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Let we have an integral operator

b(z)
Kf(x) = o(z) / Kooy e >0

where a and b are nondecreasing functions, v and v are non-negative and fi-
nite functions, and k(z,y) > 0 is non-decreasing in z, non-increasing in y and
k(z,z) < D[k(z,b(y)) + k(y, 2)] for y < z and a(z) < z < b(y). We show that
the integral operator K : X — Y where X and Y are Banach functions spaces
with /-condition is bounded if and only if A < co. Where A := Ay + A; and

Ao = sup |IX(ay) (D (EC, b(@)) Iy [1X(a(y) by ul X7
z<y,a(y) <b(z)

Ay

sup  [IX(@u 0l IIX(a@),b@)) (E(, Jul)||x
z<y,a(y)<b(z)
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1 Introduction

Let X and Y be two Banach function spaces on (c,d) and IR respectively. We
define the general Hardy operator

b(z)
Kf(z) = v(z) / ) e iy frze® (11

where a, b are nondecreasing functions on IR, —oo < ¢ < a(z) < b(z) < d < o0,
and v and u are non-negative measurable and finite functions a.e. on IR and



(c,d). The kernel k(z,y) > 0 is defined a.e. on {(z,y);z € R,a(z) <y < b(z)}
and satisfies the following conditions:

(i) it is non-decreasing in z and non-increasing in y;
(ii) k(z,2) < D[k(z,b(y)) + k(y, 2)] for every y < z and
a(z) < z < b(y), where the constant D > 1 is independent of z,y, z.
(1. 2)

In this paper we describe the necessary and sufficient condition for the
boundedness of the operator (1. 1) in Banach function spaces.

This paper extends results of Lomakina and Stepanov [3] and Opic and
Kufner [4]. In these papers the operator (1. 1) was characterized for a(z) = 0
and b(z) = .

Section 2 and 3 contain the definitions, formulations of the main results and
some comments. In Section 4 we treat the simpler case when the kernel k(x,y)
is equal to 1 and the spaces X, Y satisfy the I-condition. We use this result in
section 5 to deal with the general kernel satisfying (1. 2).

2 Definitions

In this section we recall the definition and some basic properties of the Banach
function spaces. In what follows M () will be the set of all measurable functions
on 2, where () is any measurable subset of IR.

Definition 2.1 A normed linear space (X, ||.||x) on Q is called a Banach func-
tion space (BES) on Q if the following conditions are satisfied:

(2.1) the norm ||f||x is defined for all f € M(Q) and f € X if and only if
l£llx < oo;

(2:2) [[fllx =l If] [Ix for every f € M();

(2.3) if0< fr /' f a.e. in Q then || follx 7 || fllx;

(2.4) if |[E| < 00, ECQ, then xpg € X;

(2.5) for every set E,|E| < 00, E C Q, there exists a positive constant Cg such
that [, |f(z)|dz < CEl|flx-

Byl we denote a Banach sequence space (BSS), which means that the azioms
(2.1)—(2.5) are fulfilled with respect to the counting measure and {ey} denotes
the standard basis in [.

Recall that the condition (2.3) immediately yields the following property:

(2.6) if 0 < f < g then [|fllx < llgllx-



Definition 2.2 The set

X'={f;

/ fgv‘ < oo for every g € X},
Q

equipped with the norm

17 = sup{]| [ fov

is called the associate space of X. It is known from Bennett and Sharpley [1]
that X" = X and that X' is again a Banach function space.

Let T be a linear operator from a Banach function space X into a Ba-
nach function space Y. Then T' is an associate operator to the operator T

if [o(Tf)g= [, f(T'g) forall fe X andgeY.

Lemma 2.3 (Bennett and Sharpley [1]) Let T' be a linear operator from a Ba-
nach function space X into a Banach function space Y. Then ||T flly < C||fllx
for all f € X with a finite positive constant C, if and only if |T"gl|x < C|l|gl|y
forallgeY'.

Moreover |T||x=y = |IT'|ly'>x--

lllx <1},

Definition 2.4 (Lomakina and Stepanov [3]) Given a BFS X and a BSS 1, X
is l-concave, if for any sequence of disjoint intervals {Jy} such that UJy = Q,
and for all f € X

< du|fllx,

> ekl fllx
k

l

where is di a finite positive constant independent on f € X and {Jy}. Analo-
gously, a BFS'Y is said to be [-convex, if for any sequence of disjoint intervals
{It}, Ul =Q and for all g€ Y

llglly <ds

> erlixnglly
k

with a finite positive constant dy independent on g € Y and {I;}.

We say, that Banach function spaces X,Y satisfy the [-condition, if there
erist a Banach sequence space | such that X is l-concave and Y is l-convex
simultaneously.

l

Lemma 2.5 (Lomakina and Stepanov [3]) Let Y be a l-convex BFS. Then Y’
is an l'-concave BF'S and

< da|fly
ll

> erllxn flly:
k

for all f €Y' and {I},}, UL, = Q.



3 Main results

Assume X and Y are two Banach function spaces on (¢, d) and IR, respectively.
Then we denote

Ay = sup  |IX(a,y) (DV()EC, b)) Iy X (a(y) b)) vl x7
z<y,a(y) <b(z)

A = sup Xz VY IX(a(y),b(2)) (D E(, Ju( )]l x
z<y,a(y)<b(z)

and A := AO + Al.
Note that Ag = A; if k(z,y) = 1.

Theorem 3.1 Let X andY be two BFS on (c,d) and R, respectively, satisfying
the l-condition. Let K be the integral operator of the form (1. 1) with kernel
k(z,y) > 0 satisfying (1. 2). Then K : X =Y is bounded, if and only if, A is
finite. Moreover

1Kl x—y < A.

To prove Theorem 3.1 we need a corresponding result for for the general
Hardy operator with kernel k(z,y) = 1.

Let
b(zx)

Hi(z) = o(z) /  u) Wy (3. 1)

where —c0 < ¢ < a(z) < b(z) < d < oo are nondecreasing functions on IR, v
and u are real measurable and finite functions a.e. on IR and («, 3), respectively.

Theorem 3.2 Let X andY be two BFS on (c¢,d) and R, respectively, satisfying
the [-condition, and let H be the operator defined by (3. 1). Then H : X - Y
is bounded, if and only if,

Ay = sup  [IX(z,)0lly X (a(y), b)) ullx < 00
z<y,a(y)<b(zx)

Moreover Ag < ||H||x-y-

4 Boundedness of the operator H
In this section we prove Theorem 3.2. At first we prove a lemma.

Definition 4.1 Let v be a non-negative measurable function on an interval
(o, B) where —co < a < B < o00. Letc € R, let —o0 < a(z) < ¢ < b(z) < o0



be nondecreasing functions, and let u be a non-negative measurable function on
(e,d) where e := liminf, ,, a(z) and d := limsup,_,5 b(x). Then we define

b(z)
Hyf(z) = v(z) / w(t) f(£)dt

for every measurable function f on (c,d), and

Hof(@) i=o(@) [ ult)fe)ds
a(zx)
for every measurable function f on (e,c).

Lemma 4.2 Let X and Y be two BES on (e,d) and (a, 3), respectively, satis-
fying the l-condition. Then Hy : X — Y is bounded, if and only if,

Ap = sup |[lox(e,p v [lux(c,pe)llx < oo
a<lz<p

Moreover
| Hp||x -y < Ap.

Also H, : X =Y is bounded, if and only if,

Ag = sup [[vx(epllyluX(ae),ollx < oc.
a<e<p
Moreover
”lya”X¥+Y:x<Aa-

Proof. We will give the proof only for Hy. The proof for H, is similar.
Necessity. Given z € (a, ) and f € X such that fu > 0, we have

Y

b(.) b(.)
o() / u(t) f(t)dt (X)) / u(t) f(t)dt

Y Y

\YJ

b(z)
WX [ ul) O

Y

b(z)

loxeslly [ lu@f@lds
c

Taking the supremum over all such f and z € (a, 3) we obtain

1 Hpllx =y > [lvx(e,s)llvllux(e,s@)llx:

and so,
| Hp||x -y > Ap.



Sufficiency. If Ay = oo then ||H||xoy < Ap. If Ay =0 then ||Hp||x—y = 0.

Let 0 < Ap < 0o. Choose f € X such that ||f||x = 1. Define C; = {t;t €
(0,8, [ |ful > 2°}, Di = Ci\ Cipa and B; = {m;0 € (c,d),b(x) € i},
B; = E; \ Eii1. Then |(C, d) \ Uz’eZBz'| = 0 and |(a,ﬂ) \ UiEZDz'l = 0 and we
have

B ) )
/ 9] < Z/ 2 g < Z 2 lx o lly llgx . Iy
@ ez Di i€Z,|D;|>0
< Y 2Mxellvllgxo: v
i€Z,|D;|>0
i+1 Ay
< )2 llgxD: [ly-
i€Z,|D;|>0 HUX(C,SUDEi—l)”X’
. i d
(USII'lg 21 < fc |fXBi—1||u|
< fxsioa llx lluxesup Byl x7)
. 1
< ) A 51 IxBeaIxllgxo:lly

i€Z,|Di|>0
(using Holders inequality and I-condition)

< 44 Z eill fxi_nllx Z eillgxo:lly
i€Z,|D;|>0 1 [|#€Z,|Di|>0 T

< Adida Al f]

xllglly

Then we have

b
IHfly = sup / gHyf < Adyds Ayl fx-
llgllyr<1Ja

O

Now we prove Theorem 3.2.

Proof of Theorem 3.2. Necessity. Let f € X be such that fu > 0 and
[|fllx =1, and let z, y be such that o <z <y < and b(z) > a(y). Then

b(z)
W@ FOdtlly = lloxlly / u(t) f (t)dt.

a(y)

b(.)

Hfly > Oxen () / )

al.

Taking the supremum over all such z, y and f we we obtain

1 H || x=y > [[vX(,y)lly [uX(a),b@)llx-

Sufficiency. Define M := {(z,t);x € IR,a(z) <t < b(z)}. M is a measurable
set. If |[M| = 0 then it is easy to see that ||H||x—y = 0.



Suppose that |M| > 0. We set M, := {x;(z,t) € M,t =y}, y € R, and
P := {y;(z,t) € M,|My| > 0}. Then P = U, P;, where P; are intervals,
|P;| >0, and m < oo.

Let yo € int P;; then we have a set My, and co = a(inf My, ), do = b(sup My, ).

Suppose we have defined y;, ¢;, d; and M,,.

If i > 0 and d; € int P; then we define y;11 = d;, ciy1 = a(inf My, ),
diy1 = b(sup My,,,). If i <0 and ¢; € int P; then we define y;_1 = ¢;, ci—1 =
a(inf My, ), di—1 = b(sup My,_,).

By using this method we can construct, for every P; sequences {y;
{i i s {55 {Myj }iZm:» where —oo <m; <n; < oo.

ng
j=m;?

Jj=m; J=m; =m;’

We can rewrite these all sequences in the following way: {y;}% ,, {c:}r,,
{di}¥_, and {M,,}F_, where k=3 (n; — m; + 1).

Then we have

b(z)

Hf(z) = um,, (z) | v(z u dt + v(z yiu d ae.
f(z) ;X y1()<()/yi (t)f(t)dt + ()/G(z) t)f(t) t)
and
k
/IRng N i:ZI/Myi =
: b(@) Yi
= v(z u(t)dt + v(zx w(t)d 2 | do
ZI/M (l ( )/yi fR)u(t)dt + v(z) a(z)f(t) (t) t] a( ))
. b(a)
= Z [/M (U(Z')/ f(t)x(yi,di)u(t)dt> g(z)dx

a(z

Yi
+ /M (v(w) : f (t)X(Ci,yi)u(t)dt> g(m)dﬂfl
(Using Lemma 4.2 and A, + Ay < Ap)

k k
< ddidy Y Anll fX(ergollxlgxanllys + 4didy Y ArllfX(y,.a0llxl9xaz: v
=1 =1
k
< 8didyAr Y |1 X(eosanlIxllgxasly:
=1
(use Holder’s inequality and I-condition)
< 8Andidi| fllxllglly:-



5 Boundedness of the operator K

In this section we prove Theorem 3.1.

Lemma 5.1 Let b(z) be a nondecreasing right continuous function on (a, )
and let b(a) = ¢, b(B) = d. Let ko(x,y) > 0 be a kernel satisfying (1. 2), and
ko(z,y) > 0 on set of positive measure. Suppose that ko(xz,y) is right continuous
with respect to x for all z € [a, B] and for a.e. y € (c,b(x)).

Let u, f be measurable functions on (c,d), fu >0, and

b(z)
Golz) = / ko, y)u(y) f () dy.

For a fized number 6 > D (where D is a constant from (1. 2)), we define
Ay :={z € (a0, B);Go(z) > (6 + 1)*}, k € Z, and N = sup{k; Ay # 0}. Then
there ezist sequences {zy}, {vr} such that o < ... < zp_1 <z < ... < and
the inequality

b(zy)
G+t < / Fo(@r, y)u(y) f(w)dy

(Tr-1)
b(wk_1)

+D e ko(zr—1,y)u(y) f(y)dy

b(zk)

+Dk0(a:k,b(mk_1))/b( )u(y)f(y)dy

b(zr—2)
+ Do (0, b(5_2)) / u(y) f(v)dy.

holds for all k < N, and Go(z) < (14 8)"-1+! when z € [zg_1, 7).

Proof. By the Lebesgue Dominated Convergence Theorem Go(z) is a non-
decreasing right continuous function for all @ < z < 8 and lim,_,, Go(z) = 0.

Set ay = inf Ay, for k < N.

Fix i € Z such that |A;| > 0. We set 9 = a;, Yo = max{i;a; = 2o}, Tk = G,
where v = max{i;a; = a,,_, 11} for £ > 0 and v, = max{i;a; = a,,,,} for
k <O0.

It is obvious that {y;} is an increasing sequence of integers, therefore v;, <
T —1, G(wk) = G(a%) > (1 + 5)%'

If x € [xg,2k+1), then we have a,, 11 = g1, and therefore £ < @, 41
G(x) < (1 +6)"*!. Next on using (1. 2) we find that

b(zx)
(146 = / ko (e, 9)u(y) £ (4)dy

b(zk_l)

b(zx)
/b ko(zk, v)u(y) f(y)dy + / ko(zk, y)u(y) f(y)dy

(Tr—1) b(zr—2)



b(zx—2)
+/ ko(zr,y)u(y) f(y)dy

b(zk)
< / Koz, y)u(y) f (y)dy
b

(Tr—1)
b(.’tk_l)

+D o ko(zr—1,y)u(y) f(y)dy

b(zr—1)
+Dko(zx, b(zp—1)) / u(y) f(y)dy

b(CE}c_Q)

b(xr—2)
+ Do, b@s—2)) / u() f(4)dy + DGo(zx—»).

As DGo(zx ) < D(148)7-2+1 < D(148)»— < §(148)%~ and (1+5)7 —
8(1 4 8)"~1 = (1+6)7~! the lemma follows. O

Theorem 5.2 Let X and Y be two BFS on (¢,d) and (a,f3), respectively,
(where b(8) = d and b(a) = ¢) satisfying the l-condition and

b(z)
K, (x) = () / Kz, ) f ()u(y)dy,

where k(zx,y) satisfies (1. 2). Then
I Kbllx—y =< Aj + A}

where
Ay = sup [Ix(z,m)0llyIx(en(2) k(2 u()llx
a<z<f3

A= s [hie (ORI lvxcesyli

Proof. Necessity. Let © > a. Then b(z) > ¢. Since k(z,y) is nondecreasing
in  and nonincreasing in y, for every a < x < z < 8 we have

b(z)
Kf(z) > v(2) / ke, 1) f(t)u(t)dt

and
b(z)
Kf(z) > v(z)k(z, b(x)) / u(t) £ (t)dt.
Hence,
b(z)
Ky > s Ov0) / Kz, 1) f(t)u(t)d]ly
> IX@s) v X (es@)) k@, Jul) x| X b)) llx



forall fe X and a < z < 3, and

1K flly

A

b(z)
(e kb)) [ s @)ty
1X(2.8) (DO (RCS B@) Iy X (e bl wll X [1X (e b)) Fl

v

forall fe X and a < z < .

Sufficiency. Let D be the constant from condition (1. 2) and let § > D be
fixed. Without loss of generality we may assume that k(z,y) and b(x) satisfy
the assumptions of Lemma 5.1. Otherwise we replace k(z,y) by k(z,,y) and
b(z) by b(z).

By the principle of duality it is sufficient to show that

B
J= / V)G gt)dt| < A ||fllxllgllyr, forall f € X and g € Y,

a

where G(t) = [*™ |k(t,y) f(y)u(y)|dy. By Lemma 5.1 we obtain

> / o [v(t)G(t)g(t)|dt

k<N
Th41

S a+o [ gl

k<N Tk

(14 6)*[Ji1 + J12 + Jau + Jaa),

J

IA

IA

IA

where

Th41

b(zr)
Jn = ,;v / (Ko, Due f0lde [ lg@uiolat

(Tr—1) Tk

b(zr—1) Tht1
Jio = DZ/b |k(mk_1,t)u(t)f(t)|dt/ lg(t)o(t)|dt,

k<N Y b(@r—2) zk

b(zr—1) Tht1
Jn = Dkszlvk(xk,b(mk_l)) /WH) () (1) dt / gt
b(Tp—2) Tht1
T = DY k(zkb(zks)) / () (6) dt / lg(t)ot)]dt.
k<N ¢ T

Applying the Holder inequality and the I-condition we find
Jui < Z (X (b(ar—1) b B @5 Dl x (IX (b(ay) (e flIx X
k<N

X ||X(Zk,zk+1)g||Y' ||X(zk,zk+1)vl|y)

10



< D bt B @y Jullxr X80 1¥ X b @) b P X i) 91l
k<N
< A IX@ren) b X X @rsznsn 9y
k<N

< Ai Z ek”X(b(z'k—l),b(Ek))f”X Z ek||X(Z‘k,$k+1)g||Yl
k<N =y

< did Ayl flixllglly

14

Analogously, we obtain

Ji2 < dida Agl fllxllglly -

The estimate for Jy; is similar to that for J;; on applying the knowledge
that k(z,y) is nondecreasing in z and proceeding like for Ji;: we find that

Jo1 < dida AD|| £l x lgllv-

For Jys we write

B rbi(z)
Jr = // lu(t) F()|dt D k(@h, b(@h—2))X(on,ansn) (@)]g(2)0(2)|da

k<N

IN

1K I llglly

where K1 f(z) == ¢(z)v(z) [ ju(t) £ ()|dt and by (z) == 3 <y D(@h—2) X (onspsn) (&)
and ¢(z) := 34 < v k(Tk, b(Th—2)) X (24,2541) () By Theorem 3.2 we have that

1K1l x»y <C sup (X280 OllylIX(es:(z))ullx
a<z<f

if g, < 2 < Tpg41 when b1(z) = b(xg,—2) and

o0

POX(8) ) £ D K@k, D(@h-2))X(an0150) (8) < Kt b(Tho—2))-

k=ko

Therefore we have
X280y 1X e 2l X7 < X (@1 —2.8) B (5 D@ Ro—2)) 0l ¥ X (e b(aig o)y il x7 < Af-

Thus Jos < CAY||fllx|lglly’- Then we have that || Kp||x—y < C(A4} + AY). O
Proof of Theorem 3.1. Necessity. Let fu > 0 a.e., z < y and b(z) > a(y)-
Since k(z,y) is nondecreasing in z and nonincreasing in y, for every z < z < y

we have
b(z)

Kf(2) > v(z) / ke, 1) f(t)u(t)dt

a(y)

11



and

Therefore we get

b(z)
/( : k(z, )u®) f)dt| X @y lly < IKflly < IKlx-vfllx
a(y

and
b(x)
/( ) u(t) f()dt[[ X (z,y) k(D) ly <K flly < [[Kllx-v(fllx
a(y

for all f € X such that fu > 0.
Then by duality we have

Ao+ A1 <2[|K||x -y

Sufficiency. We use the same technique as in the proof of Theorem 3.2.
For a(z),b(x) we define {c; Y5, {di}5,, {y:}5, and {M,,}r_, asin that proof.
Then we have

b(z) y

k i
Kf(x) = Y xu, (@)(v(z) / k(z, t)u(t) f(t)dt + v(z) ()k(w,t)u(t)f(t)dt)
i=1 Yi a(x

k k
Z X, (@)K f(z) + Z X, () K7 f (@),

where K} = v() [1*) k(x, tyu(t) f (t)dtxa,, (v) and K? = v() [%,, k(z, yu(t) f(B)dtxa,, (2)-
By the [-condition we obtain

k k
IKflly < Zei”Kil(f)XMyi”Y + Zei”KiZ(f)XMyi”Y
i=1 1 i=1 1
= L+ L.

By Theorem 5.2 we have

K (F)xa, Ny < CA lIx(es a0 fllx

and therefore we obtain

k
I <CA D eillX(enan fllxll < CA || fllx-

i=1

12



To estimate I» we use the condition (1. 2) for z; = inf(M,,;) and a(z) <t <
yi = b(z;), z; < z. Then k(z,t) < D[k(z,y;) + k(z;,t)] and we have
X, (2)K3 f(2) = X, (2)0(2) [y Kz, tyu(t) f(t)dt
< D (eI ) 2 OO
+Dxar,, (@)o(@) [, k(i u(®)f (D)t

Theorem 3.2 yields

Yi

o, (@) (e, ;) / u(t) £ (t)dt

() < A ||fX(Ci,di)||X

Y

and
Yi

XM, v(T) ( )k(xi,t)u(t)f(t)dt

< A ”fX(c“dJ”X
Y

Therefore
||XMyi Kff“Y < 2CA||fX(Cz, i

and by the l-condition we obtain that

k

Zei”fX(Ci, i

i=1

I < 2cA < 2CAIf].

l

Combining the estimates of I; and I we arrive at
K flly < AC||fllx-

Theorem 3.1 is proved.

Remark. When this paper was finished we learned [by oral communications]
that this problem for Hardy operators in Lebesgue spaces was considered by
Heinig and Sinnamon [2].
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