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Abstract

Consider the Hardy-type integral operator T : LP(a,b) — LP(a,b), —o0 < a < b <
oo, which is defined by

Zz

(Tf) () = v(z) / u(t) (1) dt.

a

In the papers (EEH1) and (EHL1) upper and lower estimates and asymptotic
results were obtained for the approximation numbers a,(T) of 7. In case p = 2 for
“nice” u and v these results were improved in (EKL). In this paper we extend these
results for 1 < p < oo by using a new technique. We will show that under suitable
conditions on u and v,

b
lim supn'/? )\p_l/”/|u(t)v(t)|dt—nan(T)

n—oo

< c(llw'lly pr+1) + 19 llp/ o) (lully + 101lp) + 3agplluv]ls,

where |w|, = (f; lw(t)[Pdt)}/P and ), is the first eigenvalue of the p—Laplacian
eigenvalue problem on (0, 1).
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1 Introduction.

The approximation numbers a,(7) of

Z

(T5)(@) = v() [u(t)f(B)dt, 1)

0

as an operator from LP(R") to itself were studied in (EEH1), (EEH2), (EHL1)
and (EHL2). Here 1 = (0,00), 1 < p < 00, and u, v are real-valued functions
with u € LE (R*), and v € LP(R*); as usual, p' = p/(p — 1).

loc

If T is bounded from LP(RT) to itself, then to each € > 0 there corresponds
N(e) € N such that

an(e)42(T) < < an()(T) (2)

Sl

(see (EEH1) ).

Under certain restrictions on v and v it was shown that

lim na,(T) = a, / u(t)v(t)|dt, (3)

n—oo

(see (EEH2) for p = 2, (EHL2) for 1 < p < oo and for related results see also
(NS).)

In (EHL2) it was shown that (3) is true also for the Hardy-type operator on
trees and for 1 < p < oo.

Further extensions were given in (LL) and (LMN) to deal with the cases in
which T is viewed as a map from L? to L4, for any p,q € [1, o<].

In the paper (EKL) the estimate (3) was improved in the case p = 2 (L? is
the Hilbert space and then given any point it is simple to find the nearest
element in any closed subspace by using a linear projection, and it is known
that oy, = 1/7). It was shown that under some conditions on u and v we have

lim sup n'/?
n—oo

b
1

na,(T) — —/\uv|
m

< 321t llzs3,r + 119'll273,0) (lull2,r + Il

3
lo,r) + ;HUU\ |1,1,



I being an arbitrary interval in R.

In the present paper we will extend this result to 1 < p < oco. Under further
conditions on u and v we get for the approximation numbers of the map
T : LP(I) — LP(I) the following estimates:

lim sup n'/?
n—oo

b
na,(T) — ozp/ luw|

< 3¢(p, ) 14 llp /41,1 + 10"l 40).0) (el s + 10]lp.1)
+3ap|uvli,

where oy, = (1/A,)Y? (), is the first eigenvalue of the p—Laplacian problem
on (0,1) and \, = (-2~ )P——=—. Thus,

sin(m/p)/ p'pp=1-

an(T) =22 [ Ju(tyo(®)ldt + O(n™*/2);

and under the conditions which we impose, the exponent —3/2 cannot be
much improved. This is the first theorem of this kind which is covering the
case p # 2 and it is surprising that there is the same power n'/? for any
1 < p < co. We do not know at the moment whether or not it is possible to
show the existence of a genuine second term in the expansion of a, (7). Our
results follow from the systematic use of the function A introduced in (EHLI)
together with techniques based on those in (EEH2) and (EKL).

2 Preliminaries.

Throughout the paper we shall assume that —co < a < b < oo and that
we LP(a,b), velLP(a,b) andu,v>0on (a,b). (4)
Under these restrictions on u and v it is well known (see, for example, (EEH1),

Theorem 1) that the norm ||T'|| of the operator T : L?(a,b) — LP(a,b) in (1)
satisfies

||| ~ sup [[uX(az)llp,(@b) |VX(@,8) lp,(at)- (5)

z€(a,b



Here x5 denotes the characteristic function of the set S and

1/p
||f||p,1=(/ |f(t)|”dt>  1<p<oo, IC(ab)
T

Moreover, by F; ~ F, we mean that C 'F; < F, < CF; for some positive
constant C' > 1 independent of any variables in Fy, F5 > 0.

Given any interval I = (¢,d) C (a,b), define

J(I) = sup ||ux(ea)llp 1 [[vX(@,0)lp,1-
xel

A straightforward modification of Lemma 2.1 of (EHL1) shows that for any
d € (a,b), the function J((.,d)) is continuous and non-increasing on (a,d).
Now, for any = € I = (¢,d) C (a,b), set

Zz

(T )() = v(@)xi(e) [ ultha®)f (Bt

a

Then the norm of the operator 7} : LP(I) — L?(I) satisfies

[Tl ~ J(I).
We next introduce a function A which will play a key role in the paper. Given
I =(c,d) C (a,b), set

A(I):= sup inf ||Tf— awlp.

[ £llp =1 €%

From (4) it follows that 7" is a compact operator from L? into L (see (EGP)
or (OK)) and then from (EHL2), Theorem 3.8 we have that

A(I) = inf |75, [L7(1) — LX(D)]);

where

7,0 £() = vOn() [ vlepde

T

Lemma 2.1 Let I = (¢,d) C (a,b) and 1 < p < oo. Then ||Ty |LP(I) —
LP(I)|| is continuous in x.



Proof. See Lemma 3.4 in (EHL2) and put I' = (a,b) and K = 1. O

Lemma 2.2 Suppose that u and v satisfy (4), a <c<d<bandl <p < cc.
Then:

1. The function A(.,d) is non-increasing and continuous on (a,d).

2. The function A(c,.) is non-decreasing and continuous on (c,b).

3. limy q, A(a,y) =limy,, A(y,b) = 0.

Proof. For p = 2 this lemma was proved in (EKL), (see Lemma 2.3 in (EKL)).
The proof of this lemma for p # 2 can be obtained by modification of the proof
of Lemma 2.3 from (EKL). O

Lemma 2.3 Suppose that T : L?(a,b) — LP(a,b) is compact and 1 < p < oo.

Let I = (c¢,d) and J = (c,d') be subintervals of (a,b), with J C I, |J| > 0,
I —J| >0, ffvP(z)dz < co and u,v >0 on I. Then

A(I) > A(J) > 0. (6)
Proof. For p = 2 this lemma was proved in (EKL) by using that the projection
on the closest element is a linear projection in L?. This is not true for p # 2

and in this proof (1 < p < oo) we will use Lemma 3.5 from (EHL2).

Let 0 < f e LP(J), 0 < [[fllps < If]

p, 0 < 1 with supp f C J. Let y € J, then

||T(0’,y)||p,J >0 and ||T(y,d’)||p,J >0

and then from (EHL2), Lemma 3.5 we have

min{”T(C’,y)”p,Ja ”T(y,d’)”p,J} < 1};16151 ”Tw,J”p,J

which means A(J) > 0.

Next, let us suppose that ¢ = ¢ < d' < d. By (EHL2), Theorem 3.8, there
exist zy € J and z; € I such that A(J) = ||Tyosllps and A(L) = ||T4, 1l|p.1-
Since u,v > 0 on I, it is then quite easy to see that zy € J° and z; € I°.

If xg = x4, then, since u,v > 0 on I, we get

A(l) = ||y 1

.1 > ||TZ1,I

|p,J = ||T-7:1;J| p,J = A(J)



If zy # 21, then

A(l) = || Tz 1]

1 Z ||TIIaI

ot 2 [ Tes,allp,s > ([ Tro,llp,5 = A(T)-

The case ¢ < ¢ < d' = d could be proved similarly and the case c < ¢ < d' < d
follows from previous cases and the monotonicity of A(/). O

Remark 2.4 [t follows from the continuity of A that for sufficiently small
e > 0 there is an a1, a < a1 < b, for which A(ay,b) = €. Indeed, since T is
compact, there ezists a positive integer N(g) and points b = ag > a3 > ... >
ane) = a with A(a;,a;1) =€,1=1,2,...,N(e) = 1 and A(a, an)-1) < €.

By the same arguments as in the proof of Lemma 2.6 from (EKL) we have:

Lemma 2.5 If T : L?(a,b) — LP(a,b) be compact and v € LP(a,b), u €
L” (a,b) then the number N(g) is a non-increasing function of € which takes
on every sufficiently large integer value.

The quantity N (¢) is useful in the derivation of upper and lower estimates for
the approximation numbers of 7.

Lemma 2.6 For all e € (0,]||T]|),

an(e)+2(T) < e < aney+1(T).

Proof. This follows from (EHL2), Lemma 3.19 (put K = (a,b)).0

A version of this result, with a slightly different N(g), was first proved in
(EEH1) and was then extended in (EHL1). For general u and v it is impossible
to find a simple relation between ¢ and N(g), but by using the properties of
A the behavior of e N(¢) when ¢ — 0, can be determined.

Lemma 2.7 Given v € L?(a,b), u € L¥ (a,b) we have

lim eN(e) = / u(t)v(t)|dt.

€—>0+
a

This result follows from an adaptation of the argument of (EHL2); see, in
particular, Theorem 6.4 of that paper. Together with Lemma 2.6 this shows,
again using the techniques of (EHL2), that the following theorem holds.

Theorem 2.8 Given v € LP(a,b), u € L” (a,b) the operator T defined in (1)



satisfies

n—oo

lim na,(T) = o / u(t)v(t)|dt,

where o, = A((0,1),1,1).

A result of this type was established under weaker conditions on v and v in
(EHL2).

In (EL) was showed that A((0,1),1,1) is equal to (1/A,)}? where )\, =

(smf;r ) )P zﬁ is the first eigenvalue of the p—Laplacian problem on (0, 1).

3 Technical results.

Here we give some results of a technical nature which will prove very useful in
the sequel. We begin with some facts about the function A which were proved
in (EHL2) (see Lemma 4.1, 4.2 and 4.3 in (EHL2) with I" = I) for the Hardy

type operators on trees.

Lemma 3.1 (i) Let I = (¢,d) C (a,b) and suppose that u and v are constant
functions over I. Then

AL, u,v) = [I[ul[v]A((0,1),1,1).
(ii) Let I = (c,d) C (a,b) and suppose that v € LP(I) and uy,uy € LP'(I).
Then

| AL, w1, v) — AL, uz, 0)| < flur — wally rllvllp.r-
(iii) Let I = (c,d) C (a,b) and suppose that v € LP (I) and vy, v, € LP(I).
Then

| AL, u, v1) = AL, u, v2)| < 2f[ully rllvr = vallp,r-

We now turn to the approximation of functions from L? and L” by step-
functions.

Suppose u € L” (a,b) and v € LP(a,b) and let a > 0. We define m, € N by
the following requirements:



There exist two step-functions, u, and v,, each with m, steps, say,

Uo(T) = gngwa(j)(x)a Vo () 1= §¢jxwa(j)($), (M)

where {wq(j)}7 is a family of non-overlapping intervals covering (a, b), such
that for

awi=flu—tallyon  and a0 i=[lo = vallpan
we have

() max(ay, &) < ; (®)
and

(17)  for any step-functions u/,, v, with less than m, steps, say n, steps,

) Yo
na < ma’ maX(”u - ula| P'a(a:b)7 ||U - U;”P:(a’b)) > Q.

Thus, m, is the minimum number of steps needed to approximate u in L¥
and v in I? with the required accuracy. Note that, plainly,

v — tallpapy S lv = vallpap) < o

The best way to choose §; and v; for given {w,};= is by finding & and
such that:

[ lu(®) = &7 sgn(u(t) - &)dt = 0
we (1)

and

[ 1o®) = 6P sgn(u(t) - vt =0

wq (1)

(see (S), Theorem 1.11).

It turns out that the relationship between o and m,, is crucial for us; we next
address this matter.

Lemma 3.2 Suppose u € C(a,b) N L (a,b) and v € C(a,b) N LP(a,b) , at
least one of them, say u, being non-constant. Then, when o decreases to 0, my,
increases to Q.



Proof. This lemma was proved in the case p = 2 in (EKL), (see Lemma 3.4,
(EKL)). The proof for the case p = 2 from (EKL) can be simply modified for
l1<p<oo. O

Lemma 3.3 Suppose u € C(a,b)NL” (a,b) and v € C(a,b)NLP(a,b), at least
one of them, say u, being non-constant. Fiz o > 0 and set A, = {3;0 < f <
a and mg = my}. Then, A, is an interval with v =inf A, and v € A,.

Proof. By straightforward modification of the proof of Lemma 3.5, (EKL) for
the case p = 2 we can get the proof for 1 < p < co. O

Lemma 3.4 Suppose that u € L (a,b) N C(a,b) and v € LP(a,b) N C(a,b)
are not equal to zero on (a,b), indeed, assume at least one of u and v be non-
constant on (a,b). Then, there exists cg > 0 such that given any o, 0 < a < a,
there exists a B, 0 < B < «, with mg = mqy +1 or mg = mq + 2.

Proof. By simple modification of the proof of Lemma 3.6, (EKL) for the case
p = 2 we can get the proof for 1 < p < oco. O

Lemma 3.5 Let —00 < a < b < oo and suppose that u' € LP'/®+D(a,b) N
C(a,b). For each small h > 0 define

1
T :_Eamiﬂ ==+ h fori€ 1""’[2/}7’2];

put J; = (a,b) N (xi, Ti31), 1 € 1,...,[2/Rh?].

Then
b (2/h%]
1P /(P +D) g4 — 1 i ()P /(@' +1)
@1 D= iy 37| s )
(2/h%]
— T i ey () |2/ (@' +1)
lim JZZI i min |/ () :

Proof. Simply use the definition of the integral. O
We are now prepared to establish an important estimate for lim sup,_,,, ama.

Theorem 3.6 Suppose u € L¥ (a,b), v € LP(a,b) and v’ € LP/®+V(q b) N
C(a,b), v' € LP/®Pt)(a,b) N C(a,b). Then,

lim sup amq < c(p, ') (14 |lp /G +1),08) + 1V llp/o+1),(a,))-

a—04



Proof. This theorem was proved for p = 2 in (EKL). With help of our previous
lemmas it is simple to modify the proof of Theorem 3.8, (EKL) for the case
l1<p<oo. O

4 The Main theorem.

The next theorem give us quite precise information about remainder estimates
for N(e).

Theorem 4.1 Let —c0 < a < b < oo, let u € LP (a,b), v € LP(a,b) and
suppose that u' € LP/® ) (q,b) N C([a,b]), v' € LP/®T)(a,b)NC([a,b]). Then

lim sup N'2(g)

e—04

o, / u(t)u(t)|dt — eN ()

< e(p, ) (14 lly s +1) () + 1V /1), 00.)) ([l a) + 19 l1p a)

+301p||u’0|| 15(0'117)’

where o, = A((0,1),1,1) and ¢(p,p’) is a constant depending only on p and

.

Proof. For p = 2 this theorem was proved in (EKL). The proof of this key
theorem for 1 < p < oo can be obtained by easy modification of the proof of
Theorem 4.1 from (EKL). O

From the previous Theorem follows the Main theorem with the estimate for
the approximation numbers of 7" given by (1).

Theorem 4.2 Let —oo < a < b < 0o, suppose that u € L¥ (a,b), v € LP(a, b)
and let v’ € LP'/®+)(a,b) N C((a,b)), v' € LP/®+D(a,b) N C((a,b)). Then

lim sup n'/?
n—oo

b b
ap/\uv|dt—nan < 3ap/|uv\dt
a a

+3¢(p, o) (1]l ) +1),08) F 110" Do), 0a8)) 1%l a8y + 119 ]1p,cast))

where o, = 7Sin(2:/p)p’pp*1.
Proof. Simply use Theorem 4.1, Lemma 2.5, Lemma 2.6 and the fact that

limy, ;00 n%a, (T) = 0 for any o < 1 and o, = (i)l/p_ 0

10



For a bounded interval (a, b), it follows immediately from Holder’s inequality
that Theorem 4.2 gives rise to

Theorem 4.3 Let —oo < a < b < oo and suppose that u',v" € C([a,b]). Then

b
limsupnl/Q\ap/ luv|dt — nay,|
n—oo

a

b
< 3ap/ luv|dt + 3c(p, p') (b — a) (|||

a

v (ap) F 110 pya) (lellpr a8) + 11V]lp,a,p))s

where o, = 7Sin(27;/p)p’p”_1.

From the following observation we can see that any optimal exponent from
Theorem 4.2 has to belong to [1/2,1].

Observation 4.4 Let —o0o < a < b < o0.

(i) Let « < 1/2. Then for every u € LP(a,b), v € LP(a,b) with u' €
LP/@ 0 (q,b) N C([a, b]), v' € LP/®+tD(a,b) N C([a, b]) we have

= 0.

lim sup n®
n—oo

b
a/p/ luv|dt — na,(T)

(i1) Let o > 1. Then there exist a and b, and functions u and v satisfying the
conditions of Theorem 4.2 on the interval defined by a and b, such that

b
ap/ luv|dt — na,(T)

a

lim sup n® = 00.

n—oo

Proof. (i) follows from the proof of Theorem 4.1. Put m, = [N%*(¢)] or
[N*(e)] + 1.

(ii) Take (a,b) = (0,1) and v = 1, v = 1 4+ z. Then put m, = [N*(¢)] in the
proof of Theorem 4.1 and the result follows. O
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