A DIFFERENCE BETWEEN CONTINUOUS AND ABSOLUTELY
CONTINUOUS NORMS IN BANACH FUNCTION SPACES
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ABSTRACT. On examples we show a difference between a continuous and absolutely continuous
norm in Banach function spaces.

1. INTRODUCTION

This paper deals with a relation between the well-known term “absolutely continuous norm”
in a Banach function space and “continuous norm” which was introduced by Q.Lai and L. Pick
in [2]. Authors proved that the Hardy operator T f(z) = fow f(#)dt is compact from a Banach
function space (X,v) into L, if and only if the function 1/v has a continuous norm in the
associate space (X',v). In connection with this result there arose a problem whether the set
of all functions with an absolutely continuous norm is equal to the set of all functions with a
continuous norm in any Banach function space X.

In the third and fourth section an answer to this problem is given. In the first section a
Banach function space is found in which there exists a function with a continuous and non-
absolutely continuous norm. But in this space there is a function with a non-continuous norm.
In the second section another space is found such that every function has a continuous norm
and there is a function with a non-absolutely continuous norm.

2. PRELIMINARIES

This section has a preparatory character and is devoted to basic notation, definitions and
assertions which are used in constructions of norms defining Banach function spaces. Let
Q be a non—empty open subset of R™ and let M(f2) be the set of all measurable functions
defined on . Denote by |E| the Lebesgue measure of any measurable subset E of Q and by
XE the characteristic function of E. Let the symbol |f| stand for the modulus of a function

[y f e M(Q).

2.1. Definition. We say that a normed linear space (X, ||.||x) is called a Banach function
space if the following conditions are satisfied:

(2.1) the norm ||f||x is defined for all f € M(Q) and f € X if and only if || f||x < oo;

(2.2) [Ifllx =l /] llx for every f € M();
(23) f0< fn /' [ ae. inQ then ||fullx 7 |IFlx;
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(24) if |E| < 00,E C R, then xg € X;
(2.5) for every set E,|E| < 0o, E C Q, there exists
a positive constant Cr such that [, |f(z)|dz < Cgl|f||x.

Recall that the condition (2.3) immediately yields the following property:
(2.6) if 0 < f < g then [|f[lx < lgllx-
To see this it suffices to set f1 = f, f, = g for n > 2 in (2.3).

We will work in the following text only with bounded domains and therefore we will assume
this property automatically.

2.2. Definition. Let X = (X (Q),||.]]) be a Banach function space and let f € X be an
arbitrary function. We say that the function f has an absolutely continuous norm in X if and
only if for any sequence of open sets Gn,G1 D G2 D Gs...,(oey Gn =0, the norms || fxa. ||
tend to zero for n — oo. Denote the set of all functions with an absolutely continuous norm
by X,.

2.3. Definition. Let the same assumptions as in Definition 2.2 be satisfied. Let B(x,€) be
o ball with centre x and radius €. We say that f has a continuous norm in X if and only if
lim, 0, |fXB(z,e)nall = 0 for every = € Q, where Q stands for the closure of the domain (.
Denote the set of all functions with a continuous norm by X..

We will keep in the sequel a special notation u for the unit function, i.e. the symbol u will
always be the function defined by u(z) =1 for all z € Q.

2.4. Remark. It is clear that it suffices to show that the function u belongs to X and the
imbedding X — L1(Q) holds in order to verify the conditions (2.4) and (2.5).

2.5. Definition. We say that a normed linear space (X, ||.||x) is called a weak Banach func-
tion space if and only if the conditions (2.1), (2.2) and (2.3) are fulfilled.

For the sake of simplicity we shall write “BFS” instead of “Banach function space” and
“WBFS” instead of “Weak Banach function space”.

In what follows we shall prove some assertions which make it possible to construct norms
in Banach function spaces.

2.6. Lemma. Let Q,,a € I, be a system of non-empty open subsets of Q such that Q =
UaerQe U M, where | M| =0. Let Xo = (Xo0(Q0), ||-]|la) be a system of WBE'S defined on Q.
Define a space X () as the set of all functions f with a finite norm ||f|| = supacr1l||falla, where
fa denotes the restriction of f onto the set Q,. Then the space X = (X (), ||.]|) is «a WBF'S.

Proof. Clearly, the expression ||f|| is defined for every f € M() and defines a norm. The
properties (2.1) and (2.2) are evident. To prove (2.3) assume 0 < f, 2 f a.e. in Q. It is not
difficult to verify the inequality ||f.|| < ||f||- Suppose that

(2.7) Ifnll = sup [(fn)alla < K < sup I falla =l for all n.

Since sup,cr || falla > K there exists b,b € I, such that ||f3||s > K. Now, Xj is a WBFS and
using (2.3) it follows that there is a positive integer ng such that ||(fn,)slls > K, which gives
a contradiction with (2.7). The lemma is proved. O
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2.7. Lemma. Let (), be a sequence of non-empty open subsets of Q and Q = U5 ,Q, UM,
where |[M| = 0. Let X, = (Xn(Qn), ||.]|n) be a corresponding system of W BFS. Define a norm
Il =302 | falln for fn being the restriction of f onto Q,. Then the space X = (X (), ||.||)
is a WBFS.

Proof. The conditions (2.1) and (2.2) are again trivial. To prove (2.3) it suffices to use the
following well-known property of the space 1. Let a™ = {a}}32,,n = 1,2,..., be a sequence
of elements of /1, af > 0 and a} ~ aj for n = oo. Denote by a the sequence {a;};Z,. Then
lla®(l;, 7 llall;,- Note that ||al|;, can be equal to infinity. Now, let 0 < fi * f a.e. in Q. It is
again easy to see that || fx|| < ||f]|- To complete the proof it suffices to set a® = ||(f)nll» and

an = || fulln- O

2.8. Lemma. Let (X(Q),|.]|x) be a WBFES such that u € X. Define a norm by ||f|ly =
Ifllx + Jo |f|. Then the space (Y (Q),||.|ly) is a BFS.

Proof. The proof follows immediately from Remark 2.4. O

3. THE FIRST CONSTRUCTION

In this part we give a construction of a norm defining a BFS X such that X, ; X, % X.
We will consider in this section @ = (0,1). To construct this norm we will use the idea
of the construction of the Cantor set which we will denote by €. Let I = (1/3,2/3), Iy =
(1/32,2/3%), I = (7/32,8/3%), Ioo = (1/3%,2/3%), Inx = (7/3%,8/3%), I, = (19/33,20/33%),
Iy = (25/3%,26/3%) and so on. Denote further the “complementary” intervals J = [0,1],
Jo =1[0,1/3], J1 =[2/3,1], Joo = [0,1/3%], Jor = [2/32,3/3?], J1o = [6/3%,7/3%], J11 = [8/3%,1]
and so on.

Let the symbol K stand for the set of all finite sequences containing only the numbers 0
and 1, including the empty sequence. We will call the elements of X multiindices. For a given
multiindex a,a = (a1, @z, ..., a,) € K we introduce the length of a (write |a|) as the number
of all members of the sequence a, i.e. |a] = n. Let us define a partial ordering on K. We say
that a < g for @ = (o, a9,...,a;),8 = (b1, B2,--.,0n) if and only if |a| < |B], i.e. k& < n,
and a; = 3; for i = 1,2,..., k. The reader will notice that this partial ordering on X is in fact
the lexicographic ordering defined on the tree (K, <), which is well-known for instance in the
set theory. In the following we will use the notation @ £ 3 if @ < 3 does not hold and a ¥ 8
if # £ a. The symbol a = 3 is used in the case @ A 8 and a ¥ B, i.e. if there is no relation
between a and 3. Recall that o = g if and only if o < f and a > 8, and a # B if @ = 3 is not
satisfied.

It is not difficult to see the following properties:

(3.1) for |a| = n we have |I,| = 1/3"*! and |J,| = 1/3™;

(3.2) a=pgif and only if I, = Iy and « # B if and only if I, N Iz = §;

(3.3) a < g if and only if Jg C J, and a = f if and only if J, N Jz = 0;

(3.4) a X Bif and only if Is C J, and a £ S if and only if Is N J, = 0;

(3.5) for a given a € K and an integer k, k > |a|, the number of all multiindices 2 such that

B > a and |B| = k is equal to 2F~ /ol
(3.6) for every z € € there exists a unique sequence {a,}52, such that ag < a1 < az =<
as S ..., |ap] =nand {2} =Ny Jq, -
Let us now introduce a norm. Put
3n+1

1
I =swp == 32 [ @+ [ i@
3
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Denote by || f|| the first summand in ||f||x, i-e. ||fllx = || f]| +f01 | f|. First we shall prove that
the norm || f||x defines a BF'S.

3.1. Lemma. The space X = (X(0,1),].]|x) is a BFS.
Proof. Obviously, Lemma 2.6 and Lemma 2.7 guarantee that || f|| defines a W BF'S. According

to Lemma 2.8 it suffices to show that ||u|| < co. Recall that u is the unit function on (0,1).
Using (3.1) and (3.5) we obtain

3n+1 1
”u”_:lipo2—" Z W—1<00
= |a|=n
, which completes the proof. O

3.2. Theorem. The function u does not have an absolutely continuous norm in X .

Proof. Take a sequence of open sets GnN = U|q|>nIa- Obviously, G is a decreasing sequence
of sets and the intersection of all Gy is empty. Let us calculate ||luxgy||x. The statements
(3.1) and (3.5) give

3k 1
luxyl = sup =5 szu al + 1G] > sup o |Zk1 =1
[e% a|l=

for every N, and the proof is complete. O
3.3. Lemma. Let ap R a; R as ... be a sequence of multiindices, |any| = N. Then

li =0.
A fluxs. llx =0

Proof. Evidently, it suffices to estimate only the norms [lux,, || According to (3.4) we have

Jay = UBtaNE = Ul?;|a1v\ U|5\:k E

Bran
Now, (3.1) and (3.5) immediately yield
lux. Il = Sup Z |Ig| = U T = g
=
Bl=k

The last expression tends to zero for N increasing to infinity, which proves the lemma. O
3.4. Theorem. The function u has a continuous norm in X.
Proof. Fix z € [0,1]. We have two cases: either z € Ulai=ola or z € €. Let us investigate the

first case. Since I, a € K, are open sets, there exists a multiindex 8 and a real number ¢; > 0
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such that (z — €,z +€9) C Ig. Obviously, it suffices to estimate |[u)x (y—ec s+ only for € < €.
By an elementary calculation we obtain

3\,6’|+1 T+e T+e
loX(e-eosolls = S5 [ ful+ [ lu
r—e xr

—€

which tends to zero for € — 04 due to absolute continuity of the Lebesgue integral.

Let us consider the case x € €. According to (3.6) there exists a unique sequence Ju,,
|Jay| = 1/3N, such that NY_gJay = {z}. Let us write € = €; U€, UC3, where €; is defined as
the set of all € € such that z belongs for every N to the interior of J,, , the set € contains
all boundary points of all intervals I,,a € K, and €3 contains only 0 and 1.

Take x € €. Without loss of generality we can assume that z is a left boundary point of
an interval Ig (if ¢ was a right boundary point the proof would be analogous). Clearly,

||ux(w—e,w+e)||X < ”X(:c—e,w)” + ||X(w,:c+e)||-

Lemma 3.3 guarantees that ||X(;—e )|l tends to zero for € — 0. The estimate of the second
summand is analogous to the previous case and follows again from absolute continuity of the
Lebesgue integral.

Finally, the use of Lemma 3.3 immediately completes the proof of this theorem for = €
c,ues;. O

We promised at the beginning of this section to construct a space X such that X, # X, # X.
To satisfy this we must construct a function g such that g does not have a continuous norm.
It is not difficult, as the following example shows.

3.5. Theorem. There exists a function g such that g ¢ X..

Proof. Take a sequence of multiindices ag = 0,1 = 0,5 = 00,3 = 000,... . Define a
function g(x) = 2V for z € I,, and g(x) = 0 otherwise. It is easy to verify that g € X and
lgx(0,1/3n)|l > 1 for all N. This implies the assertion of the theorem. [

4. THE SECOND CONSTRUCTION

In this section we shall construct a BFS Y such that {0} G Yo G Yc =Y, i.e. every function
in Y a continuous norm and there is a function with a non-absolutely continuous norm.

A certain very simple idea how to construct this space Y would be based on the result of the
previous section. It would be possible to take the space X and define Y = X.. The following
three assertions show that this idea cannot be used.

Remark that we shall suppose in these three assertions that 2 is a non-empty open bounded
subset of R™.

4.1 Lemma. Let X be a BF'S. Then X, is a closed subspace of X.

Proof. The proof can be found in Theorem 3.8. in [1]. O
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4.2 Lemma. Let X be a BF'S. Then X. is a closed subspace of X.

Proof. Let f, € X. and f, — f in the topology of the space X. Let us estimate || fxB(z,c)nell-
Using the triangle inequality and (2.6) we obtain for any n

||fXB(w,e)ﬂQ|| < ||(f - fn)XB(z,e)ﬂQ” + ||anB(av,e)ﬂQ” < ”f - fn” + ”anB(w,e)ﬂQ”'

Now, given an n > 0 we can find ng such that ||f — fn,|| < n/2. Since f,, € X, we have for
sufficiently small € the estimate || fn, X B(2,)nell < 7/2, which completes the proof. [

Remark that Lemmas 4.1 and 4.2 imply that X, is a closed subspace of X_.

4.3. Theorem. Let X be a BF'S and letY be a closed subspace of X such thatY # X. Then
there exists no norm which would turn the space Y to a BF'S.

Proof. Assume that there is such a norm. We will write X = (X,||.]|x) and ¥ = (Y, ||.]|lv)-
Theorem 1.8 of Chapter I in [1] implies that Y is imbedded into X, i.e. that there exists a
positive real constant ¢; such that

Ifllx < el flly

for all f € Y. Consider the identical mapping from (Y, ||.||y) onto (Y,]|.]|x). Since I is a
continuous one—to—one linear mapping, the inverse mapping is continuous, too. This yields the
existence of a positive real constant ¢z such that

I£lly < call fllx

for all f € Y. This implies the equivalence of the norms ||.||x and |.||y on Y.

Now, take a function f € X \ Y, i.e. ||f||x < co and ||f|ly = co. The property (2.2) gives
|f| € X \'Y. The measure theory yields the existence of a sequence of simple functions f,
such that 0 < f, 7 |f|- Recall that any simple function f can be expressed as a finite sum of
characteristic functions of sets Ey, Fs, ..., E, such that |E;| < oo and E; N E; = for i # j.
Using this fact and (2.4) we know that f, € Y for all n which together with (2.2) and (2.3)
implies || fullx 7 Ifllx and | fully 7 [Iflly-

Thus ||f|lx = oo and ||f|ly < oo, which is a contradiction with the equivalence of norms
and the proof is complete. O

It is seen from this theorem that we must construct the space Y in another way. We shall
define a norm again on the interval (0, 1) and keep the notation of I, and J,,a € K, from the
previous section. For any f € M(0,1) let us define a norm

o 3n+1 /
= max su xz)|dx
I£11= 3 maxsup S 32 | 176a)

|Bl=n""F
Bra

and the norm in a space Y by

1
Iflly = 171+ / | () da.



4.4. Lemma. The spaceY = (Y,||.]|ly) is a BFS.

Proof. Lemmas 2.6 and 2.7 guarantee that the norm ||.|| defines a WBS. According to Lemma
2.8 it suffices to show ||u|| < co. Recall again that u denotes the unit function. The statements
(3.1) and (3.5) give

> 3ntt 1
ul||l = max Su
|| || Z la|=k n>II?: mn Z 3|/3H—1
k=0 2 B]=n
Bra
[ 1 [
= max sup —— = <@
Z |e|=Fk 5, I:I)c 2l 2k ’
k=0 = k=0

which completes the proof. O
4.5. Theorem. The function u does not belong to Y, .

Proof. Define GNy = U|4>n1q as in the proof of Theorem 3.2. Recall that we can write Gy in
the following way:
Gy =Uiln Ula|=k I,.

Fix N and estimate ||uxgy||ly- Omitting the Li-norm and taking from the norm ||uxg || only
the first summand of the whole series we obtain

3n+1
luxanlly > sup =7 > 150 (U2 Ujag=k L))
n20 Bl=n
3N+1
2 N Z |Iﬁ| =1
|Bl=N

for every N, which completes the proof. O

Now, we shall prove that every function from Y has a continuous norm in Y, i.e. Y, =Y.
In the proof the following lemma plays a key role.

4.6 Lemma. Let ||f|| < oo and let {an}3_, be an increasing sequence of multiindices, |an| =
N. Then

li =0.
Jim (|, ll=0

Proof. Assume that the assertion of this lemma does not hold. Then (2.6) and (3.3) imply
that || fxy., |l is non-increasing and there exists a positive real number c such that for every
N the inequality

(4.1) 1FX 10y Il = €
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holds. Now, fix N and calculate ||fxs, . ||- According to the definition of || f|| we have

(4.2) ||foaN||—Zmaxs>k o -y /

18]= fWaN
B>a

N-— 3n+1

Y meen St S [

=0 lal=kn>k Blon? T80 ay
Bra

gn+1
+Zmaxsup Z/Iﬁm |f|
N

n
le=knze 20 S
Bra

=:A10V)%-AQUV)

Let us first estimate Ay (N). Let k,0 < k < N —1, be a fixed integer. Suppose for a moment
that |a| = k,a = a. Since 8 = a and ay > oy, then 8 = ay and according to (3.4) we have
Iz N Jan = 0. This yields

max sup / fl=0
o=k n>k 2n ﬂlz IﬁnJaNl |
Bra
and we can rewrite A;(N) in the form
N-1 3n+1
AW =Y swi o> [y
k=0 "=k Bl=n T80 ay

Fix n. If k <n < N —1 then the inequalities |[3] < N —1 < N = |ay| imply 8 # ay and
the statement (3.4) gives Is N Ju,y = 0. Then we can write

Let n > N. Let |B| = n such that any £ 8. Then the property (3.4) again yields IgNJy, = 0
and it follows that the last term can be non-zero if and only if § > an. But in this case the
property (3.4) gives Ig N Jo, = Ig. Now, we can finally write

N-1
(4.3) A1 (N) =) su |f|
k=0 "2 |8]=
ﬁ>aN
= Z |f|-
n2N |B]=n
Bran



Let us estimate A»(N). Increasing the integration domain from Ig N J,, to Iz we obtain

> Y

< max sup | f]

p=n | |o1=F 0>k n Bl=n"1s
Bra

Since the last expression is the rest of the series

=3 ma Z/ 1

k=0 Bl=n
Bra

and this series is convergent according to the assumption, A5 (V) tends to zero for N increasing
to infinity. This together with (4.1) and (4.2) guarantees the existence of Ng such that A; (N) >
¢/2 for N > Ny. The equality (4.3) gives for N > Ny an estimate

/ HE
" 2 N
2N 18l=

B>aN

The use of the last inequality and the fact that |an| = N immediately yield

oo

171=Y | ma Z/ I
k=0 Bl=n
Bra
st n+1
> sup Z/ £
n> 2n T
k=No |\ "2 Bl=n"Ts
ﬁ>—ak
c =1
Z 5; 7 =
=INg

which is a contradiction with the assumption, and the proof is complete. O
4.7. Theorem. Every function from Y has a continuous norm in Y.

Proof. Fix x € [0,1]. It is clear that either z € U —ola or z € €.

Let us investigate the first case, i.e., there exists a multiindex y such that = € I,. Since
I, is open there is a positive real number ¢y such that for all €,0 < € < ¢, we have I, =
(x—e,x+¢€) y. By virtue of absolute continuity of the

Clearly,

0 gn+l
(4.4) A= Z max sup Z / [f]-
IﬁﬂIe




Let us now fix k. If £ > |y| then 3 # ~ and by virtue of (3.2) we have Iy NI, = . Since
I. C I, we immediately obtain Ig N I. = (. Let us consider the case 0 < k < |y|. Let us fix
a, |a| = k. Provided a = 7 and due to § > a we have = v and consequently, IgNI, = (. We
have just shown that the maximum in (4.4) is attained for a such that |a| = k,a < 7. Such
an « is determined by k definitely and this enables us to write & = a(k). Thus, it is possible
to rewrite the norm ||fxy.|| in the following way:

ed 3n+1

A, =
Dt ¥ )

where a(k) satisfies a(k) < v and |a(k)| = k.

Obviously, if n # |7, then 8 # v and (3.2) gives IsNI, = @. Thus, the supremum is attained

for n = ||, that is,
el
glv+1
=X G X [

k=0 181=]7|
Bra(k)

The conditions |38| = |v|,8 = a(k) and v > «a(k) entail 8 = v and as a consequence we
obtain I, C Ig, which yields

1 gyl Iyl+1
Aezkzz”h [in= w0 [

The absolute continuity of the Lebesgue integral guarantees 4. — 0 for € — 0.

Let us consider the case z € €. It is clear from absolute continuity of the Lebesgue integral
that we can omit the second summand in the norm ||f||y and to investigate only the member

/1.

We have constructed the space Y and proved that Y, ; Y. =Y. To show {0} Y, it

suffices to take the characteristic function of the interval I = (1/3,2/3).
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