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Traces and reduced group C -algebras

Indira Chatterji and Guido Mislin

Abstra ct. We study the universal (Hattori-Stallings) trace on the K-theory
of Banach algebras containing the complex group ring. As a result, we prove
that for a group satisfying the Baum-Connes conjecture, nitely generated
projectiv es over the reduced group C*-algebra satisfy a condition reminiscent
of the Bass conjecture. An immediate consequenceis that in the torsion-free
case, the change of ring map from the reduced group C*-algebra to the von
Neumann algebra of the group induces the zero map at the level of reduced
K-theory .

In tro duction

A topological version of the Hattori-Stallings trace, or universal trace for the
reduced C*-algebra of a group G allows to formulate an analogue of the Bass
conjecture [B]. Our main theorem shaws that this analogueholds for many groups,
namely we prove the following.

Theorem A. Suppsethat a group G satis es the Baum-Connes conjecture.
Then the Hattori-Stal lings trace

HSC : Ko(C,G) ! HHP(C, G)

mapsinto the C-vector space spanned by the imagesof the elementsof nite order
of G.

The basicsto understand the above result will be givenin Section 1, and the
proof will be givenin Section 3. As an application, we obtain informations on the
changeof ring map from the reducedgroup C*-algebrato the von Neumannalgebra
of a group G. More precisely we show the following.

Cor ollar y B. LetG he atorsion-fr ee group which satis es the Baum-Connes
conjecture and let P be a nitely geneated projective C, G-module. Then the in-
duced module NG ¢ ¢ P is a free module, of rank equal the Kaplansky rank of P
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2 INDIRA' CHATTERJI AND GUIDO MISLIN

(which is an integer in this case), and the natural map
Ko(C,G) ! Ko(NG)
is the zem-map.

Corollary B is reminiscert of some other change of ring statemerts. For in-
stance, for any group G the map Ko(ZG) ! Ko(QG) is predicted to be the
zeromap ([LR ], Remark 3.17). Eckmann proved that for an arbitrary group G,
Ko(ZG) ! Ko(NG) is the zero map (this follows from Proposition 3 of [E1] in
conjunction with Remark A2 of [E2]); the sameresult was also proved by Scafer
in [S] and in Luck's book [LUL ] (Theorem 9.62). In [S] it is moreover shown that
if CG is corntained in a division ring D  U(G), then Ko(CG) ! Ko(NG) is the
zero map (here U(G) denotesthe Ore localization of NG with respect to the set
of non-zerodivisors; equivalertly U(G) is the algebra of denselyde ned operators
2(G) ! "?(G), aliated to the von Neumann algebra NG of G, seealso Chap-
ter 10 of [LU1 ]); for a survey on the relationship with Atiy ah's conjecture on the
rationalit y of “2-Betti numbers of nite complexes,see[MV ], pp. 63{64. Another
related result is Theorem 6 of [E3], where Eckmann provesthat for any torsion-free
group G, Ko(CG) ! Ko(NG) mapsinto the torsion subgroup. Finally, we like to
mertion that if the torsion-free group G of Corollary B is abelian, NG = L1 (GB)
with G the Pontry agin dual of G and as Ko(L! (8)) = Ko(L(G)) with L(8) the
algebra of measurablefunctions on G, the result boils down to the well-known fact
that continuous vector bundles over a connected compact space are measurably
trivial.

Section 1 is dewoted to a review of the algebrasinvolved, as well as common
examplesof traces on them. We are mainly interested in the universal (Hattori-
Stallings) trace on Banach algebrascorntaining CG as a subalgebra. In Section 2
we discussthe caseof "1G and Section 3 dealswith group C*-algebras. Section 4
is a further study of someelemerts in the image of sometraces. As an application,
we considerin Section5 the C,,,, G-analogueof the following classicalconjecture.

Conjecture.  Let G be a torsion-free group, P a nitely genesated projective
CG moduleand : G! F ahomomorphism, where F is a nite group. Then
CF P is a free CF-module.

Remark. Corollary B can also be deduced from a version of the L2-index
theorem, which applies to the certer-valued trace and which was proved by Leck
in [LU2]. We thank the refereefor pointing this out to us. Leuck's argumerts
are analytic in nature, whereasour proof of Corollary B is purely algebraic, using
suitable embeddings of groupsinto acyclic groups.

We thank Alain Valette for constructive commerts.

1. Traces and Banach algebras

Our generalsetup for the sequelis asfollows. Let G beagroupandlet AG = A
denote a Banach algebracontaining CG as a subalgebra,with norm k ks therefore
verifying kf  gka  kf kakgka for all ;g2 A (wewrite f g for the product,
to indicate that in casef;g 2 CG, this is just the convolution product). The rst
exampleis “1G, the completion of CG with respectto the “1-norm, where we recall
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P
that for an elemen a= ¢ 3992 CG, its “1-norm is given by
X
kak; = jagj:
g
Similarly onede nes, 2G, the completion of CG with respect to the “2-norm, which
for an element a= ¢899 2 CG, is given by
S
kak, = jagj?:
9

This is very dierent from "G because %G is not an algebra anymore in most
cases. Indeed, as soon as G is in nite the corvolution product on CG doesn't
extend to “2G. But '2G is a Hilbert space,with inner product given by

X

he;bi = aghy:
926G
Via the right regular represenation on *2G, the group algebraCG may be viewed as
a subalgebraof B("?G), the C*-algebra of bounded operators on *?G. The operator
norm on B("2G) is then
kakop = sup ka( )ko:

k kp=1
The closure of CG for the operator norm as a subalgebraof B(*2G) is called the
reduced C*-algebra of G and is denoted by C, G. The von Neumann algebraNG
of G is the double commutant of CG  B(*2G). It is a C*-algebra, with norm
the operator norm described above, that we denote by k ky when taken over NG
(we won't be consideringany other topology on NG); note that the closure of CG
in NG is C, G aswell. Any unitary represenation of G on a Hilbert spaceH
extends by linearity to amap : CG ! B(H ) into the bounded operators on
H , and the closureof (CG) for the operator norm is a C*-algebra. The maximal
group C*-algebra C,,,, G is the completion of CG with respect to the norm

kakmax = supfk (@)kopd;

the supremum being taken with respect to all unitary represeriations of G. The
norms we have discussedsatisfy for x 2 CG,

sothat there are cortinuousalgebramaps *'G! C,.,,G! C,G! NG:

For B any Banach algebraover C, we write [B; B] for the closure of the vector
space[B;B] B generatedby the elemens of the form xy  yx, x;y 2 B.

Definition 1.1. Let B be a Banach algebraover C. We put
HH " (B) = BB; B]

for its O-th topological Hochschild homology group; we considerHHS’p(B) as a
topological C-vector spacewith respect to the quotient Banach spacestructure.

Induced by the corresponding maps of Banach algebras,there are natural con-
tinuous maps

HHP(1G) ! HH(Crax G) ! HHEP(C,G)! HHZP(NG)
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which we will uselater on. If V is a Hausdor topological C-vector space,a con-
tinuoustrace : B! V on the Banach algebra B is a corntinuous C-linear map
satisfying (xy) = (yx). The projection HSB : B! HHP(B) is an example of
sudh a trace; we call it the Hattori-Stallings trace and it is universalin the sense
that every continuoustrace B! V factors uniquely through it. For :B! V a
cortinuoustrace, we will denote by sameletter the induced map

:Ko(B)! V-

For the convenienceof the readerwe recall its de nition: if P isa nitely generated
projective (left) B-module, then P isisomorphicto a B-module of the form B" A for
somematrix A = (a;j ) 2 M, (B) satisfying A2 = A. One then puts for [P] 2 Ko(B)

X
HSB(P])=  a + [B;B]2 HH P (B);

P
and ([P]) = (a) 2 V is the image of HSB([P]) under the natural map
HHy®(B)! V induced by the continuous trace

Common examplesof cortin uoustracesinclude the Kaplansky trace : NG !
C,dened by (x)= I ¢ ei; Where 2 2G is the elemer with coe cient 1in
e and 0 otherwise, yielding

:Ko(NG) ! C:

We can de ne the Kaplansky trace : AG! C for any Banach algebracompletion
AG of CG sud that k ka k ky on CG. Indeed, in this casethe identity map
on CG extend to a cortinuousmap AG ! NG, and composingAG! NG! C
givesriseto : Ko(AG) ! C: For P a nitely generatedprojective AG module,

([P]) is termed its Kaplansky rank. An enhancedversion of the Kaplansky trace
is the certer-valued trace, which we describe now. Let Z(NG) denote the certer
of NG; it is a commutativ e C*-subalgebra. The certer-valued trace is the unique
continuoustrace ctr : NG ! Z(NG) which restricts to the identity on Z(NG); it
satis es kctr (x)ky  kxkn andis universalin the sensethat every cortinuoustrace
NG ! V into a Hausdor topological C-vector spaceV factors uniquely through
the certer-valued trace (for the de nition and basic properties of the certer-valued
trace on a nite von Neumann algebra, see[KR ]). In particular, the Kaplansky
trace factorsasNG! Z(NG)! C,andctr = whenZ(NG) = C (that is, when
NG is a factor). Again, if AG denotesa Banadh algebra completion of CG with
kka Kkkyn, thereisacontinuousmap AG! NG and ctr givesrise to

ctr : Ko(AG) ! Z(NG);

this map factors by naturality as Ko(AG) ! HH{P(AG) ! HH{®(NG) !
Z(NG). Becauseof the universal property of ctr : NG! Z(NG) onehasa natural
isomorphismHHg® (NG) = Z(NG) and can write:

ctr : Ko(AG) ! HHPP(NG) = Z(NG):
More preciselythe following holds.

Lemma 1.2. For any group G, [NG;NG] = [NG;NG] NG and one has a
natural decomposition as Banach spaces

NG = Z(NG) [NG;NGJ:
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The center-valuaed trace NG ! Z(NG) induces an isomorphism of Banach spaces
HH(NG) ! Z(NG);

with inverse given by the restriction of the canonical map NG ! H H(t)°p (NG) to
Z(NG). Under these natural isomorphisms H Hg’p(NG) = Z(NG), the element
HSNG(ING]) correspndsto 1ng 2 Z(NG).

Proof. Let K and| stand for the kernel and the imageofctr : NG ! Z(NG)
respectively. Sincex = ctr(x) + (x ctr(x)) for x 2 NG, we seethat | + K = NG.

Now lety 2 1\ K. Then O = ctr(y) = y, thus NG = | K. Note that the
subspacesl = ker(id ctr) and K = ker(ctr) are closedin NG, eac being the
kernel of a continuous map. Obviously, becausectr = id on Z(NG), | = Z(NG)

and it remains to shav that K = [NG;NG]. Since ctr is a corntinuous trace,
[NG;NG] K; conversely if x 2 K = ker(ctr) then by a result of Fack and de
la Harpe ([FH ], Theoreme 3.2) x is the sum of 10 commutators in NG so that
X 2 [NG;NG]. It follows that [NG;NG] = [NG;NG] = K, and thus Z(NG) is
naturally isomorphic to HHS""(NG). For the last statemernt of the lemma, we
obsene that [NG] 2 Ko(NG) is represeried by the idempotent 1ng; thus by the
de nition of the Hattori-Stallings trace one has HSNC([NG]) = 1ng + [NG;NG],
and becausectr : NG! Z(NG) maps Inc to 17 (ng) = Inc the claim follows.

The augmenation trace :C,, G! Cisthe C,,, -algebramap induced by
G! flgg. On the dqmsesubalgebraCG, this is just the ordinary augmertation

(@)= g4agfora= &40, yielding
Ko(Crax G) ! C:

More generally, we de ne the augmenation trace : AG ! C for any Banach
algebra completion AG of CG aslong ask ka Kk kmax on CG, by composing in
the obvious way.

To put Theorem A of the Introduction into a more general framework, the
following de nition is corveniert.

Definition 1.3. Let AG be a Banach algebracontaining CG as a subalgebra
and denote by CG; the C-vector spacewith basisthe elemens of nite orderin G.

(i) A subsetS HH{P(AG) is called f-supported, if it lies in the image of
CG; AG under the natural quotient map AG! HHY P (AG).

(ii) The Banach algebraA G hasthe f-TraceProperty if the imageof the Hattori-
Stallings trace

HS”A :Ko(AG)! HHP(AG)

is f-supported.

(i) A nitely generatedprojective AG-module P is called f-supported if the
elemert HSA (P) 2 HH P (AG) is.

For the reducedC*-algebra C, G to havethe f-Trace Property can be viewed as
an analogueof the Bassconjecture for CG, which assertsthat the Hattori-Stallings
trace Ko(CG) ! HH(CG) maps into the subspacespanned by the images of
the elemeris of nite order in G (cf. [B]). Theorem A of the Introduction hasthe
following equivalert formulation.
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Theorem 1.4. Supmsethat G satis es the Baum-Connes conjecture. Then
C, G hasthe f-Trace Property.

The proof will be given in Section 3. Theorem 1.4 gives evidencesthat C, G
should have the f-Trace Property for any group G. The situation is quite di erent
for the maximal C*-algebra: in Section3 we will show that for in nite groupswith
Kazhdan's property (T), the algebraC,,,, G doesnot have the f-Trace Property.

2. The ! case and the Bass conjecture

In caseof the Banach algebra " *G, one has the following simple description of
HH ™ ("1G). We write “![G] for the Banach spaceof *!-function [G]! C, where
[G] standsfor the set of conjugacy classef G; the Banach spacestructure is given
by the “1-norm. Thereis a natural projection : 'G! “![G]obtained by summing
over conjugacy classes,which is a cortinuous trace (seebelow), sothat factors
through HH® ("1G).

Lemma 2.1. For any group G, the natural map : !G ! 1[G] induces an
isomorphism of Banach spaces

THHP('G) ! LGl

Proof. The projection : *1G ! ‘1[G] is continuous, becauseit is norm
decrgasing.Let us rst show that [1G; 1G] is cortained in ker( ). For any elemernt
f =" fgg2 1G, wewrite

X
[g]f = fx 2C
x2[g]

for the [g]-coe cien t of (f). The elemerts of [ 1G; 1G] are nite linear combina-
tiongof commutgdors ab  ba, with, a;b2 *1G. So,for an elemert ab ba if we write
a=  ax,b= hyandab= g2 G, thenwehavethat cg =, _ ab,
sothat X X
(@b = axby
z2[g] Xy =2 =
phich is equalto (g (ba), becauseba= ~ |,5( -pua)hand ., bia=
vu=u 1hy &vbu. It follows that [1G; 1G] lies in ker( ) and therefore its clo-
sure as well since is continuous. Thus induces a corntinuous surjection
HH®(1G) ! “YG]
T seethat is injective, take a 2 "G and assumethat (a) = 0. We write
a=  a, whereayg 2 "'G is supported on the conjugacy class[g] G. Since
(@ = [g(ag)), We seethat [ (ag) = 0 aswell. Now ag can be written as
lims, with s, 2 CG, and s, having its support in [g]. Let &, := [g(sn) 2 C.
Clearly lime, = 02 C. We now choosean elemert go 2 [g] and write

rn = Sn engo,

which is an elemer in CG with its support in [g]; becauseits augmerntation is zero
and it is supported on a single conjugacy class,the elemen mapsto 0in HHy(CG)
and is therefore a nite sum of ccg(mmutators in CG:

h = Oh;i Wh;i Whii Onii
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and, in "G, limr, = lims, lime, %o g 0 sothat ay liesin the closure of
[CG;CG] in "1G. It then follows that (o] &g = @ lies in the closure of [CG; CG]
as well.

The inverseof s given as follows. One picks for every [g] a represertativ e
g2 G and puts

L X X -
( cgld) = cqg+ ['G;'G];
which de nes a norm preservinginverseto , concluding the proof.

Remark 2.2. The argumert showsthat in “1G, the closureof [CG; CG] equals
the closure of [ 1G; 1G]; we do not know whether ['1G; 1G] is already closedin
1G.

In [BCM ] weworkedwith the trace : 'G! 1[G]andwe factoredit through
the algebraicHHo("1G) = "1G1G; 1G]. In view of the previous lemma, the \ **
Bass Conjecture for G" in the senseof Conjecture 2.2 of [BCM ] is precisely the
\f-T race Property for “1G" in the senseof our De nition 1.3. The main result of
[BCM ] can therefore be reformulated as follows.

Theorem 2.3. For an arbitrary group G, the image of the composite map
KF(EG)! Ko('G)! HHg"('G)
is f-supported. If G satis es the Bost conjecture then the image of the Hattori-
Stallings trace
HS' :Ko(1G)! HHPP(1G) = "![G]
is f-supported, i.e. "G hasthe f-Trace Property.

3. Some C -algebra cases

To prove TheoremA of the intro duction we actually provea more generalresult.
Wewrite -1 :KS(EG)! Ko("1G) for the Bost assenbly map (seelLa orgue [L]
for its de nition). More generally, for AG a Banad algebra completion of CG
satisfying k k;  k ka, wewrite A :KS(EG)! Ko(AG) for the composite map
i ~1,wherei :Ko('!G)! Ko(AG)isinducedby the natural mapi :!G! AG.
It is provedin [L]that in this notation, ¢ agreeswith the Baum-Connesassenbly
map.

Pr oposition 3.1. Let G be a countablegroup and AG a Banach algeba com-
pletion of CG suchthat kxk; kxka for all x 2 CG. If the assemblymap

A KF(EG)! Ko(AG)

is surjective, then AG hasthe f-Trace Property.

Pr oof. The assumption on k ka implies that there is a cortinuous map of
completions G ! AG. By Theorem 2:3 the image of

KS(EG)! Ko(!G)! HHIP(G)
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is f-supported. Our claim then follows by a diagram chasein the following commu-

tativ e diagram
}%)(\1(3) /HH(t)Op(‘l )
rrr HS\1
rrf
rrrr 1
K& (EG) CGy
!
rrrr
% 14

A
Ko(AG) — = THH!P(AG):

Pr oof of Theorem A and Theorem 1.4. Sincethe operator norm on CG
is always bounded by the “1-norm, there is a natural cortinuousmap “!G! C,G.
The assumptionin Theorem A (resp. Theorem 1.4) guarartee that the assenbly
map in questionis surjective and we can apply Proposition 3.1with AG = C, G to
concludethe proof.

All we actually do concernselemeris lying in the image of the assenbly map.
For elemers which do not lie in the image of the assenbly map, the situation can
be very di erent, aswe shaov now.

A group G is called a-(T)-menable if it admits a metrically proper a ne action
on a Hilbert space,see[CCJJV ] for an introduction. A group G has Kazhdan's
property (T) if any ane action on a Hilbert spacehas a globally xed point, see
[HV ] for an introduction. For a list of groupsin theseclassessee[MV ], [CCJJV ]
and [V2].

Pr oposition 3.2. (a) Let G be a torsion-free in nite, countable group with
property (T). Then C,,, G does not havethe f-Trace Property.
(b) Let G be an a-(T)-menable group. Then C,,,, G hasthe f-Trace Property.

Pr oof. (a) Let G be atorsion-free group with Kazhdan's property (T). Then
there exist anidempotent 2 C,,,, G (the Kazhdan projection) which, on a unitary
represertation of G acts via the projection onto the G-invariant subspace;for a
construction of , see[V1] or 3.9.170f [HR ]. Thus it acts via id on the the trivial
represenation and asthe zero operator on “2G (we use here the fact that G is an
in nite group and therefore the G-invariant subspaceof “2G equalsf 0g). It follows
that ( )= 12 Cand ( )= 02 C. Becausefor the unit elemeri e2 C,,, G one
has (e) = (e) = 1 and by consideringthe projective modules [C,.,, G ] resp.
[Chax G] corresponding to the idempotents ;e?2 C,,, G, we seethat the C-vector
spacespannedby the image of the Hattori-Stallings trace H SCmax : K o(Cy G) !
HH® (C,..x G) must be at least 2-dimensional. Therefore, C,,, G doesnot have
the f-Trace Property.

(b) According to [HK ], the assumptionsimply that the assenbly map ¢
is surjective sothat the hypothesisof Proposition 3.1is satis ed for AG = C,, G,
yielding the conclusionof (b).
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4. Prop erties of f-supp orted elements

Let AG beaBanad algebracompletion of CG suchthat kka  kky . Thenthe
Kaplansky trace is de ned on AG, asexplained earlier. Let ¢ :C! H H(t)Op (AG)
bethe injectivemap 7! HSA([AG]). Wewrite ~ for the cortinuoustrace given
by the composite map

~:AG! C P HH{(AG);

and, following our corvertion, we usethe samenotation for the induced maps on
K -theory

~:Ko(AG) ! HH(t)Op(AG); [P17! ([P]) HS"(AG)):

In the torsion-free case the f-TraceProperty for AG implies that HS” : Ko(AG) !
H H P (AG) mapsinto the one-dimensionalsubspace g (C) spannedby H SA ([AG]).
This is usedin the following.

Pr oposition 4.1. Let G be a torsion-free group and AG a Banach algeba
completion of CG satisfyingk ka  k ky . For P a nitely geneated projective and
f-supported AG-module,

HS*(P]) = (P HS"(AG]) = ~(P)):
In particular, if AG hasthe f-Trace Property, then

HSA = ~:Ko(AG) ! HH{®(AG):

Pr oof. Becausek ka  k ky, the Kaplansky trace : AG! C is dened

and it factors through H Hg’p (AG), yielding a commutativ e diagram

&

AG s
LLLL‘;LL‘-LLD sS 7566
HS 0/0 sS

HH® (AG):

Let P bea nitely generatedprojective AG-module. SinceG is torsion-free and P
is f-supported onehas HSA([P]) = ([P]) HS”([AG]) for some ([P]) 2 C. By
applying —, we nd

“(HSA(PD) = (PD
and, becauseH SA ([P]) = ([P]) HS*(AG]),

T HSA(PD =~ (P) HS*(IAGD = ((PD:

It followsthat ([P]) = ([P]) and therefore HSA([P]) = ([P]) HSA(AQG])=
~([P]) asclaimed.

The following is reminiscert of the weak Bass conjecture for CG, and implies
it in certain cases.
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Corollar y 4.2. Let G he a torsion-free group and AG a Banach algeba
completion of CG satisfyingk ki kka  kKkmax . If P denotesa nitely generated
projective AG-module that is in the image of the assemblymap A then ([P]) =

([PD). In particular, if A is surjective, then

= :Ko(AG)! C:

Pr oof. Sincek ka Kk kmax the augmertation trace : AG! Cis dened

and factors through HH ? (AG), yielding a commutativ e diagram

AG LLLLLL‘-LLLD tttté:
tt
b A % tttt_

HH P (AG)

sothat
“(HS*(P]) = ([PD:
Becausek k;  k ka the assenbly map 4 is de ned and we know from Proposi-

tion 3.1that the surjectivity of A impliesthat AG hasthe f-TraceProperty. Hence,
ask ka kkmax Kk Kkn, wecanapply the previous proposition to concludethat

HS"(P)) = (P) HS"(AG))

sothat
(P) =" HS*(P]) = (PD) ~ HS*(AG]D = (IP]);
yielding the result claimed.

The following is a particular caseof Corollary 4.2 for the maximal C -algebra

C,... G, which will be usedIlater on.

max

Cor ollar y 4.3. Let G be atorsion-free group. Then for any nitely genenated
projective C,., G-module P with [P] 2 Ko(C,,.x G) in the image of the assembly
map,

HSCmx (P) = ([P]) HSCm ((Crray GI) 2 HHG™ (Cpray G)
and
(PD) = (IPD:
Another application concernsthe certer-valued trace.

Pr oposition 4.4. Let G be a torsion-free group and assumethat C, G hasthe
f-Trace Property. Then the center-valued trace

ctr 1 Ko(C,G)! Z(NG)

satises ctr([P]) = ([P]) 1nc for any nitely genesmted projective C, G-module
P, wher 1ng 2 NG is the unit element.
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Pr oof. Asexplainedin Sectionl, the certer-valuedtrace is de ned onK ¢(C, G)
asthe composite map

ctr : Ko(C, G)! Ko(NG)! HH{®(NG) = Z(NG)
and, by naturality, can be factored as
Ko(C,G)! HH!P(C,G) ! HHP(NG) = Z(NG);

with i induced by the inclusion C, G NG. It follows from Proposition 4.1 that
ctr((P]) = i ( [P] HSC S([C, G])), and under our identi cation of HH P (NG)
with Z(NG), i (HS® ¢([C, G])) = HSNS(ING]) corresponds by Lemma 1.2 to
Ing 2 Z(NG). It followsthat for [P]2 Ko(C, G), ctr([P]) = ([P]) 1Inc-

We now prove Corollary B of the Introduction. Recall that for a ring R with
1 the reducedgroup Ko(R) is de ned asthe cokernel of the natural map Ko(Z) !
Ko(R).

Pr oof of Cor ollar y B. It is a basicfact that for any group G, the certer-
valuedtracectr : Ko(NG) ! Z(NG) isinjective (this followsfrom Theorems8.4.3
and 8.4.4of [KR ]). SinceG is assumedto satisfy the Baum-Connesconjecture and
is torsion-free, the nitely generatedprojective C, G-module P has (P) 2 N (for
a direct proof of this fact, not using Atiy ah's L2- Index Theorem, see[MV ]). By
Proposition 4.4 we infer that ctr ([P]) = ctr([C, G"]), wheren = ([P]). Passingto
Ko(NG) we concludethat NG ¢ ¢ P is stably isomorphic to NG" and it follows
that the change of ring map Ko(C, G) | Ko(NG) is trivial. Becausetwo sta-
bly isomorphic nitely generatedprojective NG-modules are isomorphic (cf. [KR ]
loc. cit.), it followsthat for P nitely generatedprojective over C, G, the module
NG ¢, c P isnot only stably free, but free of rank ([P]).

The following variation of Corollary B is easierto prove and applies also to
not necessarilytorsion-free groups. We recall that NG is a factor if and only if
Z(NG) = C, which is known to be equivalernt with saying that for every g 2 Gnfeg
the certralizer of g in G has in nite index; such groups are also known as ICC-
groups (for a survey on group von Neumann algebrasseelL uck's book [LU1 ]).

Cor ollar y 4.5. Let G be a group satisfying the Baum-Connesconjecture and

assumethat NG is a factor. Then
Ko(C,G) ! Ko(NG)
mapsinto the torsion sulgroup.

Pr oof. Since NG is a factor, ctr =  (see Section 1). By assumption, the
group G satis es the Baum-Connesconjecture, and henceaccording to [LU2 ] the
Kaplansky trace : Kg(C, G)! C mapsinto Q (seealso[BCM ] for an alternate
proof). It follows that if P is a nitely generated projective C, G-module with

([P]) = m=n for somem;n 2 N, (NG ¢, ¢ P)" is isomorphic to NG™, showing
that the image[NG ¢ ¢ P]in Ko(NG) is a torsion elemert.

We want to give an exampleto illustrates that the Hattori-Stallings trace

HSC :Ko(C,G)! HHI(C, G)



12 INDIRA' CHATTERJI AND GUIDO MISLIN

detectsin generalmore K-theory classeshan the certer-valued trace
ctr : Ko(C, G) ! Z(NG):

To this end, we recall that the certer-valued trace ctr : NG ! Z(NG) has the
following two basic properties: rst, for x 2 Z(NG) andy 2 NG onehasctr (xy) =
X ctr(y), and second,becauseof the universal property of ctr, (ctr(x)) = (x) for
any x 2 NG. As a consequencethe following Lemma holds (see also Emmanouil
[EM ] for a dierent proof).

Lemma 4.6. Let g2 G with [G : Cs(g)] = 1 . Then the center-valud trace
ctr :NG! Z(NG) satis es ctr(g)=0.

Pr oof. Using the usual embeddingNG ! "2G, we can write ctr(g) = P cuu.
Since (u lctr(g)) = c,, we needto show that (h ctr(g)) = Ofor all h 2 G. This
is certainly soif the cardinality of the conjugacy classof h, [G : Cg (h)] is in nite,
becausev ctr(g) = ctr(g) v forall v2 G sothat ¢, = ¢, 1, andthusc, = O if
u hasin nitely pnany distinct conjugates. In case[G : Cg(h)] < 1 , we have with

h = cocmy  temt2 Z(NG):

(h ctr(g) = (h ctr(g) = (ctr(h g)= (hg=0

becausefor t 2 [h], tg 6 e, otherwise g would have only nitely many conjugates.

Example 4.7. Let D; denote the innite dihedral group. Then one has
Ko(C, D1 ) = Z% and the image of ctr : Ko(C, D1 ) ! Z(NG) is isomorphic to Z,
geneated by 2 1yg. On the other hand, HS® : Ko(C, D1 )! HHg®(C, Dy )is
injective.

Proof. Let D; = hxi hyi, generatedby the two involutions x;y. Then by
usingthe formula for the K-theory of the reducedgroup C*-algebra of a free product
of groups (a special caseof the Pimsner sequencefor groups acting on trees [P]),
and using that for a nite groups G onehasC, (G) = CG and Ko(CG) = R¢(G),
the complex represenation ring, we have a surjective map Rc(hxi) Rc(hyi) !
Ko(C, D1 ) inducing Ko(Chxi) Ko(Chyi) = Ko(C,D1 ) = Z?: A Z-basis for
Ko(C, D1 ) isthen givenby [C, D ], [P] and [Q], whereP and Q are the projective
modulesinduced up from the trivial Chxi-module C, resp. the trivial Chyi-module
C. BecauseP = C,D; ep with ep the idempotent %(1+ x) in C,D; and
becausethe cenralizer of x 2 D; has in nite index, we conclude from Lemma
4.6 that ctr([P]) = (% +0) 1y 2 Z(ND;) and similarly for [Q]. As a result,
ctr((P] [Q]) = Osothat ctr : Ko(C, D1 ) ! Z(NDj ) is not injective and the
imageis a free abelian group generatedby % 1y asclaimed. On the other hand,
the projection p: D; ! IXi tyi yieldsatracet, : C,D1 ! C(hxi hyi), resp.
tp 1 Ko(C, D1 ) ! C(hxi Hyi), satisfying

(P = A+ x)=2, ,(Q) = 1+ V¥)=2 t,(C/D1]) = 1L

This shows that the imagesunder HS®: : Ko(C, D1 ) ! HH¢®(C, D1 ) of the
three elemerts [C, D; ];[P] and [Q] are C-linearly independert in HH > (C, D1 ).
It followsthat HS®r : Ko(C, Dy )! HHP(C, D1 ) is injective.
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5. Another result

The following is a partial result on an analogue,in the setting of the maximal
C -algebraC,,,« G of a group G, of the Conjecture stated in the Introduction.

Theorem 5.1. LetG beatorsion-freegroupand :G! F ahomomorphism,
with F a nite group. Let P be a nitely genemted projective C,,, G-module such
that [P]2 Ko(C,,ax G) lies in the image of the assemblymap

.. “Ko(BG)= K§(EG)! Ko(Cpa G):
Then CF P is a free CF-module of rank ([P]) = ([P]).

Proof. Theinducedmap :C,.G! C,.F = CF, composedwith the
universaltrace HS® : CF ! HHo(CF) de nes a cortin uous trace

T=HSC :Cmax G! HHo(CF)

C

and henceinduces

T:Ko(Chax G) ! HHo(CF)
satisfying T([P]) = HSC®(CF P) 2 HHo(CF). According to Corollary 4.3,
this trace value has the form ([P]) HSC([CF]); note also that = on the
image of the assenbly map ¢__ so ([P]) = ([P]). BecauseF is nite, two
nitely generated projective CF-modules A and B are isomorphic if and only if
H SC([A]) = HSC([B]). Since

(IP]) HSC(CF]) = HS®([(CF) PPy = HSS(ICF  P))
we concludethat CF P is free,of rank ([P]) = ([P]).

Remarks 5.2. (1) If G is a torsion-free group which satis es the Bass Con-
jecture over C and M is a nitely generated projective CG-module, then { by
consideringthe classicalHattori-Stallings trace { the CF-module CF M is free,
ofrank (M)= (M).

(2) The condition in Theorem5.1that [P] liesin the image of the assenbly map
cannot be dropped: Take a torsion-free in nite group with property (T) and let
P be the projective C,,,x G-module corresponding to the \Kazhdan Projection”.
Assumethat G admits a homomorphism onto a nite group F 6 feg. Then P
mapsto the trivial represenation C = CF P of F, and not to a multiple of the
regular represenation.
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