Math 530

1.2 Interpretations

1. RELATIVE FREQUENCY

One way to interpret probability is the notion of frequency, that is, how often a particular event occurs. If
a trial is repeated, we can talk about the relative frequency of an event. This is an empirical number which
is given by a ratio. If event A occurs m times in n total trials, then the relative frequency of event A is . On
the other hand, there is a theoretical number associated with A, namely the probability that A occurs in a given
trial. If we let P,(A) be the empirical relative frequency of A in n trials and let P(A) be the probability that A
occurs, then a theorem called the law of large numbers states that as the number of trials increases, P, (A)
most likely is a good approximation for P(A). That is to say that the relative frequency likely approaches the

theoretical probability of A occurring as the number of trials is large.

1.3 Distributions

2. SET THEORY

In this section we will give some basic set theory notation an definitions:
First, we define a given set using the notation A = {z | = satisfies some criteria }. Here A is the set of x
which satisfy some membership criteria.

(1) If Ais a set then € A means that = is a member or element of A.

(2) If A and B are sets, then B C A means B is contained in A or is a subset of A, with the possibility
that A = B.

(3) If A and B are sets, AN B is the intersection of A and B. It is the collection of elements which are
common to A and B. Asaset ANB ={z |z € Aand z € B}. NOTE: The book uses AB for AN B,
this is non-standard notation and won’t be used in these notes.

(4) If A and B are sets, AU B is the union of A and B. It is the set of elements which are either in A or
B. Asaset AUB={z |z € Aorzc B}.

(5) If A C B then A° is the complement to A (in B). It is the set of elements of B which are not members

of A. Asaset A°={z € B|xz ¢ A}. Note: A° depends on what set it is a subset of.
) 0 is the empty set. It is the set which contains no elements.
) We say that A and B are disjoint if AN B = (). This means that A and B have no common elements.
8) We say that a collection of sets {A1, As, ..., } are pairwise-disjoint if A; N A; =0 if i # j.
9) {A1, As,..., A,} is a called a partition of B if they are pairwise-disjoint and A; U As U---U A, = B.

3. DISTRIBUTIONS AND THEIR PROPERTIES

A probability distribution or distribution on a set € is a function P on the subsets of 2 which satisfies:
(1) P(B) >0 for any B C Q2
(2) P(BUByU---UBy,) = P(By)+ P(B3)+---+ P(By,) if By, Ba,..., B, are pairwise-disjoint subsets of
Q.



(3) P() =1
These are known as the Kolmogorov axioms. Note that it is possible to define (2.) using an infinite sequence of

pairwise-disjoint sets B; when (2 is infinite. €2 is called the outcome space or outcome set and the subsets of

) are called events.

Theorem 3.1. If P is a probability distribution on Q) then the following are true:
(1) P(A°) =1— P(A) (Complement Rule)
(2) P(BNA°)=P(B)— P(A) if AC B (Difference Rule)
(3) P(AUB) = P(A) + P(B) — P(AN B) (Inclusion/Exclusion Rule)
Proof: For (1.), note that Q@ = AU A¢ and AN A° = () so, using parts (2.) and (3.) of the definition,
1=P(Q)=P(AUA®) = P(A) + P(A°)
and the result follows. For (2.), note that B = (BN A°) U A and that (BN A°) N A = 0. So we have:
P(B)=P[(BNA°)UA] = P(BnN A°)+ P(A)
The result follows by subtracting P(A) from both sides. For (3.), note that AUB = (ANB°)U(BNA°)U(ANB)
and that these sets are pairwise-disjoint. So
P(AUB)=P(ANB®)+ P(BN A°)+ P(AN B)
By a similar argument
P(A)=P(ANB°)+ P(ANB)
P(B)=P(BNA°)+P(BNnA)

Combining these three equations gives us our result.

4. EXAMPLES

Example 1: Suppose that we roll two 6-sided dice and sum their values. This situation previously was viewed
as a case of equally likely outcomes, with the outcome space being the set of ordered pairs of the numbers 1 to
6. Another way to view this is to let Q = {2,3,...,12} (these are the possible sums) and to define P({2}) =
P({12}) = 55, P({3}) = P({11}) = 5, P({4}) = P({10}) = 55, P({5}) = P({9}) = 55, P({6}) = P({8}) = 55
and P({7}) = . The probabilities of for larger subsets of 2 are defined by addition as in axiom (2.). This is a

probability distribution space which is not an equally likely outcome space.

Example 2: Suppose that in a probability distribution space, P(A) = %, P(B) = } and P(AN B) = 15, then
1 1 1 1
P(AUB)=P(A)+ P(B)— PANB)=-4+-——=—
(AUB) = P(4) + P(B) = PANB) = 1 + £ — 15 = 5

Example 3: Suppose a box contains 8 cubes, three of which are red, five of which are black. Furthermore two
of the red cubes and two of the black cubes are labeled with a 1, the remaining cubes are labeled with a two
and a cube is chosen at random. We can construct the outcome space as:

Q = {(black, 1), (black, 2), (red, 1), (red, 2)}
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Since there are two black cubes labeled 1, P({(black,1)}) = 2. Similarly, P({(black,2)}) = 2, P({(red,1)}) = 2,
P({(red,2)}) = &. What is the probability of choosing a cube which is either black or is labeled 1? The event
of choosing a black cube is given by A = {(black, 1), (black, 2)}, the event of choosing a cube labeled 1 is given
by B = {(black, 1), (red, 1)} and we want to find P(AU B). Note that AN B = {(black, 1)}, so

p(AmB):%

Note that
P(A) = P({(black,1)}) + P({(black, 2)}) = g
Since the latter events are disjoint. Similarly:

P(B) = P({(black, 1)}) + P({(red, 1)}) = %

Combining these gives:

5. SPECIAL DISTRIBUTIONS
In this section we will give a few example of distributions. We will develop more distributions as we go further

in the course.

5.1. Bernoulli (p) Distribution. This is a distribution on the set @ = {0,1}. It is given by P({1}) = p and
P({0}) =1 — p. Note that when p = £, this is just the equally likely outcome case of flipping a coin.

5.2. Uniform Distribution on a Finite Set. This is just the equally likely outcome on a set of n points. If

Q={1,2,...,n} and Ay = {k} then Ay is the event that a k occurs in one trial. We then have:
1
P(Ag) = —
(A) =~

5.3. Uniform (a,b) Distribution. This is the first infinite case of a distribution. Here 2 is the interval (a, b).
Let a <2z <y <bandlet A= (x,y). Then A corresponds to the event that a randomly chosen value lies in the
interval (z,y). Then the probability of A occurring is given by:

y—x
P(A) = .

5.4. Uniform Area Distribution. Here ) is some region in the x,y-plane. Let A be some subregion of (2.
Then A corresponds to the event that a randomly chosen point in Q actually lies in A. Then, analogously to

the uniform (a, b) distribution, we have:

Area of A

Area of Q
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P(A) =



5.5. Example. Suppose that €2 is the unit circle. If a point is chosen randomly in this region, what is the
probability that it lies in the triangle bounded by the lines z = 0, y = 0 and z +y = 1?7 This is a case of uniform
area distribution. Let A be the region corresponding to this triangle, so A is our event. The area of 2 is 7 and

the area of A is %, SO
Areaof A 1

PA) = Faora ~ on

6. EMPIRICAL DISTRIBUTIONS

An empirical distribution is a way of associating what is essentially a uniform (a,b) distribution to a finite
set of data points. Suppose that our data points are {z1,2,...,2,}. The we set Q = (—00,00). Let A, ) be
the event that a randomly chosen data point z; lies in (a,b), that is @ < z; < b. The probability in this case is
given by:

P(Aws) = #H{k|a<axp <b}

n



