TWISTED CHARACTER OF A SMALL REPRESENTATION OF GL(4)

YUVAL Z. FLICKER AND DMITRII ZINOVIEV

Abstract. We compute by a purely local method the (elliptic) 6-twisted character x, of
the representation my = I(31)(13 X xy) of G = GL(4, F), where F' is a p-adic field, p # 2, and
Y is an unramified quadratic extension of F'; xy is the nontrivial character of F'* /Ny/FYX.
" n; — xy (m1), m; € GL(¢, F),

on the maximal parabolic subgroup of type (3, 1); 0 is the “transpose-inverse” involution of G.
We show that the twisted character xr,. of Ty is an unstable function: its value at a twisted
regular elliptic conjugacy class with norm in Cy = Cy (F)=“(GL(2,Y)/F*)r” is minus its
value at the other class within the twisted stable conjugacy class. It is 0 at the classes without

The representation 7wy is normalizedly induced from

norm in Cy. Moreover 7y is the endoscopic lift of the trivial representation of Cy .

We deal only with unramified Y/F, as globally this case occurs almost everywhere. The
case of ramified Y/F would require another paper.

Our Cy =%(Ry,p GL(2)/ GL(1))r” has Y-points Cy (Y) = {(g,¢") € GL(2,Y)xGL(2,Y);
det(g) = det(¢’)}/Y* (Y embeds diagonally); o(# 1) in Gal(Y/F) acts by o(g,9") =
(0g’,09). It is a O-twisted elliptic endoscopic group of GL(4).

Naturally this computation plays a role in the theory of lifting of Cy and GSp(2) to GL(4)
using the trace formula, to be discussed elsewhere.

Our work extends — to the context of nontrivial central characters — the work of [FZ4], where
representations of PGL(4, F') are studied. In [FZ4] a 4-dimensional analogue of the model of
the small representation of PGL(3, F') introduced with Kazhdan in [FK] in a 3-dimensional
case is developed, and the local method of computation introduced in [FZ3] is extended. As
in [FZ4] we use here the classification of twisted (stable) regular conjugacy classes in GL(4, F)
of [F], motivated by Weissauer [W].

INTRODUCTION

Let m be an admissible representation (see Bernstein-Zelevinsky [BZ], 2.1) of a p-adic
reductive group G. Its character x, is a complex valued function defined by tr=(fdg) =
) o Xx(9)f(g)dg for all complex valued smooth compactly supported measures fdg ([BZ],
2.17). It is smooth on the regular set of the group G. The character is important since it
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characterizes the representation up to equivalence. A fundamental result of Harish-Chandra
[H] establishes that the character is a locally integrable function in characteristic zero.

Let 0 be an automorphism of finite order of the group G. Define ’r by 7 (g) = 7 (0(g)).
When 7 is invariant under the action of # (thus 7 is equivalent to 7), Shintani and others
introduced an extension of 7 to the semidirect product G x (#). The twisted character
Xx (g x 0) is defined by tra(fdg x 0) = [, xx(g x 0)f(g)dg for all fdg. It depends only
on the f-conjugacy class {hgf(h)~';h € G} of g. It is again smooth on the f-regular set,
and characterizes the f-invariant irreducible m up to isomorphism. Moreover, it is locally
integrable (see Clozel [C]) in characteristic zero.

Characters provide a very precise tool to express a relation of representations of different
groups, called lifting, initiated by Shintani and studied extensively in the case of base
change, and also in non base change situations such as twisting by characters (Kazhdan [K],
Waldspurger [Wa|), and the symmetric square lifting from SL(2) to PGL(3) ([Fsym], [FK]).
In this last case twisted characters of f-invariant representations of PGL(3) are related to
packets of representations of SL(2), and 6 is the involution sending g to its transpose-inverse.

The aim of the present work is to compute the twisted (by 0) character of a specific
representation ™ = my = I31y(13 X xv), of the group G = GL(4,F), I' a p-adic field, p
odd. Here Y/F' is an unramified quadratic extension and yy is the quadratic character of
F>* which is trivial on the group Ny/FYX, where Ny, p is the norm map from Y to F'. This

7 is normalizedly induced from the representation ("’ n;kl ) = xv(m1), m; € GL(4, F), of

the standard (upper triangular) maximal parabolic subgroup P of type (3,1). It is invariant

under the involution 6(g) = J~'tg~1J, where J = (a;0;5-;), a1 = a2 =1, a3 = ay = —1.
A natural setting for the statement of our result is the theory of liftings to the group

G = GL(4) from its #-twisted endoscopic (see Kottwitz-Shelstad [KS]) F-group
Cy ={(g,9) € GL(2) x GL(2); det g = det ¢’} /G,

where the multiplicative group G,, = GL(1) embeds as z — (zls, zl5), I is the identity
2 x 2 matrix, with Gal(F/F)-action which is a composition of the usual Galois action on
each of the two factors GL(2) with the transposition (g,¢’) — (¢',g) if o € Gal(F/F) has
nontrivial restriction to Y. Here F is a separable algebraic closure of F containing Y.

The corresponding map Ay of dual groups is simply the natural embedding in G =
GL(4,C) of the non connected Cy = ZG(§é)

={ged=craoygrg=ss=(2%%)}=0((.%%).c)

) <(zg )= () (4=(22).B) e {er0p detA'detB:”/Cx>’

0o 1
where z € C* embeds as the central element (z,271), and where § = diag(—1,1,—1,1)

and w = (2 _01 > Thus Cy is the f-centralizer in G of the semisimple element 3§ (and 0 is

defined on G by the same formula that defines # on @), and Gal(Y/F) acts via conjugation
by «¢.
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Indeed, our result can be viewed as asserting that the f-invariant representation 7 of
G = G(F'), whose central character is xy # 1 of order two, is the endoscopic lift of the
trivial representation of Cy = Cy (F) = (GL(2,Y)/F*)r. The subscript F' here indicates
that (GL(2,Y)/F*)r consists of g in GL(2,Y)/F* with det(g) in F*/F*2.

To state this we note that the embedding Ay : Cy — G defines a norm map. This norm
map relates the stable #-conjugacy classes in G with stable conjugacy classes in Cy, where
“stable” means the elements in G of an orbit in the points of G in a separable algebraic
closure F of F. The crucial case is that of f-elliptic elements. A stable f-conjugacy class
consists of several f-conjugacy classes. The stable -conjugacy classes of elements in G, and
the #-conjugacy classes within the stable #-classes, have been described recently in [F], in
analogy with the description of the (stable) conjugacy classes in the group of symplectic
similitudes GSp(2, F') of Weissauer [W]. In fact in [FZ4] the simpler case of PGL(4, F') is
used, but here, as in [F], we deal with #-classes in GL(4, F'). We give here full details of the
description in our case.

There are four types of f-elliptic elements of G, named in [F] and here I, II, III, 1V,
depending on their splitting behaviour. As in [F], our work relies on an explicit presentation
of representatives of the #-conjugacy classes within the stable such classes in G. We present
here the same set of representatives as in [FZ4].

The norm map, which we describe explicitly here, relates 6-conjugacy classes of types 11
and IV to conjugacy classes in Cy. It does not relate classes of types I, III to classes in
Cy. Our “quadratic” case behaves then in a complementary fashion to that of [FZ4], where
f-conjugacy classes of types I, III are related to conjugacy classes in the group C = SO(4)
of [FZ4], but f-conjugacy classes of types II, IV are not related to conjugacy classes in C.

The stable #-conjugacy classes of types II and IV come associated with a quadratic
extension F/E3, where Y = Ej3 is a quadratic extension of F'. The two #-conjugacy classes
g» within the stable f-classes are parametrized by r in EJ/Ng /B, £ . We prove

Theorem. The value of the O-character x.(g x 0) of m = 7wy at the O-reqular element

g = gr of type II or IV, multiplied by a suitable Jacobian AAC(?}"\;)Q)), is 2k(r); here k is the

# 1 character of E5' /Ng g, E*. At any 0-regular element g of type I or III, xx(g x ) = 0.

In particular the character x.(¢g x #) is an unstable function, namely its value at one
f-conjugacy class within a stable #-conjugacy class of type II or IV is negative its value at
the other #-conjugacy class.

We deal only with unramified Y/F, as globally this case occurs almost everywhere. The
case of ramified Y/F would require another paper.

Our result is a special case of the lifting with respect to Ay to the group G = GL(4, F)
of representations of the group Cy = (GL(2,Y)/F*)p.

Our work develops the method of [FZ4] to the context of representations with nontrivial
central characters. We use a model of our representation 7y = I(31)(13 x xy), different
from the standard model of a parabolically induced representation. It is a twist of the four
dimensional analogue of [FZ4], dealing with m4 = I(31)(13 X 1), of a (three dimensional)
model introduced and used with Kazhdan in [FK] to compute the twisted (by transpose-
inverse) character of the representation 3 = I(5 1)(12) of PGL(3, F) normalizedly induced
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from the trivial representation of the maximal parabolic subgroup. We do not use our
results to prove the fundamental lemma since in our case, as well as that of [FZ4], the
fundamental lemma is already established in [F]. In the case of the symmetric square lifting
from SL(2, F') to PGL(3, F'), an analogous purely local and simple proof of the fundamental
lemma was given in [Fsym. Unit elements].

The work of [FK] uses local arguments to compute the twisted character of 73 on one
of the two twisted conjugacy classes within the stable one (where the quadratic form is
anisotropic), and global arguments to reduce the computation on the other class (where the
quadratic form is isotropic) to that computed by local means. A purely local computation
for the second class is given in [FZ3]. In [FZ4] this local computation is developed in a four
dimensional projective case. A global type of argument as in [FK] is harder to apply as there
are not enough anisotropic quadratic forms in the four dimensional case. Anyway, a simpler,
local proof, is better. Here we extend the work of [FZ4] to #-invariant representations of
GL(4, F) whose central character is nontrivial, necessarily quadratic. Our work is parallel
to — but entirely independent of — the work of [FZ4].

CONJUGACY CLASSES

Let F' be a local nonarchimedean field, and R its ring of integers. Put G = GL(4),
G = G(F) and K = G(R). Put Cy = {(g1,92) € GL(2) x GL(2); det(g1) = det(g2)}/Gp,
(G,, embeds diagonally), viewed as a group over F' with Galois action 7(g,¢’) = (79,79’)
unless 7 € Gal(F'/F) has nontrivial restriction to Y, in which case 7(g,¢’) = (t¢’, 7g), where
7(9i;) = (7gij). It is a form of the group C of [FZ4], and in particular Cy (Y) = C(Y),
but the Gal(F/F)-action is different: 7 € Gal(F/F) takes (g,g') of C(F) to (rg,7¢").
Then Cy = Cy (F) = {g € GL(2,Y)/F*; det(g) € F*} and K¢, = Cy(R). Set 0(d) =

J~1§=1J for § in G. Here J is (fw 13), where w = (? (1)) Fix a separable algebraic

closure F' of F. The elements §, &' of G are called (stably) 6-conjugate if there is g in G
(resp. GL(4, F)) with &' = g=100(g).

Results of [F] concerning (stable) O-twisted regular conjugacy classes are recalled in [FZ4],
pp- 337-338. There are four types of f-elliptic classes, but the norm map N from G to Cy
relates only the twisted classes in G of type II and IV to conjugacy classes in Cy. We
should then expect the twisted character of the representation considered here to vanish on
the twisted classes of type I and III.

NORM MAP

The norm map N : G — Cy is defined on the diagonal torus T* of G by
N (diag(a, b, c,d)) = (diag(ab, cd), diag(ac, bd)).

Since both components have determinant abced, the image of N is indeed in Cy.
In type IT we have a € E), E; = E™ = F(v/D), b€ ES, By = E°7 = F(v/AD), and the

norm map becomes

N(diag(a,b,7b,0a)) = (diag(ab, 7(b)o(a)), diag(at(b), bo(a))).
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The two components on the right are mapped to each other by 7, while the pairs of eigen-
values ({ab,7(b)o(a)} and {a7(b),bo(a)}) are permuted by o. Hence the right side defines
a conjugacy class in GL(2, F53)r (the determinant ab - 7(b)o(a) = a7t (b) - bo(a) lies in F*,
and Fj3 is the fixed field of o in F). We choose Y to be the quadratic extension F3 of
F. The image of this torus is the torus (up to conjugacy) in Cy (F') which splits over the
biquadratic extension F of F'.

In type IV we have a € EX, E = E3(vV/D), ac?a € EY, F3 = F(v/A), and the norm
map becomes

N (diag(ov, oo, 03, 0%a)) = (diag(aoa, o?ac3a), diag(acia, cac?a)).

Here 03 permutes the two diagonal matrices on the right, and ¢? permutes each pair of
eigenvalues. Since both components of N(x) have equal determinants in F'*, diag(x, x)
defines a conjugacy class in GL(2, E3)r. Hence the norm map defines a conjugacy class in
Cy = Cy (F) for each #-stable conjugacy class of type IV in G = G(F’), where we take Y
to be Ejs.

In types I and III the image of the map N does not correspond to any conjugacy class
in Cy, for any quadratic extension Y of F'.

JACOBIANS

The character relation that we study relates the product of the value at ¢ of the twisted
character of our representation my = I(31)(13 X xy) by a factor A(t x #), with the product
by a factor Ac(Nt) of the value at Nt of the character of the (trivial) representation 1¢,,
of C'y which lifts to my.

The factors A(t x 0) and Ag(Nt) are defined and computed in [FZ4], pp. 339-340. We
have
(a—d? (b—0?|"

ad be

Then in case 11 if t = diag(a, b, 7b,0a), a = a; + axv/D € E, b = by + bo/AD € EJ,
we get

1/2
A0)  [(a—oa)? (b—ob)?2Y? | (2asvD)? (2bvAD)|"
Ac(Nt) aca bob a?—a3D b —b3AD

In case IV, if t = diag(a, 0a, 0%, 0%a), @ = a + bVD, a = a1 + axVA, b = by + byV/A,
oa = ca+obvVoD, oc’a = ca — ob\/oD, a — o?a = 2bv/D, o(a — 0%a) = 20bv/o D, and

1/2

(a —c?a)? o(a—oc%a)? 1/2

(4bob)? Do D
(a? —b2D)o(a? — b2D)

ac?a ocao3a
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CHARACTERS

Denote by f (resp. fo, ) a complex-valued compactly-supported smooth (thus locally-
constant since F' is nonarchimedean) function on G (resp. Cy). Fix Haar measures on G
and on Cy.

By a G-module 7 (resp. Cy-module m¢, ) we mean an admissible representation ([BZ])
of G (resp. Cy) in a complex space. An irreducible G-module 7 is called #-invariant if
it is equivalent to the G-module 7, defined by 7 (g) = 7(6(g)). In this case there is an
intertwining operator A on the space of 7 with w(g)A = Am(6(g)) for all g. Since 6% = 1 we
have 7(g)A? = A%r(g) for all g, and since 7 is irreducible A? is a scalar by Schur’s lemma.
We choose A with A2 = 1. This determines A up to a sign. When 7 has a Whittaker
model, which happens for all components of cuspidal automorphic representations of the
adele group GL(4,A), we specify a normalization of A which is compatible with a global
normalization, as follows, and then put 7(g x 0) = 7(g) x A.

Fix a nontrivial character 9 of F' in C*, and a character ¢)(u) = ¥(a1 2 + az,3 — as4) of
u = (u; ;) in the upper triangular subgroup U of G. Note that ¢(0(u)) = ¢ (u). Assume that
7 is a non degenerate G-module, namely it embeds in the space of “Whittaker” functions
W on G, which satisfy — by definition — W (ugk) = ¢ (u)W(g) for all g € G, u € U, k in a
compact open subgroup Ky of K, as a G-module under right shifts: (7(¢g)W)(h) = W (hg).
Then 7 is non degenerate and can be realized in the space of functions *W(g) = W (0(g)),
W in the space of 7. We take A to be the operator on the space of m which maps W to ?W.

A G-module 7 is called unramified if the space of m contains a nonzero K-fixed vector.
The dimension of the space of K-fixed vectors is bounded by one if 7 is irreducible. If 7 is
f-invariant and unramified, and vy # 0 is a K-fixed vector in the space of 7, then Av is a
multiple of vy (since 0K = K), namely Avy = cvg, with ¢ = £1. Replace A by cA to have
Avg = vg, and put 7(0) = A.

When 7 is (irreducible) unramified and has a Whittaker model, both normalizations of
the intertwining operator are equal. In this case % is unramified (trivial on R but not
on 'R, where 7 is a generator of the maximal ideal of R), and there exists a unique
Whittaker function Wy in the space of © with respect to v with Wy =1 on K. It is mapped
by 7(0) = A to *Wy, which satisfies *Wy(k) = 1 for all k in K since K is f-invariant.
Namely A maps the unique normalized (by Wy(K) = 1) K-fixed vector Wy in the space of
7 to the unique normalized K-fixed vector Wy in the space of ?7, and we have W, = W,

For any (admissible) 7 and (smooth) f the convolution operator 7(fdg) = [ f(g9)7(g)dg
has finite rank. If 7 is f-invariant put 7(fdgx0) = [4 f(g)7(g)7(0)dg. Denote by tr 7(fdgx
0) the trace of the operator w(fdg x#). It depends on the choice of the Haar measure dg, but
the (twisted) character x, of m does not; x, is a locally-integrable complex-valued function
on G x 0 (see [C], [H]) which is f-conjugacy invariant and locally-constant on the #-regular
set, with tr 7(fdg x 0) = [ f(9)xx(g X )dg for all f.

Local integrability is not used in this work; rather it is recovered for our twisted character.

SMALL REPRESENTATION

To describe the G-module of interest in this paper, take P to be the upper triangular
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parabolic subgroup of type (3,1), and fix its Levi factor to be M = {m = diag(ms, m1); ms €
GL(3,F), my € F*}. It is isomorphic to GL(3,F) x F*. Let § denote (as above) the
character 6(p) = | Ad(p)|Lie N| of P; it is trivial on the unipotent radical N (= F3)
of P. Then the value of § at p = mn is |m]°®detms|. Denote by I(m;) the G-module
7 = Ind(6/?my; P, G) normalizedly induced from 7 on P to G. It is clear from [BZ] that
when 71 is self-contragredient and I(m) is irreducible then () is #-invariant, and it is
unramified if and only if 7 is unramified.

Our aim in this work is to compute the 0-twisted character X, of the GL(4, F')-module
my = I(3,1)(13 X xv ), where 13 X xy is the P-module (nés T;:l) — xy (m1), xy s a quadratic
character of F*, m; € GL(i, F), by purely local means.

We begin by describing a useful model of our representation, in analogy with the models
of [FK] and [FZ4] of analogous representations I(51)(12) of PGL(3, F) and I(31)(13) of
PGL(4, F). Indeed we shall express 7y as an integral operator in a convenient model, and
integrate the kernel over the diagonal to compute the character of my .

Denote by 1 = pis the character p(z) = |z|¢t1/2 of F*, and by xy a quadratic character
of F*. This pair (u, xy) defines a character up = psy,p of P, trivial on N, by up(p) =

p((det msz)/m13)xy (my) if p = mn and m = <"53 121) with mg in GL(3, F'), my in GL(1, F').

If s = 0, then up = 6'/2yy, where viewed as a character on P, xy takes the value
Xy (m1) at p. Let W, = WY be the space of complex-valued smooth functions 1) on G
with ¥(pg) = pp(p)y(g) for all p in P and g in G. The group G acts on Wy by right
translation: (75(g)¥)(h) = ¥(hg). By definition, I(31)(13 X xy) is the G-module W, with
s = 0. The parameter s is introduced for purposes of analytic continuation.

We prefer to work in another model V, = VSY of the G-module W,. Let V denote
the space of column 4-vectors over F. Let Vi be the space of smooth complex-valued
functions ¢ on V — {0} with ¢(Av) = pu(N\)"*xy(A\)¢(v). The group G acts on V; by
(1s(9)0)(v) = p(det g)p(tgv). Let vo # 0 be a vector of V such that the line {Avo; A
in F} is fixed under the action of *P. Explicitly, we take vo = %(0,0,0,1). It is clear
that the map V; — Wy, ¢ — ¢ = 1y, where ¥(g9) = (75(9)®)(vo) = p(det g)p(*gvo),
is a G-module isomorphism (check that 1, (g = ms(9)1¢), With inverse ¢ — ¢ = ¢y,
d(v) = u(det )71 (g) if v = tgvg (G acts transitively on V — {0}).

For v = (z,y,2,t) in V put ||v|| = max(|z|, |y|, |z|, |t|). Let VY be the quotient of the
set V1 of v in V with ||v|]| = 1, by the equivalence relation v ~ av if a is a unit in R.
Denote by PV the projective space of lines in V' — {0}. If ® is a function on V — {0} with
d(Av) = |A|71®(v) and dv = dx dy dz dt, then ®(v)dv is homogeneous of degree zero.

Define
/ ®(v)dv to be / O(v)dv.
PV Vo

/P (v = /P B(gv)dlgv) = |detg /P aga

Put v(z) = |z| and m = 2(s — 1). Note that v/us = p_s. Put (w,v) = '*wJv. Then
{gw,0(g)v) = (w,v).

Clearly we have
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1. Proposition. The operator

) Veo Vo, (T09)(v) = - P(wW)[(w, v)[" xy (W, v))dw,

converges on Res > 1/2, and satisfies there TY 74(g) = 7_5(0(g))TY for all g in G.
Proof. We have

(T (75(9)9) (v) = [(ms(9) ) (W) ['w I v xy (W, v))dw
= p(det g) [ ¢("gw)|"wIv|"xy ((w, v))dw
= |det g| " u(det g) [ o(w)|* (‘g™ W) IV xy ({9~ w, v))dw
= (u/v)(detg) [ p(w)['wJ - T g~ Tv["xy ((W 9( )))dW
= (p/v)(det g) [ ¢(w)|(w,0("g)v)|"xy ((W,0("g)v >)
= (v/n)(det 8(g)) - (T, 6)("6(9)v) = [(T-s(0(9))) (TS D))(V)
for the functional equation.

For the convergence, we may assume that ¢ = 1 and *v = (0,0,0, 1), so that the integral
is fR |z|"dx, which converges for Rem > —1. Our m is 2s — 2, as required. 0

The spaces V; are isomorphic to the space W of locally-constant complex-valued functions
¢ on V! with ¢(Av) = xy (N\)¢(v) for all A € R*, and T is equivalent to an operator T"°
on W. The proof of Proposition 1 implies also

1. Corollary. The operator TY¥ o 7,(g~1) is an integral operator with kernel

(1/v)(det 0(g){w,0( g~ V)" xy ((w,0("g")v))  (v,w in V')

and trace

tr[TY % o 1,(g™ )] = (v/p)(det g)/ I"vgJv|™xy (*vgJv)dv.
Vo

Next we normalize the operator TY = TY:%. Recalling that yy is unramified (= 1 on
R*, xy(m) = —1), we normalize TY so that it acts trivially on the one-dimensional space
of K-fixed vectors in V5. This space is spanned by the function ¢g in Vi with ¢g(v) = 1 for
all v in VO. This is the only case studied in full in this paper.

Denote again by m a generator of the maximal ideal of the ring R of integers in our
local nonarchimedean field F' of odd residual characteristic. Denote by ¢ the number of
elements of the residue field R/mR of R. Normalize the absolute value by |r| = ¢~ !, and
the measures by vol{|z] < 1} = 1. Then vol{|z| = 1} =1 — ¢!, and the volume of V? is

Ql-g¢"/Q-gH)=1+qg " +q?+q°
2. Proposition. If vo = %(0,0,0,1), we have

14 g~26+D)

(T ¢0)(vo) = YN

®0(vo).
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When s = 0, the constant is (1 +q¢ 2)(1+q)71.

Proof. Since yy is unramified, we have

(TY 60)(vo) = / 60(v)| v Ivo ™ xy (v vo)dv = / 2™y (2)dadydzdt
Vo Vo

_ M ||<1_A ||<1] Rl
— (L4 /| _ le e

since m = 2(s — 1) and

/ lz|™xy (x)de = (14 ¢ ™ 1)1 / dx.
lz|<1 lz|=1

The proposition follows.

dr = (1+ ¢ 26T /(1 + ¢ 729),
|z|=1

CHARACTER COMPUTATION FOR TYPE I

For the #-conjugacy class of type I, represented by g =t - diag(r,s,s,r), the product

air 0 0 as Dr 0 0 0 1 t

‘ B 0 bis byDs 0 0 0O 1 0 z
voIv=(sn ) (g s hs 0 0 -1 0 0]/|=
asr 0 0 air -1 0 0 O Y

is equal to
—t2a5Dr — 2%byDs + 1%bys + y2a2r.

Note that r and s range over a set of representatives for F* /N, p E*.
By Corollary 1, we need to compute

v A(g0
)detg) 5 o [ 1vaIv sy (va vy
|I‘S|1_S|4CL2b2D| / 2(s—1)
= 8 dxdydzdt.
(@ D)~ GO Jy (et

Here o is 22bys + y2asr — 2269 Ds — t?as Dr. Put v/ = —z—jg. Thus we need to compute the
value at s = 0 of the product of

o (as) | HDE ()2 = G222 - D)

with the integral IY (r', D), where Q = 22 — ry? — Dz? + rDt? and

¥ (r,D) = / QP yy (Q)drdydzdt
Vo
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I. Theorem. When Y/F is unramified, the value of IY (v, D) at s =0 is 0.

Proof. Consider the case when the quadratic form Q = z2 —ry? — Dz? 4+ rDt? is anisotropic
(does not represent zero). Thus D = and r € R* — R*? (hence |r| = 1, |D| = 1/q), or
D € R* — R*? and r = . The second case being equivalent to the first, it suffices to deal
with the first case.

The domain max{|z|,|y|, |z|, |t|} = 1 is the disjoint union of {|z| = 1}, {|z| < 1, |y| = 1},
{|x| <1,lyl <1,z =1} and {|z| < 1,|y| < 1,|2| < 1,|t| = 1}. Note that yy (z? — ry? —
Dz? + rDt?) is equal to 1 on the first two subdomains and equals —1 on the other two.

Thus the integral I} (r, D) is the quotient by f| =1 da of

/ dx+// dxdy—qm/// dxdydz
||=1 |z|<1,|y|=1 |z[<1,]y|<1,]z|=1
- / / / / drdydzdt
2| <1,ly|<1,|z|<L,[t|=1

_1_|_q1_ m3_1+q1_q23 q7281
The value at s = 0 is 0 and thus the theorem follows when the quadratic form is anisotropic.

We then turn to the case when the quadratic form is isotropic. Recall that r ranges over
a set of representatives for F'* /Ng,pE*, E = F(vD). Thus D € F — F?, and we may
assume that |D| and |r| lie in {1,¢71}.

I.1. Proposition ([FZ4]). When the quadratic form z? — ry?> — D22 + rDt? is isotropic,
r lies in Ng/pE™, and we may assume that the quadratic form takes one of three shapes:

v —y? — D2+ Dt*, De R* — R**; 2% +ay® — w2 —n*t?;, 2% —y? — w2 4wt

The set V0 = V/ ~, where V = {v = (2,9, 2,t) € RY; max{|z|, |y|,|z|, [t|} = 1} and ~ is
the equivalence relatlon v ~ av for a« € R*, is the disjoint union of the subsets

Vr? - Vr?(er) = Vn(I‘,D)/ ~,
where
Vi = Va(r, D) = {vimax{al, lyl, |2], [t} = 1,]2% — vy — D22 + £DE| = 1/g"},

over n > 0, and of {v;2? —ry? — D22 +rDt? = 0}/ ~, a set of measure zero.
Thus the integral I} (r, D) coincides with the sum

(0.0)

> (=1)"g " vol(V,)(x, D).

n=0

When the quadratic form represents zero the problem is then to compute the volumes
vol(V,)(x, D)) = vol(V,,(r, D)) /(1 =1/q)  (n>0).

We need some results from [FZ4]:
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1.0. Lemma ([FZ4]). When ¢ € R*? and n > 1, we have

2 1
[ wer(on)
|c2—a2|=q—™ q q

I.1. Lemma ([FZ4]). When D =7 and r = 1, thus [rD| = 1/q, we have

vol(V,)) = ¢ ¢~ 11— 1/q)(2+1/q), ifn=1,
2¢7"(1-1/q)(1 +1/q), if n>2.

I.2. Lemma ([FZ4]). When D = and r = —x, thus [rD| = 1/q¢>, we have

1, ifn=20,

0y qil(l_l/Q)a anzlv
vollVr) = ¢ *(2-1/q-2/¢%), if n=2,
2¢7"(1-1/q)(1 +1/q), if n > 3.

I.3. Lemma ([FZ4]). When E/F is unramified, thus |[rD| = 1, we have

1_1/(]27 an:(),

vol(Vy)) = { ¢"(1-1/9)(1+2/q+1/¢?), ifn =1

Proof of Theorem 1. We are now ready to complete the proof of Theorem I in the isotropic
case. Recall that we need to compute the value at s = 0 (m = —2) of IY (r, D). Here
IY (r, D) coincides with the sum

o0

S (1" " vol(V2(x, D))

n=0

which converges for m > —1 by Proposition 1 or alternatively by Lemmas I.1-1.3. The value
at m = —2 is obtained then by analytic continuation of this sum.
Case of Lemma 1.1. The integral I} (r, D) is equal to

vol(Vy) — ¢~ ™ vol(V) + ) (=1)"g "™ vol(V}?)
n=2

-1
11 1 1\ 1 1 1 1
:1————(1——><2+—)—m+2(1——)(1+—>q—2<m+1>(1+m—H) :
q (q q q/) 4 q q q
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When m = —2, this is

1 1 1 1 1\ ¢?
l—-—q(2-=-—5)+2(1-=)(1+= =0.
q q q q q) 1+gq

Case of Lemma 1.2. The integral I} (r, D) is equal to

vol(Vy) — g~ vol (V) + ¢ > vol(Vy) + Y _(=1)"g "™ vol(V;?)
n=3

1 1(1 1) 2, 1 (2 1 2) 4 2(1 1) (1+1) i
——(1-=-)¢F+5(2—-——-—=5 )¢ — — = = -
q q q? g ¢ q q) 1+4q

Once simplified this is equal to 0.
Case of Lemma 1.3. The integral I} (r, D) is equal to

vol(VY) + Z(—l)”q_”m vol(VY)
n=1

-1
1 1 2 1 1
=1-=—-(1-= 1+—+—)q—(m+1>(1+ > :
q? ( q)( qg q? gmtt

When m = —2, this is

The theorem follows.

CHARACTER COMPUTATION FOR TYPE II

For the #-conjugacy class of type II, represented by g =t - diag(r,s, s, r), the product

air O 0 asDr 0 0O 0 1 t
¢ - 0 bis byADs 0 0 0O 1 0 z
VoIV =EET ) g s s 0 0 —10 0|z
asr O 0 air -1 0 0 0 Y
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is equal to
—t?ayDr — 2%by ADs + 1%bos + y2aor = bos(2z? — y°r’ — 22AD + > Dr').

Here a; + axv/D € E (Ey = F(V/D)) and by + bov/AD € ES (Ey = F(vV/AD)), and
r' = —agr/bys. As r ranges over a set of representatives for F*/Ng, ,pE (and s for
F*/Ng,/rE5), we may rename r’ by r.

Thus, by Corollary 1, we need to compute the value at s = 0 of the product of

o (as) | DVAN(E)2 = (G2 D)(2) = AD)|2

and the value when r is r’ and Q = 22 — ry? — ADz? 4 rDt? of the integral

IY (r,A,D) :/

. 1QIPC ™V xy (Q)dwdydzdt.
1%

The property of the numbers A, D and AD that we need is that their square roots gen-
erate the three distinct quadratic extensions of F'. Thus we may assume that {A, D, AD} =
{u,m,ur}, where u € R* — R*2. Of course with this normalization AD is no longer the
product of A and D, but its representative in the set {1, u, 7, um} mod F*2. Since r ranges
over a set of representatives for F'* /Np, ,pE{, it can be assumed to range over {1,7} if
D = u, and over {1,u} if |D| = |«|.

In this section we prove

II. Theorem. When Y/F is unramified, the value of
X (b28)|[4r DVA|LY (x, A, D) /(T do) (Vo)

at s =0 is —2xy (b2s)d(Y, Es).

Recall that B3 = F(v/A). As usual, §(Y,E3) is 1 if Y = E5 and 0 if Y # Es.

The meaning of this result is that the twisted character of my on elements of tori of type
IT relates to values of the trivial character on Cy (F'), Y = Ej3, on the torus which splits
over E. It does not relate to such values on Cy/(F), Y/ # Ej.

Recall Lemma I1.0 from [FZ4].

I1.0. Lemma ([FZ4]). The quadratic form x? —ry? — ADz? +rDt? takes one of siz forms:
2?2 — 2 +w(t? —u2?), 2% —uy? +umn(t? — 22), 2% — y? +ut? —un2?, 22 — y? — u2? + 7wt?,
22 —mwy? +um(t? — 22), 2% —uy? —uz? +unt?, where u € R — R*2. It is always isotropic.

The set V0 = V/ ~, where V = {v = (2,4, 2,t) € RY; max{|z|, |y|,|z|, [t|} = 1} and ~ is
the equivalence relation v ~ av for a € R*, is the disjoint union of the subsets

VY =VOr, A, D) =V,(r,A, D)/ ~,

n n
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where

Vi = Vn(rvAa D) = {V;max{|x|, |y|7 |Z|7 |t|} = 17 |ZL‘2 - I‘y2 - ADZZ + I‘Dt2’ = 1/qn},
over n > 0, and of {v;x? — ry? — ADz? + rDt* = 0}/ ~, a set of measure zero.

Since Y/F is unramified, the integral IY (r, A4, D) is equal to

oo

> (=1)"g " vol(V,(r, A, D)).

n=0

The problem is then to compute the volumes
vol(V2(r, 4, D)) = vol(Vi(r, A, D)) /(1 = 1/g)  (n > 0).

Choose u to be a non square unit. To prove Theorem II, by Lemma II.0 we need precisely
the following Lemmas from [FZ4]. In Lemmas II.1 and 1.2, E3 = F(v/A) is unramified
over F.

I1.1. Lemma ([FZ4]). When the quadratic form is x* — y? + w(t?> — uz?) (thus r = 1,
A =u, D=m up to squares), we have

1-1/q, ifn=20,
vol(Vy)) = ¢ 2/a—1/¢* +1/¢%, ifn=1,
2¢7"(1—-1/q), if n > 2.

I1.2. Lemma ([FZ4]). When the quadratic form is x? — uy? + um(t®> — 22) (thus r = u,
A=wu, D=m up to squares), we have

1+1/q, ifn=0,
vol(Vr?) =< ¢ ?%(1-1/q), ifn=1,
2~ ("D(1 - 1/q), ifn > 2.

I1.3. Lemma ([FZ4]). When the quadratic form is v* —y?+ut®> —umz? or 2?—y? —uz?+nt?,

we have
1, ifn=20,
vol(V,)) = 4 1/q, ifn=1,
¢ "(1-1/¢%), if n > 2.

I1.4. Lemma ([FZ4]). When the quadratic form is > — wy? + um(t?> — 22), we have
1, if n =0,
vol(V,)) = % 1/4, ifn=1,
q_n(l - 1/(]2), an > 2.
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I1.5. Lemma ([FZ4]). When the quadratic form is 2 — uy? — uz? + umt?, we have

1, ifn=20,
vol(V,)) = § 1/, ifn=1,
¢ "(1-1/¢%), ifn>2.

Proof of Theorem II. To prove Theorem II, recall that we need to compute the value at
s =0 (m = —2) of the product

X (b28)|4rDV'A|LY (r, A, D) /(T $o)(vo).

Here IY (r, A, D) is equal to the sum

o0

S (=1 vol(V2(x, D))

n=0

which converges for m > —1 by Proposition 1 or alternatively by Lemmas I1.1-I11.3. The
value at m = —2 is obtained then by analytic continuation of this sum.
Case of Lemma I1.1. We have [4rD+/A| = 1/q, and the integral I (r, A, D) is equal to

vol(Vy)) — ¢ vol(V) + ) (—1)"¢~ "™ vol(V;?)
n=2
q ¢ ¢ q

—1
)q—m—}—Q(l—&)q m 1~|—qmJrl .
When m = —2, this is

1 2 1 1 1 2 -2 1
T T N B (L )
q q q q q) 1+q 1+4+¢q q

Multiplying by |4rD+v/A| = 1/q we obtain —2(1+1/¢?)(14+¢)~!. We are done by Proposition
2.
Case of Lemma I1.2. We have [4rD+v/A| = 1/q, and the integral IY (r, A, D) is equal to

1 2 1 1
=l--—(2-5+=

vol(Vy)) — ¢~ vol(V) + ) _(—=1)"¢~ ™" vol(V;?)
n=2

11 1N 1 2 1 1 \!
:1+——_2<1——>—m+—<1——)q_2(m“)<1+ m+1) :
q q q) q q q q
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When m = —2, this is
1 1 2 1 2 2 1
1+——1+—+—(1——) 4 :—q(1+—2).
q q q q) 1+q 1+¢q q

Multiplying by |4rD+/A| = 1/q we obtain 2(1 +1/¢%)(1 +q) .
Case of Lemmas 11.3, 11.4, IL5. The integral I} (r, A, D) is equal to

vol(Vy) — g~ ™ vol(V?) + ) (=1)"g "™ vol(V))
n=2

—1
11 1 1 1
=1———+(1——>(1+—>q2<m+1>(1+ ) :
qqm q q gmtl

When m = —2, this is

CHARACTER COMPUTATION FOR TYPE III
For the #-conjugacy class of type III we write out the representative g =t - diag(r,r) as

a1 + GQT’QA (a17’2 + CL27’1>A (b17”1 + bQT’QA)D (b17’2 + bQTl)AD
airo + asry airiy + a27‘2A (b17“2 + b2’l“1)D (517’1 + bg?“gA)D
biry 4+ baro A (bire +bar1)A  ayr +agreA (a172 + agr1)A
bira + bary bir1 + bara A airg + asry airy + agraA

The product *vgJv (where v = (z,y, 2,t)) is equal to
(birg 4 bor ) (t? 4+ 2% A — y*D — 22 AD) + 2(byry + borg A) (2t — xyD),
where a1 +axVA € EX and by +byv/A € EX. The trace is a function of g, and r = 71 +ryv/A

ranges over a set of representatives in E3 (E3 = F(VA)) for ES /Ng g, EB*.
Define the quadratic form Q = Q(x,y, z,t) to be

rb — 7(rb)
2vA

Set IY (r, A, D) to be equal to

(t* + 2*°A — y*D — 22AD) + (rb+ 7(rb)) (2t — zyD).

/O Q12 Y xy (Q)dadydzdt.
1%

The property of the numbers A, D and AD that we need is that their square roots generate
the three distinct quadratic extensions of F. Thus we may assume that {A, D, AD} =
{u,m,ur}, where u € R* — R*2. Of course with this normalization AD is no longer the
product of A and D, but its representative in the set {1,u,m, um} mod F*2.



TWISTED CHARACTER OF A SMALL REPRESENTATION 17

IIL.1. Proposition. (i) If D =u and A== (or wu) then VA& Ng,p, E* = ALR .

(i1) If A= and —1 € R*?, and D =7 (or wu) then VA & Np,p, E* = (—D)ZR}>.

(iii) f A=u=—1¢ R*? and D =7 (or mu) then there isd € R* with d* +1 € —R*? =
R* — R*2, hence d+i € Ry — Ry* (i=+/A) and so d+1i € E5 — Ng,p,E*.

Proof. For (iii) note that R*/{1 + wR} is the multiplicative group of a finite field F of
q elements. There are 1 + 3(¢ — 1) elements in each of the sets {1 + 2?; 2 € F} and
{—y?% y € F}. As 2(1+ %(q — 1)) > q, there are x, y with 1 + 22 = —y%. But y # 0 as
—1 ¢ F*2. Hence there is  with 1 4+ 2? € F*2, and our d exists. O

Since r ranges over a set of representatives for EJ/Ng /B, >, by Proposition IIL.1 we

can choose br to be 1 or v/A or d 4 4. Correspondingly the quadratic form takes one of the
three shapes

t2 + 22A —y?D — 22 AD, zt — xyD, or t? — 22 — y?D 4 2°D 4 2d(zt — zyD).
III. Theorem. When Y/F is unramified, the value of IY (v, A, D) at s =0 is 0.

Proof. Assume that br = VA ¢ Ng g, E*, thus [br7(br)D| = |AD|, and the quadratic form
is t2 + 22A —y?D — 22AD. If |A] = 1/q or —1 is a square, we can replace A with —A. The
quadratic form then becomes the same as that of type I. The result of the computation is
0, see proof of Theorem I, case of anisotropic quadratic forms and we are done in this case.
If A= —1,br = d+i € Ng/g, £, the quadratic form is t2—22—y2D+2?D+2d(zt—xyD).
It is equal to X2 —uY? — D(Z? —uT?) with X =t+dz, Y =2, Z =y +dx, T = z and
u=d?*+1¢€ R*— R*2. Since |D| = 1/q the quadratic form is anisotropic and the result
of the computation is 0 by the proof of Theorem I, case of anisotropic quadratic forms.
Assume that br = 1, thus |br7(br)D| = |D| and the quadratic form is zt — zyD. Then it
is § times (z+¢)? — (z —t)?> = D[(z + y)? — (z — y)?]. Since max{|z|, |y, |2|, [t|} = 1 implies
max{|z + y|, |z — y|, |z + t|, |z — t|} = 1, the result of the computation is 0 by the proof of
Theorem I, cases of Lemmas 1.1 and 1.3. The theorem follows. ]

CHARACTER COMPUTATION FOR TYPE IV

For the #-conjugacy class of type IV we write the representative g = ¢ - diag(r,r) (where
t = h=1t*h, t* = diag(, oo, 03a, 0%a)) as

airy + CLQT‘QA (alrg —+ CLQTl)A (b/lT‘l + bIQT‘QA)D (bllTQ —+ b’2r1)AD
a1ry + asry a1r] + asra A (byre + bhr1)D  (byry + bhra A)D
517’1 + b2T2A (b1T2 + b27’1)A airy + CL27"2A (asz + agrl)A
blTQ + b27°1 b17“1 + bQ’T’QA a17rg + asry airy + CLQ’I“QA

Here B3 = F(v/A) is a quadratic extension of F and E = E3(v/D) is a quadratic extension
of B3, thus A€ F — F? and D =dy +dyvVAc€ Es — E2,d; € F.

If —1 € F*? we can and do take D = /A, where A is a nonsquare unit w if Es/E is
unramified, or a uniformizer « if E3/F is ramified. If —1 ¢ F*? and E3/F is ramified, once
again we may and do take A = and D = V/A.
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If -1 ¢ F*? and E3/F is unramified, take A = —1 and note that a primitive 4th root
¢ =i of 1 lies in F3 (and generates it over F). Then E/Fj is unramified, generated by
VD, D = dy + ids, and we can (and do) take do = 1 and a unit d; = d in F'* such that
d>+1¢ F*2. Then D = d+1i ¢ E;?. The existence of d is shown as in the proof of
Proposition III.1.

Further o = a + bV/D € E*, where a = a1 +asVA € E;, b=>b +bA € E:,,X, and
r=r+roVA € E;/NE/E3EX. The relation bD = b} + bé\/z defines b] = bydy + bado A
and blz = b2d1 + bldg.

Recall from Corollary 1 that we need to compute

v A(gf) t m., (t .
(2) et 5% [ 1varvmr (varviay, )
Since det g = ar - o(ar) - 0®(ar) - %(ar), we have
Y (et o) A0 | (ar — 0¥ (an)? alar — o%(ar)? |
(u) (det g) Ac(Ng) | det g] arc?(ar) o(ar)o3(ar)
|4br Do (brD)|

- 172(a?2 — b2D)o(r2(a? — b2D))|5/2"
When s = 0, this is [brDo(brD)|.
The product *vgJv (where ‘v = (z,y, 2,t)) is then equal to
(birg + bor1) (£ + 22A) — (Wyrg + bhyry) (y? + 22 A) + 2(byry + barg A)zt — 2(byry + bhyro A)xy.
Since bD = b} + bh\/A, this is
br — o(br)
2VA
brD — o(brD)
- 2/4

Note that r ranges over a set of representatives for E5 /Ng /B, £, and b lies in EX. As

(t? 4 22 A) + (br + o (br))zt

(y2 + 22A) — (brD + o (brD))xy.

b is fixed, we may take br to range over Ej /Ng/p,E*.

Further, note that Es3/F is unramified if and only if £/Fs5 is unramified. Hence br can
be taken to range over {1,7} if F3/F is unramified, and over {1,u} if E3/F is ramified,
where 7 is a uniformizer in F' and wu is a nonsquare unit in F', in these two cases. Thus in
both cases we have that o(br) = br, and the quadratic form is equal to br@, where

D —o(D)
2V A

Thus we need to compute the value at s = 0 of the product of |br Do (brD)|, xy (br)|br
and

Q=0Q(x,y,z,t) =22t — (y* + 2%2A) — (D + o(D))zy.

|2(s—1)

1(0,4,.D) = [ QP Dy (Q)drdydzat
VO
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IV. Theorem. When Y/F is unramified, the the value of
Xy (br)|or| 2=V or Do (brD)|IY (r, A, D) /(TY ¢0)(vo)

at s =0 is —2xy (br)é(Y, Es).
To prove this theorem we need some results from [FZ4].

IV.1. Proposition ([FZ4]). Up to a change of coordinates, the quadratic form

D —o(D)
2VA

is equal to either x2 +my? — 2zt or 2 —uy? — 22t with uw € R* — R*2. It is always isotropic.

22t — (y* +2%2A) — (D + o(D))zy

Recall that Y/F is unramified. Then the integral I} (r, A, D) is equal to

oo

> (=1)"g " vol(V(r, A, D)).

n=0

The problem is then to compute the volumes
vol(V2(x, 4, D)) = vol(Vu(x, 4, D))/(1—1/q)  (n > 0).
IV.2. Lemma ([FZ4]). When the quadratic form is x* — uy? — 2zt, we have

o [ 1+1/¢, in=0,
vol(Vy,) = { ¢ "(1—=1/¢)(1+1/¢%), ifn =1

Proof of Theorem IV. To prove Theorem IV, recall that we need to compute the value at
s=0 (m=—2)of IY(r,A, D). Since Y/F is unramified, the integral I} (r, A, D) coincides

with the sum
o0

> (=1 vol(V)(4, D)
n=0
which converges for m > —1. The value at m = —2 is obtained then by analytic continuation

of this sum.

Case of 2 4+ wy? — 2zt. Make a change of variables z — 2u~'2’, followed by 2’ — z. Thus
the quadratic form is equal to

—u N (z =) = (2 +t)? —ux® — umy?).

Note that up to a multiple by a unit, this is a form of Lemma II.3. Since max{|z|,|t|} =1
implies max{|z + t|, |z — t|} = 1, the result of that lemma holds for our quadratic form as
well. In this case E3/F is ramified, and our integral is zero.
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Case of 2% — uy? — 2zt. This is the case where E3/F is unramified. By Lemma IV.2, the

integral
o

IY(r,A, D) = vol(V) Z )™ vol(V0)

. AV -1 (-1 -1
TV U)o )

When m = —2, this is

1+1+(1 1)(1+1) 4 _ 2 (1+1)
q? q ?)q+1 1+¢g )

The theorem follows by Proposition 2. O

is equal to
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