THE HARDY OPERATOR AND THE
GAP BETWEEN L~ AND BMO

JAN LANG, LuBoS Pick

ABSTRACT. We study boundedness and compactness properties of the Hardy integral
operator T f(z) = [} f from a weighted Banach function space X (v) into Lo and
BMO. We give a new simple characterization of compactness of T' from X (v) into
BMO. We construct examples of spaces X (v) such that T(X(v)) is (a) bounded in
L but not compact in BMO; (b) compact in BMO but not bounded in L*; (c)
bounded in BMO but neither bounded in L* nor compact in BMO; (d) bounded in
L®°, compact in BMO and yet not compact in L*°. In order to obtain the last of the
counterexamples we construct a new weighted Banach function space.

1. INTRODUCTION

Let —o0 < A < B < o0 and let T be the Hardy operator
Tf(@) = [ f®dt, (4 B)
A

defined for functions f on (A, B) for which the integral exists.
The spaces L and BMO are defined by

L® = {f; Ifllo = esssup |f(z)| < oo},
z€(A,B)

and

1
BMO = {f; lfllemo = sup 2
A<a<b<B 0 —Q

b
150 = faplds < o},

respectively, where

b
fap) = bia/f(m) dz.

Obviously, L>* C BMO. The gap between L>* and BMO is of interest in har-
monic analysis and has been studied by various authors (see for example [4], [3],
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[8], [1] and others). BMO has been used in many ways as a convenient substitute
for L®°, in particular as an alternative endpoint in interpolation of operators.

Let X (v) be a weighted Banach function space (see the definitions in Section 2
below). Properties of the Hardy operator acting from weighted Banach function
spaces into BMO are of special interest since the Hardy operator controls various
important integral operators which are useful in harmonic analysis and PDFE’s.
Such properties were recently investigated by Q. Lai and the second author in [5].
The main objective of the present paper is to study relations between the following
four statements:

(1.1) T is bounded from X (v) into L*;
(1.2) T is bounded from X (v) into BMO;
(1.3) T is compact from X (v) into L*;
(1.4) T is compact from X (v) into BMO.

Since L*° C BMO and compactness implies boundedness, the following diagram is
trivially true.

1.1. Diagram.

(1.2); (1.4); (1.3); (1.1) ;

Our aim is to investigate whether or not other relations between the statements
(1.1)—(1.4) are valid. More precisely, we are interested in the following problem.

1.2. Problem. Is any of the following four statements true for every weighted
Banach function space X (v)?

N N N /N
[N =

o N o
~— ~— ~— ~—

We shall construct a counterexample to each of (1.5)—(1.8). The results can be
summarized as follows.

1.3. Theorem. (i) There exists a weighted Banach function space X (v) such that
(1.4) is true and (1.1) is false.

(ii) There exists a weighted Banach function space X (v) such that (1.1) is true
and (1.4) is false.

(iii) There exists a weighted Banach function space X (v) such that (1.2) is true
and both (1.1) and (1.4) are false.

(iv) There exists a weighted Banach function space X (v) such that both (1.1) and
(1.4) are true and yet (1.3) is false.
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1.4. Corollary. No other implications between the statements (1.1)—(1.4) than
those illustrated on Diagram 1.1 (and their trivial consequences) are true. In par-
ticular, none of the four implications in Diagram 1.1 is reversible.

Proof. Suppose, say, that (1.1) implies (1.3). Then (1.1) would imply (1.4), which
contradicts Theorem 1.3 (ii). And so on. O

Theorem 1.3 provides some interesting new facts concerning the gap between
L and BMO. For example, (i) shows that the image under the Hardy operator
of a structure as rich as a weighted Banach function space can be compact in
BMO without even being bounded in L*°. In fact, we shall prove in Section 4 that
every Lebesgue space LP, 1 < p < 00, is such a space when accompanied with an
appropriate weight. In (ii), whose proof is given in Section 5, we point out that
the image under T of a weighted Banach function space can be bounded in L%
without being compact in BMO. We show that an appropriate weighted Lorentz
space has this property. In Section 6 we prove (iii) by showing that the T-image
of IP, 1 < p < 00, equipped with the power weight 2P~! near zero, is bounded
in BMO but is neither bounded in L* nor compact in BMO. Finally, (iv) asserts
that there is a weighted Banach function space whose T-image is bounded in L*°,
compact in BMO, but not compact in L*. In order to give such an example we
construct a new Banach function space

1
Z = {f defined on (0,1);||f|lz = sup /|f(;c)|aa:a_1d:v < o0},
0<a<l
~o

and show that its associate space Z', accompanied with the weight v = 1 (that is,
non-weighted), has the properties required. Together with some basic facts about
Z, this is done in Section 7.

A key to the proof of Theorem 1.3 is an appropriate characterization of each of the
statements (1.1)—(1.4). In [5, Theorems 1,3,5,6] such a characterization was given in
terms of norm continuity of certain functions. Whereas the necessary and sufficient
conditions given in [5] for (1.1)—(1.3) are quite satisfactory, the characterization
of (1.4) ([5, Theorem 6]) is too complicated. In Section 3 below we prove a new
characterization of compactness of T' into BMO (Theorem 3.3), which is simpler
than the one from [5] and also better fitting in the mould of the other three. This
criterion is then frequently used in subsequent sections to prove that (1.4) is either
true or false, as needed.

2. PRELIMINARIES

Let v be a weight on (A,B) (almost everywhere positive and finite function). We
shall write v(E) for [, v and xp for the characteristic function of a set E. We shall
write a < b if there is a constant ¢ such that a < ¢b. If both a < b and b < a hold,
we write a = b.

We say that a normed linear space X (v) is a weighted Banach function space if
it satisfies the following axioms (cf. [7], [1]):

(P1) the Banach function norm || - || x(y) is defined for all measurable f on [A,B], and

f € X(v) if and only if || f||x ) < oc;

(P2) 0< f <gae. implies || f|lx () < ll9llx();
(P3) 0< fo 2 f ace. implies || fullx(oy 7 I Fllx(oy:
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(P4) v(E) < oo implies xg € X (v);
(P5) v(E) < oo implies ‘ I fv‘ < CE||f||x(v) for some positive constant Cr indepen-
dent of f.

Let
fo(@) =inf {X > 0; v({z,|f(z)| > A}) <t}
be a non-increasing rearrangement of a function f with respect to the measure
v(z)dz.
We say that a weighted Banach function space X (v) is rearrangement—invariant

if [|fllx(v) = lgllx(v) whenever f¥ = g;.
The set

x'() = {s;

B
/fgv‘ < oo for every g € X(v)},
A

equipped with the norm

B
17l =sup {| [ Fovfs Tl <1},
A

is called the associate space of X (v). It is known ([7], [1]) that X" (v) = X (v) and
that X'(v) is again a weighted Banach function space (with respect to the same
weight).

We shall write E,, \, 0 if E, is a sequence of measurable subsets of [4, B] such
that E,+1 C E, and N E, = 0.

For z € [A, B] (note that we allow £ = +00) and € > 0 we define

(x —e,z+e)N[A,B] if —co<zr<@
U(z,e) = (%,OO]Q[A,B] if z=o00
[—o0,—1)N[4, B] it z=—o0,

and the one-sided versions
Ut (z,¢) = U(z,€) N [z, B], U (z,¢) = U(z,e) N [A,z].

2.1. Definition. We say that f € X (v) has absolutely continuous norm in X (v)
if |fxe.llx@w) — O whenever E, \, 0. The subspace of X (v) containing such
functions is denoted X,(v). If X(v) = X,(v) we say that X(v) has absolutely
continuous norm.

We say that f € X (v) has continuous norm in X (v) at z € [A, B] if
I fXtt(z,e) | x () —+ O for e = 0,. We say that a function f has continuous norm
in X (v) if it has continuous norm at every point = € [A, B]. The subset of X (v)
containing such functions is denoted X.(v).

We say that functions from a family F C X (v) have uniformly continuous norms
in X (v) if for every § > 0 and z € [A, B] there is an € > 0 such that for every f € F

1 fXtt(z,0) | x(0) < 0. O

2.2. Remark. Absolute continuity of norm is a classical notion in theory of Banach
function spaces ([7], [1]). As far as we know, pointwise continuity of norm was
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first introduced in [5] and proved a crucial tool to balance compactness theorems
(the attempts to give necessary conditions in terms of absolute continuity of norm
have failed). For a similar purpose it was used in [2]. Obviously, X, (v) C X.(v) C
X (v). The first author and A. Nekvinda ([6]) have recently constructed an example
of a weighted Banach function space X (v) for which both these inclusions are
proper. [

Given a weight v and an interval I = [a,b] C (A, B), we define the functions (cf.

[5])

_ b-—2z)(xz—a) 1
G_[($) - Xf(m) (b — a)2 U(.'L') -
Observe that for every I and z
1
. < —.
(2.1) sup Gi(z) < @)

The functions Gy were introduced in [5], and the following representation formula
for the BMO norm of T'f was proved:

B
1
(22) ST 7leo < swp [ Gifo <17 fllovo, £ 20,
IC(A,B)A

In [5], the statements (1.1)—(1.4) were characterized in the following way.

2.3. Theorem. (i) The operator T is bounded from X (v) into L™ if and only if
1 !
o € X (U)

(ii) The operator T is bounded from X (v) into BMO if and only if the set
{G1}1c(a,B) is bounded in X'(v).

(iii) The operator T is compact from X (v) into L™ if and only zf% € X! (v).

(iv) The operator T is compact from X(v) into BMO if and only if the set
{G1}1c(a,B) is bounded in X'(v), XL € X (v) for every I C (0,00), and for every
sequence of intervals J,, = (an, Brn) such that either B, < any1 for all n or Bpi1 <
ay, for all n we have

lim  sup )”GIXJ"”X’(v) =0. ]

n—oo IC(A,B

2.4. Examples. (i) Weighted Lebesgue spaces, defined by

B
20) = {55 Il = ( [ @lo@ ar) " <o}, 15p<,
A

are Banach function spaces, and so is L>°. BMO is not a Banach function space.
Let p' be defined by z% + % = 1. Then we have

(LP(v)) =L¥ (v), 1<p<oo.

For 1 <p < oo we have
L2 (v) = L2(v) = L7(v).
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On the other hand,
Ly =L ={0}.

(ii) Define weighted Lorentz spaces by

L2 (w) = {f; [Ifllp,q(v) < 00}

where .
I fllpgy = 277 fe@®llg, 1< p,g < o0,

Then (cf. [1]), ||f|lp,q(v) is equivalent to a norm with respect to which LP?(v) is a
weighted Banach function space if and only if either 1 < p < ccorp=¢g=1or
p=q=0o0. We have

(LP9(v))" = L7 (v).

Let further ¢ < co. Then
L2 (v) = LP9(v) = LP9(v). O

For more examples of X (v) such that {0} G Xo(v) G X(v) (Orlicz spaces etc.)
we refer the reader to [7].

3. A NEW CHARACTERIZATION OF (1.4)
By (2.1),if x € [A, B] and

(3.1) lim || X2 -0,
e—04 v X' (v)

then also

(3.2) sl_if& sup IXtt(2,e) Gl x7 (0) = O-

As we shall see (Theorem 4.1 below), the converse is not true in general. Instead,
the following implication holds: If (3.2) is true and (3.1) is false, then necessarily x
is one of the endpoints A, B. This fact, stated in the next lemma, is interesting on
its own, but also will be used in the proof of the sufficiency part of the main theorem
of this section. Moreover, it gives us a hint where to look for counterexamples.

3.1. Lemma. Let A <z < B. Then (3.1) is equivalent to (3.2).

Proof. Assume that (3.2) holds. For ¢ > 0 define C = z — 2¢, D = z + 2¢,
and I, = (C,D). Take e small enough that A < C < D < B. Observe that
(D—-C)2<16(D —t)(t—C) for t € U(z,e). Hence

_ (D-t)t—-C) (D-0C)?
X'(v) HXUW) ®) (D= C)2v(t) (D-t)(t-C) Hx:@)
< 16X (2,6) G, |l x7 (0)

H Xu(z,e)
v

and (3.1) follows. (Of course a better constant, namely 4, can be obtained, but
that is beside the point.)

As mentioned above, the converse implication follows from (2.1). The proof is
complete. 0O
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3.2. Lemma. The following statements are equivalent.

(i) {Gr} do not have uniformly continuous norms in X'(v).

(ii) There is an x € [A,B], § > 0, a sequence of disjoint closed intervals
[an, Bn] C (A, B) such that either o, \y © or B, 7 z, and a sequence {Gr,} C {Gr}
such that

(3.3) G 1. X(an.8)llx/(0) 26, neEN

Proof. (ii) = (i) is obvious.
Assume (i). Then there is an = € [A, B], § > 0, and intervals {I.}.>¢ such that
for G := G, we have

IGeXu(o,o)llx7 () =6 >0 for every € > 0.

Hence either ||Gexy+(z,0)llx/(0) > 3 for every € > 0 or [|GeXu-(2,0)llx7(0) > § for
every € > 0. Assume the former; the latter would be handled in the same way (in
particular, we assume z < B). By the sharpness of Holder’s inequality, there are
functions {f:}eso in the unit ball of X (v), supported on U™ (z,¢), and such that
[ f-Gev > §. Take arbitrary 81 € (z, B) and define 1 by [z, 1) = U* (z,1). By
absolute continuity of integral, there is an a; € (x, 1) such that fo’il fe,Geyv > 8.
If a, 1 is fixed, take arbitrary 8, € (z,a,_1) and repeat the process. We obtain a
sequence of disjoint intervals [an, Br], an \( Z, such that [ 5 " fenGev 2 %, where
€n is defined by [z, 8,) = U (z,en). Since ||fz, || x () < 1, Holder’s inequality yields
(3.3) (with ¢ replaced by £). The proof is complete. O

3.3. Theorem. The operator T is compact from X (v) into BMO if and only if
the functions {Gr}rc(a,B) have uniformly continuous norms in X'(v).

Proof. Sufficiency. Let A <r < R < B. We write
T=T,+P+Tkg,

where T, f = T'(x(a,nf); Trf = T(x(r,B)f), and Pf = T(x(r,r)f)- Then by (2.2)
(using also that Grv > 0)

B
1T llx0)-» mvio S sup sup { / fXanGros £20, Ifllxw <1}
A
= SLIlp ”GIX[A,T) ”X’(v)a

and analogously
||TR||X(v)—>BMO S Sl;p ”GIX(R,B]”X’(v)-

Let ¢ > 0. Then there exist r, R sufficiently close to A, B, respectively, that
7|+ |ITr|| < e. This follows from the uniform continuity of norms of {G;} at the
endpoints A, B.

By assumption, Gy have uniformly continuous norms in X'(v), whence, by
Lemma 3.1, @ € X!(v) for any fixed r, R such that A < r < R < B. Therefore,
using Theorem 2.3 (iii) and observing that Pf = 0 on (0,r) and Pf is constant on
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(R, B], we see that P is a compact operator from X (v) into L, and the more so
it is compact from X (v) into BMO. Thus, T is a limit of compact operators in the
operator norm and therefore it is itself compact.

Necessity. Assume that {Gr} do not have uniformly continuous norms in X'(v).
By Lemma 3.2, there is an z € [A,B], a § > 0, a sequence of disjoint closed
intervals [ap, 8n] C (A, B) such that a, N\, z, say (the case 3, / x would be
handled analogously), and a sequence {Gy, } C {Gr} such that (3.3) holds. Hence
there are non-negative functions { f,} supported in [a,,, 8], such that || f||x ) < 1,
and

(34) fnGI"U 2

Assume first that © = A. Let I,, = [ap,bn]. Then we choose a subsequence in
the following way: Put n(1) = 1. For n(k — 1) fixed, take n(k) > n(k — 1) so that
Brk) < Gn(k—1)- Then for every k < s we have supp f; N I, = 0, and by (3.4)
and (2.2),

5 Br(k) B
5 < / fn(k)GIn(k)U = /GIn(k)(fn(k) - fn(s))v < ||Tfn(k) - Tfn(s)”BMOa
an(k) A

whence T is not compact.

Now assume that £ > A. Then the above method is useless as there is no way
to guarantee that (cu(k),Bnr)) do not meet I, for k& < s. Instead, we use the
technique from the proof of Lemma 3.1.

Take n(1) so that 22 — ,,1) > A. Assuming that n(k — 1) is fixed, take n(k) >
n(k — 1) so that

2Bk — T < Qp(k—1)-

We define

Ck = 2an(k) — Bn(k) Dy, = 2Bnk) — Qn(k)s keN
Then we have for every k
(3.5) [Ck, Di] C (A, o (k1))

and
Dy — Bnk) = Bn(k) — (k) = An(k) — Ck-
In particular,

(Di — Cy)?
(D —t)(t = C)

(3.6) <9, t€ (anm),Bum)-

It follows from (3.5) that for k,s € N, k < s,

(37) (CSJ DS) M supp fn(k) = ®7
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Thus, for k < s we have by (3.4), (2.1), (3.6), (3.7), and (2.2)

Bn(s) B (s) Bn(s)
1) 1 9
5= fn()Gr, v < 1 Fa(s) < 1 In(s)G(C,,Dy)V
Qn(s) Qn(s) QAn(s)
B
9 9
<3 (fn(s) = fa))G(cy,p)v < Z”Tfn(s) =T fn(ryllBMO-
A

In other words, T is not compact. The proof is complete. O

4. A COUNTEREXAMPLE TO (1.5)

4.1. Theorem. Put A=0, B= i. Let1 < p < o0, and define forn =2,3,...

Qn = 2—ne—1/n’ Bn=27", Jn = (an:ﬂn)a R, = (,Bn—i-l;an);

and

9=3 (e antn). o€ 63)

n=2

Put X (v) = LP(v). Then (1.4) is true and (1.1) is false.
Proof. Since v'=%'(z) = L on |J J,, we have
1/4

P d >
p(v) 0/ d$>z/w Z

3
v

Thus 1 ¢ L¥' (v), and by Theorem 2.3 (i), (1.1) is false. To prove (1.4) we have to
show that {Gr} have uniformly continuous norms in L? (v).
Let # > 0. Then for 0 < € < § we have by (2.1), using also VP () =1< L on

U Rx,
! ' dy |u(.ﬁl)’,€)|
GIX T,e p, <47" / — ,S - 7 >
” U( ,)”p (v) y

z
U(z,e)
which clearly tends to zero if ¢ — 0.

It remains to show that Gt have uniformly continuous norms at zero. That is,

we claim that
lim sup. IIGIX(o o)llpr(v) =0

E—>0+I ( ’4

Fix ¢ > 0 and I = [a,b] C (0, ;). Then

||G1x<05>||,,(v)<2 [ e

J N(0,e)

) G -0,

+/xf<m)(,’jj””)” (222)" do = 1(e,1) + Aole, ).

a b—a
0




10 JAN LANG, LUBOS PICK

Obviously, for any I,
A2(67 I) < 47° g,
whence
lim sup As(e,I) = 0.

E—>0+ I

We define for s = 2,3, ...
B =3 [ (22) (22 - 9)

We have to prove

(4.1) lim sup A;(g,I) =0.

e—=04+ 1
It is easy to see that (4.1) is equivalent to

(4.2) lim sup Bs(I) = 0.

§—=00

Therefore, the proof will be complete once we show (4.2).
Using the change of variables ¢t = ’,;:—2 we get forn =2,3,...

6n

b—a\P sz —a\P-1 a\ dz P ,

- _Z — P _\p—1
/XI(m)(b—a) (b—a) (1 x)b—a /X(O’l)(t)t (1-1) F#)dz,
J"L ’Y”'L
where b .

F(t):(l—t)(b_a—t) :

and
:b—,Bn 5 :b—an
Tn b—a’ T pCa”

Note that since (an,8,) are disjoint, so are (yn, 0n)-
Fix s > 2. We can, and will, assume that there exists at least one n > s such
that I N J, # 0 (otherwise there is nothing to prove). Observe that

(4.3) Bn—an~n 27" n €N

We shall distinguish three cases.
1) Assume first that there is exactly one n > s such that I N J, # 0 (hence
b > a,,), and this n satisfies

(4.4) b < (b—a)n'/2

Then, using the definition of 7y, 0, (4.4), b > an, (4.3), e/ ~ 1, and n > s, we
see that

(4‘5) S — Y = ﬂnb::n < 5n;ann1/2 < @n1/2 o 1/2 < s—1/2
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Since F(t) < 1, we have
£
(46) Bu(D) < [ o @ (1= .
Vn

The integrand of (4.6) is summable as the integral is majorized by B(p',p’ + 1),
where B is the Beta function. Therefore, (4.5) implies (4.2).

2) Assume that there is ezactly one n > s such that I N J, # 0, and this n
satisfies b > (b — a)n'/2. Then F(t) < n~'/2 for every t € (0,1). Thus,
On
By(I) <n™'/? / X (OF (1= )P 71dt < s72B,p' +1)
Tn
for every I, and (4.2) follows.

3) Finally, assume that there are at least two n’s such thatn > s and J, NI # 0,
that is, the set Y = {n > s;I N J, # 0} has at least two elements. Then ¥ =
[M,N]NN, where M, N € Nand s < M < N — 1. We have

1 1
— —_— 7M ) —_——
(4.7 b—a>apy— Py >2 (e 2 2).
Further,
N On
(4.8) B0 =Y [xen®F -0 " F@at
n=M
Yn
By the definition of ,, d,, (4.7) and (4.3),
N ﬂ _ N
26 _’7n Z n— On Z(ﬂn_an)
n=M n=M
M = 1 1
M —1 n < e LIPS g
~ 2 Z n'2- n_Mz 7 <3

Since the integrand in (4.8) is summable, (4.2) follows. The proof is complete. O
5. A COUNTEREXAMPLE TO (1.6).
5.1. Theorem. Put A=0, B=oc0. Let 1 < p < oo, v(z) = P!, and
X (v) = LP1(v).
Then (1.1) is true and (1.4) is false.
Proof. First, observe that X'(v) = L**(v) and

A1/ (1—p)

1 e ) 1 1
H—H =sup)\”v({—>)\})=sup/\” 2P dx = - < 0.
vllp'o0(v)  A>o0 v A>0 p
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Hence 1 € X'(v), and, by Theorem 2.3 (i), (1.1) is true.
Now we claim that (1.4) is false. Given € > 0, put I. = (g,2¢). For a fixed
te (0, %) we define
It = (1 + t)e, (2 — t)e).

Then § # I G I., and

(2e —x)(x —¢€)

= >t?, zel.

Therefore, G1, > t*(v(x))~! for € It. Thus, for A > 0,

{z € (0,00); Gy, (z) > A} D {:c erl, > t—2,\} =1t (0, (2N /0-).

1
v(z)

Since (2 —t)e < 2NV for 0 < A < £2((2 — t)a)lip, we have

, , =4 1+t\P
Gr.X(0,29)1% > sup AP (1L 1={5—) )>0
IG. x(0,2 )||p ,00(v) 0<A<t2((2—t)e) =7 ()= P ( (2—t) )

Hence ||G1, X(0,2¢)llp,00(v) is bounded away from zero when ¢ — 0. In other words,
{G1} do not have uniformly continuous norms in L**(v) at 0. By Theorem 3.3,

(1.4) is false. The proof is complete. O
6. A COUNTEREXAMPLE TO (1.7)

6.1. Theorem. Put A =0, B=o0. Let 1 < p < o0, v(z) = 277, z € (0,00),
and put X (v) = LP(v). Then (1.2) is true but both (1.1) and (1.4) are false.

Proof. That (1.2) is true and (1.1) is false follows from [5, Example 1]. We have
only to show that (1.4) is false. Recall that X'(v) = L¥ (v).
For € > 0 put I. = (g,2¢). Then, changing variables z — ey, we get

2e 2
/ 26 — x)(z —¢) +dy
Grxoan = [ (B L = [e-pru-1rL >0
1

2
£

Since the last integral is a positive number independent of ¢, {Gr} do not have
uniformly continuous norms in L? (v) at 0. By Theorem 3.3, (1.4) is false. The
proof is complete. O

7. A COUNTEREXAMPLE TO (1.8)

We define
1
(7.1) Z={£i1fllz = suwp_ [ If(@)]as""ds < oo}
0<a§10

The following properties of Z are readily verified.
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7.1. Lemma. (i) Z is a Banach function space (non-weighted, that is, v = 1).
(ii) The embeddings
L® < Z— L'

hold and both have norm equal to 1.
(iii) The norm of a characteristic function of an interval (a,b) C (0,1) in Z is
given by

1 if a=0;
1—a if b=1;

(7.2) Ixewllz=9§ p_q if 0<a<b<1andaloga < blogh;
aﬁ(izg‘g—l) if 0<a<b<1 andaloga > blogh,

where 8 =108, /,) (11‘;%).
(iv) Z is not a rearrangement—invariant space.
(v) Z does not have absolutely continuous norm.
(vi) If f is a positive non-increasing function, then ||f|lz = ||f||L=-

Proof. Tt is easy to verify axioms (P1)—(P5) of a Banach function space, thus prov-
ing (i). To prove (ii), note that

1

7l < NIFllz < 11 flleo sup / az® ' dz = || fllo,
0<a§10

and that the function x(g, 1) has norm equal to 1 in all the three spaces L', L>, 7.
Differentiating (b* — a®) with respect to «, we get (iii) which in turn implies both
(iv) (characteristic functions of intervals of the same length have different norms)
and (v) (lIx(0,e)llz = 1 for any €). As for (vi), observe that for & € (0,1) we have
by (P2), the monotonicity of f, and (7.2)

Ifllz = 1fx .0 llz = FE)lX0,0) 1z = f(e).

On letting e — 04 we obtain ||f||z > ||f]lec; the converse inequality has been
established in the proof of (ii). The proof is complete. O

7.2. Theorem. Put A=0, B=1, and X = Z' (recall that v = 1). Then both
(1.1) and (1.4) are true but (1.3) is false.

Proof. Evidently, - = x(0,1) € Z = X', and, by (7.2), £ ¢ X. By Theorem 2.3 (i),
(iii), (1.1) is true and (1.3) is false.

Now we claim that (1.4) is true. It is easy to show that {Gr}rc(0,1) have uni-
formly continuous norms in Z at any point x > 0. To see this, note that for ¢ <
we have by (7.1) and (2.1)

3
.Z‘

dt
”GIXU(z E)HZ = SUP / GI at®” ldt < / GI ? <
U(z ) U(z,e)

which tends to zero uniformly in I as ¢ — 0.
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It remains to show that G; have uniformly continuous norms in Z at zero. Let
I=1la,b],0 <a<b<1. Observe that fora <t <b

b-t)t—a) t—a _t
(b—a)? Sb—agg'

Therefore, for 0 < ¢ < e,

t 1

G <H " t—H . / tedt
IGrx,)llz < ||x1( )X(o,e)()b . boilfél @

IN(0,e)

min(b,e)

1 1 . a+1
<> su at®dt = = su min(b, e
) 0<a21 b 0<a21 a+1 (min(b,¢))
< sup ae® = 1
~ 0<a<1 elog(1/e)’

which tends to zero uniformly in I as € — 0. Hence {Gr} have uniformly contin-
uous norms in Z and by Theorem 3.3, (1.4) is true. The proof is complete. O
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