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Abstract

In [1] and [2] upper and lower estimates and asymptotic results were
obtained for the approximation numbers of the operator T : LP(RT) —
LP(RT) defined by

(TF) (2) = v(a) / " u@)f )t

when 1 < p < co. Analogous results are given in this paper for the cases
p = 1,00 not included in [1] and [2].

1 Introduction.

In [1] and [2] the operator T : LP(R*) — LP(R*) defined by

71(0) = vlo) | " u(t) f(t)dt (1 1)

was studied in the case 1 < p < oo, with u,v real-valued functions and u €
L? (RT),v e LP(RT),p' = p/(p—1). Estimates for the approximation numbers

aio(cT) of T' were obtained in [1], but the procedure for extracting the upper and
lower bounds from the results is rather cumbersome to apply. This deficiency
was overcome in [2] where asymptotic bounds for the approximations numbers
which are easy to check in practice, were determined. Specifically, it was proved

that | e
lim na,(T) = —/0 [u(t)v(t)|dt (1. 2)

n—oo o

when p = 2; and when p # 2

1 o oo

o, / lu(t)o(t)|dt < lim inf nan(T) < lim supna,(T) < ay / () (6)|dt

1%7 ), noyo0 nosoo 0 a3
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for some constant a;, depending on p. Further in [2], two sided estimates are
given for the I* and weak [* norms of {a,(T)} when a > 1 : in the case p = 2,
these results recover those in [5].

The analysis in [2] is no longer valid when p = oo or 1, and, indeed, the
result itself has to be modified in the following way: when p = oo, the function
v in the integrals in (1. 2), (1. 3) is replaced by

'Us(t) = El_i)I(I)l+ ||’l) ||L°°(t—5,t+s)7

while if p = 1, u is replaced by us. Three critical ingredients of the proof in [1]
and [2] are no longer available in these cases. The first is that the operator P
defined by the integral mean over an interval I C ®T, namely

1
Pf:= m/Ifdm,

where |I| denotes the length of I, is such that the distance from T' to the one—
dimensional operators on LP(I) is comparable to ||T' — P|LP(I) — L”(I)||. The
second concerns the basic strategy which relies on a partition of R into intervals
I}, which are defined by means of a continuous set function L(I) which, with
I = (c¢,d), is monotonic decreasing as ¢ increases and increasing as d increases.
In the L>® and L' cases the analogue of L is no longer continuous and an
alternative function, and technique, have to be found. Finally, the fact that
the step functions are not dense in L* causes difficulties, and indeed, it is this
which dictates the form of the result noted above.

It is just as easy to consider a general interval (a,b) instead of R, so that

in this paper
X

Tf(z) = v(m)/ w®f@®)dt, a<az<b; (1. 4)

a

this simple extension will have a useful consequence when T is considered as an
operator on L' as we can then simply translate the dual of the L™ result. Also,
as was observed in [2], the condition on v assumed there, namely v € L(Rt)
can be weakened to v € LP(z, 00) for all x > 0, and we incorporate this fact in
this paper.

Finally, to give some insight into the significance of the function vs in the
L*(a,b) case, we show that, with the operator in (1. 4) denoted by T, ,, the
following is possible:

1wl = w0,

= ”Tu,v - Tu,vas”;

b b
/ Ju(tyo(t)|dt # / ()]s (£)dt

lim sup na, (Ty,v) < lim sup nan (Ty v, ),

)

lim inf na, (Ty,) < liminf na, (Ty,v, ),



where the symbol < indicates that the quotient of the two sides is bounded
above and below by positive constants. Analogous possibilities exist in the
L(a,b) case.

2 Preliminaries.

In most of the paper we shall be concerned with the operator T' defined in (1.
4) as a map from L*(a,b) into itself. The assumptions made on u,v in this
case are that, for all z € (a,b),

u € L'(a,x), (2. 1)
and
v € L™ (z,b). (2. 2)

The results for T acting between L'(a,b) will follow on taking duals, and for
this part of the paper alternative conditions to (2. 1) and (2. 2) will be required.
For I = (¢,d) C (a,b), define

(1) = J(e,d) —sur;{ / () de ||vx(zd)||oo}, 2. 3)
TE

where xs denotes the characteristic function of the set S, and ||.||o denotes the
norm on L*(a,b); we shall write ||.||, 7 for the usual norm on LP(I),1 < p < o0,
but use ||.||, when I = (a,b). It is easy to see that

J(I —esssup{/ |u(t)|dt |v(z |} (2. 4)

Lemma 2.1 Suppose that (2. 1) and (2. 2) are satisfied. Then the function
J(.,d) is continuous and non—increasing on (a,d), for any d < b.

We also have

Proof. Givenz € (a,b) and e > 0, there exists h = h(z,¢) € (0,min{%(z + a),b

such that
z+h €
/ lu(t)|dt < min [ ——— ).
z—h ||U||oo,(w;a,d)
Then
J(e,d) < J(@—hd)= { sup [/ () dt ||v||oo,<z,d>],
rz—h<z<lz z—h
sup [(/ / )|u yld ||v||m(zd)]}
r<z<d z—h
< max{e,e+ J(z,d)} =e+ J(z,d) (2. 5)
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and so 0 < J(z —h,a) — J(z,d) < e. Similarly 0 < J(z) — J(z + h) < € and the
continuity is established. It is obvious that J(.,d) is non—increasing and hence
the lemma is proved. O

The following result is known (see [4] and [6])

Proposition 2.2 The operator T in (1. 4), with u,v satisfying (2. 1) and (2.
2), is bounded as a map from L>(a,b) into L*°(a,b) if and only if J(a,b) < occ.
It is compact if and only if lim._,,, J(a,c) = limg_,_ J(d,b) = 0.

In [1], the analogue of the function J in (2. 3) could have been used to
construct the partition of (a, b) into the intervals I; which feature so prominently
in the analysis; see the Remark at the end of §4 in [1]. However, in the L* case,
for the reason given in the Introduction, we need to use directly the function

A(I) = { SUP fe o= (1), 7£0 infoen |Tf — v [0, 1/l flloo,s if v(I) >0,
0 it v(I)=0.
(2. 6)
where v(I) := [,v(t)dt. If v is continuous, it can be shown that A(.,b) is
continuous, but in general, this is not so. For, consider the example

I z € (0,1) U(2,00),
v(@) = { 0, otherwise,
u(r) = X(1,2)(x)-

with (a,b) = (0,00). Then A(x,00) =0 for z > 1, but for z < 1,

Yy
" B
Inf [/0 u dt a] V(W) llos,(z,00)

= inf 1-—
inf max {lal, |1 - af}

A(z, 00)

v

1

5
Tt is of interest to note that if (2. 1) and (2. 2) are satisfied and v ¢ L*(a,b),
then, since ["u(t)f(t) = 0 as z — ay for every f € L°(a,b), we must have
that, if @ # 0, [|Tf — aw||oo,(a,c) = o0 for ¢ € (a,b]. Hence, with I = (a,c)

Afa,e) = sup  ||ITflloo,r
1£]loo,r=1

esssup [v()| / o
zel a
= J(G,C)

by (2. 4).
We now define, for any interval I C (a,b) and € > 0,

M(I,e):=inf{n:I=UI;, A(L;) <e}. 2.7



Observe that if I C (a,b), then M(I,e) < oo. For, since J(¢,d) < ||ully,(c,a)l[V|o0,r
for any (c,d) C I and ||.||; is absolutely continuous, then the number

N(Le) :=inf{n: 1 =U,L, J(I;) <&} (2. 8)

is finite, and

A(I) < sup ||Tf||<>0,I
ser=(1),f20 |[fllco,r

[lo(@)] [ [u(®)]|£(8)]dF]

< sup  esssup
feL=(I),j#0 I [l £lloo,r
< J(I) (2. 9)

by (2. 4); thus M(I,e) < N(I,e) < co. If I = (a,b), we still have M(I,£) < oo
if
lim J(z,b) = lim J(a,z) =0

z—b_ T—aq

since N(I,e) < oo and (2. 9) remains valid.

Lemma 2.3 Suppose that (2. 1) and (2. 2) are satisfied and let M(I,e) =
m < oo for I C (a,b) and € > 0. Then we have:

(i) if m = 2n, there exist intervals J;,i =1,2,...,n such that I = UL, J; and
A(JZ) > £

(ii) if m = 2n + 1, there exist intervals J;,i = 1,2,...,n+ 1 such that I =
UMt i, A(J:) > e,i=1,...,n and A(Jny1) <eé.

Proof. From the definition of M(I,¢) in (2.7) there exist I;, i = 1,2,...,m
such that A(L;) <eand A(J;UIl;11) >e. Nowset Jy = [[UIy, Jy = [3UIL,...,
with Jp41 = Iy, in case (i4). O

The final preliminary result is the following critical lemma which will yield
a one—dimensional approximation to T on I.

Lemma 2.4 There exists wy € {L®(I)}" such that wi(1) =1, |lwrll{r=(ry+ =
1 and, for all f € L®(I)

int [1(f = @)oloe,s < 107 = wr(N)olloo <2 it (= elloes (2. 10)

Proof. For 0 < v < ||v ||eo,r and A, := {z : v(z) > v}, define w, € {L>®(I)}"
by

wy(f) = ﬁ /A S@)in, e 1)

Then w,y(l) = ]., ||UJ»Y||{L00(I)}* =1 and

oy ()] < %nfvuoo,l. @ 11)



The set W := {W5 : 0 < 8 < ||v]|oo,1}, Where W = {w, : v > B}, is a filter
base whose members Wj are subsets of the unit ball in {L>°(I)}". Hence, by the
weak™* compactness of this unit ball, W has an adherent point, w; say. It follows
that wr(1) = 1, [|wrll{z=(r)}+ = 1 and, from (2.11), for all 8 € (0, [|[v||co,1),

1 oo
lwr(f)] < Ellfvlloo,l, feL=).
Consequently, for any § € R,

inf I(f = eJvllee,r < I(f = wr(f))vlloo,r
I(f = 0)v lloo,r + llwr(f = 6)vlloo,r

Il(f—é)v||oo,,{1+ ””TOOI}

Since § € R and 8 € (0, ||v||co,1) are arbitrary, the lemma follows. O

IN A

IA

3 Bounds for the approximation numbers.

We recall that, given any m € N, the m th approximation number of a bounded
operator T, a,,(T), is defined by

am(T) = inf |T — F||,

where the infimum is taken over all bounded linear maps F : L*®(a,b) —
L*°(a,b) with rank less than m. General information on approximation num-
bers may be found in [3]. Since L°(a,b) has the approximation property, T is
compact if and only if a,,(T) — 0 as m — oo.

The first two lemmas of this section give estimates for a,,(T") which are the
analogues of those obtained in [1]. Hereafter, until §7, we shall always assume
(2. 1) and (2. 2).

Lemma 3.1 Suppose that T : L*®(a,b) — L*(a,b) is bounded. Let € > 0
and suppose that there erist N € N and numbers ¢,k = 0,1,..., N, with
a=c¢y<c <...<cy=b, such that A(I;) <e for k=0,1,...,N — 1, where
Ik = (Ckack+1)- Then aN+1(T) S 2¢.

Proof. Let f € L*(a,b) be such that ||f|| = 1, and write

N-1
Pf:=> Pf
=0
where the Py, are the one-dimensional operators

Pr, f(z) :== x1, (2)v(z)wT, (/w ufdt) , k=0,1,...N—1



where

wr, </azufdt> z/:k wfdt +wr, (/Cmufdt).

with wy, € {L®(I})}" the functionals in Lemma 2.4.
It is obvious that Py, k =1,..., N — 2 are bounded. With Kk =0or N — 1
we have on I = (a,c¢1) or (¢y,b)

otopar ([ wsar)| < o=y 10 [ a0t 1
Ck Ck
and hence P is bounded in view of Proposition 2.2 and (2. 4). We have

||Tf_Pf||oo = sup ||Tf_Pka||OO,Ik
ke{0,1,...N—1}

sip  |lo(e) [/ wfdt — wp, ( / ufdt)]nm,fk
ke{0,1,....,N—1} Cr Ck

< 2 sup AL flloosn < 2¢|flloo.r-
ke{0,1,....N—1}

by Lemma 2.4. Since rank P < N, the lemma follows. O

Lemma 3.2 Suppose that T : L*®(a,b) — L*°(a,b) is bounded. Let € > 0
and suppose that there exist N € N and numbers dy, k = 0,1,..., K with a =
do < dy < ... <dg < b such that A(It) > ¢ for k = 0,1,..., K — 1, where
Ik = (dk,dk+1). Then aK(T) Z g.

Proof. Let A € (0,1). From the definition of A(I;) we see that there exists
¢r € L®°(I},) with ||@k||co,r, = 1 and such that

inf ([T — av [l > MA(LL) 2 Xe. (3. 1)

Set ¢r(x) = 0 for z ¢ I,. Let P : L*®(a,b) —» L*(a,b) be bounded and
rank P < K — 1. Then, there are constants Ag, - .., A,_1 not all zero, such that

K-—1
P (Z ,\k¢k> =0.
k=0
Put ¢ = Y p g Akox. Then
ITh - Pélloo 1Tl co
sup [|v(x) (/ Ak¢k(t)u(t)dt+/ ¢(t)u(t)dt) [l 0o, 15

ke{0,1,.... K~1}

sup [ Mp[[|T'éx + o0 [|oo, 1
ke{0,1,....K—1}

v



where ay = At [ ¢(t)u(t)dt,

> sup inf ||| Tdr — o ||oo, 1,
ke{o,1,....K—1} @€R

> swp Ak
ke{0,1,...,.K—1}

= Aeldlloo

by (3.1). This implies that ax(T) > Ae, whence the result since A € (0,1) is
arbitrary. O

Corollary 3.3 Suppose that T is compact (see Proposition 2.2). Then, for
e € (0, Aa, b)),

AM(e)+1 (T) < 2
apen_,(T) > &

where M. = M ((a,b),€) is defined in (2. 7) and [.] denotes integer part.

Proof. This is an immediate consequence of Lemmas 3.1 and 3.2 O

4 Local asymptotic results.

We need some preliminary results and the functions v; mentioned in §1, namely
vs(m) = 51_i>I(I)1+ ”U”oo,(w—s,z—i-s)

for z € (a,b).

Lemma 4.1 For anyI C (a,b), J(I;u,v) = J(I;u,vs) and A(I;u,v) = A(I;u,vs),
where J(I;u,v) and A(I;u,v) are the functions defined in (2. 3) and (2. 6)
respectively.

Proof. For any continuous function ¢, it is readily shown that |[vs@||eco,r =
|[v@]|oo,r, and this fact yields the lemma. O

Lemma 4.2 Let I C (a,b), and let 9, = {Iz”}i(:”l) be a partition of I by
intervals I which are such that each Iz.(n—H) € Vpy1 is a subinterval of some
IJ(n) € Yy, and |I'| = 0 as n — co. Define

I(n)
o) = S xir (Ot ¢ = ooty
=1

Then for a.e. t € I,



(1) ||Us||oo,I > 'U?(t) > vs(t),
(i) vy (t) \vs(t) as n — oo,
(Gii) Timp oo [, () (6) — vs(0)]dt = 0.

Proof. Since vy is upper semi—continuous and bounded, it is known that it
can be approximated from above by a decreasing sequence of step functions.
However, we shall give a proof of the lemma for completeness and subsequent
reference.

If t € int I7, the interior of I7, then v{ (t) = [[vs||co,1n satisfies

0s(t) S0 (8) < [[vs]loo,r-

This establishes (4), the exceptional set being S = UpenSn, where Sy, is the set

of end points of the intervals I € ¥,. If t € int Ii?:il) C int Ii"n) say, we have

C?(Z-li—l) < ¢,y and so oTH(t) <wB(t) for t € I \ S. Also, if t € int Iy

0p() = loslloo,ry,, = ol > v()

i(n) —

as observed in the proof of Lemma 4.1. Moreover, given § > 0 there exists
go > 0 such that
Vs(t) > ||V]loo,(t—co,t+20) — O-

Now choose N such that for alln > N

t € int Iirzn) C (t —€o,t+ 60).
Then we have that for all n > N
0<ol(t)—wvs(t) <6

and hence v (t) — v,(t) for all t € I'\ S.
Finally, (ii4) follows by the dominated convergence theorem since u € L'([)
and |[v3 0,1 = [|vslloo,s = [|v[loo,s < 00. O

Lemma 4.3 Let u,v be constant on I CC (a,b). Then
1
A = Sullell (4. 1)

Proof. We have if I = (¢, d)

v

A > Jullolinf o = e = alloes
1
= Jullollle — ¢ = 5(d = Ollos

1
= SlullellT.



Let f € L®(I) and set F(x) = fcz fdt. Then there exist zg,z; € [¢,d] such
that
F(z) < F(z) < F(21), x € [a,b]

and hence

IN

1P — 5 (o) + Fa1)) oz
1

inf ||F — OZ”OO,I
«

2
1

:5/

Tr1 1
A< sup {1 / fdt}s—m
I £llee,r=1 L2 Jaq 2

and the lemma is proved. O

F(z1) — F(x0))
' ft.

T
0

This yields

Lemma 4.4 Let I CC (a,b) and ui,us € L'(I). Then
|A(T; w1, u2) — A(T; ug,0)| < lur — uzll,rl|vlloo,r- (4. 2)
Proof. We have

|A(I;U1,’U) - A(I;UQ,U)l
<supy gy =1 |infa [[0(@)(f; wifdt — a)||oo,r — infa [Jo(z)(f; vz fdt — a)||so,zl-

Suppose f is such that

it lo(o) ([ st =) o 2 0t o) ([ wafit =) s 0. 3)

Given € > 0 there exists ag € R such that

inf [|o() (/ us fdt — a) loorr > Ilo(2) (/ us fdt — ao) oo —c.

Hence

0 < wfloto) ([Twgat—a) s = ntlhote) ([ uafat =) o

< o) ( / ulfdt—ao) oot — [[v(a) ( / szdt—ao> oot +¢
< o) / (us — us) fdtl| oo +¢
< (0@ lloollur = uslluslflloos + .

10



This remains valid if the inequality (4. 3) is reversed, and so
|A(T; u1,0) — A(L; ug, 0)| < [[o(@)loo,rllur — uzllir +

Since ¢ is arbitrary, the lemma is proved. O

In the next lemma g* denotes the non—increasing rearrangement of a function
gon an interval I: g* is the generalised inverse of the non—increasing distribution
function g, of g, namely

g"(z) :==inf {t : g.(t) > =z} (4. 4)

where

gu(t) == [{z € T : g(a) > 1} . (4. 5)
Note that since we have > in the definitions above, g, and g* are left—continuous
functions.

Lemma 4.5 Let I CC (a,b) and v,6 € R with § > vs(t) >0 on I. Then

1 *
Al;7,6) 2 A 7,05) 2 S 1Yl (0sx1)”™ (@)oo 0, 1) - (4. 6)
Proof. The first inequality in (4. 6) is obvious. The set

Mg :={y €1I:vs(y) > B}

is relatively closed in I. For if {y,} C Mz and y, — y € I as n — oo, then
given € > 0 there exists N such that (y — e,y + &) D (yn — 3€,yn + 3¢) for
n > N. Hence

||U||oo,(y—6,y+6) Z ”U“oo,(y"—%s,yn—i-%s) Z Us(yn) Z B

whence v,(y) > 8 and y € Mp. From the observed left continuity of (4. 4) and
(4. 5), we have

| (wsx1)* )l oo, 0,117y = max |(vsx1)* (®)t] = |(vsx1)* (to)to]

for some to € (0, |I]], and there exist # > 0 such that |[Mg| = t;. Choose the
optimal ¢y, dy such that Mg C [cg,dy] C I. Then, with I = (c,d),

Yy
At > bt ([ de-a) s

2 [ylinf [1Bxams (W) (y = ¢ = @)lloo,r

1
Blyllly —c— 5(00 + do — 2¢)|| 0o, M,

5Bll(do — eo)

11



> 2Bl

= %|7| [(vsx1)*(to)to]

= L Blle) Ol o
The lemma is therefore proved. O

Lemma 4.6 Let I CC (a,b) and 7,0 € R with § > vs(t) > 0 on I. Then, for
any o > 1

oI
Ai,0) - Allo) < 5 [ G- v@)a+ UL @)

Proof. We first observe that
* VO[
(vsx1)*(t) 2 vo(t) := (5 Al 1|) X(o,jr 111 (4. 8)

where V = || [;(0 — v,(t))dt. For, with S := {;U twg(T) <0 — %}

1% /( Va)
— > 0—0+ dt = S
m > s i wwN'

which implies that

Va ||
T vg(x >6——H> I|- =
H @>0=pmy > =3

and hence (4. 8). Note that (4. 8) is trivially true if § — % < 0. On using (4.
1) and (4. 6)

1 1 X
0 < AlL7,0) = Al 7,v5) < SIYIOH] = Syl (wsx1)™ (8)tlloo 0, 1))
1 1
< =|7|9|I] = = max (tvo (¢
< ﬂﬂ||2mw(dn
1 Va 1|
- 3= o= 55) (1-2)
_ Wizl v
2 2a 2

o If
< = — Ll
< § [ nG-v@na+ s

which is (4. 7). O

12



Theorem 4.7 For any I CC (a,b)

/|u )|vs (t)dt <11m1nf5M(I €) < limsupeM(I,e) /|u )|vs(t)

6—)0+

(4. 9)

Proof. On using Lemma 4.2, we infer that for each > 0 there exist step
functions wu,, v, on I such that

lu—upllir < m
[ 1100 - vyt < x
I
and
Vs lloo,r > vn(t) > vs(t)
on I. We may assume that
m m
n = Z'ijw(j)’ Uy = anXW(j)a
j=1 j=1

where the W (j) are disjoint subintervals of I, and n; > 0.

Let ¢ > 0,M = M(I,¢), and let ¢y = cx(e),k = 1,2,...,M + 1, be the
end-points of the intervals in (2. 7): with I = [¢,d] and I}, = It (g) = [ck, Ckt1],
we have c=c¢; <c2 < ...<cpm41 =d and

A(ly) = A(Ii;u,v) <e ,k=1,2,...,M,
A(IkUIk+1)>E k=1,2,..., M

Then

/I Ju(t)] ve(t)dt — / |u,,(t)|vn(t)dt‘

< /|u | (vg(t) — vs(t dt+/|u ) — uy (8)|vp (t)dt
< (1 +lvplloo,r)
< 1+ ||Us||oo, )- (4. 10)

Next, let K = {k : there exist j such thatlog U Irpy1 C W(j)}. Then #K >
[—]—2m2 —1—2m, and, by Lemmas 4.4 and 4.6,

M
(? —-1- 2m> e < Ig{A(IQk U ng_H;u,v)

13



< > {A(Lk U Lopyr;ug, o)
keK
+ (A(La U Ipgy15u,v5) — A(log, U Ippy15uq, v5))
+ (A(Iog U Ipgyr; ug, vs) — A(Lop U Lpgyr;ug, vp))}
1 .
< 3 D 1&ilmi W ()
J
+ Z {llw = wnll1,w i) vsllso,w )
J
o [F1/T—
+—/ &l (v —vs)dt + =—=|W (j
5 [, 60—+ S Gy
<

1
3 Hualoadt + u =l ol

/|u,,| )+ /|u,,|vndt

1 1
< —/|“n|vndt+K (an+ =)
2 Jr a

< %/1|u(t)|vs(t)dt+K (0‘"+ é)

by (4. 10), for some constant K independent of £. We therefore conclude that

1
limsupeM(I,¢) /|u )|vs(t)dt + K (an-l— )

E—>0+

and the right-hand inequality in (4. 9) follows since n > 0 and o > 1 are
arbitrary.
For the left-hand inequality in (4. 9), we add the end—points of the intervals
W), =1,2...,mtothecg, k=1,2,..., M —1, to form the partition c = e; <
. < en = d, say, where n < M + 1+ m. Note that each interval J; := [e;, €;41]
is a subinterval of some W (j) and hence u,, v, have constant values on each J;.
We again use Lemmas 4.3, 4.4 and 4.6 to get

1 m
§/|Un|”ndt = Z Z A(Ji5 un, vn)
T J=1J;CW(j)

n

z{ (Ji50,0) + [l = wgll 7, v lco.

i=1
«a 1
5 [ twlon = vaat+ 5 [ ot

i

1
(M+1+m)E+K<an+a).

IN

IN
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Hence, from (4. 10),

% /I la(®)|os (6)dt < (M +1+m)e + K (an + é)

and the left-hand inequality in (4. 9) follows. O

5 The main result.
With U(z) := [ |u(t)|dt, we define &, € Rt by
Ué) =25 (5. 1)
if u ¢ L'(a,b), k may by any integer, but if u € L'(a,b),2* < ||u||;. For each
admissible k£ we set
Ok == ||uv||001Zk7 Zy = (fk:fk-i—l)a (5 2)

so that

2 ([vlloo,z, < 7k < 2¥H[0]lo0,2, - (5. 3)
For non—admissible k we set o = 0. The sequence {0y} is the analogue of that
defined in [2,§3], which in turn was motivated by a similar sequence introduced
in [5].

The following technical lemma has a central role in this section.

Lemma 5.1 Let ko,kl,k‘g € Z with kg < k1 < k‘g, and let Ij = (aj,bj) (_] =
0,1,...,1) be non-overlapping intervals in (a,b) which are such that I; C Zy,
(G=1,...,1), a0 € Zy,, bo € Zy,. Letx; € I; (j =0,1,...,1) and zg € Zy,.

Then, if a > 1,
/ |u<t>|dt> Il o, 0

< (2° 41 a 4
< (22 41) o ax, o (5. 4)

-

=0

Proof. On using Jensen’s inequality, we have
l

€ay 41 @ «
/g_ Ot ) o0 e e+ 35 | [ TuOla ) ol
ko i J

Jj=1

a (o3
< k1+1_ ko U_" (e}
< {2t may Sb ([ o) oz,
by (5. 3),

@ [¢3
< 2 max o, + {2k2 Tka }
= k1<n<ks 22

whence (5. 4). O

S

IA
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Lemma 5.2 The quantity J(a,b) defined in (2. 3) satisfies
1
gJ(a, b) < supoy < 2J(a,b). (5. 5)
k

Proof. From (2. 4) and Lemma 5.1

J(a,b) < 3supoy.
k

Also
op < 2k+1”v”oo,zk
I
< 2 / ()|t o]l oo, 610
a
< 2J(a,b).
O

Corollary 5.3 The operator T : L*®(a,b) — L*(a,b) is bounded if and only if
the sequence {0} is bounded, in which case their norms are equivalent:

IT(l = [ {ox} lloo- (5. 6)
Also T is compact if and only if limy_, 4, o = 0.

Proof. The first part is an immediate consequence of Proposition 2.2 and
Lemma 5.2. We also have from Lemma 5.2, as in the proof of Lemma 5.2,

1
g‘](aa Ekz) < Trbnsaé on < 2‘](&’ £k2+1)

and 1
gJ(Ekoab) S TIEIZ%}; On S 2J(£k0—1ab)-

Since &k, — a if and only if ks — —oo, and &, — b if and only if kg — oo in
the case u ¢ L'(a,b) and otherwise to the largest admissible value of k in the
definition of oy, the corollary follows. O

The main result is

Theorem 5.4 Suppose that (2. 1) and (2. 2) are satisfied, T is compact, and
that ), .5 0n is convergent. Then

n—0o0

b b
% / lu(t)|vs (£)dt < Tim inf nan (T) < lim sup nan(T) < 2 / L (t) s (£)dt.
a n—oo a
(5.7

16



Proof. Let I = [¢,d] CC (a,b) and suppose that ¢ € [xys Eko+1], d € [Eky s

k1)

With I;(e),j = 1,2,...,M(g), the covering of (a,b) in (2. 7), where M(e) =

M((a,b),e), let

o(e) =#{j: L;(e) Cla,cl}
ma(e) =#{j: I(e) C[a,d]}.

A(Igj_l U Igj; u, U)

Then
mi(e) —mo(e) < M(1,e) +1
and
€ mo(€) M(e) my (€)
i _ _ < _ _
2(M(s) M(I,e)—9) < 6([ 5 ]+[ 2 3 2
[mo(e)/2] [M(e)/2]
< Z A(Igj_l UIQj;U,U) + Z
Jj=1 j=[ma(e)/2]+2
[mo(e)/2] [M(£)/2]
< Z J(IQJ‘_l UIQJ';'LL,U) + Z J(IQJ‘_l UIQJ';'LL,U)
Jj=1 J=[ma(e)/2]+2
< 3 Z on+3 Z On
n<ko n>k1

on using (2. 9) and (5. 5).
It follows from Theorem 4.7 that

limsupeM (e) < /Elirl |u(t)|vs (t)dt + 3 (Z on+ Z Un)

=04 £kg n<ko n>ki

which yields,
b

lim sup e M (¢) S/ |u(t)|vs (t)dt.
a

E—>0+

On setting n = M(¢) + 1 in Corollary 3.3, we get € > 2a,(T) and hence

b
lim sup na, (T) < 2/ |u(t)|vs (t)dt.

n—oo

Similarly, from Theorem 4.7,
E—>0+

b
liminf e M(e) > % / lu(t) o5 (T)dt

and from Corollary 3.3

1 b
liminf na,(T) > ¢ / lu(t)|vs (T)dt

n—oo
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6 [?7 and weak—[? estimates.

In this section we show that the sequences {an(T)}, cn > {0n}nez belong to 19
and weak—1? sequence spaces with the same exponent ¢, and have equivalent
norms. We first need some preparatory results.

Lemma 6.1 Let I = [c,d] C (a,b) and, for € > 0, suppose that
oe):={k€Z:2Z,Cl,or>c¢}
has at least 4 distinct elements. Then A(I) > ¢/8.

Proof. Let Zy,,i =1,2,3,4, k1 < ka < k3 < ky4, be 4 distinct members of o(¢),
and set I} = (£k17€k2)7 L = (§k2+17§k4)' Then’ with fO =Xn + XIs»

A > it ( [ 1@l — a)

Ziﬁmuﬁwmz@/WMMﬁ—anmuﬁ4/ |mmw—a}

@ Iy Luls

= igf max{||'v||oo,z,c2 |2k2 — 2kt _q; ||v||00ka4 |2k2 — gkt 4 gks _ gkatl a|}
. 3 g

Z 1gfmax { STt |2k2 _ 2k1 _ O{|; SFerT 2k2 _ 2k1 + 2k4 _ 2k2+1 _ Oé|}

S e 1 (2hs — 2bet1) > e

= 2ka 12 8

O
Lemma 6.2 Let e > 0 and M (¢) = M((a,b),e). Then
#{k€Z:o, >8}<5M(e)+3. (6. 1)
Proof. Clearly, with I; = (¢;, ¢;y1) the intervals in (2. 7) when I = (a,b),
#{k€Z:c; € Zyfor some i€ {1,2,...,M(e)}} < 2M(e).

Also, for every k € Z not included in the above set, Z, C I; for some i €
{1,2,...,M(e)}. Hence, by Lemma 6.1

#{k€Z:or>8} < 2M(e)+3(M(e)+1)
= B5M(e) +3.

O
Lemma 6.3 Forallt >0

#{k€Z 0, >t} <10#{k € N:ar(T) > t/8} + 23. (6. 2)

18



Proof. By Corollary 3.3,

#{keN:ak(T)>e}>@_z

. Hence, by Lemma 6.2,

#lke€Z:op, >t} < 5HM(t/8)+3
< #{keN:ap(T)>t/8} +23.
0O
Lemma 6.4 For all ¢ >0
1ok I iz < 10 (89| {ax (1)} e, + 230 {00} [ - 6. 3)

Proof. Let A = || {0} [|;<(z)- Then, by Lemma 6.3,

A
How gy = o ¢ # (ke Z: 0> tha
0

IA

A
10 q/ t7 (k€ N :ap(T) > t/8} dt + 23\
0
10 (891 {ar (T)} lfo(ny + 23A7.

A

O
Corollary 6.5 For any q > 0 there exists a constant C > 0 such that

1ok} liocz) < CllH{ax(@)} - (6. 4)
Proof. By (5. 6),

H{ok}lliezy < ClT|l = Cai(T)
< Cli{ar(T)} e

The result then follows from Lemma 6.4. O

Theorem 6.6 For q € (1,00), {ax(T)} € I19(N) if and only if {on} € 19(2Z),
and

1{ox} lia(z) =< [ {ar(T)} llia ).
Proof. Let I;,i = 1,2,...,N(g), be the intervals in (2. 8) with I = (a,b) and
N(e) = N((a,b),e): note that in view of Lemma 2.1, we have J(I;) = . We

group the intervals I; into families F;,j = 1,2,... such that each F; consists of
the maximal number of those intervals satisfying the hypothesis of Lemma 5.1

19



: they lie within (&g, , {k,+1) for some ko, k2, and the next interval I}, intersects
Zk,+1. Hence, by Lemma 5.1, there is a positive constant ¢ such that

e#F; <c max o, = coy;
# ko<n<ks i

say. It follows that, with n; = [coy; /€],

N() = Z#fj
S oo
= Sz
< 00# k:azﬁ. (6. 5)
> #{kioe> T}

Thus, if {0} € 19(Z) for some ¢ € (1,00),

q/oootq—lN(t)dt < / th 1#{k ak>—}dt

= / Zn 1597 ¢ {k : 0, > s} ds

< o i . 6)

where < stands for less than or equal to a constant multiple of what follows.
From Corollary 3.3, ap(e)+1(T) < 2¢ and so

A

#{keN:ap(T) >t} < M(t/2)+1
< N@#/2)+1
This yields
{ar (D} = q/ t97 ' # {k € N : ax(T) >t} dt
0
Il "
< q/ a1 [N(—)+1]dt
0 2
= How} ez + 117117
= ||{‘7k}||;1q(z)

by (6. 6) and since [T < | {o4(T)} li=(z) < [[{o%} lls(z) » by (5. 6). The
theorem follows from (6. 4). O
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The final result in this section concerns the weak /9 spaces, which we denote
by 12 (12 in the Lorentz scale). Recall that [2(Z) is the space of sequences
z = {x} such that

l12[lzg (z) := sup {t[# {keZ: x| > t}]l/q} < o0.
t>0

The space [%(IN) is defined analogously.

Theorem 6.7 For ¢ € (1,00), {ar(T)} € 19(N) if and only if {0} € I19(Z),
and
ok} ez z) = [ {ar(T)} llig () -

Proof. Suppose {01} € 19(Z). From Corollary 3.3 and (6. 5)
o} iy = sup (M)}
< sup{tIN(t)}
>0

itq# {k : o, > nt/c}

<
n=1
[e’s} N

< Y Ho g (5) 2 1o Iy g
n=1

Now suppose that {a(T)} € 193(N). From Lemma 6.3

t
sup (t1# {k € Z : o}, > t}) < sup (tq (#{k € N:ap(T) > —} +1>> .
>0 >0 8

Since

#{keN:ak(T)>é}2M—221

for sufficiently small ¢, we conclude that

sup (194 {k € Z: o, > £}) < sup (tq# {k €N:ax(T) > f}) .

t>0 >0 8

This implies that {0} € IZ(Z) and and [[{or} i (z) = [ {ax(T)} ;g (x)- The
theorem is therefore proved. O

7 The operator T on L'.

In this case the assumptions (2. 1) and (2. 2) on u and v are replaced by

u € L%(a,x), (7. 1)
v € L'(z,b), (7. 2)
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for all z € (a,b). On setting a = —B, b = —A, f(z) = f(—z), and similarly for
u,v in (1. 4), we see that

B
Ti() =0 (2) / @ 0f(Hdt, A<z<B.

But this is the adjoint of the map S : L>°(A, B) - L (A, B) defined by

T

Sg(z) =4 (a:)/A 0 (t)g(t)dt, A<zx<B.

Hence, T and S have the same norms and their approximation numbers are
equal if one, and hence both, are compact (see [3; Proposition II.2.5]). The
results for T : L'(a,b) — L!(a,b) therefore follow from those proved for the
L*°(a,b) case on interchanging u and v. Before stating the results, we need
some new terminology.

Let nx € R be defined by

b
V(z) = / ldt, V) = 28, (7. 3)
where k € Z if v € L'(a,b), but otherwise 2¥ < ||v||;. Set
Gk = l[uvlloo,wi, Wk = (1, Mh+1)
with ¢ = 0 if v € L'(a,b) and 2% > ||v||;.
Theorem 7.1 Suppose that (7. 1) and (7. 2) are satisfied. Then

(i) T in (1. 4), as a map from L'(a,b) into L' (a,b) is bounded if and only if
{¢k} € 1o(Z), in which case

TN = 11 {Ck} e (23
(ii) T is compact if and only if limg_ 1o (i = 0;
(iii) if {G} € L(Z)

1 b b
E / us(B)o(f) dt < lim inf na, (T) < lim supna,(T) < 2 / us (8)v(8)|dt:

4 n—so0

(iv) for g € (1,00), {ax(T)} € 19(N) if and only if {¢x} € 1(Z) and
1{Ck} la(zy =< (1 {ar(T)} [la (v

(v) for q € (1,00), {ax(T)} € 15(N) if and only if {Cx} € 14(Z) and
1{Ck } iz (zy = 11 {ar (T)} llig (n)-
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Remark 7.2 Let M be o dense subset of (0,1) with measure |M| =a <1 and
letu=1,v=xpm. Thenvs, =1, (v—vs)s =1 on (0,1) and so

”v“oo,(w,l) = ||US||00,(w,1) = ||U - Us“oo,(z,l)
for any x € (0,1). Since
I7ul2(0.1) 20,0l = sup { [ dtlvllon |
0<z<1 0

(see[6]), where T, , denotes the operator in (1. 4), it follows that

1wl = w0,

= ”Tu,v - Tu,v—vs”:

for the operator norms from L*°(0,1) to L*°(0,1). Also

/0 |u(t)v(t)|dt:|M|<1:/0 lu(t) v, (£)dt.

The choice u = x5, v = 1 gives an analogous example in the L'(0,1) case.
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