2
0
(1.) Row reduce A to U =
0
0

o O O =

0
1
0

0

0
1
0

Review 2 Solutions

= o o O

(1a.) A basis for the rowspace of A is given by the non-zero rows of U:

{(17 27 07 Oa _170)3 (0707 ]-7 Ov _2,0)7 (Oa 0707 ]-7 57 0)7 (0707 Oa Oa 0, 1)}
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(1b.) A basis for the columnspace of A is given by the columns of A which correspond to pivot columns in U:

(1c.) The matrix U corresponds to the linear system:

which can be rewritten as:

The parametric solution is then x =

o o o o =

3 3 3 1
5 4 2 6
7| |2 o] |7
1 0 0 2
1 +2x9—2x5 = 0
r3—2xr5 = 0
x4 +5205 = 0
rzg = 0
1 = —2x2+Ts
To = o
r3 = 2T5
Ty = —bxs
Ts = s
g = 0
1
0
To+ 25 x5 which means a basis for N(A) is
1
0

(1d.) The rank of A is the dimension of its rowspace, which is 4.

o O O O =




1 0 1 2 1 01 2
(2.) Form thematrix A= 12 —1 1 2| androwreducetoU =0 1 1 2 |. NotethatSpan(vy,vs,vs,vy)

1 3 4 8 0 0 0O
is equal to the columnspace of A. Thus a basis is given by the columns of A which correspond to pivot columns

in U. In particular:

1 0
21,11
1 3
is a basis for Span(vy, ve, v3, vy4).
10 0 0 . 10 0 0 1 0\ .
(3a.) NO: Just note that and are in S, but + = is not in S.
0 0 0 1 0 0 01 0 1
a b
(3b.) YES: A typical vector is:
0 ¢
(0.) 0= isin S.
0 0
] a b d e a+d b+e ] o
(i.) + = , so the sum of any two vectors in S remains in S.
0 ¢ 0 f 0 c+f
a b aa  ab
(ii.) « = , so the scalar multiples of any vector in .S remains in S.
0 ¢ 0 ac
1 1 . 1 1 2\ .
(3c.) NO: Just note that and are in .S, but + = is not in S.
1 -1 1 -1 0
(3d.) YES:

(0.) 0(1) =0s00isin S.
(i.) Let p(z) and g(z) be vectors in S. Then p(1) = 0 and ¢(1) = 0. Now consider (p + ¢)(z) = p(z) + q(z):
(p+a)(1) = p1)+aq(1)
= 040
= 0

which shows that p(z) + ¢(«) is in S.

(ii.) Let « be a scalar and consider ap(x):

ap(l) = «a(0)

which shows that ap(x) is in S.



(3e.) YES: note that f(z) is an odd function if and only if f(—z) = —f(z).

(0.) O(—z) =0=0(x) for all x, so 0 is in S.

(i.) Let f(x) and g(z) be vectors in S. Then f(—z) = —f(z) and g(—z) = —g(z). Now consider (f + g)(z) =
f(@) + g(@):

I
~
n
&
+
<

n
&

(f +9)(=x)

which shows that f(z) + g(z) isin S.

(ii.) Let a be a scalar and consider af (z):

af(=z) = a|[-f(z)]

= —laf(2)]
which shows that af(x) is in S.
(4.) Compute the Wronskian of these functions:
1 e cosx
W=det|0 e —sinz | =€e"(sinz— cosx)

0 e* —cosz

Since this determinant is not zero everywhere, 1,e® and cosz are linearly independent in C[0, 1].

a—b+c 1 -1 1
a+c 1 0 1
(5a.) A typical vector in S is x = which can be written as x = a+ b+ c. Thus
a+2b—c 1 2 1
b—3c 0 1 3
a basis is given by
1 -1 1
1 0 1
2| |1
0 1 3

Note, we do have to check that these vectors are linearly independent, which we can do by inspection.

(5b.) Note that sin 2z = 2sinx cos z, so these vectors are linearly dependent. In particular, sinz cosz depends
on sin 2x. We remove one of these vectors and check if the remaining vectors are linearly independent. We can

check if 1 and sin 2z are linearly independent by computing a Wronskian:

1 sin2x
W = det = 2cos2x

0 2cos2x

As this function is not zero everywhere, 1 and sin 2z are linearly independent and form a basis for S.
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(5¢.) A typical vector is p(xz) = (z)(z — 1)(az + b) = (z)(x — 1)(z)(a) + (z)(z — 1)(b). So a basis is given by
{(2?)(z — 1), (x)(z —1)}. Again, we do need to check if these are linearly independent, but we can see that they

are by inspection.

(6.) Since we need to find a basis for S as well as show that it is a subspace, we will start by finding a typical

vector in S:
a b 1 2 a 2a-+b 1 2 a b a+2c b+2d
= and =
c d 0 1 ¢ 2c+d 0 1 c d c d

Since these matrices are equal we get the linear system:

a = a+2c
2a+b = b+2d
c = ¢
2c+d = d
Thus a = d and ¢ = 0 which means a typical vector has the form: . b
a

(6a.)

(o

0 0
) 0= isin S
0 0
a b c d
) +
0 a 0 c

] a+c b+d ) o
(i. = , so the sum of any two vectors in S remains in S.
0 a+c
B a b aa  ab ) ) o
(ii.) « = , so the scalar multiples of any vector in S remains in S.
0 a 0 aa

Thus S is a subspace of R?*2,

a b 1 0 0
(6b.) We can write the typical vector as a+ b. Thus a basis is given by
0 a 0 1 0 0
1 0 0 1
0o 1) \o o

(7a.) TRUE: can always take the coefficient of 0 to be non-zero.
(7b.) TRUE: every vector space must contain 0.
(7c.) FALSE: dim(Col(A))+dim(N(A))=n

(7d.) TRUE: Ax = b is consistent if and only if b is in the span of the columns of A, which is the same as the

column space of A.

(7e.) FALSE: If A is singular, then the columns of A are linearly dependent and can not be a basis.
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(7f.) FALSE: A basis is a set of vectors which is both linearly independent and a spanning set.
(8a.) (0.) 07" =0,s00isin S.
(i.) Let A and B be vectors in S. Then AT = A and BT = B. Now consider A + B:
(A+B)T = AT+ BT
= A+B

which shows that A+ B isin S.

(ii.) Let « be a scalar and consider aA:

(ad)” = a(A”)

which shows that «A is in S.

(8b.) Suppose that {va,...,v,} do span V, then v; can be written as a linear combination of these vectors.
In particular
V] =CoVg + -+ CpVp

for some co, ..., c,. Subtracting v; from both sides yields:

cavy + -+ cpvy, — vy =0

Note that the coefficient of vy is not zero. This contradicts the fact that vq,vs,..., v, are linearly independent.
Thus {vs,...,v,} can not span V.
(8c.) If {vy,...,v,} do not span V, then there is a vector vy in V which is not a linear combination of these

vectors. Now consider

covo+civi+---+c, vy, =0

Subtracting covy from both sides gives:
c1vi+ -+ vy = —cvo

If ¢y # 0 then we have just written v as a linear combination of vy,...,v,. As this is not the case, ¢y = 0.
This leaves the equation:
civi+ - +cepvy, =0

As {vy,...,v,} is linearly independent, ¢; = --- = ¢, = 0. Thus {vg,v1,...,v,} is a linearly independent set.



