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Abstract
The Hardy operator T, on a tree I' is defined by

(To f)(z) == v(x) /W u(t) f(t)dt for a,z €T

Properties of T, as a map from LP(I") into itself are established for 1 <
p < 00. The main result is that, with appropriate assumptions on u and
v, the approximation numbers an(T,) of T, satisfy

(%) lim na,(Ts) =ap/ |uv|dt
n—ro0 T

for a specified constant ap and 1 < p < oo. This extends results of

Naimark, Newman and Solomyak for p = 2. Hitherto, for p # 2, (*) was

unknown even when I' is an interval. Also, upper and lower estimates for

the 17 and weak-1¢ norms of {a,(T,)} are determined.

Introduction.

In [1],[2]and [6] results were established for the Hardy operator

as a map from LP(0,00) to LP(0,00), for 1 < p < co. When p € (1, 00), it was
proved in [2] that under appropriate conditions on u and v the approximation

Tf(z) = v(z) / " (o)t (1 1)

numbers a,(T) of T satisfy

lim nan(T) = - /  lu@yo(®)dt (1. 2)
0

n—00 o
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when p=2, and when 1 < p <

o

lu(t)v(t)|dt < liminfna,(T)

4 J n—oo

o

< limsupnan(T) < a / T @@l (. 3)
0

n—oo

for a specified constant a;;, depending on p. For the cases p = oo and p = 1 sim-
ilar estimates were derived in [6] but with v,(t) = lim. 0 [|v||co,(¢—e,t4<) instead
of v(t) when p = 0o and wu4(t) instead of u(t) in the case p = 1. Furthermore,
in [2] and [6] two-sided estimates are given for the [* and weak-I* norms of
the sequence of approximation numbers in the case when the Hardy operator is
compact.

A special case of the main result in this paper is that the counterpart of
(1.2) in L?(0, 00), namely

lim nan(T) = a /0 Tl dt, (1. 4)

n—oo

holds for all p € (1,00); the general result is that the analogue of (1.4) when the
interval (0, 00) is replaced by a tree I is true. Such Hardy operators on trees have
already been investigated in [5] where it was shown that they occur naturally
in spectral problems defined on domains with irregular boundaries. Necessary
and sufficient criteria for the boundedness of Hardy operators between various
Lebesgue spaces on T' are established in [7], but the complex nature of the
problem is such that the neat abstract result is difficult to apply even for the
most elementary of trees. It is therefore to be expected that the problems of
compactness and estimating the approximation numbers are likely to be much
more complicated than in the interval case. This, confirmed in this paper, is
what makes it so surprising that the analogue of (1.4) for a tree is established
here when p # 2 before it was known for an interval. Estimates for [¢ and
weak-[? norms of the approximation numbers of T are also obtained.

In [9] the case p = 2 of the problem subsequently studied in [2] and [6] for
general p € [1, 00] was considered and (1.2) proved, using Hilbert space methods
which do not extend to general values of p. The same problem on a tree I' is
the subject of [8] where an intensive study is made of problems on trees which
are closely related to those here, but in the case p = 2 only, and using methods
which are very different from those in this paper. The conditions imposed to
ensure the validity of the analogue of (1.4) for a tree in [8] are similar to those
here, but a comparison seems difficult in general (see Remark 6.12). The main
difference is that in [8] they relate to arbitrary partitions of ' into intervals,
whereas our partitions are into connected subsets specifically determined by
functions which have a fundamental role in the analysis.



2 Preliminaries.

In this section we recall the definition of a tree I', introduce a Hardy—type
operator on the tree and quote from [7] the criterion for the boundedness of the
operator as a map from LP(T") into LP(T).

A tree I is a connected graph without loops or cycles, where the edges are
non-degenerate closed line segments whose end—points are the vertices. Each
vertex of I is of finite degree, i.e. only a finite number of edges emanate from
each vertex. For every z,y € T there is a unique polygonal path in I" which
joins z and y. The distance between x and y is defined to be the length of this
polygonal path and in this way I' is endowed with a metric topology.

Lemma 2.1 Let 7(I") be the metric topology on I'. Then

(i) a set A C T is compact if and only if it is closed and meets only a finite
number of edges;

(ii) 7(T) is locally compact;

(iii) T is the union of a countable number of edges. Thus if T’ is endowed with
the natural 1-dimensional Lebesgue measure it is a o-finite measure space.

Proof. See [5]. O

Let z,y € I' and denote by (z,y) the unique path joining z,y in T". Fora € T
we define t >, x (or z <, t) to mean that z lies on the path (a,t). We write
x <o t for z <, t and z # t. This is a partial ordering on I' and the ordered
graph so formed is referred to us a tree rooted at a and denoted by I',. If a is
not a vertex we make it one by replacing the edge on which it lies by two edges.
In this way I, is the unique finite union of subtrees I', ; which intersect only at
a.

Note that if ¢ (a,b) then z <, y if and only if z <} y.

We shall use the following notation. For a subtree K of I, V(K), E(K) will
denote respectively the sets of vertices, edges of K and 0K will denote the set
of boundary points of K in I'. The notation K CC I' will be used to mean
that the closure of K is a compact subset of I'; note that, from Lemma 2.1 (i)
this implies that K meets only a finite number of edges of I'. The characteristic
function of a set £ will be denoted by xg. The integral is interpreted in the

following sense :
9= / 9
L2/,

/mEg - /cdg(w)XE(x)dm,

where



the integral fcd being over the set of points lying in the path (c,d). For a
measurable subset K of I we define the norm

= ([ 17P)"”

on LP(K). The LP(T') norm will be denoted by || - ||, if there is no chance
of confusion. Also, if the value of p is clear from the context, we shall write
|| - llx, || - || for the LP norms on K,T' respectively. If A is a bounded map
between normed spaces X,Y we denote its norm by

[4]X = Y|

This will be simplified to || A]| if the spaces X,Y are unambiguous.

A connected subset of I' is a subtree if we add its boundary points to the
set of vertices of I', and hence form new edges from existing ones. Hereafter we
shall always adopt this convention when we refer to subtrees.

Definition 2.2 Let K be a subtree of T' containing a. A point t € OK 1is said
to be mazimal if every x =, t lies in T\ K. We denote by I,(T") (or simply 1,)
the set of subtrees K of I' containing a whose boundary points are all mazimal.

We assume throughout, unless mentioned otherwise, that u,v satisfy the
following conditions:

= LPI(K), v € LP(T"), for every K CCT. (2. 1)

We may assume, without loss of generality, that u,v > 0. This is because
multiplication by sgnu and sgnwv are isometries on LP(T); recall that sgnu =
w/|u| when u # 0 and 1 otherwise.

Definition 2.3 Let T" be a tree, 1 < p < o0, and let u and v be measurable
functions on T which satisfy (2. 1). For x € T and f € LP(T) we define the
Hardy operator by

Tof(z) = v(z) / " f®u)dt, aeT. 2. 2)

In [7] the following necessary and sufficient condition for the boundedness of
T, was obtained.

Theorem 2.4 Let 1 <p < o0, a € T', and suppose u and v satisfy (2. 1). For
K €1, define

t
ax =it {|fl: [ \flul =1 forall teOK}. (2.9

Then T, is bounded from LP(T) into L?(T) if and only if



v
A:= sup I XF\K||p
Kel, aK

Moreover, A < ||T,|| < 4A.

3 Bounds for the approximation numbers

We recall that, given any m € N, the m—th approximation number of a bounded
operator T': LP(T") — LP(T'), am(T), is defined by

am(T) :=inf |T — F|L?(T) — L*(T")||,

where the infimum is taken over all bounded linear maps F : LP(T') — LP(T")
with rank less than m.
A measure of non-compactness of T is given by

B(T) := inf |T — P|LP(T') = L*(T)||,

where the infimum is taken over all compact linear maps P : LP(T') — LP(I).
Since LP(T') has the approximation property for 1 < p < oo, T is compact if
and only if a,,(T) — 0 as m — oo, and S(T) = lim,, 00 an(T).

Definition 3.1 Let K be a subtree of I' and a € . We define:

: |Ta, i f—av |lp, i .
AGK) = A(K, uy0) = | SPrers(r0 gpoinfuce g tes if u(k) >0,
0 if p(K)=0

Y

where
xr

T,k f(2) = vo(2)xx (@) / w(t) () xx (£)dt,

a

and
S lw@)Pdt 1< p < oo,

HK) = { [ @lde p=oo.
Lemma 3.2 The number A(K,u,v) in Definition 3.1 is independent of a € .

Proof. Denote by S the canonical map of LP(K) into its quotient by the space
of scalar multiples of v. Then A(K) = ||ST,,x|LP(K) — LP(K)|. For b € T’
we have Ty k f = vxxk [, fuxxdt + To,kUf, where Uf(t) = —f(t) if ¢ lies on
the path (a,b) and f(t) otherwise. Clearly U is a linear isometry of L?(K') onto
itself and STy x = ST, xkU. O



Corollary 3.3 For all subtrees K C T

A(K) < inf [|To, x| LP(K) = LP(K)||-
ac

Note that if A is a subtree of ', a € T and b the nearest point of A to a
then Ty = Tux and [Tyal := 1Tyl LP(A) — LP(A)]| < [T, | =: I Ta|ZP(T) -
LP(T)||. Moreover if A’ C A, with ¢ the nearest point of A’ to a and (b,¢) a
subinterval of an edge of A then Ty Af = Ty A(fX(b,c)) + Te,ar (fxar), whence
0 < 1Ty All = ITeopol| < lfally 5,00l 5y This remark yields

Lemma 3.4 For 1 <p < oo, ||Ty,x|LP(K) — LP(K)|| is continuous in z.

Let x € I'. Denote by I'; ; ¢ = 1,...,n, the non-overlapping subtrees of I'
which are the closures of the connected components of I' \ {z}, and set T}, ; =
Tyr,, and [Ty ;|| = [|Ts,i|LP(T'z,:) = LP(T'z)|| . We suppose that the number-
ing is done in the order of descending norms of the Ty ; : LP(T'y ;) — LP(Ty ;).
Clearly ||T, | = maxi1, ., [[Toll

Call a point z € T' simple if there is just one T} ; with maximal norm, so
that || Ty 1]l > | T%,2]|- If @ is a simple point and (a,y) the first edge of ', 1 then
by continuity either there is a point z of (a,y) which is not simple or a ¢ T'y 1.
If the latter, continue the path beginning with (a,y) along the initial edge of
I'y.1. By induction thus define a path [ in I' satisfying one of the following:

(i) [ is finite and its end b is not simple;
(ii) ! is finite, its end b is simple and {z : z =, b} = 0;
(iii) ! is infinite.

Now (ii) is impossible since lim, || T 1]| = 0, and ||T, 1| > A(T). Also
(iil) implies T is not compact. For if x is in I, ||T,,1|| > A(T") and hence there
is a compact subset K of I'; 1 and a function f supported in K with ||f]| <1
and ||T, f||x > 3 A(T). It follows that there is a sequence of disjoint compact
sets K, and functions f, with the same property. Then, if m > n,||To(frn —
flle > I Tafallk, > $A(T). Thus, if T, is compact, (i) holds. Moreover,
|Tp|| = minger ||T||- For if z # b then z ¢ one of T’y 1, [y 2, say [y 2. Then if
T;,; is the subtree containing b, || T ;|| > [|Ts,2|| = ||T5,1]|. From this we have the
following result which will be an important tool for determining a lower bound
for A(K) once Theorem 3.8 below is available.

Lemma 3.5 Suppose Ty, is compact and that there existi # j such that || Ty |, [|Ts,;1] <
[|T%||. Then
min{||Ty ;

| 1 Ta,5l1} < min{|To|.



Proof. The result is a consequence of the discussion preceding the lemma if a
is not simple. If a is simple, then, with b the non-simple end-point of the path [
in (i) above, and min{||T, 4|, [|Ta,;1|} = ||Ta,ill, say, we have ||T, ;|| < ||T,|| and
Iy,i is a subtree of some tree I'y . Thus

ITa,ill < NI To,kll < [|T3]| = min || To|.
zel

O

In the next two lemmas || -||,,, denotes the norm in LP(T', du), where dp(t) =
lv(t)[Pdt.

Lemma 3.6 If1 < p < oo there is a unigue scalar ¢y such that || f —cse|lp,, =
infeec [|f — cellp,u for e # 0,e € LP(T, dy).

Proof. Since ||f — ce||p,, is continuous in ¢ and tends to oo as ¢ — oo, the
existence of ¢y is guaranteed by the local compactness of C. For 1 < p < oo the
uniqueness follows from the uniform convexity of LP(T",du). Let p = oo, and
suppose that there are two values of cf,c1 # ca. This yields the contradiction

If = (1/2)(er + e2)llpu < |If = crllp,uB
Lemma 3.7 The map f — ¢y : LP(T,dp) — C is continuous for 1 < p < oo.

Proof. Suppose that ¢;, = c as g, =+ f. Then

lgn — ctllpu = lgn — oo llp.u

and so
Ilf— Cf“p,u >|f - C”p,u

which gives ¢ = ¢y O

Theorem 3.8 Let 1 < p < oo. If T, is compact A(T) = minger ||T,|LP(T) —
LrI)]].

Proof. There is a non-simple point b at which ||Ty|| attains its minimum. If
a < ||Ty|| there exist f;,4 = 1,2, supported in T'y; with ||f;|| = 1,||Tpfill > a,
and f; positive, fo negative. Clearly the same is true of the corresponding
values of ¢y, say c1,c2. Then by continuity there is a A € [0,1] such that ¢, =0
for g = M + (1= \)fo, and [TyglP = W|Tofa | + (1= NPT fall? > a2 g,
Then, by Lemma 3.6,

A(T) 2 inf [[(Ty = co)gll/llgll = ITsgll/llgll > e

Since a < ||T3|| is arbitrary, A(T") > ||T5|| and the result follows from Corollary
3.3.0



The next lemma establishes an important geometrical property of a tree
which is an essential ingredient of the subsequent analysis. First we make some
observations.

Suppose w is a non—negative function defined on the set of all closed subtrees
of a tree T, satisfying

X CY = wX) <w)y). (3. 1)

Define

Ne(T) = FesuD) #r

where S := {F;F is a set of non-overlapping closed subtrees of I" such that
Z) Uxer X = F,ii)X eF=> w(X) < E};

M. (T) =
() o max #G
where L := {G; G is a set of non-overlapping closed subtrees of I such that
i) UxegX =T i) #{X,X €g,wX) < 6} < ].}

Two non—overlapping closed subtrees of I' can have at most one point in
common, for otherwise I' would contain a cycle. A chain C of closed subtrees
is a sequence Xi,...,X; of closed subtrees such that X; N X;11 = {z;} (i =
1,...,1 — 1) where the z; are distinct. The length of C is [.

There is a set F € S.(I') with #F = N.(T') (possibly c0). Let C be a chain
of elements of F of maximal length . Then we have the following:

(i) If I =1 then #F =1 and so w(I') < e

(i) If I =2 define Y = X; UX,. Thenif I' #Y, '\ Y° is a closed subtree and
N (I'\Y?) = N.(I')-2. Moreover Y is a closed subtree of I" and w(Y") > e.
For since [ is maximal z; lies in every member of F so that I'\ Y° is a
closed subtree. Also I'\ Y° = Uxex X, where F' = F \ {X1, X>}, which
implies that N.(I'\ Y°) < N.(T') — 2. If N.(T'\ Y°) < N.(T') — 2, there
exists F", a suitable covering of I'\ Y° with #F" = N.(I'\ Y°), and then
F'"U{X;1, X2} € Se(I') which contradicts the definition of N.(T'). Finally
w(Y) > € for if not, on taking F""' = F' U {Y'} we have a contradiction.

(iii) If | > 3, suppose Zi,...,Z are the sets in F which meet X; 1 in a
point different from xz; 5. Then since [ is maximal X, Xo,...,X; 1, Z;,
is a chain of maximal length for ¢ = 1,2,...,k. Either a) ¥ = 1 or
b) k¥ > 1. If a), we have Z; = X; and we take Y = X; U X; 1, so
Y is a closed subtree. Then I' \ Y is a closed subtree of I'. Moreover
N(T'\Y?) =N (') — 2, w(Y) > e by an argument similar to that of (i).



If b), define a; by {a;} = X;—1 N Z; and, for i # j,a;; = a; Aa; = max{u:
u = a; and w < a;} in the ordering of I' arising from taking z; as root.
Then a;; € X;_1. Define g; := #{a;r; ajr = a;}. Without loss of generality
we may suppose g1 = max; 0; and that aj; < ai2 for all ajr < a;. Define
Y = {z;(Fu)aia < u < aj oraia <u < az and u Xz} U{ai2}. Then YV
is a closed subtree of ' and ¥ C Z; U Z, U X; ;. TV =T\ Y°, I is
a closed subtree of I" and it follows by arguments similar to those in (ii)
that, since C is a chain of maximal length in F and F is a covering of T',
w(Y) > ¢ and

NE(F) -3 < NE(FI) < NE(F) -2 (3- 2)

Lemma 3.9 If N.(T') < co then M.(T) > +N.(T).

Proof. The proof is by induction on N.(T'). If N.(T') = 1,w(T") < ¢ and
M.T)=1.TN.(T)=2,l=2and T = X; UX, and M-(T) > 1. If N.(T) > 2
the arguments of i) ii) iii) above and induction prove the result. For by i)
I #1 and by ii) or iii) N.(T'\ Y°) < N.(T') so we may suppose M (I'\ Y°) >
1/3N.(T'\ Y°) and then there exists G’ € L.(I'\ Y°) with #G' = M (T'\ Y°).
But then if G = G’ U{Y}, G € L.(T) since w(Y) > € and M. (T') > #G =
MT\Y°)+1> LN, (T\Y°) +1> IN.(T). O

Lemma 3.10 Let K be a compact tree, let w be a function satisfying (3. 1)
and, for every (c,d) € E(K), suppose that w(c,.) is a continuous function on
(¢,d). Then there exists a set G of non-overlapping subtrees of K with w(X) > ¢
for X € G and

#G > N.(K) - 3#E(K). 3.3

Proof. Let F € S.(K) and #F = N (K). For (¢,d) € E(K) define K :=
{X:X € F,|XN(c,d)| >0} to be such that #K > 3. Set K = {X1,...,X,},
where n = #K and X; < Xs2... < X,,, where X < Y means that ¢ < y
for all z € X,y € Y. Then X; = (a;,b;) C (¢,d) for 1 < i < n. By the
continuity of w on (¢,d) and the minimality of #F, there exists by € (ba,b3)
such that w(az,by) = €. It follows that there are non-overlapping sub-intervals
X3,..., X}, of (c,d), where k = n — 2, for which w(X}) = ¢. The lemma follows
from this.O

~—

Definition 3.11 Let K be a subtree I'. We denote by P(K) the set of partitions
{Ti:i=1,....,n} of K (i.e UP,T; = K) by subtrees I'; of K such that
IT; NT;| =0 for i # j. For a given € > 0 we define
N(K,e) = N(K,e,u,v) :==min{n:3 {I;:i=1,...,n} € P(K)
and A(Fiauav) < 6};

M(K,e) = M(K,e,u,v) := max{m : 3 non-overlapping subtrees T'; C K,
i=1,...,m, such that A(T;,u,v) > €}.



Note that, with w(:) = A(+), M(T) < M(T,e) + 1.

Hereafter we shall write T,Tk for T,,T, k respectively, unless there is a
possibility of confusion. The following lemma will yield a one-dimensional ap-
proximation to T on a subtree K of I'. We recall the notation

w(K) =/ dp, dp = vPdx.
K

Lemma 3.12 Let K be a subtree of T' and v € LP(K), 1 < p < oo, with
w(K) # 0. Then there exists wg € {LP(K;du)}* (in case p = oo, wi is also
from {L*®°(K)}* ) such that:

lwkll{Lek,du)y = (lwk |l{ze(xyy» =1 for p = 00)

1
lollp,x’
and

inf [[(¢ = )ollp.xc <l — wr(P)vllpx < 210f (0 = cJvllpx (3. 4)
for all ¢ € LP(K,du). In the case p =2
in (o — eJollzer = e — wrc(@)ollzer) . 5)
where

wi (p) = ﬁ /K pdp.

Proof. Define the linear function w on the constants in LP (K, du) with w(c.1) =
¢. Then w(1) =1 and ||w||? = 1/p(K) for 1 < p < oo while ||w|| = 1 when
p = 0o. The existence of wk follows by the Hahn-Banach theorem, and (3.4) is
immediate. The case p = 2 is obvious. O

Remark 3.13 For1 < p < oo andT = (0, 00) the choice wg () = ﬁ Jx pdp

is appropriate, and was that used in [2]. In [6] Lemma 2.4, when p = co and
T = (a,b), wx was defined as the limit along o filter base of subsets wg of the
unit ball in {L>°(K)}* defined by

w, () = ﬁ / e L0,

Lemma 3.14 Let K be a subtree of I';a € K,1 < p < oo, and suppose that
T,k is compact. Then

A(K) = ||Ta,x — vw|LP(K) — LP(K)],
where w s the bounded linear functional
b
w(f) = [ fu

and b € K is such that A(K) = ||Tp,x|LP(K) — LP(K)||.

10



Proof. We know from Theorem 3.8 that there exists a b € K such that
A(K,u,v) = ||Tp x|LP(K) = LP(K)|| = [|Tp,x U|LP(K) — LP(K)||,

where U is the linear isometry defined in the proof of Lemma 3.2, and with
respect to which

Tyxf = UXK/ fuxx + T, kU f.
b
Thus, if we define
b
PS(@) = v(@)xic(a) [ Ufux,

we have
|To,x — P|LP(K) — LP(K)|| = A(K,u,v),

and the lemma follows.O

Lemma 3.15 Let € > 0, 1 < p < © and let K be a subtree of . If N :=
N(K,e,u,v) < oo then
an+1(Tk) < e,

where v, = 2 when p # 2 and y» = 1.

Proof. Let {T;}} be the partition of K which defines N := N(K,¢e,v,u) in
Definition 3.11 and set Pf = Zf\;l P; f where

Pif(z) := xr;(z)v(z) [/aa uf +w; (/: quF,-)] ;

Tk = T4,k a; is the point in I'; nearest a and w; = wr; is the linear function
from Lemma 3.12. Then rank P < N and, on using Lemma 3.12, and setting
Ti = Tl"i,

N
1Tk = P)flpx = D ITx =PIy,
i=1

N .
= ST w ( / ufo,.dt) WOIE
i=1 [¢ 21

p
A ) R T

i=1,...,

()P F 17 0

IA

IA

whence the lemma.O

11



Lemma 3.16 Let 1 < p < 00, > 0, and suppose that Tk is compact. Then,
with N = N(K,&,u,v) < 00,

an+1(Tk) <e.
Proof. The same argument as in Lemma 3.15 applies but with

a; b;
Pif(@) = xr, (a)o(@) l [t v ( [ ufo,)],

where w;, b; are as in Lemma 3.14 corresponding to K = I';.00

Lemma 3.17 Lete > 0, 1 < p < oo and let K be a subtree of T'. Let {T';;i =
1,..., M} be a set of non-overlapping subtrees of K such that A(T';) > € for all
1 S 1< M. Then

mM(Tk) > ¢

Proof. Let A € (0,1). From the definition of A(T;) we know that for i =
., M there exist ¢; € LP(T'), ||¢s||, = 1, with support in I'; such that

lfelfc 1Tk pi — avllpr; > AA(T;) > de.

Let P : LP(K) — LP(K) be bounded with rank(P) < M. Then, there are
constants Aq, ..., Ay not all zero, such that

M
P¢ =0, $:= Y Xidi.
i=1

Then, noting that the following summation is over A; # 0, and denoting by a;
the point of I'; nearest a, where Tx = T, k,

ayllollx = 1Tx¢ = Polly x = 1Tkl =

p
illp, K
i=1

= anF (/ N (E)u(t)xr, (8)dt

+ / Iqﬁ(t)u(t)dt)
- ZH(TK@ oL ) Nl

where n; ::/ o(t)u(t)dt

12
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O

Theorem 3.18 Let 1 < p < 00, > 0 and N = N([,&,u,v) < oo(see Defini-
tion 3.11). Then
an+1(T) < vpe

where v, =2 when p#2 and v2 = 1, and
a[%]fl(T) >eE.
The measure of non-compactness of T, 5(T), satisfies

B(T) := lim a,(T) xinf{e: N(T,¢,u,v) < oo},
Tn— 00
where the symbol < means that the quotient of the two sides lies between positive
constants. Hence, T is compact if and only if N(T,e,u,v) < oo for all € > 0.
If T is compact, vp =1 for 1 < p < 0.

Proof. The first inequality follows from Lemma 3.15. The second inequality
follows from Lemmas 3.9 and 3.17 on putting w(-) := A(-). The two inequal-
ities imply the result about the measure of non-compactness, and hence the
compactness, of T'. The last statement is a consequence of Lemma 3.16.0
From Lemmas 3.10, 3.16, 3.17 and 3.18 with w(X) := A(X) we derive

Lemma 3.19 Let 1 < p < oo, e >0, and let K be a compact tree. Then

an+1(Tk) <e
and
am-1(Tk) > &,
where N = N(K,e,u,v),and M > N — 3#E(K).
Since, by Lemma 3.2, A(T,) is independent of a € T, the approximation
numbers are independent of a € I'. Note that the above proof of Lemma 3.19

requires A(c,.) to be continuous (see Lemma 3.10). This is not true for p = 1
or 00.
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4 Local properties of A

In this section we establish properties of the function A in Definition 3.1 which
will be needed for the local asymptotic results in the next section.

Lemma 4.1 Let u,v be constants over a real interval I = (a1,b1) and 1 <p <
0o. Then A(I,u,v) = |v||u||I|ap, where a, = A((0,1),1,1).

Proof. We have

Al u,v) sup inf |jv (/ uf(t)dt — a) |Ip,1
1 £1lp,r<1 2€C a

T
lolju] sup inf || / F(0)dt —all,.s
171150 <1 2€C " Jqy

xr
|v||ul]]I] sup inf ||/ ft)dt —a
[1£llp,c0,1)<1 acC " Jo

|ol|u||1]A((0,1),1,1).

|p,(0,1)

O
Note that a; = ax =1/2 and ay = 1/7.

Lemma 4.2 Let 1 < p < o0, uj,uy € L? (T') and v € LP(T). Then
|A(T, u1,v) — A(T, u2,v)| < [Jvllp,rllur — uallp r.

Proof. We have

A(C,u1,v) = sup inf |jv(zx) (/w(ul(t) —ua(t) + ua(t)) f(t)dt — a) Ilp

I fll,=12€C

IN

sup inf [nv(x) / (s (6) — us (8)) f (D)t r

I £ll,=12€C

¥ o) ([ wn(050at—a) 1y

sup _int lolllus = ually + 1) ([ w1 =a) Iy

Ifllp=1 *€C o
< llpllur — uelly + AT, uz,v).

IN

The same holds with uy,us interchanged. O
Lemma 4.3 Let 1 < p < oo, u € LP (T), and vi,vs € LP(T). Then

[A(T, u,01) = A(T, u, v2)] < 2[|or = val[p[|ullp-

14



Proof. We have

AT, u,01) = sup inf [|or(z) [/:u(t)f(t)dt—a] I,

Il £ll,=1*€C

@ | [ w50 o] I,

su inf
”f”pp:l |a\§|\u||P, 11l
Since
||U1 (.CL')[/ U(t)f(t)dt—a]np S ||U1—U2||p||ul|pl||f||p+||(1}1—1)2)&||p—|—||1)2[/ U(t)f(t)dt—a]”p
it follows that

A(FJ u, 1)1)

IA

2o = wllllully + sup nt @) | [ u )it -l 1,

1 llpet o< ull
2/jvr — vallpllully + AT, u,vs).

Similarly with v; and vs interchanged. O

Lemma 4.4 Let 1 < p < oo and suppose that Ky, Ko, K1 C Ks, are compact
subtrees of I'. Then

JAKD) — A(K2)| = 0 as |Ka \ Ky =0

Proof. Wesee that A(K1) = A(T,uxk,,vxk,) and A(K3) = AT, uXk,, VXK, )-
The lemma then follows from Lemmas 4.2 and 4.3.0
In order to treat the cases p = 1,00 we need the following terminology.

Definition 4.5 Let u € L*(T"). Then
Us 1= El_if&_ ”UXB(t,s)”oo,F

where B(t,€) is the ball center t, radius € on T.
Definition 4.6 Let g be a function defined on a real interval I. Then
9" (z) := inf{t; g.(t) > z},

where g.(t) := |{z € I;g(z) > t}|. The function g* is the non—increasing rear-
rangement of g.

Note that since we have > in the definitions above, g, and g* are left—
continuous functions. For the case p = co we have the following two lemmas.

Lemma 4.7 Let I be a bounded interval, v,d € R with § > vs(t) > 0 on I, and
let p=o00. Then

A(L;7,6) 2 ALy, 0s) 2 1/20|[| (wsxr)* (8)ll oo, (0,11 -

15



Proof. See [6; Lemma 4.5]. O

Lemma 4.8 Let I be a bounded interval, 7,6 € R with § > vs(t) > 0 on I and
let p=o00. Then for any a > 1

| ialr)
A(Ts2,0) = ATy < 5 [ 116 - o)+ TP

Proof. See [6, Lemma 4.6]. O
For the case p = 1 we have

Lemma 4.9 Let I be a bounded interval, v,6 € R with § > us(t) > 0 and
00 > uy(t) > ua(t) >0 0nI. Then forp=1

A(I7 Ul;’Y) Z A(I;UQ)’Y)
and
A(Lyus,v) 2 /4[| (usxr)™ ()t 0,0, 1))-
Proof. In the first inequality
I fm ur f —aflir
A(Liur,y) =|y| sup inf —0 — "
I#l11,r<1 *€C 1 £1l1,r

For any ||falli,r < 1 there exists fi such that [|fill1,r < [|f2ll1,r < 1 and

f; u1f1 = faw u2f2- (Put f1 (t) = f2(t)U2 (t)/u1 (t) if U1 (t) 75 0 and f1 (t) = f2(t)
otherwise.) Then A(I;u1,7vy) > A(L;uz2,7) > 0.
In the second inequality, we have

T
Aiusy) = bl sup inf || / unf — allis
I7ll,1=12€C " Jq

T
> |yl sup inf | / s, B — ol
Iflh, =1 2€C " Sy T

where Mg := {y € Lus(y) > B} and 0 < B < ||lus||o,r- Put f = 0z,, where
zg € I = (a,b) and |Mg N (a,28)| = |Mpg N (25,b)| =1/2|Mg|. Then

n
ALus,y) 2 1l nf x50 — allur
< N
11 ,nf (@(zs = a), (8 = a)(b - 75))
= hlIfl inf (a(zs —a),(1 - a)(b - zp))

b
= B2 (a5~ a)
Mg b—a—|Mg/2|
> -r
> Bl
1b—a— (%5
> —
> [IBlIMsl5 —
1
= = Mp|.
2118/

16



Hence, we have for every 0 < 8 < ||us||oo,r

1
AT5us,7) 2 WIBI Mol

and so 1
A(T3us,7) 2 71 uexn)” () lloo, 0, 1)-
O

Lemma 4.10 Let I be a bounded interval, v,6 € R with 6 > us(t) > 0 on I
and p=1. Then for any a > 1

0|1
| bl

A(T; — A(I; us,
(I;6,7) Us,7Y) /Ivl ))dt o

Proof. From Lemmas 4.9 and 4.1 we have
0 < A(T;6,7) = ATsus,7) < S l611T] = 71l axn)” (1)l
The rest of the proof is similar to that in [6, Lemma 4.6] on using Lemma 4.8
instead of [6, Lemma 4.5]. O
5 Local asymptotic results
51 Case 1l <p<

Lemma 5.1 Let K be a compact subtree of I' and 1 < p < co. Then

ap/ lu||v] = lim eN(K,e,u,v),
K E—}0+

ap/ lullv| = lim eM(K,e,u,v),
K e—04

where N(K,e,u,v) and M(K,e,u,v) are defined in Definition 3.11, and o, =
A((0,1),1,1) (see Lemma 4.1).

Proof. Since K is a compact tree it has a bounded number of vertices, i.e. K
is a finite union of intervals. The argument in [2, Theorem 5], with A replacing
the function L there, continues to go through and yields the first equation of
the lemma. The second identity follows from the first identity and Lemma 3.10
since A is a continuous function on an interval. O

Lemma 5.2 Let 1 < p < oo. Then

ap/r lullv| < lisrg(i)r_‘{feN(F,a,u,v).

17



Proof. There exist compact subtrees I', of I', n = 1,2,... such that I’;, C T
and T, = T (ie. ' =Tp| = 0) as n = co. By Lemma 5.1 we have

ap/ lulv| = El_i)r& eN(Tp,e,u,v) < lisrg(i)rJrlfeN(I‘,a,u,v),

n

whence the result. O

Theorem 5.3 Let 1 <p < oo, u € LP (') and v € LP(T'). Then

lim eN(T,e,u,v) = ozp/ lul|v],
r

E—>0+

lim eM (T, e,u,v) :ap/ |u||v].
r

E—>0+

Proof. Let £ be a maximal such that #£ = M (T,e) = M(T,e,u,v) and S a
minimal cover such that #8 = N(T,e) = N(T, ¢, u,v).
Given n > 0, choose a compact subtree K C T such that [Juxr\k|l,» <1 and
loxevelly < .
Set
Ly = {I":T"eL I'CK},
Ly = {I":T"eL T CT\K},
L3 = L\{L1UL:},

and similarly for S;,S»,S3 with respect to S.

We know that I' \ K is the union of disjoint connected components {I'}}
and #{I7} < #0K. Also, it X € L3 U S, then X C I'f for some i. Thus
#L, <3, M(TF¢).

Consider now the union of S;,S3 and those subtrees in the definition of the
N(T'¥,e). This covers I" and so

#8; <D N(T;,e) <3> M(T},e) + 3#0K (5. 1)
i i
by Lemma 3.9. Let I'f (j) be the subtrees in the definition of M (I'}, ). Then

e#Ly <D ATIG) < D lully s llollprs ) < luxeyilly loxmxlly < n*.

i,j i,J
Since #L£1 < M (K, ¢)
M(F,E) S M(K,E) + #£2 + #E3a

0<e[M(T,e) — M(K,e)] < e(#Lo + #L3) < n? + e#0K.

18



Then, by Lemma 5.1,

0 <limsupeM(T —ap/ luv| < n?.

e—0

Now let K — T (n — 0) to get

limsupeM (T, e —ozp/ |uwv|.

e—0

We get the same for liminf and so
ggr(l) eM(T,e) = ap/r |uv|.
Since N(K7 6) + #82 + #83 > N(F,E),

0< N(T,e) = N(K,e) < #S8 + #83 <3)  M(T;(j),e) + 3#0K + #0K

by (5.1). Hence, as before,

11m5N Te —ap/|uv|
O

Corollary 5.4 Let 1 < p < 0o, u € L (T) and v € LP(T). Then

nll}rréonan(T) =ap/r|u||v|.
Proof. Note that the application of Theorem 3.18 to Theorem 5.3 implies that
lim,, o an(T) = 0 and hence that T is compact.

Let {I';};2, be as in the proof of Lemma 5.2, and set T} = T, r, for some
a € T'. Since T’ is compact then from Lemma 3.19 and Theorem 5.1 we have

lim na,(T;) —ap/ |ul|v].

n—oo

An operator of rank < n on I'; can be considered as the restriction to I'; of
such an operator on I' and also ||T'|LP(T") — LP(I)|| > ||T7|LP(Ty) — LP(Ty)|| if
T =T, and a € I';. It follows that a,(T) > a,(T;) and so

hnrr_1>1orc1>f nan(T) > oy . |u||v].

But, we know from Lemma, 5.3 that

lim eN(T,e —ap/ |u||v].

E—)0+

19



and so, by Lemma 3.16

lim supna,(T) < ap/ |u||v].
r

n—oo

Hence the corollary is proved.O
5.2 The cases p=o00 and p = 1.
The analogies of Lemma 5.1 for p = co and p = 1 are, respectively

Lemma 5.5 Let K be a compact subtree of I, and p = co. Then

1 3
2/ lul|vs| < hmmfsN(K g,u,v) < limsupeN (K, e,u,v) < 5/ |u||vs]
K

E—)0+
where v, is defined in Definition 5.4.

Lemma 5.6 Let K be a compact subtree of T’ and p=1. Then

1 3
2/ [us||v| <l1m1nfeN(K g,u,v) <limsupeN(K,e,u,v) < 2/ lus||v].
K

E—>0+

Both lemmas follow from the results for intervals in [6] since K is a finite
union of intervals. Lemmas 5.5 and 5.6 yield, as in Lemma 5.2,

Lemma 5.7 For p=
1 .
= [ |u|jvs| < liminfeN(T,¢e,u,v)
2 T E—)0+

and forp=1
1
— < limi .
2/F|us||v| _llsrgérifEN(F,E,u,v)

Lemma 5.8 Let u € L? (I') and v € LP(T). Then for p = oo

1
5/ lulvs| < hmlnfaN(l" g,u,v) <limsupeN(T, ¢, u,v) /|u||vs|
r

E—)0+

and forp=1

1
5/ [us||v] <11m1nf6N(F g,u,v) < limsupeN (T, e, u,v) /|us||v|
r

E—)0+

Proof. Let p = co. We need only prove the last inequality. Let {I;}5°; be
compact subtrees of I' which are such that

[t = [ eled

20
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and
1
lull,mr, < T
Fix [ € N. There exist intervals W (j) in I'; and step functions u,,, v, on I},

m m
Up = ijXW(j); Un = ZTUXW(J')7

j=1 j=1
which are such that
1 1
llu = unllir, < / [u(t)|(vn(t) — vs(t))dt < —
I, n

and ||vs||co,r > vn(t) > vs(t) on I'y; cf [6, Theorem 4.7].

Let M := M(T,¢) and let {TM}M be a maximal set of subtrees of T in the
definition of M (see Definition 3.11). Then, because I'; is a compact subtree of
T, we have M — 2m — #V (T';) — #0T'; < #K, where

K :={T;:T; € {T¥}L,, and there exists i such that W (i) D T; or T; C T\T}}.

On using Lemmas 4.6 and 4.7, we have

e(M—2m — #V(I))—#0T) < > AT} u,v)

keK

D (ATY  un, vn) + [ATE  u,0) = AT, up, )]
keK

IA

4 AT ) — ATY 1)

IA
N =
Ms

.
I
—

1311 1V (7)]

£ )

+ Z [A(FkMaunav) - A(FkMJu”’v”)]

kE€K;3i,W (i) DI'M

+ Z [A(FkMyunyv) - A(Fi;waunavn)]
kEK;TM CT\T,

NE

+

Il
-

1 & .
< 3 Z 111 IW ()| + [l — unll1|v]l o
=1

a 3 _ &illmil | e
+ > l2/FM(vn vs)[&ildt + =5 =[]

keK;3i,W(i)DTM k
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+ > [AMY,0,0) - ATY,0,0)]

keEK,I'MCT\I,

1 & ) 1 1
5 2 L&l W @] + (- + Plloslleo
=1

IA

+9/(vn — v3)|un|dt
2 r

1
+3q [ lunlon
1 1 1 1 1
< 5 [l +efas+ -+ =47
2 Jr n a n 1

for some constant ¢ independent on . We therefore conclude that

1
ghmsupeN(F €,U,0) /|u||vs|+K(a + )

E—>0+

whence )
- limsupeN(T, e, u,v) / [u||vs]-

3 E—>0+

The case p =1 is similar. O
From Lemmas 5.8 and 3.18 we derive

Lemma 5.9 Let u € L (T) and v € LP(T). Then for p = oo

1
6/ lu]|vs| < liminfna,(T) < limsup na,(T) < 3/ |u||vs]
T n—oo r

n—oo

and forp=1

1
6/ lus||v| < liminf na,(T) < limsupna,(T) < 3/ lus||v].
T n—oo T

n—o0

6 The main results for 1 < p < .

We suppose throughout this section that T := T, and I" :=T', for some a € T.
Also we wrlte ||TK|| for ||T|LP(K) — LP(K)||, for any K CT.

With U(z) := [ [u(t)|P'dt (z € T') we define Zj, to be the closure of
kp' (k+1)p’
{r:2z€el,27» <U(x)<2 7 } (6. 1)

Here k may be any integer if u € Lloc( )\ L? ('), while, if u € L? (), 2F <
||u||p,7r, we refer to these values of k as the admissible values.
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We have that Z; = U:;"l Zy.i» where the Zj ; are the connected components
of Zy. Corresponding to each admissible k we set

O'Z,Z- = Qk/J,(Zkii) for ¢ € {]., . ,nk} (6 2)
and
of = 2kpu(Zy). (6. 3)
For non-admissible k£ we set o, = 0. We also set oy; =0 for i ¢ {1,...,n4}.
Let
By == #0Zk; — 1; (6. 4)

that is, By ; is the number of boundary points of Z; ; excluding its root.

Lemma 6.1

< |17l .
?elglggkffk,z_ll l (6. 5)

Proof. This follows from [7, Proposition 5.1], which asserts that
sup ”uX(a,z)”P'”vX(a,w)c“P < ||T||,
zel

where (a,z)¢ = {y € I': x <, y}. For then, by (6. 1),

1/p
71 > swu ([ wrd)
Yyox

zel
> sup2¥/Pu(Z;, ;)P

k,i
= Supo;.
k,i

O
Lemma 6.2 Let IV be a subtree of T =T, and b = b(I") the nearest point of T’

to a. Then, for any c > 4, there exist X = X(I'") €e L(I") and k' = ¥'T") € Z
such that, with T' =Tr and Y =Y (I") =T"\ X,

IT'| < 22/Pe{> " 2% (Y N Zy ) 17, (6. 6)
€S

where S = S(I') = {i : (Y N Zyr ;) > 0}.

Proof. From Theorem 2.4, for ¢ > 4, there exists X € I;(T") such that

<

t ) 1/p' y
< i Pd Y)'/P
< e min ( /b ] w) u(y)
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< i ) — U®)/7 Y N Z )P

< e, min [U@#)-UE) [,-Xk:“( N Zk,i)]

< i Ut — U®)* Y N Zy, )P
- cte(&Xr\r?ﬁ)mZ.,o[ ®) (®)] [Z,u( k)P

ik

where o = min{k : u(Y N Z;) > 0}. Since u(I') < 0o, we may assume that ¥

is compact and hence
Nk

2k (Y N Zy
%KZ; u(Y N Zys)
is attained, and so
Nk
Z,u(YﬂZ;m) = Z Z_kZZku(YﬁZk,i)
ki k>0 i=1
Nt
< 21— Z ok p,(Y N Zk’,i)
i=1
say, for some k' > ~o. Hence
Nt
7)) < o200+ 08'/2 — 008 UF 21720 S 39K (Y 1 Z D7,
=1

whence (6. 6). O

Lemma 6.3 Let {I';}. be a finite set of non-overlapping subtrees of I' and set
T, =Tr,. Then,

SImle < @/ ST BiFel,  ifl<q<p  (6.7)
leL (k,i)en
and
ST < @721y 6l ifp<g<oo, (6. 8)
leL k€Eno

where 11 and 19 are finite sets.

Proof. Let I'y € {I'|}., and, in the notation of Lemma 6.2, set b; = b(I}),
k =k(Ty), Y, =Y () and S; = S(I';). There are two cases to consider for I'y:

(i) by € Zk)‘. In this case by, € Zk)\,i)‘; S\ = S(F,\) = {l,\} and, for any ¢ > 4,

T\l < (2%/Pc)o,y iy -

(ii) bx € Zi,. Denote by A the subset of £ which is such that for [ € A,
by € Zy, ; for some unique i; € Sy and so S; = {4;}.
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Set A; = {l € A:4 =i}. Then, by (6. 6), for ¢ > 1,

>oIme > T

leA 1€SK lEA;
< @71y Y {2 (YN Ziy )} (6. 9)
€SN LEA;
q
< (2P0 Y {Z 253 (¥ N Ziy, )] ”}
i€Sx \leA;
1/p 1/p'7?
< (22/Pe) Z [{ Z 282 (v N ka)} {Z 1} ]
€S leA; leA;
< @1 Y (Byfow )q. 6. 10)
1€SN

Also in case (i), from (6. 6),
ITAll < (22%e)(D of, )7
1€ESK
Hence, if 1 < ¢ < p,

ITMT < @702 of, )
1€ESH
! q
< (@Y (B,Z’:iakw) . 6. 11)
1€SH

If ¢ > p, then from (6. 9),

q/p
SMmle < @7re)r {Z 2P (Y ﬂka)}

N ieSx \eA;
< (2%/Pc)t Z of
i€S
a/p
< (2%/P¢)t (Z Uk;,)
i€SH
< (22/pc)qa'gx. (6. 12)

Also, by (6. 6),

a/p
ITAll¢ < (22/Pc) { Z 2 (YA n ka‘)}

LES)
(2*/7Pc)iof . (6. 13)

IN
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The lemma follows from (6. 10)-(6. 13) since ¢ > 4 is arbitrary. O

Theorem 6.4 Forl < p < oo, let u,v satisfy (2. 1) and suppose that B, / Ok,i €
IY(Z x N). Then

IIII(I)EM —ap/ [ullv], (6. 14)

lim =N (T _ap/ fullol, (6. 15)
and

lim na,(T) = a, /F ful[o]. (6. 16)

Proof. Given > 0, we choose [ to be such that Y, ., > 7%, Bl/p ok, < nand
set K = J,<; Zk- Then, in the notation of the proof of Theorem 5.3, we have
by Corollary 3.3, that

e#Ly < ZA ]) <Z”TF* A

< XY B o

k>l i=1

for some positive constant ¢, by Lemma, 6.3 with ¢ = 1. The proofs of the first
two identities then follow that of Theorem 5.3. Theorem 3.18 and Lemma 3.16
complete the proof.

Note that the convergence of Y, ., > i, B,’:’iak,i < oo implies that T is
compact. To see this, let K; = Ug<;Z}, and so

T, NE) = @ [ Feu o
D @) [t

(T = Ti) (@) = vlo)xevie @) [ " (o)t

and, by Lemma 6.2, for some k' > j

1/p
IT - Tkl < 22/”C{Z2klﬂ(zk',i)}

Then

€S
b 1 U
< 22/Pey opi < 22/pCZBk'/IZ Ok i-
€S €S

Thus ||T — Tk, || = 0 as j — oo, and T is compact since the T, are compact.O
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Theorem 6.5 Let 1 < q < p. Then, for some positive constant c,

{an(D)}liaen) < ell B onilliaczny if 1 <q<p (6. 17)

Proof: Let I';,l =1,2,..., M(T',¢) be a maximal set of subtrees of I from the
definition of M (T, ), so that A(L;) > e. Then, from (6. 7) and Corollary 3.3,
for1<q<p,

1 7
eTM(T,e) < Y IIT? < cllBF onillfe zsensy-
l

Since azpr(r,e)4+4(T) < 2¢ by Lemma 3.9 and Theorem 3.18, it follows that

#{m:an(T) >t} < 3M(T,t/2)+4
eM(T,t/2)

A

for ¢ > 7. Thus
#{m : ap(T) > t} < ct™ | By/F oillly e (6. 18)

We now proceed as in the proof of the Marcinkiewicz Interpolation Theorem
(see [11]); we give the proof for completeness.
Define

oy = v on Zy; if Bi/z-p’(fk,z' < t/2,
' 0 otherwise,

and set va = v — v1. Denote T, 0y ;, etc by T'(v), 0,;(v) to indicate the depen-
dence on v, and set T9 = T'(v;), j = 1,2. Then, by [3, Proposition I1.2.2],

a2n-1(T) < an(Th) + an(T2)
and so
{n a2 1(T) >t} C{n:an(Ty) > t/2} U {n: a,(T>) > t/2}
and
#{n:azn1(T) >t} <F#{n:an(T1) > t/2} + #{n : an(T2) > t/2}. (6. 19)
Set Si,i = By/? oyi, and let 1 < ¢ < q1. Then, on using (6. 18) and (6. 19),

||{a2n_1(T)}||lq(N) = Q/O tq_l#{n : azn_l(T) > t}dt

o0
cq/ trt et Y St > S pdt

0 Sk,i<t/2 Ski>t/2
< ¢ 2 Sgi,
ki

whence (6. 17), since a,(T") decreases with n. O

IA
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Theorem 6.6 Let g € (p,00). Then, for some positive constant c,
{an(T)}Hlie(ny < cll{o}Hla(z)- (6. 20)
Proof. Let {T;})*"*) be as in the proof of Theorem 6.5 and define
F; = {Ty : ' (Ty) = k;}

in the notation of Lemma 6.2. Then, from the proof of Lemma 6.3, for ¢ €

(p, ),
H#F; < TP

FleFj
y .
< ¢ Oy

Thus, with m; = [cPo} /e?],

M(T,e¢) Z Zj Z #{j : cor; > m'/Pe}.
j=1m=1 m=1

Hence
Moy = 0 [ 67 (s anT) > that
< c/oootq_lM(I‘,t/Z)dt
< / witq—l#{j:apm””t}dt
< / Zm—q/l’#{] o; > thti~ldt
< C||{Uk}||lq(z)
O

In the next theorem I% denotes weak-19, that is, the space of sequences {zy}
such that
I{welig := sup{t(a#{k : 4] > th/1} < oo

Theorem 6.7 For some positive constant c,

ng
[Han(T)}Hlig ) < el ZB;/Z’ ok,illig(zy f1<q<p, (6. 21)
=1
and
Han(T)}Hlig () < cl{ox}lizz) if p < g < . (6. 22)
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Proof. Let {]_"l}iw(r’g),Fj be as in the proof of Theorem 6.6. Then, from the
proof of Lemma 6.3,

e#F; < Y |7

FlEFj

INA

nkj
} : 1/p' ..
¢ Bk]‘,i o-kjyz - NJ
i=1
say. Thus

el{n : a,(T) > ¢}

IN

ce'M(T,e/2)
oo [Nj/€]

ceqz Z 1

7j=1 m=1

cel Z #{j: N; > me}

m=1

< ¢ Z m~t#{j : N; > t}

m=1

IN

IN

and hence (6. 21). The proof of (6. 22) is similar, starting from
eP#F; < cazj.

O
Let us now suppose that the tree I' satisfies the following condition:

By < B < oo for each admissible k and 3. (6. 23)

Then with this condition we can get lower estimates in Theorems 6.5 and
6.6.
We need the following result which is similar to [2,Lemma 20].

Lemma 6.8 Suppose that (6.10) is satisfied. Let S(e) := {(k,) : op,; > €}. If
M +1/2 < #S(e)/4B, then apm(T) > ce, where ¢ is an absolute constant.

Proof. Tt is sufficient to prove the result for S(¢) finite, for this will imply the
result when #S(g) = co. The elements of S(e) fall into two subsets according
as k is odd or even. At least one of them, say S;(¢), has cardinal at least half
that of S(e). Thus, we may suppose that #S;(e) > B.

Denote by (x,; the point of Zy ; nearest to a, and define n(z) := #{(k,j) :
Ck,j >a x,(k,j) € Si(e)}. Let [ be a path in I" starting at a and consisting of
edges (z,y) of T, (x,y) at each stage chosen so that n(y) is as large as possible.
Terminate the path at the point z = (; ; at which n(z) = 0. Define £ € [ by

E:=inf{z €l:n(x) =n({-1,), -1, €1},
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( the infimum, which is being taken with respect to the total ordering on [
induced by =,, exists since n(a) > B and n(¢—1,;) < B ). There are two
possibilities : (i) £ may be a point (,;, in which case define I'y := {z : « >, £},
or (ii) £ may be a vertex of I joined by a path I; to a point (., >4 &, where
(m,n) € Si(g). In the latter case we define I'y := {z : © >, y,y € [Ul1}. Then,
in both cases, the closure of I'; is a subtree and so is its complement. Moreover,
A(T1) > ce, where c is an absolute constant. For, in case (i), if b is a point of
I with U(b) = 20=1/2)(¥'/P) and T is the restriction of T to I'y, then, in the
notation of the discussion preceding Lemma 3.5,

T30 1Tyl > (27F/P) — o=t/ 2@ D)L (977
this follows from [7, Proposition 5.1] where it is shown that

|1 Tall > sup [lux(a, 2) ||y [[vX(a,0)lp-
z€el

In case (ii) a similar result holds if b is a point of [Ul; with U(b) = 2(t=1/2)('/»)
and t the greater of r,m. The lower bound for A(T';) is then a consequence of
Lemma 3.5. Note also that I'y contains at most 2B elements of S (¢).

The result now follows by induction on #S(¢) and Lemma 3.17. O

Lemma 6.9 Suppose that (6.10) is satisfied. Then, for all t > 0,
#{(k,i) : o, >t} <4B#{k € N: ar(T) > ct} + 6B.
Proof. From Lemma 6.8,

#{k e N : ap(T) > ct} [#S(t)/4B — 1/2]

#5(t)/4B = 3/2,

(AVARAY]

whence the result. O

Lemma 6.10 Suppose that (6.10) is satisfied. Then, for all ¢ > 0,

”{Uk,i}”;]q(zXN) < cl”{ak(T)}”?q(N) + Cz”{Uk,i}”;Ioo(ZxN)

Proof. Let A = [[{o%,i}[li~(zxn). Then, by Lemma 6.9,

A
Mokt < q/ 19 4 (kyi) € Z x N : o > thdt
0

IA

A
4Bq/ t7 4k € N;a(T) > ce}dt + 6B
0

c1[{ar(T) Moy + c2A%.

IA
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Theorem 6.11 Let 1 < p < oo and suppose that (6.10) is satisfied. Then, for
any q > 0, there exists a constant ¢ > 0 such that

[{ok,i}Hliazxny < cll{ar(T)}HlaNy)-
Proof. By Lemma 6.1,
Hok,i Hlie@zxny < NITN = a1 (T) < [[{ar(T) }Hlze -
The result then follows from Lemma 6.10. O

Remark 6.12 (i) It follows from Theorem 6.5 and 6.11 that if (6. 23)is satis-
fied and 1 < q < p, then

[{an(T) Hliany =< [{ok,iHlia(zxn)-

For q > p, we have from Theorems 6.11 and 6.6

[[{an(T)}Hlieny < c2llolliacz)
llokillee (zx2v)- (6. 24)

(ii) Naimark and Solomyak [8] take uw = 1, and in [8,(4.8)] they make the
assumption that, for every edge (y,z) € E(T),

cllok:[lia(zxm

<
<

p < 2l/lyl Spe, 1< < pa, (6. 25)

where |y|, |z| denote the lengths of the paths from the root of T to y, z respectively.
Lety; € V(t), j =0,1,..., and suppose that |yo| < 2F and |y1| > 2¥. Then (6.
25) implies that

lyn| > Hp ™ ya| > ppmt2k > 26

if n>1+log2/logui. Hence, if each vertex has constant branching number b

(ie. degree b+ 1), then
Bi; < pllog 2/logui+1]

and hence (6. 23) is satisfied.

(iii) Theorem 4.1 in [9] is valid under assumptions made on a sequence {n;}
which is defined as follows : for any partition = of T into a countable union of
non-overlapping segments I; = (y;, z;),

nj = |zJ|/ v2dt.
I

Note that in our notation, the case p = 2,u = 1 is what is considered in [9].
It is proved in [9, Theorem 4.1 (i)] that (6.15) for p = 2 holds if, for some E,

{ni} € 11/2-
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Choose = = UgeNEg, where 2y, is a partition of Zy,. Then,

op; = 28 > /v2dt§ > m

IsCZy,; I,CZ,;
2
< | D> w7
IsCZy 5
and
Do oki <D Mm%
kyj s
Thus, if (6. 23) is satisfied,
S B/ Por; < BY2Y i (6. 26)
k,j s

In the reverse directions we have

ok 212 Y s

1,CZy
and so
o s> 2—1/2( 1/2 1)-1/2
ki 2 DoAY, T
I,CZy,; I,CZy,;
Therefore
1/2
B ;
Bl/gak > 9—1/2 kyj 771/2‘
k,j J 1.CZ,; 1 Isczzk,j s
If
By
inf[ =—2— | =¢>0 (6. 27)
kg (ZISCZM 1)
then
S B Zow > (/22 nl. (6. 28)
k.j s

The condition (6. 27) is satisfied if the tree T is, in the terminology of [9], b
regular of type (b,2) and E consists of edges of T'. This means that every vertex
of T has fized branching number b, and any edge {y,z) of the k-th generation
is such that |y| = 2%, |z| = 2*¥*1. Hence, in this case, (6. 27) is satisfied with
c=1.
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