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ABSTRACT. It is known that the concepts of continuous norm and of absolutely
continuous norm do not coincide. There exists a space in which all functions possess
continuous norm but not all functions possess absolutely continuous norm. In this
paper we construct an extremal example of a Banach function space in which all
functions have continuous norm but only the zero function has absolutely continuous
norm.

1. INTRODUCTION

The concept of absolutely continuous norm plays a very important role in char-
acterization of classes of reflexive Banach function spaces and of separable Banach
function spaces. Let us remind two assertions presented by C. Bennet and R. Sharp-
ley in [1]. The first one [1, Corollary 4.4] shows that a Banach function space X is
reflexive if and only if both X and its associate space X' have absolutely continuous
norms (see also [7] and [8]). In the second one [1, Corollary 5.6] it is proved that a
Banach function space (X, pt) is separable if and only if X has absolutely continuous
norm and p is a separable measure.

The concept of continuous norm was introduced by Q. Lai and L. Pick in [5].
They proved that the Hardy operator T f(z) = fow f(t)dt is a compact mapping
from a Banach function space (X,v) into Lo if and only if the function 1/v has
continuous norm in the associate space (X', v).

In connection with this result there arose a question if, in every Banach function
space X, the set of all functions with absolutely continuous norm is different from
the set of all functions with continuous norm.

In [6] two Banach function spaces are constructed which demonstrate that the
concepts of continuous norm and absolutely continuous norm are not identical. The
first space contains a function with continuous but not absolutely continuous norm
and another function with non-continuous norm. In the other space, every function
has continuous norm and there is a function with non-absolutely continuous norm.
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D. E. Edmunds, J. Lang and A. Nekvinda [2] investigated the notions of contin-
uous norm and absolutely continuous norm in the scale of spaces LP(#) of functions
integrable with variable power p(x). These spaces possess many non-standard prop-
erties (see [4], [3]). Nevertheless, the set of functions with continuous norm and the
set of functions with absolutely continuous norm in these spaces coincide (see [2]).

In the present paper an extreme example of Banach function space is found in
the sense that every function has continuous norm and the only zero function has
absolutely continuous norm.

The paper is organized in the following way. Section 2 has a preparatory char-
acter and brings basic notations, definitions and auxiliary assertions. In Section 3
we construct the Banach function space and in Section 4 we prove that it has the
desired properties.

2. PRELIMINARIES

Let © be a non-empty open subset of R and let M(Q) be the set of all real
measurable functions defined on Q. Denote by |E| the Lebesgue measure of any
measurable subset E of 2 and by xg the characteristic function of E. The unit
function will be denoted 1q, i.e. 1o(z) =1 for all z € Q.

2.1 Definition. We say that a normed linear space (X, ||.||) is called a Banach
function space (shortly BFS) if the following conditions are satisfied:

(2.1) the norm || f|| is defined for all f € M(Q), and f € X if and only if || f|| < oc;
(2.2) 71l = Il1f][] for every f € M(<);

(2.3) f0< fn, 2 fae in Qthen ||fnll S fl;

(24) f ECQ, |E|< oo, then xr € X;

(2.5) for every set E C Q with |E| < oo, there exists a positive constant Cg such

that [i;|f(2)ldz < Cgl|f||-

Recall that the Fatou property (2.3) immediately yields:
(2.6) if 0 < f<g then [|f]| <lgll-

The above definition was introduced in [1]. In [8] another definition of Banach
function spaces is given which—requiring properties (2.1), (2.2), (2.6) and the com-
pleteness of the space—specifies a wider class of spaces. The space we construct in
this paper is a Banach function space in the sense of both definitions.

2.2 Definition. Let X = (X(Q),]|.||) be a Banach function space and let f € X
be an arbitrary function. We say that the function f has absolutely continuous
norm in X if for any sequence of open sets G, Gt D G2 D G3 D ..., (|, Gn =0,
the norms || fxg., || tend to zero as n — oco. The set of all functions with absolutely
continuous norms is denoted by X,.

We say that f has continuous norm in X if lim, o4 ||fX(z—r,e4r)nall = 0 for
every z € Q and lim,_, o, || f Xa\(=r,n |l = 0. The set of all functions with continuous
norm is denoted by X..

Recall that ||.]||: M(2) = [—o0,00] is a seminorm on M(Q) if every f,g €

M(Q) and a € R satisfy [|f]| >0, [lafll = lal [I£]], If + gl < WA+ Nlgll-
We will be particularly concerned with seminorms which satisfy conditions

@.7) A= M1FHI for all £ e M(R);
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(2.8) if fn, f € M() and 0 < fr 7 f a.e.in Q then || fulll /(I £Il-

Evidently, (2.8) implies

(2.9) if 0 < f < g then £ < [lglll-

We will need the following three assertions. The easy proofs are omitted.

2.3 Proposition. Let Q;, i € I, be a system of non-empty open subsets of ()
such that Q = J;c; QU M, where |M| = 0. Let |||.||; be a system of seminorms

on Q; satisfying conditions (2.7) and (2.8). Define the seminorm ||| .|| by |||f]l =
sup;cy Il fillls, where f; denotes the restriction of f on Q;. Then || . ||| satisfies (2.7)
and (2.8).

2.4 Proposition. Let Q,, be a sequence of non-empty open subsets of Q and Q =
U, QuUM, where |M|=0. Let ||.|||. be a system of seminorms satisfying (2.7)

and (2.8). Define the seminorm ||fl| = 30", [ fullln for fn being the restriction
of f on Q. Then |||.|| satisfies (2.7) and (2.8).

2.5 Proposition. Let|||.|| be a seminorm satisfying (2.7) and (2.8) and let |||1al| <}
0o. Define the norm ||.|| by ||fIl = |Ifll + [ |f]- Then ||.|| is a norm in a BFS.

For the sake of simplicity, in the rest of the paper we will consider 2 = (0, 1).

3. THE CONSTRUCTION

Our considerations are based on principles of construction of the Cantor set.

Let the symbol K stand for the set of all finite sequences of the numbers 0 and
1 including the empty sequence . The elements of K will be called multiindices.
The length £(a) of a multiindex a € K, a = (a1, a2, ...,a,), is the number of all
members of the sequence «, i.e. £(a) = n. We define a partial ordering < on K
saying that a < 8 for a@ = (a1, a2,--.,ax), 8 = (b1, ba,...,by) if £(a) < £(B), i.e.
k <n,and a; = b; for i = 1,2,...,k. We shall write & £ 3 if @ < 8 does not hold,
and a = B if @ A B and B £ a. Note, that a = 8 if @ < B and < «, and that the
relations ~, # are different.
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Recall the construction of the Cantor set €. Define the intervals I, a € K, by

Iy = (3, 35)
Tor = (3, 3%)
Iy =(3,3%)
Lo = (3%, )
L = (g, 32)

o= (%,%)

Note that |I,| = 374®)~1. The Cantor set is given by € = [0,1] \ U, ¢ a-

If A,B C R we say that A is left (right) of B if sup A < inf B (inf A > sup B),
respectively. Let a,8 € K and let I,, Iz be the corresponding intervals from the
above construction. We say that « is left (right) of 8 if I, is left (right) of Ig,
respectively. If « is left of v and + is left of 8, we say that - is between a and S.

We denote by F the system of all bounded measurable sets M C R such that
|M N (z—t,z+t)| >0 for every x € M and ¢t > 0, |M| = 37" for certain positive
integer n, and, moreover, neither inf M nor sup M belong to M. Let P be the
family of all mappings P : K — F such that |J ., P(a) is bounded,

1
(3.1) |P(a)| = 30T
and
(3.2) if v is left of B then P(a) is left of P(f).

By &£ we denote the class of all measurable sets £ C R such that E = |J ¢ P(a)
for some P € P. It is easy to see that for every E € £ the corresponding mapping
P € P is unique and |E| = 1. We set IF = P(a), IF = (inf IF sup IF).

Note that the set [0, 1]\ € belongs to &.

Let E € £. Let P € P be the corresponding mapping and IZ = P(a), a € K.
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For a € K we define the closed intervals JZ by
J& = [inf E,inf IF
Jg' = [inf E,inf I}]
Jg, = [sup IF,inf I}’]
J§’ = [inf E,sup E]
Jly = [sup I}, inf I]
= [sup If, sup E]
JE = [sup I, sup E]
The generalized Cantor set €€ corresponding to the set E is defined by

oy e

n=1¢(a)=n

It is not difficult to show the following properties:

(8:3) |JZ| > |JZ N Bl = Foxp |I5 | = 374

(3.4) the families {IF}, and {IF}, are pairwise disjoint;

(3.5) a=pgifand only if JF C JF and a » 3 if and only if JZ N JF = 0;

(3.6) a < pBifand onlyif I C JF and o £ 8 if and only if IF N JZ = §;

(3.7) if o € K and if k is an integer, k > ¢(a), then the number of all multiindices

f such that o < 3 and £(8) = k, is equal to 2k—¢(a);
(3.8) for every z € €F there exists a unique sequence {an} >, such that oy =<
ar < ..., lap)=nandz €, JZ.
Moreover, if « is left of 8 and a » § then there exists v between « and 8 such
that v < aand v < .

Now, we are ready to construct the desired norm in a BFS. Consider the class
M = M(0,1). We will identify the functions f € M with their extensions by zero
outside (0, 1).

For E € £ we define the seminorm |||. || by
Iflle = 22 k max sgg‘UIﬁ‘ / z)|dx
(3-9) gnti
= max su )|dz, EM,
ZE(a) knsk 27 Z(g_n/ Pl S
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where the union is taken over all 8 such that £(8) = n and a < §; the second
equality follows from (3.3).

3.2 Definition. The space X is the set of all functions f € M with ||f]| < oo
where

1£1l = sup [[|£lllz-
Ec&

3.3 Theorem. (X,||.||) is a BFS.

Proof. Set ||fllo = || f]] + fol |f]- Considering the only term with K = n = 0 on the
right hand side of (3.9) we obtain

Il 23 [ _1f@)de

0

for every E € £. If E1, Ey, E3 € £ are such that Ifl = (0,1/3), If2 = (1/3,2/3),
153 = (2/3,1) then there exists i € {1,2,3} such that 3]15,- |f] > fol |f|- Hence

1
102 sl 23 [, 1512 [ 15

and so, 2|f]| > ||fllo > || f]|- It suffices to show that ||.||o is @ norm in a BFS.

According to Propositions 2.3 and 2.4 every seminorm |||.||g, E € £, satisfies
conditions (2.7) and (2.8) on the interval (0, 1). Repeated application of Proposition
2.3 yields that the seminorm ||f|| = supgee || fl|E satisfies (2.7) and (2.8). By
Proposition 2.5, it remains to verify that the unit function 1lq satisfies ||1q|| < oo
which is seen from (3.9):

oo
litelle <) 27 =2
k=0
forevery E € £, ie. ||lg|| <2< 00. O

4. PROPERTIES OF THE SPACE X

In this section we prove two theorems. The first one claims that only the zero
function in X has absolutely continuous norm, i.e. X, = {0}, while the other claims
that every function from X has continuous norm, i.e. X, = X.

4.1 Theorem. X, = {0}.

Proof. Let f € X, f # 0. Then there exist a measurable set M, |M| > 0, and a real
number 5 > 0 such that |[f| >n>0on M. Set M' ={z e M : |(z—t,z+t)NM| >
0 for every t > 0}. Clearly, |[M'| = |M|. Take the integer ng such that 3 "0~ 1 <
|M'| < 37 and the real number b < 1 such that [[inf M’,b] N M'| = 37™0~1. Set
Fy =[inf M",b)n M', F» = [1,2 — 3" "1] and F = F; U F». For every a € K we
denote by p(a), ¢(a) the least real numbers such that |(inf F,p(a)) N F| = inf I,
|(p(ar), q(@)) N F| = |I,|, and we set P(a) = (p(a),g(a)) N F. It is easy to see that
P € P and so the set E = J, ¢ P(a) belongs to £.

Set By = ENFy, Es = ENFy and a9 = (0,0,...,0), £(ag) = ng. Since Ey is left
of By and |Ey| = 37~ we have Ig NF = Ig if B is left of g and Ig NEF =0
in other cases.
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For every non-negative integer N we set Gy = Ue(a)> N ff . Obviously, Gn
form a decreasing sequence of open sets with empty intersection. Let us calculate
lfxcwlllE for a fixed N. Taking only the first summand in (3.9), using (3.4) and

the fact that IZ N E = IF we obtain

llf

- / |Fxanl

{(B)=n

n

3n+1
s 3 [0S x
n20 o= 5 >N
> B Y [ Y s
£{B)=n 15 L(a)>N
3n+1
—wie X% [ el
n20 B)=nt(a)>N
3n+1
>sup e S Y / Fra
nzN L(B)=nt(a)=n
3n+1
> sup Z /
n>N 2" W(Bent1E mE1
By (3.7) and the inclusion E; C M we arrive at
gn+1 gn+1 on—£(ao)—1 n
> > =
lxonlle > sup = [ (o 112 50 S g =

where the union is taken over all 8 left of ag such that £(8) = n. Thus,
1 xall = sup I f Xl > oy
" pee T 2notly

and therefore f does not have absolutely continuous norm. [

The proof of X, = X is rather technical. The core is contained in the following
five lemmas.

4.2Lemma. Let E €&, letog Sax X--- S a; X ... be a sequence of multiindices
with l(a;) = 7 and let || f||lg < oc. Then

(4.1 tim. [Ifxs [l = 0.
j—oo J
Proof. It follows from (3.5) and (2.9) that |||fxs= || is non-increasing. Assume
aj

that (4.1) does not hold. Then there exists 7 > 0 such that for every j the inequality

(4.2) Xz e =>n
7



holds. Let us fix j and calculate ||fx = ||z. According to (3.9) we have
aj

j—1 3n+1

4.3 B = m. /
(4.3) g, s = 3 ma, sup = 3 o

k=0 “p)=n

=Aj+Bj.

Let 0 <k <j—1. Then oy X ;. f @ < 3, £(a) = k and & » a, then § = o
and, according to (3.6), I N JZ, = 0. Therefore,

3n+1 Z f|
max sup / =0
£(o)= -k n>k 2n (5yan  TENIE,
a=p

and we can rewrite A; in the following form:

3n+1
A - Z :gIl)c Z(Eﬁ) /IEmJ
=n
ar=2pB

If k <n < j—1 then the inequalities £(8) < j — 1 < j = £(a;) imply a; A 8 and
(3.6) yields I N J7, = 0. Thus, we can write

: E
k=0 ™27 LB)=n""8 Ej

If n > j then again (3.6) implies that If N J7 =0 if a; A f and IF NJZ = If if
aj = (. Hence, we can further reduce the expression of A;:
j—1

(4.4) A; = sup > / fl= Z/

k=0 2B)=n {(B)=n
a; X3 a; 3B

3n+1

Since

B<Y aup S § / 1< 1Al < oo,
Ha)=k p>p 2
k= L(B)=n
a=p

we have lim;_,, B; = 0, and so, according to (4.2), (4.3), there exists jo such that
A; > /2 for j > jo and, by (4.4),

Z / lfl > J 2 Jo-

£(B)=n
a; 3B

n>j
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Thus, using the assumption Z( ) = k, we obtain

1 = 1
M UEED WL
g s

which contradicts the assumption. O

4.3 Lemma. Let E € £ and ||f||r < oo. Then limy oy [|fX(a—t,04¢)lllE = O for
all z € R.

Proof. We can assume that z € [inf E, sup E|.
First of all, consider the case z ¢ €Z. By (3.4), there exists a unique multiindex

~v € K such that (x —t,z+t) C ff for sufficiently small ¢ > 0, and so
1 Xetm40) s = |||fx($_t,w+t)nfE|||E

_Zeg?xk :1;2 5 Z / |fX(w tiatt) -

K(B) n

The property (3.4) yields

()41 ‘
Eili 3221(7) Jie 1 X (@—ta+e| ifa =7,
Supb Z = |fX(w t :c+t)| = 4
IPNIE

«B)=n if o A .
a=p3

L) ge(m)+1

Xzt E = —/ fl—=0 ast— 0+,
17X+l kg() 2¢(7) IniEﬁ(zft,:c+t)| |

since f[f LI < Iflle < oo

Now, assume that = € €F. Let {a,} be the sequence of multiindices from (3.8).
If z is an inner point of all Jfﬂ, then there is a sequence of positive real numbers
tn such that (¢ —tp,z +t,) C JE and for 0 < t < ¢, we have

(4.5) FX(@—t,z6)lle < Il fxs2 llE-
By Lemma 4.2, the last term tends to 0 as n — oo and so, tE}rglJr Il fx(z—t,2+8) lllz = O.
Ifz=inf Eorx =supE, then (z—t,z+t)NEis (z,z+t)NE or (z—t,x)NE
and we arrive at (4.5) replacing (z —t, z+t) with (z,z+1%) or (z —t, ) respectively.
Finally, if there is n such that z is one of the end points of an and z # inf E,
x # sup E, ~then there exists a unique interval T E such that either z = inf ff
or z = supI?. We will investigate only the case z = inf I”. The other case is
analogous. Then z = sup ij for all a; with £(a;) > £(a) + 1, and we can write
X @—tetplle < M X@-tolle + 1 X @zt lle
= 17X @-t)nsz e + X eronzlle
for such ¢ that (z —t,z) C ij and (z,z+1t) C IP. The first term can be estimated
in the same way as (4.5). The second term can be treated as the case x ¢ ¢€. O
For r € R and M C R we define the set 7 + M by
r+M={r+x:2€ M}.
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4.4 Lemma. Let0<t<1,0< 7 <n/4 and let f € X satisfy
(4.6) sup [ fx(.nlle > -
Ee&

Then there exists E € £ and v € K such that

(4.7) 0<s:=infIF <t,
(4.8) I xeolle = 3 —2r.
(4.9) supI” <4t and |IF| <3t whenever IFN(s,t)#0.

Proof. Let us take Ey € € such that

(4.10) n—7 < fxo.llz, < sup I1fxc0,0ll2-

At first, we will find Ey € £ and v € K such that (4.7) and (4.8) hold with E; in
place of E. According to Lemma 4.3, there is a number sg, 0 < s¢9 < t, such that
”le(O,so)HlEo < 7 and so, by (4-10)7

X (50,06 21 = 27.

Set r =inf|JI BEO where the union is taken over all § € K such that

(4.11) I5° N (s0,1) # 0.

Note, that r < t. We will distinguish two cases: sqg < r and r < sp.
Let s < 7. Then
15X (50020 = X | 26 -
By Lemma 4.3, there exists a number 1, r < t; < t, such that [||fx(r)llz, < 7
We take 7 such that r < inf I < t;. Then ~ satisfies (4.11). We define the
mapping P : K — F by

IFo if w =« or if w is right of -,
P(w):{ w ¥ ght of ~

-1+ 1, ifwisleft of g,

where I, are the intervals from the construction of the classical Cantor set in Section
3 and we set By = |J,cxc P(w). Clearly, P € P and E; € £. Then (4.7) is satisfied
and the estimates

Xl = W Xz = 1 Xz, = X lle, >0 =37
yield

n
(4.12) o0l > T =2

Now, let r < so. There exists a unique multiindex 3 satisfying (4.11) and inf I 50 <
so. Then inf I 50 = r and either

(4.13) r<sg<t<gq
10



or
(4.14) r<so<g<t,

where ¢ = sup Igo.
Assume first that (4.13) holds. We change the set Ey pasting the mass of I 5" \
(s0,t) to the right of t: We define the mapping P : K — F by

[(s0,8) NIF°] U (.t + 150\ (s0,1)]) if w =B,
Pw)=< —-1+1, if w is left of B,
t+|IBE°\(so,t)|+Iw if w is right of 3,

and set By = |J ¢ P(w). Clearly, P € P and E; € £&. We set v = 3. Since
(So,t) NnNE = (So,t) NEy = (So,t) N IHEO = (So,t) N IBEI = (S,t) ﬂIﬁEl, we have

= n
1 x(s,0 1 = N1 X(50,0) B0 21— 27 > 7~ 27.
Now, let (4.14) hold. Then

N =27 < ||FX(s0.0lE0 < WX (50,00 1E0 + N X (00l 20 = A+ B

and so, either A> 2 —7or B> J — .
If A> 7 —7 we define P by

—1+1, if w is left of 3,
P(w) =< [(50,9) N Eo] U (q,q+|(r,s0) N Eo|) ifw=04,
q+|(r,80) N Eo| + L, if w is right of S,

and set Ey = |J,cx P(w). As in the previous case, P € P, setting v = 3 we obtain
(4.7), and

n
|||fX(s,t)|||E1 2> |||fX(s,q)|||E1 = |||fX(so7Q)|||Eo =A> 5~ T
implies (4.12).
If B> 1 —7 wesett, =inf|JI}° where the infimum is taken over all w € K,
which are right of 8. Then q < t; < t. By Lemma 4.3, there is a number s,,
t; < s2 < t, such that

n
X (50,6l B0 > 5 2T

According to the definition of ¢; there is a multiindex 8’ such that ¢; < inf I 570 < 8a.

We define
-1+ 1, ifwisleft of 3,

P(w) =14 If if w=p,
IEo if w is right of A'.
Then P € P, and setting F; = |J, o P(w) and v = ' we obtain (4.7) and also
(4.12) since

|||fX(s,t) |||E1 2> ”le(sz,t) ”lEo .
11



Thus, we have E; € £ and v € K satisfying (4.7) and (4.8). If E; satisfies (4.9),
we set £ = E;. Assume that E; does not satisfy (4.9). We have to change it so
that (4.7), (4.8) remain valid and, moreover, (4.9) holds.

If |[IP1| < 3t for all w such that IF N (s,t) # () then there exists a € K such that
inf IF <t < sup IJ*. We define

—-1+1, if w is left of a,
Pw) =< [TEn(s,t)] U (t,t+ |17\ (s,8)]) ifw=a0,
5t + I, if w is right of «
and set B =, P(w). It is seen that (4.9) holds.

If |IE1| > 3t and T2 N (s,t) # 0 for some a € K then this « is determinated in
a unique way. We take the integer j such that

(4.15) 3t < |IP1| < 39+t
and denote by L the set of all w € K such that IZ* N (s,t) # 0. We denote
a = (ay,...,a) and define the multiindex o’ = (ay,...,ax,0,1,...,1) with £(a’) =
k + j. The family £ has the properties

o ¢ L,
(4.16) if w is between wy,ws € L then w € L,

ifwe £\ {a} then o/ S w, £(w)>L(a') =k + j, and w is right of o'

We set z = 37%=9—1 —|IF1 N (s,t)|. Note that (4.15) yields z > 0. It follows from

(4.16) that the (k + j + 1)-th component of every w € £\ {a} is 1. We consider the

injection & : £\ {a} — K which changes the (k + j 4+ 1)-th component from 1 to 0

and keeps all other components unchanged; obviously, k preserves the relation <.
We define the mapping P : K — F by

-1+ 1, if w is left of any element of k(L \ {a}),
Ey .
Plo) = I ) ifwer(L\{a}),
[IErn (s, )| U(t,t+2) ifw=d,
t+z+ 1, if w is right of a'.

A simple analysis shows that P € P, i.e. P € P. We set E = J,cx P(w). Then
E € &, (4.7) and (4.9) are satisfied, and it remains to verify the estimate (4.8).
According to (3.9), we have

o0

x50z =

max Z / [FX (5,8 |-

k=0 L(w)=n 15
a=w

The integrals vanish for all w except w = o' or w € k(L), and

3€(w)+1 313(0.))—}-1
W/IE Xl = W/,El I X for w e w(L),

w=1(w)
3¢(a')+1 3 5 3¢@)+1
ECE /, xtaol = (5) G g, Vol

This immediately yields the inequality

I xeolle 2 11 xes0 e
and so, by (4.12), the estimate (4.8) holds. O
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45 Lemma. Lt E€ &, v€K,0<s<t<1land0<7<8/2. Let f € X be
such that ||| fx(s,)lle > 0. Then there exists a positive integer N such that

(4.17) N > £(v)

and

- / FXo] > 60— 2.

£(B)=n
a=p

la) k k<n<N 2"

N
Z sup
=0

Proof. There exists a positive integer Ny > £(7y) such that

Ny
> e [ xeol20-
4(0‘) kn> «B)=n
a=p8

For every «, #(a) = k < N1, we can find an integer Na(k, ) > N; such that

= = s

sup Z / |fX(st)| N1+1
e «p)=n 2
a=xf a=p

Setting N = max{Nz(a, k) : 0 < k < Ny,£(a) = k} we obtain

N
> oy / X
— ¢ )kk<n<N 2 ((Bren
a=p3
N1
> max sup / X,
P Oe(a) kk<n<N2(a k) E(g_" (o:1)
a=p
>
Lo (s 2 f et is)
a=p

>Ze{2§1xki1£ o Z / [fX(s,0)] =T > 6 = 27.

{(B)=n
a=p
O
4.6 Lemma. Let f € X be such that
(4.18) lim SUP Il x.nlle =n>0.

t—=0+ g

Let 0<s<t<1, E€& and vy € K satisfy (4.7) and

(4.19) X (5,0l = 6 > 0.
13



Then for every T, 0 < 7 < min(n/8,60/2) there exist F € £, s1 € (0,s) and 11 € K
such that s1 = inf Ifl and

n
X1l 20+ 35 — 47

Proof. Let
(4.20) 0 < t; <min{s/7,3 V¥ "?}

where N is the integer from Lemma 4.5. Since (4.6) holds with ¢; in place of ¢,
from Lemma 4.4 we obtain s; € (0,t1), 11 € K and E; € £ such that

(4.21) 0< s :=inf I7' <t,
n
(422) |||fX(s1,t1)|||E1 Z 5 - 2T7
(4.23) supIPr <4t; and |IP*|<3t; whenever IX'N (s1,t1) # 0.

Set
L={w:IEN(s5,t) #0}, L1 ={w:IFP' N (s1,t:) # 0}

and denote a@ = (a1,...,ar) the (unique) minimal element of £; with respect to
the relation <. By (4.23), (4.20) and (4.17), the inequalities

37H)=L — 1B < 3ty < 37N < 37Ut

hold, hence £(a) > £(y) + 1. Let v = (c1, - .-, ¢;). The first k& components of every
element of £; coincide with the components of @ and we can define the injection
k:L; = K by

w=(a1,...,ak,01,...,bp) > k(W) = (c1,...,¢,0,1,...,1,b1,...,by),
U(r(w)) = lw).

Every k(w) is left of every element of £ because its (j + 1)-th component is
zero and, by (4.7), v is the most to the left of all elements of £. Denote by H;
the family of all multiindices which are left of every element of k(L£1), by Hs the
family of multiindices which are between x(£1) and £, and by H3 the set of all
multiindices which are right of every element of £. Set § = (¢1,...,¢;,0,1,...,1)
with £(6) = k + 1, r = inf U;445 Is and define the mapping P : K — F by

-1+1, ifwe Hy,
If_ll(w) if we k(Ly),

Pw)=< —r+4t; +1, ifwe Hs,
IE ifwe L,

sup E + I, if w € Hs,

where I, are the intervals from the construction of the classical Cantor set in
Section 3. Set F' = |J,cx P(w). Then P satisfies (3.1), F' is bounded and in order
to show that F' € £ we have to verify (3.2).

14



If B is left of 8’ and both 8, 8’ belong to one of the sets Hi, x(L), Ha, L or Hs
then obviously P(f) is left of P(5').

If 3 € Hy then P(B) = -1+ 1, C (-1,0). If 8 = k(w) for some w € L£; then
P(B) = IEr C [s1,4t1] according to (4.21) and (4.23). If 3 € L then P(B) C
[s,sup E]. If 8 € H3, then P(3) C (sup E,sup E + 1). Finally, let 5 € H,. Since

(4.24) Hy C{weK:6 2w},

we have inf P(8) > 4t¢1. On the other hand, by (4.24) and (4.23),

sup | J L, —inf (J L, = | | L] =37 =37+ = 1P| < 3¢,
<w =w =w

This yields sup P(8) = —r + 4¢1 +sup Ig < Tt1 < s by (4.20). All these relations

together imply that F' satisfies (3.2).
Now, we can write

1 X0l F > Z

m % [ e

a) kk<n<N 2”

LB)=n
a=p
E max sup - E / |fX(s1,t1)| =A+B.
Ha)=k p>p 2
k=N+1 L(B)=n
a=p3

Since I} N (s,t) # 0 if and only if 8 € £, we have

N
3n+1
- m o 2 ] xeol
) kk<n<N WBy=n’ T
a=zp
N
3n+1
DI T D BT
P o kk<n<N 2 Woren’ ¥
a=zp

and so, according to the assumption (4.19) and Lemma 4.5,
A>0-—2T

Using the definitions of £;, k and P we obtain

Z [g.lt)a‘xk i]irl)c on Z / |fX(sl,t1)|

k=N—+1 «(B)=n
a=p
oo
= Z Zg;axksup 5 2/ |F X (s1,60) |-
k=Nt1 @) TFn=k Z(B)—n



According to (4.23) and (4.20), for every B € L1 we have 3"V ~1 > 3t; > |Igl| =
3-4P)~1 and so, £(B) > N. Hence, by (4.22),

o

p=3 me o X [ el = Iixeells 2 § -2

k=0 {(B)=n
a=f

Thus,
NM@@M2A+Bze+g—M.

O
4.7 Theorem. FEvery function f € X has continuous norm in X, i.e. X, = X.

Proof. Our aim is to prove that for every f € X

lim [|fX(@-tz+0)n00)ll =0, = €][0,1],

t—0+
or, equivalently,
(4-25) t1_1>151+ ||fX(w :c—',—t)” =0, z¢€ [07 1)7

and
tl_igl_'_ ||fX(z—t,z)|| =0, ze€ (Oa 1]

We will prove only (4.25); the other relation can be proved in the same way. Without
loss of generality we can suppose that = 0 because ||fX(z,04+6 | = ll9x(0,5 for

9 =f(€+2),0<E{<1—m
Assume, to the contrary, that f € X \ X, f # 0, i.e. f satisfies (4.18). Let
0 < 7 < n/22. Then there exist 0 <t < 1 and E € & such that

(4.26) n < sup [Ifxplle <n+
Ec&

Let s € (0,t), v € K and E € £ be from Lemma 4.4 and let N be the correspond-
ing integer from Lemma 4.5. Then the assumptions of Lemma 4.6 are satisfied with
6 > 2 — 27 and so there exist E; € £, s1 € (0,s) and v, € K such that s; = inf I,ﬁl
and n

|||fX(s1,t)|||E1 Z 0+ 5 —4r Z n-— 67.

Hence the assumptions of Lemma 4.6 are satisfied with sy, Fy, 71 and 8 > 5 — 67,
and there exist By € £, 55 € (0,51), 72 € K such that s, = inf If; and

n 3
“le(sz,t)“lE2 >0+ 5 —4r > 577 - 107 > n+T.

This contradicts the assumption (4.26). O

Remark. Tt is possible to repeat the last step in the proof ad libitum to get that
£l = o0
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