examples. Automorphic forms, Shimura varieties, and L-functions, Vol. II (Ann Arbor, MI, 1988). Perspect. Math. 11, Academic Press, Boston, MA, 1990, 1–13.

[3] D.Blasius, and J. Rogawski, Motives for Hilbert modular forms. Invent. math. 114 (1993), 55–87. [4] A. Borel, Automorphic L-functions, Proc. Symp. Pure math. 33, Part 2, (1979), 27–61. [5] C. Breuil, B. Conrad, F. Diamond, and R. Taylor, On the modularity of elliptic curves over Q.

J. Amer. Math. Soc. 14 (2001), 843–939.

[6] C. Bushnell and P. Kutzko, The Admissible Dual of GL(N) via Compact Open Subgroups. Annals of Mathematics Studies 129. Princeton University Press, Princeton, NJ, 1993.

[7] K.Buzzard, M. Dickinson, N. Shepherd-Barron, and R. Taylor, On icosahedral Artin representations. Duke Math. J. 109 (2001), 283–318.

[8] H. Carayol, Sur les représentations l-adiques associées aux formes modulaires de Hilbert. Ann. Sci.

cole Norm. Sup. (4) 19 (1986), 409–468.

[9] H. Carayol, Variétés de Drinfeld compactes (d’après Laumon, Rapoport, et Stuhler). Séminaire Bourbaki No. 756. Astérisque 206 (1992), 369–409.

[10] H. Carayol, Preuve de la conjecture de Langlands locale pour GL_n: Travaux de Harris–Taylor et Henniart. Séminaire Bourbaki No. 857. Astérisque 266 (2000), 191–243.

[11] L. Clozel, Motifs et formes automorphes: applications du principe de fonctorialité. Automorphic forms, Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), Perspect. Math. 10, Academic Press, Boston, MA, 1990, 77–159.

[12] L. Clozel, Représentations galoisiennes associées aux représentations automorphes autoduales de GL(n). Publ. Math. IHES 73 (1991), 97–145.

[13] J.W. Cogdell, Analytic theory of L-functions for GL_n, this volume. [14] J.W. Cogdell, Dual groups and Langlands functoriality, this volume.

[15] J.W. Cogdell and I.I. Piatetski-Shapiro, Converse Theorems for GL_n. Publ. Math. IHES 79 (1994), 157–214.

[16] J.W. Cogdell and I.I. Piatetski-Shapiro, Converse Theorems for GL_n, II. J. reine angew. Math.

507 (1999), 165–188.

[17] P. Deligne, Formes modulaires et représentations ℓ-adiques. Séminaire Bourbaki no. 355, Février 1969. [18] P. Deligne, Formes modulaires et représentations de GL(2), in Modular Forms of One Variable, II, Lecture Notes in Mathematics No. 349, Springer–Verlag, 1973, 55–105 .

[19] P. Deligne, Les constantes des équations fonctionnelles des fonctions L. Modular Forms of One Variaable, II, Lecture Notes in Mathematics No.349, Springer–Verlag, 1973, 501–597 .

[20] P. Deligne, La conjecture de Weil, II. Publ. Math. IHES 52 (1980), 137–252.

[21] P. Deligne and J-P. Serre, Formes modulaires de poids 1. Ann. Sci. Ec. Norm. Sup 7 (1974), 507–530.

[22] V. Drinfeld, Proof of the Petersson conjecture for GL(2) over a global field of characteristic p. Funct.

Anal. and its Appl. 22 (1988), 28–43.

[23] V. Drinfeld, Cohomology of compactified modules of F -sheaves of rank 2. Journal of Soviet Mathematics 46 (1989), 1789–1821.

[24] R. Godement and H. Jacquet, Zeta functions of simple algebras. Lecture Notes in Mathematics, Vol. 260. Springer-Verlag, Berlin-New York, 1972 [25] M. Harris, The local Langlands conjecture for GL(n) over a p-adic field, n < p, Invent. math. 134 (1998), 177–210.

[26] M. Harris, D. Soudry, and R. Taylor, l-adic representations associated to modular forms over imaginary quadratic fields. I. Invent. math. 112 (1993), 377–411.

[27] M. Harris and R. Taylor, The geometry and cohomology of certain simple Shimura varieties, Annals of Math Studies 151, Princeton University Press, 2001.

[28] G. Henniart, La conjecture de Langlands numérique pour GL(n), Ann. Scient. Éc. Norm. Sup. (4) 21 (1988), 497–544.

[29] G. Henniart, Caractérization de la correspondance de Langlands locale par les facteurs ε de pairs, Invent. math. 113 (1993), 339–350.

[30] G. Henniart, Une preuve simple des correspondance de Langlands pour GL(n) sur un corps p-adic, Invent. math. 139 (2000), 439–455.

[31] H. Jacquet and R.P. Langlands, Automorphic Forms on GL(2). Springer Lecture Notes in Mathematics No.114, Springer Verlag, Berlin, 1970.

[32] H. Jacquet, I.I. Piatetski-Shapiro, and J. Shalika, Facteurs L et ε du groupe linéaire. C. R.

Acad. Sci. Paris Sr. A-B 289 (1979), no. 2, A59–A61.

[33] S. Kudla, The local Langlands correspondence: the non-Archimedean case. Motives (Seattle, WA, 1991). Proc. Sympos. Pure Math. 55 Part 2, (1994), 365–391.

[34] L. Lafforgue, Chtoucas de Drinfeld et Conjecture de Ramanujan-Petersson. Astérisque 243, Sociéte Mathématique de France, 1997.

[35] L. Lafforgue, Chtoucas de Drinfeld et correspondance de Langlands. Invent. math. 147 (2002), 1–241. [36] R.P. Langlands, Problems in the theory of automorphic forms, in Lectures in Modern Analysis and Applications. Lecture Notes in Mathematics No.349, Springer, New York, 1970, 18–86.

[37] R.P. Langlands, Base change for GL(2). Annals of Mathematics Studies 96. Princeton University Press, Princeton, 1980.

[38] R.P. Langlands, On the classification of irreducible representations of real algebraic groups, in Representation Theory and Harmonic Analysis on Semisimple Lie Groups, Mathematical Surveys and Monographs, No.13, AMS, Providence, 1989, 101–170.

[39] R.P. Langlands, Automorphic representations, Shimura varieties, and motives. Ein Märchen. Proc.

Symp. Pure math. 33, part 2, (1979), 205–246.

[40] R.P. Langlands, Functoriality and Beyond. Notes for a lecture delivered by R.P. Langlands, IAS, March 30, 2000.

[41] G. Laumon, Transformation de Fourier, constantes d’équations fonctionelles, et conjecture de Weil.

Publ. Math, IHES 65 (1987), 131–210.

[42] G. Laumon, The Langlands correspondence for function fields (following Laurent Lafforgue), in Current Developments in Mathematics 1999 (preliminary edition). International Press, Sommerville, 1999, 69– 87. [43] G. Laumon, La correspondance de Langlands sur les corps de fonctions (d’après Laurent Lafforgue), Séminaire Bourbaki, No.873, Mars 2000.

[44] G. Laumon, M. Rapoport, and U. Stuhler, D-elliptic sheaves and the Langlands correspondence, Invent. math. 113 (1993), 217–338.

[45] M. Ohta, Hilbert modular forms of weight one and Galois representations. Automorphic forms of several variables (Katata, 1983). Progr. Math. 46, Birkhäuser Boston, Boston, MA, 1984, 333–352.

[46] D. Ramakrishnan, Pure motives and automorphic forms, in Motives (Seattle, WA, 1991). Proc. Sympos. Pure Math. 55, Part 2, (1994) 411–446.

[47] F. Rodier, Représentations de GL(n, k) où k est un corps p-adique. Séminaire Bourbaki No.587, Astérisque, 92–92 (1982), 201–218.

[48] J. Rogawski and J. Tunnell, On Artin L-functions associated to Hilbert modular forms of weight one. Invent. math. 74 (1983), 1–42.

[49] D. Rohrlich, Elliptic curves and the Weil-Deligne group. CRM Proc. & Lecture Notes 4 (1994), 125– 157.

[50] I. Satake, Theory of spherical functions on reductive algebraic groups over a p-adic field. Publ. Math.

IHES 18 (1963), 5–70.

[51] J.T. Tate, Number theoretic background, Proc. Symp. Pure math. 33, Part 2, (1979), 3–26. [52] R. Taylor, On Galois representations associated to Hilbert modular forms. Invent. math. 98 (1989), 265–280.

[53] R. Taylor, ℓ-adic representations associated to modular forms over imaginary quadratic fields. II.

Invent. Math. 116 (1994), 619–643.

[54] R. Taylor, On Galois representations associated to Hilbert modular forms. II. Elliptic curves, modular forms, & Fermat’s last theorem (Hong Kong, 1993), Internat. Press, Cambridge, MA, 1995, 185–191.

[55] R. Taylor, Representations of Galois groups associated to modular forms. Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zrich, 1994), Birkhäuser, Basel, 1995, 435–442.

[56] R. Taylor, On icosahedral Artin representations. II. Preprint (2000).

[57] J.Tunnell, Artin’s conjecture for representations of octahedral type. Bull. Amer. Math. Soc. (N.S.) 5 (1981), 173–175.

[58] A. Wiles, On ordinary λ-adic representations associated to modular forms. Invent. math. 94 (1988), no. 3, 529–573.

[59] A. Wiles, Modular elliptic curves and Fermat’s last theorem. Ann. of Math. 141 (1995), 443–551. [60] A. Zelevinsky, Induced representations of p-adic groups, II. Ann. scient. Éc. Norm. Sup., 4^e série, 13 (1980), 165–210.

Department of Mathematics, Oklahoma State University, Stillwater OK 74078

E-mail address: cogdell@math.okstate.edu