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Traces and reduced group C � -algebras

Indira Chatterji and Guido Mislin

Abstra ct. We study the univ ersal (Hattori-Stallings) trace on the K-theory
of Banach algebras containing the complex group ring. As a result, we prove
that for a group satisfying the Baum-Connes conjecture, �nitely generated
pro jectiv es over the reduced group C*-algebra satisfy a condition reminiscent
of the Bass conjecture. An immediate consequenceis that in the torsion-free
case, the change of ring map from the reduced group C*-algebra to the von
Neumann algebra of the group induces the zero map at the level of reduced
K-theory .

In tro duction

A topological version of the Hattori-Stallings trace, or universal trace for the
reduced C*-algebra of a group G allows to formulate an analogue of the Bass
conjecture [B ]. Our main theorem shows that this analogueholds for many groups,
namely we prove the following.

Theorem A. Suppose that a group G satis�es the Baum-Connes conjecture.
Then the Hattori-Stal lings trace

H SC �
r : K 0(C �

r G) � ! H H top
0 (C �

r G)

maps into the C-vector space spanned by the imagesof the elementsof �nite order
of G.

The basicsto understand the above result will be given in Section 1, and the
proof will be given in Section 3. As an application, we obtain informations on the
changeof ring map from the reducedgroup C*-algebra to the von Neumannalgebra
of a group G. More precisely we show the following.

Cor ollar y B. Let G be a torsion-free group which satis�es the Baum-Connes
conjecture and let P be a �nitely generated projective C �

r G-module. Then the in-
duced module NG 
 C �

r G P is a free module, of rank equal the Kaplansky rank of P
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2 INDIRA CHA TTERJI AND GUIDO MISLIN

(which is an integer in this case), and the natural map

~K 0(C �
r G) � ! ~K 0(NG)

is the zero-map.

Corollary B is reminiscent of some other change of ring statements. For in-
stance, for any group G the map ~K 0(ZG) ! ~K 0(QG) is predicted to be the
zero map ([LR ], Remark 3.17). Eckmann proved that for an arbitrary group G,
~K 0(ZG) ! ~K 0(NG) is the zero map (this follows from Proposition 3 of [E1] in
conjunction with Remark A2 of [E2]); the sameresult was also proved by Schafer
in [S] and in L•uck's book [LU1 ] (Theorem 9.62). In [S] it is moreover shown that
if CG is contained in a division ring D � U(G), then ~K 0(CG) ! ~K 0(NG) is the
zero map (here U(G) denotes the Ore localization of NG with respect to the set
of non-zerodivisors; equivalently U(G) is the algebra of denselyde�ned operators
`2(G) ! `2(G), a�liated to the von Neumann algebra NG of G, seealso Chap-
ter 10 of [LU1 ]); for a survey on the relationship with Atiy ah's conjecture on the
rationalit y of `2-Betti numbers of �nite complexes,see[MV ], pp. 63{64. Another
related result is Theorem 6 of [E3], whereEckmann provesthat for any torsion-free
group G, ~K 0(CG) ! ~K 0(NG) maps into the torsion subgroup. Finally, we like to
mention that if the torsion-free group G of Corollary B is abelian, NG = L 1 (Ĝ)
with Ĝ the Pontry agin dual of G and as K 0(L 1 (Ĝ)) = K 0(L (Ĝ)) with L (Ĝ) the
algebra of measurablefunctions on Ĝ, the result boils down to the well-known fact
that continuous vector bundles over a connected compact spaceare measurably
trivial.

Section 1 is devoted to a review of the algebras involved, as well as common
examplesof traces on them. We are mainly interested in the universal (Hattori-
Stallings) trace on Banach algebrascontaining CG as a subalgebra. In Section 2
we discussthe caseof `1G and Section 3 dealswith group C*-algebras. Section 4
is a further study of someelements in the image of sometraces. As an application,
we consider in Section 5 the C �

max G-analogueof the following classicalconjecture.

Conjecture. Let G be a torsion-free group, P a �nitely generated projective
CG module and � : G ! F a homomorphism, where F is a �nite group. Then
CF 
 � P is a free CF -module.

Remark. Corollary B can also be deduced from a version of the L 2-index
theorem, which applies to the center-valued trace and which was proved by L•uck
in [LU2 ]. We thank the referee for pointing this out to us. L•uck's arguments
are analytic in nature, whereasour proof of Corollary B is purely algebraic, using
suitable embeddingsof groups into acyclic groups.

We thank Alain Valette for constructive comments.

1. Traces and Banac h algebras

Our generalsetup for the sequelis asfollows. Let G be a group and let AG = A
denote a Banach algebra containing CG as a subalgebra,with norm k kA therefore
verifying kf � gkA � kf kA kgkA for all f ; g 2 A (we write f � g for the product,
to indicate that in casef ; g 2 CG, this is just the convolution product). The �rst
example is `1G, the completion of CG with respect to the `1-norm, wherewe recall
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that for an element a =
P

g agg 2 CG, its `1-norm is given by

kak1 =
X

g

jag j:

Similarly onede�nes `2G, the completion of CG with respect to the `2-norm, which
for an element a =

P
g agg 2 CG, is given by

kak2 =
s X

g

jag j2:

This is very di�eren t from `1G because`2G is not an algebra anymore in most
cases. Indeed, as soon as G is in�nite the convolution product � on CG doesn't
extend to `2G. But `2G is a Hilb ert space,with inner product given by

ha; bi =
X

g2 G

agbg:

Via the right regular representation on `2G, the group algebraCG may be viewedas
a subalgebraof B(`2G), the C*-algebra of boundedoperators on `2G. The operator
norm on B(`2G) is then

kakop = sup
k� k2 =1

ka(� )k2:

The closure of CG for the operator norm as a subalgebraof B(`2G) is called the
reduced C*-algebra of G and is denoted by C �

r G. The von Neumann algebra NG
of G is the double commutant of CG � B(`2G). It is a C*-algebra, with norm
the operator norm described above, that we denote by k kN when taken over NG
(we won't be consideringany other topology on NG); note that the closureof CG
in NG is C �

r G as well. Any unitary representation � of G on a Hilb ert spaceH �

extends by linearit y to a map � : CG ! B(H � ) into the bounded operators on
H � , and the closureof � (CG) for the operator norm is a C*-algebra. The maximal
group C*-algebra C �

max G is the completion of CG with respect to the norm

kakmax = supfk � (a)kopg;

the supremum being taken with respect to all unitary representations � of G. The
norms we have discussedsatisfy for x 2 CG,

kxk1 � kxkmax � kxkop = kxkN

so that there are continuous algebra maps `1G ! C �
max G ! C �

r G ! NG:

For B any Banach algebra over C, we write [B; B] for the closureof the vector
space[B; B] � B generatedby the elements of the form xy � yx, x; y 2 B.

Definition 1.1. Let B be a Banach algebra over C. We put

H H top
0 (B) = B=[B; B]

for its 0-th topological Hochschild homology group; we consider H H top
0 (B) as a

topological C-vector spacewith respect to the quotient Banach spacestructure.

Induced by the corresponding maps of Banach algebras,there are natural con-
tinuous maps

H H top
0 (`1G) ! H H top

0 (C �
max G) ! H H top

0 (C �
r G) ! H H top

0 (NG)
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which we will use later on. If V is a Hausdor� topological C-vector space,a con-
tinuous trace � : B ! V on the Banach algebra B is a continuous C-linear map
satisfying � (xy) = � (yx). The projection H SB : B ! H H top

0 (B) is an example of
such a trace; we call it the Hattori-Stallings trace and it is universal in the sense
that every continuous trace B ! V factors uniquely through it. For � : B ! V a
continuous trace, we will denote by sameletter the induced map

� : K 0(B) ! V:

For the convenienceof the readerwe recall its de�nition: if P is a �nitely generated
projective(left) B-module, then P is isomorphic to a B-module of the form Bn �A for
somematrix A = (aij ) 2 M n (B) satisfying A2 = A. One then puts for [P] 2 K 0(B)

H SB ([P ]) =
X

aii + [B; B] 2 H H top
0 (B);

and � ([P]) =
P

� (aii ) 2 V is the image of H SB ([P ]) under the natural map
H H top

0 (B) ! V induced by the continuous trace � .

Common examplesof continuous traces include the Kaplansky trace � : NG !
C, de�ned by � (x) = hx:� e; � ei ; where � e 2 `2G is the element with coe�cien t 1 in
e and 0 otherwise, yielding

� : K 0(NG) � ! C :

We can de�ne the Kaplansky trace � : AG ! C for any Banach algebracompletion
AG of CG such that k kA � k kN on CG. Indeed, in this casethe identit y map
on CG extend to a continuous map AG ! NG, and composing AG ! NG ! C
gives rise to � : K 0(AG) ! C: For P a �nitely generatedprojective AG module,
� ([P ]) is termed its Kaplansky rank. An enhancedversion of the Kaplansky trace
is the center-valued trace, which we describe now. Let Z (NG) denote the center
of NG; it is a commutativ e C*-subalgebra. The center-valued trace is the unique
continuous trace ctr : NG ! Z (NG) which restricts to the identit y on Z (NG); it
satis�es kctr (x)kN � kxkN and is universal in the sensethat every continuoustrace
NG ! V into a Hausdor� topological C-vector spaceV factors uniquely through
the center-valued trace (for the de�nition and basic properties of the center-valued
trace on a �nite von Neumann algebra, see[KR ]). In particular, the Kaplansky
trace factors as NG ! Z (NG) ! C, and ctr = � when Z (NG) = C (that is, when
NG is a factor). Again, if AG denotesa Banach algebra completion of CG with
k kA � k kN , there is a continuous map AG ! NG and ctr givesrise to

ctr : K 0(AG) ! Z (NG);

this map factors by naturalit y as K 0(AG) ! H H top
0 (AG) ! H H top

0 (NG) !
Z (NG). Becauseof the universal property of ctr : NG ! Z (NG) onehas a natural
isomorphism H H top

0 (NG) �= Z (NG) and can write:

ctr : K 0(AG) � ! H H top
0 (NG) = Z (NG):

More precisely the following holds.

Lemma 1.2. For any group G, [NG; NG] = [NG; NG] � NG and one has a
natural decomposition as Banach spaces

NG = Z (NG) � [NG; NG]:
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The center-valued trace NG ! Z (NG) induces an isomorphism of Banach spaces

H H top
0 (NG) ! Z (NG);

with inverse given by the restriction of the canonical map NG ! H H top
0 (NG) to

Z (NG). Under these natural isomorphisms H H top
0 (NG) �= Z (NG), the element

H SN G ([NG]) corresponds to 1N G 2 Z (NG).

Pr oof. Let K and I stand for the kernel and the imageof ctr : NG ! Z (NG)
respectively. Sincex = ctr (x) + (x � ctr (x)) for x 2 NG, we seethat I + K = NG.
Now let y 2 I \ K . Then 0 = ctr (y) = y, thus NG = I � K . Note that the
subspacesI = ker(id � ctr ) and K = ker(ctr ) are closed in NG, each being the
kernel of a continuous map. Obviously, becausectr = id on Z (NG), I = Z (NG)
and it remains to show that K = [NG; NG]. Since ctr is a continuous trace,
[NG; NG] � K ; conversely, if x 2 K = ker(ctr ) then by a result of Fack and de
la Harpe ([FH ], Th�eor�eme 3.2) x is the sum of 10 commutators in NG so that
x 2 [NG; NG]. It follows that [NG; NG] = [NG; NG] = K , and thus Z (NG) is
naturally isomorphic to H H top

0 (NG). For the last statement of the lemma, we
observe that [NG] 2 K 0(NG) is represented by the idempotent 1N G ; thus by the
de�nition of the Hattori-Stallings trace one has H SN G ([NG]) = 1N G + [NG; NG],
and becausectr : NG ! Z (NG) maps 1N G to 1Z (N G) = 1N G the claim follows. �

The augmentation trace � : C �
max G ! C is the C �

max -algebra map induced by
G ! f eg. On the densesubalgebra CG, this is just the ordinary augmentation
� (a) =

P
g ag for a =

P
g agg, yielding

� : K 0(C �
max G) � ! C:

More generally, we de�ne the augmentation trace � : AG ! C for any Banach
algebra completion AG of CG as long as k kA � k kmax on CG, by composing in
the obvious way.

To put Theorem A of the Intro duction into a more general framework, the
following de�nition is convenient.

Definition 1.3. Let AG be a Banach algebra containing CG as a subalgebra
and denoteby CGf the C-vector spacewith basisthe elements of �nite order in G.

(i) A subset S � H H top
0 (AG) is called f-supported, if it lies in the image of

CGf � AG under the natural quotient map AG ! H H top
0 (AG).

(ii) The Banach algebraAG hasthe f-TraceProperty if the imageof the Hattori-
Stallings trace

H SA : K 0(AG) ! H H top
0 (AG)

is f-supported.
(iii) A �nitely generatedprojective AG-module P is called f-supported if the

element H SA (P) 2 H H top
0 (AG) is.

For the reducedC*-algebra C �
r G to have the f-TraceProperty can be viewed as

an analogueof the Bassconjecture for CG, which assertsthat the Hattori-Stallings
trace K 0(CG) ! H H0(CG) maps into the subspacespanned by the images of
the elements of �nite order in G (cf. [B ]). Theorem A of the Intro duction has the
following equivalent formulation.
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Theorem 1.4. Suppose that G satis�es the Baum-Connes conjecture. Then
C �

r G has the f-Trace Property.

The proof will be given in Section 3. Theorem 1.4 gives evidencesthat C �
r G

should have the f-Trace Property for any group G. The situation is quite di�eren t
for the maximal C*-algebra: in Section3 we will show that for in�nite groupswith
Kazhdan's property (T), the algebra C �

max G doesnot have the f-Trace Property.

2. The `1 case and the Bass conjecture

In caseof the Banach algebra `1G, one has the following simple description of
H H top

0 (`1G). We write `1[G] for the Banach spaceof `1-function [G] ! C, where
[G] stands for the set of conjugacyclassesof G; the Banach spacestructure is given
by the `1-norm. There is a natural projection � : `1G ! `1[G] obtained by summing
over conjugacy classes,which is a continuous trace (seebelow), so that � factors
through H H top

0 (`1G).

Lemma 2.1. For any group G, the natural map � : `1G ! `1[G] induces an
isomorphism of Banach spaces

� � : H H top
0 (`1G) ! `1[G]:

Pr oof. The projection � : `1G ! `1[G] is continuous, becauseit is norm
decreasing.Let us �rst show that [`1G; `1G] is contained in ker(� ). For any element
f =

P
f gg 2 `1G, we write

� [g] f :=
X

x 2 [g]

f x 2 C

for the [g]-coe�cien t of � (f ). The elements of [`1G; `1G] are �nite linear combina-
tions of commutators ab� ba, with a; b 2 `1G. So, for an element ab� ba, if we write
a =

P
ax x, b =

P
by y and ab=

P
cgg 2 `1G, then we have that cg =

P
xy = g ax by ,

so that
� [g](ab) =

X

z2 [g]

X

xy = z

ax by

which is equal to � [g](ba), becauseba =
P

h2 G (
P

uv = h bu av )h and
P

uv = h bu av =P
vu= u � 1 hu av bu . It follows that [`1G; `1G] lies in ker(� ) and therefore its clo-

sure as well since � is continuous. Thus � induces a continuous surjection � � :
H H top

0 (`1G) ! `1[G].
To seethat � � is injective, take a 2 `1G and assumethat � (a) = 0. We write

a =
P

a[g] , where a[g] 2 `1G is supported on the conjugacy class [g] � G. Since
� [g](a) = � [g](a[g]), we seethat � [g](a[g]) = 0 as well. Now a[g] can be written as
lim sn with sn 2 CG, and sn having its support in [g]. Let en := � [g](sn ) 2 C.
Clearly lim en = 0 2 C. We now choosean element g0 2 [g] and write

rn := sn � en g0;

which is an element in CG with its support in [g]; becauseits augmentation is zero
and it is supported on a singleconjugacyclass,the element mapsto 0 in H H 0(CG)
and is therefore a �nite sum of commutators in CG:

rn =
X

i

qn;i wn;i � wn;i qn;i
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and, in `1G, lim rn = lim sn � lim en g0 = a[g] � 0 so that a[g] lies in the closureof
[CG; CG] in `1G. It then follows that

P
[g] a[g] = a lies in the closureof [CG; CG]

as well.
The inverseof � � is given as follows. One picks for every [g] a representativ e

~g 2 G and puts

� � 1
� (

X
c[g] [g]) :=

X
c[g] ~g + [`1G; `1G];

which de�nes a norm preserving inverseto � � , concluding the proof. �

Remark 2.2. The argument shows that in `1G, the closureof [CG; CG] equals
the closure of [`1G; `1G]; we do not know whether [`1G; `1G] is already closed in
`1G.

In [BCM ] we workedwith the trace � : `1G ! `1[G] and we factored it through
the algebraic H H0(`1G) = `1G=[`1G; `1G]. In view of the previous lemma, the \ `1

Bass Conjecture for G" in the senseof Conjecture 2.2 of [BCM ] is precisely the
\f-T race Property for `1G" in the senseof our De�nition 1.3. The main result of
[BCM ] can therefore be reformulated as follows.

Theorem 2.3. For an arbitrary group G, the image of the composite map

K G
0 (EG) ! K 0(`1G) ! H H top

0 (`1G)

is f-supported. If G satis�es the Bost conjecture then the image of the Hattori-
Stallings trace

H S` 1
: K 0(`1G) ! H H top

0 (`1G) = `1[G]

is f-supported, i.e. `1G has the f-Trace Property.

3. Some C � -algebra cases

To proveTheoremA of the intro duction weactually provea moregeneralresult.
We write � ` 1 : K G

0 (EG) ! K 0(`1G) for the Bost assembly map (seeLa�orgue [L ]
for its de�nition). More generally, for AG a Banach algebra completion of CG
satisfying k k1 � k kA , we write � A : K G

0 (E G) ! K 0(AG) for the composite map
i � � � ` 1 , wherei � : K 0(`1G) ! K 0(AG) is inducedby the natural map i : `1G ! AG.
It is proved in [L ] that in this notation, � C �

r
agreeswith the Baum-Connesassembly

map.

Pr oposition 3.1. Let G be a countablegroup and AG a Banach algebra com-
pletion of CG such that kxk1 � kxkA for all x 2 CG. If the assemblymap

� A : K G
0 (E G) ! K 0(AG)

is surjective, then AG has the f-Trace Property.

Pr oof. The assumption on k kA implies that there is a continuous map of
completions `1G ! AG. By Theorem 2:3 the image of

K G
0 (EG) ! K 0(`1G) ! H H top

0 (`1G)
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is f-supported. Our claim then follows by a diagram chasein the following commu-
tativ e diagram

K 0(`1G)

��

H S ` 1
//H H top

0 (`1G)

��

K G
0 (EG)

� ` 1

99rrrrrrrrrr

� A

%%LLL
LLL

LLL
L

CGf

eeLLLLLLLLLL

yyrrr
rrr

rrr
r

K 0(AG) H SA
//H H top

0 (AG) :

�

Pr oof of Theorem A and Theorem 1.4. Sincethe operator norm on CG
is always bounded by the `1-norm, there is a natural continuous map `1G ! C �

r G.
The assumption in Theorem A (resp. Theorem 1.4) guarantee that the assembly
map in question is surjective and we can apply Proposition 3.1 with AG = C �

r G to
concludethe proof.

�

All we actually do concernselements lying in the image of the assembly map.
For elements which do not lie in the image of the assembly map, the situation can
be very di�eren t, as we show now.

A group G is called a-(T)-menable if it admits a metrically proper a�ne action
on a Hilb ert space,see[CCJJV ] for an intro duction. A group G has Kazhdan's
property (T) if any a�ne action on a Hilb ert spacehas a globally �xed point, see
[HV ] for an intro duction. For a list of groups in theseclassessee[MV ], [CCJJV ]
and [V2 ].

Pr oposition 3.2. (a) Let G be a torsion-free in�nite, countable group with
property (T). Then C �

max G does not have the f-Trace Property.
(b) Let G be an a-(T)-menable group. Then C �

max G has the f-Trace Property.

Pr oof. (a) Let G be a torsion-free group with Kazhdan's property (T). Then
there exist an idempotent � 2 C �

max G (the Kazhdan projection) which, on a unitary
representation of G acts via the projection onto the G-invariant subspace;for a
construction of � , see[V1 ] or 3.9.17of [HR ]. Thus it acts via id on the the trivial
representation and as the zero operator on `2G (we usehere the fact that G is an
in�nite group and therefore the G-invariant subspaceof `2G equalsf 0g). It follows
that � (� ) = 1 2 C and � (� ) = 0 2 C . Becausefor the unit element e 2 C �

max G one
has � (e) = � (e) = 1 and by considering the projective modules [C �

max G � � ] resp.
[C �

max G] corresponding to the idempotents � ; e 2 C �
max G, we seethat the C-vector

spacespannedby the imageof the Hattori-Stallings trace H SC �
max : K 0(C �

max G) !
H H top

0 (C �
max G) must be at least 2-dimensional. Therefore, C �

max G doesnot have
the f-Trace Property.

(b) According to [HK ], the assumptionsimply that the assembly map � C �
max

is surjective so that the hypothesisof Proposition 3.1 is satis�ed for AG = C �
max G,

yielding the conclusionof (b). �
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4. Prop erties of f-supp orted elemen ts

Let AG bea Banach algebracompletion of CG such that k kA � k kN . Then the
Kaplansky trace is de�ned on AG, as explained earlier. Let � G : C ! H H top

0 (AG)
be the injective map � 7! � �H SA ([AG]). We write ~� for the continuoustrace given
by the composite map

~� : AG ��! C
� G� ! H H top

0 (AG);

and, following our convention, we use the samenotation for the induced maps on
K -theory

~� : K 0(AG) ! H H top
0 (AG); [P] 7! � ([P ]) � H SA ([AG]):

In the torsion-freecase,the f-TraceProperty for AG implies that H SA : K 0(AG) !
H H top

0 (AG) mapsinto the one-dimensionalsubspace�G (C) spannedby H SA ([AG]).
This is used in the following.

Pr oposition 4.1. Let G be a torsion-free group and AG a Banach algebra
completion of CG satisfying k kA � k kN . For P a �nitely generated projective and
f-supported AG-module,

H SA ([P ]) = � ([P ]) � H SA ([AG]) = ~� ([P]):

In particular, if AG has the f-Trace Property, then

H SA = ~� : K 0(AG) ! H H top
0 (AG):

Pr oof. Becausek kA � k kN , the Kaplansky trace � : AG ! C is de�ned
and it factors through H H top

0 (AG), yielding a commutativ e diagram

AG
� //

H SA %%LLL
LLL

LLL
L C

H H top
0 (AG):

�

99ssssssssss

Let P be a �nitely generatedprojective AG-module. SinceG is torsion-free and P
is f-supported one has H SA ([P ]) = � ([P ]) � H SA ([AG]) for some� ([P]) 2 C. By
applying � , we �nd

� (H SA ([P ])) = � ([P ])

and, becauseH SA ([P ]) = � ([P ]) � H SA ([AG]),

�
�
H SA ([P ])

�
= �

�
� ([P ]) � H SA ([AG])

�
= � ([P ]):

It follows that � ([P ]) = � ([P ]) and therefore H SA ([P ]) = � ([P ]) � H SA ([AG])=
~� ([P]) as claimed. �

The following is reminiscent of the weak Bassconjecture for CG, and implies
it in certain cases.
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Cor ollar y 4.2. Let G be a torsion-free group and AG a Banach algebra
completion of CG satisfying k k1 � k kA � k kmax . If P denotesa �nitely generated
projective AG-module that is in the image of the assemblymap � A then � ([P]) =
� ([P ]). In particular, if � A is surjective, then

� = � : K 0(AG) ! C:

Pr oof. Since k kA � k kmax the augmentation trace � : AG ! C is de�ned
and factors through H H top

0 (AG), yielding a commutativ e diagram

AG
� //

H SA %%LLL
LLL

LLL
L C

H H top
0 (AG)

�

99tttttttttt

so that

� (H SA ([P ])) = � ([P ]):

Becausek k1 � k kA the assembly map � A is de�ned and we know from Proposi-
tion 3.1 that the surjectivit y of � A implies that AG hasthe f-TraceProperty. Hence,
as k kA � k kmax � k kN , we can apply the previous proposition to concludethat

H SA ([P ]) = � ([P ]) � H SA ([AG])

so that

� ([P ]) = �
�
H SA ([P ])

�
= � ([P ]) � �

�
H SA ([AG])

�
= � ([P ]);

yielding the result claimed. �

The following is a particular caseof Corollary 4.2 for the maximal C � -algebra
C �

max G, which will be used later on.

Cor ollar y 4.3. Let G be a torsion-free group. Then for any �nitely generated
projective C �

max G-module P with [P] 2 K 0(C �
max G) in the image of the assembly

map,

H SC �
max ([P ]) = � ([P ]) � H SC �

max ([C �
max G]) 2 H H top

0 (C �
max G)

and

� ([P]) = � ([P ]):

Another application concernsthe center-valued trace.

Pr oposition 4.4. Let G be a torsion-free group and assumethat C �
r G has the

f-Trace Property. Then the center-valued trace

ctr : K 0(C �
r G) ! Z (NG)

satis�es ctr ([P ]) = � ([P ]) � 1N G for any �nitely generated projective C �
r G-module

P, where 1N G 2 NG is the unit element.
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Pr oof. As explainedin Section1, the center-valuedtrace is de�ned on K 0(C �
r G)

as the composite map

ctr : K 0(C �
r G) ! K 0(NG) ! H H top

0 (NG) = Z (NG)

and, by naturalit y, can be factored as

K 0(C �
r G) ! H H top

0 (C �
r G)

i �� ! H H top
0 (NG) = Z (NG);

with i � induced by the inclusion C �
r G � NG. It follows from Proposition 4.1 that

ctr ([P ]) = i � (� [P ] � H SC �
r G ([C �

r G])), and under our identi�cation of H H top
0 (NG)

with Z (NG), i � (H SC �
r G ([C �

r G])) = H SN G ([NG]) corresponds by Lemma 1.2 to
1N G 2 Z (NG). It follows that for [P] 2 K 0(C �

r G), ctr ([P ]) = � ([P ]) � 1N G . �

We now prove Corollary B of the Intro duction. Recall that for a ring R with
1 the reducedgroup ~K 0(R) is de�ned as the cokernel of the natural map K 0(Z) !
K 0(R).

Pr oof of Cor ollar y B. It is a basic fact that for any group G, the center-
valued trace ctr : K 0(NG) � ! Z (NG) is injective (this follows from Theorems8.4.3
and 8.4.4of [KR ]). SinceG is assumedto satisfy the Baum-Connesconjecture and
is torsion-free, the �nitely generatedprojective C �

r G-module P has � (P) 2 N (for
a direct proof of this fact, not using Atiy ah's L 2- Index Theorem, see[MV ]). By
Proposition 4.4 we infer that ctr ([P ]) = ctr ([C �

r Gn ]), where n = � ([P]). Passingto
K 0(NG) we concludethat NG 
 C �

r G P is stably isomorphic to NGn and it follows
that the change of ring map ~K 0(C �

r G) ! ~K 0(NG) is trivial. Becausetwo sta-
bly isomorphic �nitely generatedprojective NG-modules are isomorphic (cf. [KR ]
loc. cit.), it follows that for P �nitely generatedprojective over C �

r G, the module
NG 
 C �

r G P is not only stably free, but free of rank � ([P ]). �

The following variation of Corollary B is easier to prove and applies also to
not necessarilytorsion-free groups. We recall that NG is a factor if and only if
Z (NG) = C, which is known to be equivalent with saying that for every g 2 Gnf eg
the centralizer of g in G has in�nite index; such groups are also known as ICC-
groups (for a survey on group von Neumann algebrasseeL•uck's book [LU1 ]).

Cor ollar y 4.5. Let G be a group satisfying the Baum-Connesconjecture and
assumethat NG is a factor. Then

~K 0(C �
r G) � ! ~K 0(NG)

maps into the torsion subgroup.

Pr oof. Since NG is a factor, ctr = � (see Section 1). By assumption, the
group G satis�es the Baum-Connesconjecture, and henceaccording to [LU2 ] the
Kaplansky trace � : K 0(C �

r G) ! C maps into Q (seealso [BCM ] for an alternate
proof). It follows that if P is a �nitely generated projective C �

r G-module with
� ([P ]) = m=n for somem; n 2 N, (NG 
 C �

r G P)n is isomorphic to NGm , showing
that the image [NG 
 C �

r G P] in ~K 0(NG) is a torsion element. �

We want to give an example to illustrates that the Hattori-Stallings trace

H SC �
r : K 0(C �

r G) ! H H top
0 (C �

r G)
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detects in generalmore K-theory classesthan the center-valued trace

ctr : K 0(C �
r G) ! Z (NG):

To this end, we recall that the center-valued trace ctr : NG ! Z (NG) has the
following two basic properties: �rst, for x 2 Z (NG) and y 2 NG onehas ctr (xy) =
x � ctr (y), and second,becauseof the universalproperty of ctr , � (ctr (x)) = � (x) for
any x 2 NG. As a consequence,the following Lemma holds (seealso Emmanouil
[EM ] for a di�eren t proof).

Lemma 4.6. Let g 2 G with [G : CG (g)] = 1 . Then the center-valued trace
ctr : NG ! Z (NG) satis�es ctr(g)=0.

Pr oof. Using the usual embedding NG ! `2G, we can write ctr (g) =
P

cu u.
Since� (u� 1ctr (g)) = cu , we needto show that � (h � ctr (g)) = 0 for all h 2 G. This
is certainly so if the cardinalit y of the conjugacy classof h, [G : CG (h)] is in�nite,
becausev � ctr (g) = ctr (g) � v for all v 2 G so that cu = cv � 1 uv and thus cu = 0 if
u has in�nitely many distinct conjugates. In case[G : CG (h)] < 1 , we have with
h� := 1

[G:CG (h)]

P
t 2 [h ] t 2 Z (NG):

� (h � ctr (g)) = � (h� � ctr (g)) = � (ctr (h� g)) = � (h� g) = 0

becausefor t 2 [h], tg 6= e, otherwise g would have only �nitely many conjugates.
�

Example 4.7. Let D1 denote the in�nite dihedral group. Then one has
K 0(C �

r D1 ) �= Z3 and the image of ctr : K 0(C �
r D1 ) ! Z (NG) is isomorphic to Z,

generated by 1
2 � 1N G . On the other hand, H SC �

r : K 0(C �
r D1 ) ! H H top

0 (C �
r D1 ) is

injective.

Pr oof. Let D1 = hxi � hyi , generatedby the two involutions x; y. Then by
using the formula for the K-theory of the reducedgroup C*-algebra of a freeproduct
of groups (a special caseof the Pimsner sequencefor groups acting on trees [P]),
and using that for a �nite groups G one has C �

r (G) = CG and K 0(CG) = RC(G),
the complex representation ring, we have a surjective map RC(hxi ) � RC(hyi ) !
K 0(C �

r D1 ) inducing ~K 0(Chxi ) � ~K 0(Chyi ) �= ~K 0(C �
r D 1 ) �= Z2 : A Z-basis for

K 0(C �
r D1 ) is then given by [C �

r D1 ], [P ] and [Q], whereP and Q are the projective
modules induced up from the trivial Chxi -module C, resp. the trivial Chyi -module
C. BecauseP = C �

r D1 � eP with eP the idempotent 1
2 (1 + x) in C �

r D1 and
becausethe centralizer of x 2 D 1 has in�nite index, we conclude from Lemma
4.6 that ctr ([P ]) = ( 1

2 + 0) � 1N 2 Z (N D1 ) and similarly for [Q]. As a result,
ctr ([P ] � [Q]) = 0 so that ctr : K 0(C �

r D1 ) ! Z (N D1 ) is not injective and the
image is a free abelian group generatedby 1

2 � 1N G as claimed. On the other hand,
the projection p : D1 ! hxi � hyi yields a trace tp : C �

r D1 ! C(hxi � hyi ), resp.
tp : K 0(C �

r D1 ) ! C(hxi � hyi ), satisfying

tp([P ]) = (1 + x)=2; tp([Q]) = (1 + y)=2; tp([C �
r D1 ]) = 1:

This shows that the imagesunder H SC �
r : K 0(C �

r D1 ) ! H H top
0 (C �

r D1 ) of the
three elements [C �

r D1 ]; [P ] and [Q] are C-linearly independent in H H top
0 (C �

r D1 ).
It follows that H SC �

r : K 0(C �
r D1 ) ! H H top

0 (C �
r D1 ) is injective. �
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5. Another result

The following is a partial result on an analogue,in the setting of the maximal
C � -algebra C �

max G of a group G, of the Conjecture stated in the Intro duction.

Theorem 5.1. Let G be a torsion-free group and � : G ! F a homomorphism,
with F a �nite group. Let P be a �nitely generated projective C �

max G-module such
that [P] 2 K 0(C �

max G) lies in the image of the assemblymap

� C �
max

: K 0(B G) = K G
0 (EG) ! K 0(C �

max G):

Then CF 
 � P is a free CF -module of rank � ([P ]) = � ([P ]).

Pr oof. The induced map � � : C �
max G ! C �

max F = CF , composedwith the
universal trace H SC : CF ! H H0(CF ) de�nes a continuous trace

T = H SC � � � : C �
max G ! H H0(CF )

and henceinduces
T : K 0(C �

max G) ! H H0(CF )
satisfying T([P]) = H SC(CF 
 � P) 2 H H0(CF ). According to Corollary 4.3,
this trace value has the form � ([P]) � H SC([CF ]); note also that � = � on the
image of the assembly map � C �

max
so � ([P]) = � ([P ]). BecauseF is �nite, two

�nitely generated projective CF -modules A and B are isomorphic if and only if
H SC([A]) = H SC([B ]). Since

� ([P]) � H SC([CF ]) = H SC([(CF ) � ([ P ]) ]) = H SC([CF 
 � P])

we concludethat CF 
 � P is free, of rank � ([P ]) = � ([P ]). �

Remarks 5.2. (1) If G is a torsion-free group which satis�es the Bass Con-
jecture over C and M is a �nitely generated projective CG-module, then { by
consideringthe classicalHattori-Stallings trace { the CF -module CF 
 � M is free,
of rank � (M ) = � (M ).

(2) The condition in Theorem5.1 that [P] lies in the imageof the assembly map
cannot be dropped: Take a torsion-free in�nite group with property (T) and let
P be the projective C �

max G-module corresponding to the \Kazhdan Projection".
Assume that G admits a homomorphism onto a �nite group F 6= f eg. Then P
maps to the trivial representation C = CF 
 � P of F , and not to a multiple of the
regular representation.

References

[B] H. Bass, Euler characteristics and characters of discrete groups, Invent. Math. 35 (1976),
155{196.

[BCM] J. Berric k, I. Chatterji and G. Mislin, From acyclic groups to the Bass conjectur e for
amenable groups, Math. Annalen 329 (2004), 597{621.

[CCJJV] P.-A. Cherix, M. Cowling, P. Jolissaint, P. Julg and A. Valette, Groups with the Haagerup
property. Gromov's a-T-menability , Progress in Mathematics, 197, Birkh•auser Verlag,
Basel, 2001.

[E1] B. Eckmann, Projective and Hilbert modules over group algebras, and �nitely dominated
spaces, Comment. Math. Helv. 71 (1996), 453{462.

[E2] B. Eckmann, Addendum to Projective and Hilbert modules over group algebras, and
�nitely dominated spaces, Comment. Math. Helv. 72 (1967), 329.

[E3] B. Eckmann, Idempotents in a complex group algebra, projective modules, and the von
Neumann algebra, Arc h. Math. 76 (2001), 241{249.



14 INDIRA CHA TTERJI AND GUIDO MISLIN

[EM] I. Emmanouil, Induced projective modules over group von Neumann algebras, preprin t
(2003).

[FH] Th. Fack and P. de la Harp e, Sommes de commutateurs dans les alg�ebres de von Neumann
�nies continues , Ann. Inst. Fourier (Grenoble) 30 (1980), 49{73.

[HV] P. de la Harp e and A. Valette, La propri �et�e (T) de Kazhdan pour les groupes localement
compacts (avec un appendice de Mar c Bur ger) , Ast �erisque 175, 1989.

[HK] N. Higson and G. Kasparov, E -theory and K K -theory for groups which act properly and
isometric al ly on Hilbert space, Invent. Math. 144 (2001), 23{74.

[HR] N. Higson and J. Roe, Analytic K-homolo gy, Oxford Mathematical Monographs, Oxford
Univ ersity Press, 2000.

[KR] R.V. Kadison and J.R. Ringrose, Fundamentals of the theory of operator algebras, Vol.II ,
Academic Press, 1986.

[L] V. La�orgue, K-th �eorie bivariante pour les alg�ebres de Banach et conjectur e de Baum-
Connes, Invent. Math. 149 (2002), 1{95.

[LU1] W. L •uck, L 2 -Invariants: Theory and Applic ations to Geometry and K-The ory , vol. 44,
Springer (Ergebnisse der Mathematik und ihrer Grenzgebiete), 2002.

[LU2] W. L •uck, The relation between the Baum-Connes conjectur e and the tr ace conjectur e,
Invent. Math. 149 (2002), 123{152.

[LR] W. L •uck and H. Reich, The Baum-Connes and the Farr ell-Jones Conjectur e in K- and L -
Theory , Preprin treihe SFB 478 { Geometrische Strukturen, Departmen t of Mathematics,
Univ ersity of M •unster, Germany 324 (2004).

[MV] G. Mislin and A. Valette, Proper Group Actions and the Baum-Connes Conjectur e (A d-
vanced Courses in Mathematics CRM) Barcelona, Birkh•auser, 2003.

[P] M.V. Pimsner, KK-gr oups of crossed products by groups acting on tr ees, Invent. Math.
86 (1986), 603{634.

[S] J. Schafer, The Bass Conjectur e and Group von Neumann Algebras, K-Theory 19 (2000),
211-217.

[V1] A. Valette, Minimal projections, integrable representations and property (T) , Arc h. Math.
43 (1984), 397-406.

[V2] A. Valette, Nouvel les approches de la propri �et�e (T) de Kazhdan, Ast �erisque (S�eminaire
Bourbaki), Soc. Math. France 294 (2004), 97-124.

Depar tment of Ma thema tics, Cornell University, Itha ca NY 14853, USA
E-mail address: indira@math.cornell.edu

Depar tment of Ma thema tics, ETHZ, 8092 Z•urich, Switzerland
E-mail address: mislin@math.ethz.ch


