
((5+
log G(y)

)1em-p-l (d’dzgl(y)) ‘

= e~+m_p[/~/dz ~g,(y) . h(z, y)].

Ifrn-p=l, then

log G(y)
~(~,Y) = ~ + ~,d

13 zg~(y) ‘

while if rn — p > 1, we have the asymptotic estimate

h(z, y)=l+o

( )

1

&dr91(Y)

The output of this step is (u + m – p, c,s, l/rZ) repre-

senting the estimate

~ldx . gi+l y ,9Y(u) = ej+m-p[~, ‘k)( )1 (11)

where we have set g~~~ (y) = gl (y). h(~(y), y). The proof

that g~~~ E $ is easily done by rewriting gj~~ from (11)

as a function of gj~) (y) and ~(y). We can therefore

feed g~~~ back into the algorithm as before.

We can thus summarize our full algorithm as follows.

Algorithm: Full Nested Form.

1.

2.

3.

4.

Note

Determine the singularities off to be investigated.

Treat each singularity in turn, replacing y b!y a

new variable where appropriate, to reduce to the

case when y - co.

Compute the first part of the nested form of ,f.

Check that it tends to infinity, otherwise reject

the singularity.

Invert the first part of the nested form off to olb-
tain an expression of the form (2). Then substi-

tute (2) into itself, as in Algorithm: First Nested

Form. This yields a nested form and an error

term 10+ g{lj(y).

Apply the iteration step to g(k)(y), yielding a

nested form, a non-zero limit ~k and a fu,nc-

tion gtk+l) (y), for which this step can be repeated.

that in the case of functional inversion of a func-

tion which is mesomorphic at infinity, our algorithm re-

duces to formal inversion of formal power series, a,nd

this means that it can compute (although not very efll-

cient 1y) inversion of power series.

We now give our main theorem.

Theorem 3 The above algorithm computes each nested

form of the nested expansion of y(x) in a finite number

of iterations.

Proof. We have already proved that the algorithm suc-

cessfully computes the first nested form. As regards the

later nested forms we have to ensure two things. Firstly

we must show in (10) and (11) that ~(g~~)l (Y(z))) <

~(1$ (x)), and secondly we must prove that after a finite
(k)

number of stages, we reach the stage i = rzk when g~k

tends to a finite non-zero limit.

When p = m, we have

~(dik))=~(d(W(d)>
< max(-y(gl (y)), ~(G(y))).

On the other hand, -y(l$/dx) = -y(l,x) = y(l~vgl(y)) =

~(lmy). By definition of the nested form, we

have -y(lm y) > y(gl (y)) and since p = m we also

have -y(l~y) > ~(G(Y)). SO ~(g!~i (Y(z))) < ?’(~s (z))

as required.

For the case when p < m, we already have

that y(gl (y)) < -y(l, (z)) and because of the form

of h(z, y), we immediately obtain that -y(g~~~ (y(~))) <

-y(l, (z)) in this case also.

The fact that the computation of each particular

nested form in the expansion of y(x) terminates in a

finite number of steps can be seen as follows. When we

are computing a particular nested form suppose that

at some stage we substitute y = e~(l~x gl(y)) into a

form g~~)(y) = ea(lPy G(y)). Then the input of the next

stage is gj~)l (Y) with y(g~~)l ) < Y(IP ) and so the value
of p strictly increases as we go from one substitution

to the next. Since m remains fixed, we must eventually

reach the stage when p > m, unless the computation

first ceases by reaching the stage when some g$k) tends

to a non-zero constant. But once ~ > m, Lemma 3 ap-

plies and so we always get termination for each nested

form in a finite number of stages. •1

5 Example

We shall work out the example given in de Bruijn’s

book [2] on pages 25-26:

yey = x.

In this case, the nested form of f is computed by the

algorithm in [15] as

f (v) = eY[l+b Y/Y] .

The estimate produced by the first step of the algorithm

is

[

log y
y=logx l– 1y+ logy ‘

(12)
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which yields the first level of the nested

y~ = logx(l + o(l)).

The second step starts by computing

of logy/(y +logy) as y + m:

expansion:

a nested form

log y log y

(

~_ logy
=—

)
(13)

Y+1O!3Y Y y+logy “

Now the algorithm substitutes (12) into the dominant

part of (13) yielding the exact form:

[

log log x

(

~ _ 1%[1 + 1% Y/Y]
y=logx l–

log x log(y + log y) )1.(14)

This gives us the second level of the nested expansion:

yz = log% –loglogx(l +0(1)),

and we apply once again the same process. We get

a nested form for the last quotient by the algorithm

of [151:
b -J

1%[1 + k% Y/?/l

h3(Y + h Y)
= :(1+4(Y)),

with ~(y) a function tending to O at infinity, whose ex-

pression is too messy to be reproduced here. Then we

substitute (12) into the dominant part of this, which

gives an exact form:

[

log log z ~ _
y=logx l–

log x (
*(1 +4(Y)))] ~

hence the third level of the nested expansion:

y~=logz–loglogz+ lo:::~(l + 0(1)),

and so on, each new step producing one more term.

Although this method is clearly more cumbersome

than the approach described in [2], it has the advan-

tage of being purely automatic and general. Besides,

the algorithm for nested forms in [15] was not designed

with complexity in mind, and will hopefully be improved

complexity wise in the future.

Conclusion

The calculus of nested form which has been started

in [15] proves to be both a computational and a math-

ematical tool. It becomes possible to state and prove

algorithms on a class of asymptotic expansions much

larger than mere formal power series. We feel that sym-

bolic asymptotic is a young field of symbolic computa-

tion which has plenty of potential applications. Func-

tional inversion is one of them and others should follow,

such as asymptotic expansions of integrals or of coeffi-

cients of generating functions (see [14] for ideas on that

and [3] for applications to the automatic analysis of al-

gorithms),
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