APPROXIMATION NUMBERS OF
HARDY-TYPE OPERATORS ON TREES

DESMOND J. HARRIS AND JAN LANG

ABSTRACT. We present upper and lower estimates and an asymptotic result
for the approximation numbers of the Hardy-type operator on a tree I'. The
results include a compactness criteria for the Hardy-type operator.

INTRODUCTION

It is well known that for a domain 2 in R" with a smooth boundary, the
inverse Dirichlet (or Neumann) Laplacian A~! may be expressed as TT*
where T is the embedding map of W,**(Q) (W2(Q) respectively) in L?(Q).
If the boundary is not smooth, this may serve as the definition. In [3], [4]
and [5] a connection is established, for a wide class of domains, between the
embedding on the domain and a similar embedding on a line-segment or
a tree, so that knowledge of the approximation numbers on the tree gives
information about those on the domain and hence about the spectrum of
the Laplacian. Since a tree is one-dimensional, its embedding map is in
fact a Hardy-type operator. Then any information about approximation
numbers of the Hardy-type operators on trees can give us information about
the spectrum of Dirichlet (or Neumann) Laplacian.

What follows is a short account of our attempt, in collaboration with
W. D. EvVANS, to estimate the approximation numbers of the operator
from LP to itself. This problem has been attacked also by NAIMARK and
SOLOMYAK but only for p = 2 (see [9]).

Let us start with some definitions.

In what follows we mean by a tree a graph whose edges are line segments
and vertices the endpoints of the segments. In addition the vertices are all
of finite degree and there are no loops nor cycles so that each pair of points
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may be joined by a unique polygonal path. There is an obvious metric on
atree I' and T is locally compact. It is compact if it has only a finite number
of edges. It has a natural one-dimensional Lebesgue measure and it is a o-
finite measure space. We may chose a point a of T’ as the root and define
a partial ordering on I" by z >, y if and only if y lies on the path joining a
and z.

We define the Hardy-type operator T, on a tree I' by

7,50 = (o) | " eyl de

where u € Lﬁ;c(l“), v € LP(T'), 1 < p < oo, and [ denotes integration over

the path (a,z). We may assume without loss of generality that u,v > 0.
For a measurable subset K of I' we define the norm

lac = ([ 1)

on LP(K). The L?(T") norm will be denoted by || - || if there is no danger of
confusion. We shall also denote the norm ||T"| LP(T") — LP(T)|| by ||T||.
In the case when T is an interval (a, b) it is well known that

ITall ~ sup_[[uX(a,z)lly [vX(2,0)llp-
a<z<b

But when T is a tree then the situation is more complicated. In [8] the
following estimate for ||T,|| was obtained.

Theorem 1. Let 1 < p < o0, o = inf{||f]lp : f(f [fllu| = 1 for allt €
0K,} and dy = |v(t)|Pdt. Then

ITall ~ sup{u(T'\ Ko)/ou },

where the supremum is taken over all subtrees K, of T which contain a and
whose boundary points t are such that x ¢ K, whenever x >, t.

From this condition for boundedness we can see that the study of the
Hardy operator on trees is more difficult than on intervals. This will lead us
to skip many proofs and show only the main ideas in this presentation.

Let us recall the usual definition of approximation numbers. The n-th
approximation number of a bounded operator T : LP(I') — LP(T") is defined
by

an(T) =inf ||T — P | LP(T) — LP(T)||, n €N,
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where the infimum is taken over all bounded linear maps P : LP(T") — L?(T)
of rank P < n.

Since L? has the approximation property (see [12]) the measure of non-
compactness of T, B(T) = inf{||T — F | L? — LP|| : F is a compact linear
map}, satisfies S(T) = limy—, 00 an(T).

The function A,

A(K,’U,,’U) = Ssup inf ”TG,Kf - Oé’l}“p’K,
Il £]l,<1 «EC

where
xr

T /(&) = @ (@) [ u(®)f @O (0) de,
a
will be our main tool for the study of the Hardy operator. We shall show
some of its properties.
A is monotone in the sense that if X C Y then A(X,u,v) < A(Y,u,v).
Let K be a subtree of ', v € LP(K) and 1 < p < o0, then there is
a wg € (LP(K))* such that

inf [|pv — cvllp,x < [|¢v — wk (P)v|lp,x < 2inf [|pv — cv|lp,x
ceC ceC

for all ¢ in LP(K). To see this for 1 < p < oo take wi (¢) = ([ ¢v)/p(K),
where u(K) = [, vP. For p = 2 we get an identity. (The cases p = 1,00 are
trickier.)

Hence A almost represents the distance of the operator T, from all one
dimensional operators over K.

If K=(a,z) and 1 < p < oo then A((a,z),u,v) is a continuous function
of z. (This is not true when K is a subtree or p = 1, 00.)

If K is a subtree of I" then ||T, k|| is a continuous function of z and
A(K) <infzex || Ty, k|- If T, is compact we can prove more.

Theorem 2. Let T, be compact. Then A(K,u,v) = minger ||T% k||

Sketch of the proof for 1 < p < co.

(i) By the uniform convexity of LP(u) there is for every f in L a unique
constant ¢y for which ||f — ¢f|| = inf. || f — ]|

(i) The uniqueness of ¢y implies its continuous dependence on f.

(iii) Let Ty,; be the restriction of T, to I';; where I';; are the sub-
trees which are the closures of the connected components of I' \ {}. Then
|Tz|| = max; || Ty ill = || Ty,1], say. We call the point z simple if there is
only one ¢ for which the norm is maximal. It is not difficult to show that
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there exists a point a which is not simple. Then ||T}, 1|| = ||Ta 2| = || Tall- If
Z < ||T,|| there exist f1 > 0, fo <0, supported on I'y 1, 'z » and satisfying
|Ts fill, | Tz f2ll > Z. Taking g = Afi + (1 = A)f2 (0 < A < 1) we have
|ITzg|l > Z||g||. Then, by continuity, A can be chosen so that ¢, = 0, since
¢y obviously takes opposite signs for f = fi, fo. Then A(K,u,v) > Z. O

It follows from Theorem 2 that A(K,u,v) is independent of a. Hence
a change of the root of the tree I' has no effect on A(K,u,v). However, it
can change the norm of Tj,.

We define two classes of covering subtrees of I' by means of A. For given
€ > 0 we set

U.(T') = {F : F is a set of non-overlapping closed subtrees X covering I'
such that A(X,u,v) < e},

L.(T') = {G : G is a set of non-overlapping closed subtrees X covering I'
such that #{X : X € T, A(X,u,v) <e} <1}

and we denote

N(e,T,u,v) =min{#F : F € U.(T")},
M(e,T,u,v) = max{#G: G € L.(T")}.

There is always a covering F' € U.(T') such that #F = N(g,T',u,v) and
G € L.(T) such that #G = M (e, T, u,v).

The monotonicity of A yields M (e, T, u,v) < N (e, u,v).

For non-compact Ty, we have 5(T,) ~ inf{e : N(&,T',u,v) < o0}.

If T is an interval and 1 < p < oo then, using the continuity of A, it is
possible to show that M(e,T,u,v) = N(¢,T,u,v). This is not true if T is
a tree but we can get the following estimate.

Lemma 1. M(s,T,u,v) > +N(g,T,u,v).

The proof by induction on N (g,T', u,v) is not difficult but somewhat time-
consuming (see [7]).

Lemma 1 is fundamental for all results on trees and will play an important
role in what follows.

Now we are ready to present estimates for approximation numbers of the
Hardy operator T,.
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Lemma 2. Lete > 0,1 < p< oo, F € U(T) and set N = #F. Then
an+1(T) < 2e. In particular, if p =2 then an41(T,) <e.

Proof. Let {T;}Y, € U.(T) and set Pf = Y~ , Pif where

af +or ([ uxe)],

@

ai

Pif@) = e, (o) [

a

and where a; is the point in I'; nearest to a. Then rank P < N and it is
possible to show that ||(T, —P) f[|h < 2e for 1 < p < oo and ||(T,—P)f[|h =€
for p = 2, whence the lemma. |

Lemma 3. Leta €T. LetT; (i=1,2,...,N) be closed non-empty subtrees
covering T' and such that A(T;,u,v) > € for all i. Then

aN(Ta) > €.

Proof. Consider ¢; such that ||¢;]] = 1 and ||T'¢;|| approximate & from
below. Then for any bounded linear operator P on LPyu with rank < N
there exist A1, A2, ..., An, not all zero and such that P(3", Aij¢;) = 0. The
proof follows on considering ¢ = ). A;¢; and showing that

[ Tag — Pl ming [T:[I7lI41l7
ol — 81l

a(T) >

O

From the preceding three lemmas we obtain the following theorem on
upper and lower estimates for the approximation numbers.

Theorem 3. Leta €T and N = N(¢,T,u,v). Then
ainy3—2(Ta) > € and an+1(To) < cpe (1)

where
{1 forp=2
Cp =
P 2 forp#2.

We can write T instead of T, in (1) because we know from Theorem 2
that A is independent of a and hence also a,, are independent of a.
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LOCAL ASYMPTOTIC RESULTS

We begin with the investigation of asymptotic properties of N, as € — 0.
First we consider the case of a compact subtree:

Lemma 4. Let K be a compact subtree of T and 1 < p < 00. Then
o [ fullol = lim eN(e K0

where a = A((0,1),1,1).

Proof. Since K is a compact tree it has a bounded number of vertices, i.e.
K is a finite union of intervals. The proof can be finished using the argument
of [2, Theorem 5], with A replacing the function L there. O

In the case when I is a non-compact tree we know that there exist compact
subtrees 'y of ', n=1,2,...,such that ', C T and I';, - " as n — co. By
Lemma 4, for 1 < p < oo we have

ap/ |u| |v| = sl—i>r(§1+ eN(e,Th,u,v) < lierg(i)rifeN(s,F,u,v).

This yields
< limi .
ap [ fullo] < liminf eN (e, T, u,0) @)
To prove the converse estimate we shall assume that u € L? (T') and
v e LP(T).

Lemma 5. Let 1< p < oo, u € L? (T') and v € LP(T). Then
El_l)r& eN(e, T u,v) = a,,/r lu] |v].

Proof. Let us consider a sequence of compact subtrees K, such that a € K,,

and K,, /*T. Let {I‘j}j.vz(f’r’"’”) be a covering set of subtrees of T from the

definition of N(g,T',u,v) and set

Su(e) == {Ti:i€{1,2,...,N(T,u,0)},T; CT\ Ky},
Nn(€) == #8n(e)-
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Then

e(N(e,T,u,v) — N(g, Kp,u,v)) < e(#0Kn + Ny(g))

e(#0K,) +eNn(e)

e(#0K,) + Z lluxr;
T;€Sn(e)

< e(#0Ky) + |luxr\k, |l llvxr k, |lp;

<
<

IA

P [loxr; P

the inequalities follows from properties of A and of norms on trees. It follows
that

limsup N, Ty u,0) < [ ful ol + lloxr el lloxe e
e—0+

which yields

limsupeN(e, T, u,v) < ap/ lu| |v].
e—0+ T

The converse inequality was proved in (2). O

From Lemma 5 and Theorem 3 we get the following asymptotic estimates
for the approximation numbers of the Hardy type operator in the case when
w e LY () and v € LP(D).

Theorem 4. Let1 < p < 0o, u € L? (T') and v € LP(T). Then
%/ lu| [v| < liminf na,(T) < limsupna,(T) < 20@/ lu| [v]. (3)
3 T n— 00 00 r

In particular, for p =2 we have
1
lim nan(T) = —/ ful o],
n—oo ™ r

Proof. The inequalities (3) follow from Lemma 5 and Theorem 3.
The case p = 2 is quite technical. At first we can see that from Lemma 5
and Theorem 3 we have

%/ lu| [v] < liminf nap(T) < limsupna,(T) < ap/ lu| |v].
3 Jr n—0o0 n—oo r

Then we can improve the first estimate in (1) for a compact tree I'; it is
possible to show that

an—spm)(T.) > &, (4)
where E(T') is the number of edges in T.
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Consider a sequence of compact subtrees K; as in the proof of Lemma 5.
By Lemma 4 and (4),

lim na,(Ts k,) = ao / |u] |v].
n—o0 K,

Since K; /T, we have a,,(To,k,) < an(Tu,k,,,) and so

lim na,(Ty) > az/ lu| |v].
n—oo T
From [2] we know that as = 1/7. O

THE MAIN RESULT FOR 1 < p < o©

In this section we shall study the relationship between the approximation
numbers oy, and oy;. The numbers o, were introduced in [10] for certain
class of integral operators and they were found to be very useful to study of
the approximation numbers. They were used in [2] and [6]. We shall show
that in some sense o and oy,; are similar to ay.

We set

Zyi={z:z T, 2t'/P < U(z) < 20:+1)P [P}, (5)

where U(z) := [ |u(t )|P'dt (x € T') and k is any integer if u € Lloc( )\L? (T
and 2% < ||U||£/,r if u € L¥ (T); we refer to these values of k as to admissible
values.

We have Z; = U?:’“l Zy,,; where Zy, ; are connected components of Z;. For
every admissible k£ we set

op =25 0(Zks), i€ {1,...,m}, and  op :=2"u(Z).

For all other k we set o5, = 0.
Let T'j C T be a subtree and let b be the nearest point of I'; to a. Suppose
that the set R := {k: |Z, NT}| > 0} has more than one element Take K

from Theorem 1 for T} then we have 1/ax, < min _||ully . < 2M+D/P
2€0K,\{b} Y
where m :=inf{k € Z : |Z; N (T, \ K3)| > 0}, and

/ o 2@y =pO\ K < U (ZrenT)

(k,1)eS

= Y wZunTy < > 27k,

(k,H)es (k,))es

<22k Z akl<21 msup Z O'kl,

kER L:(k,l)€S Bikpes
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where S := {(k,1) : | Zy,; N (T}, \ Kp)| > 0}. It follows from Theorem 1 that

vV ’ ’ 1/p
||Trg||S4supMS4l+l/psup( > o)
K, aK, kER
(l,k)eso

where So := {(k,) : |Zr; NT}| > 0}.
This observation leads us to the following theorem.

Theorem 5. Letu € LIOC(F), v € LP(T) and 1 < p < co. Then

27YPsup max o4 ; < ||T | LP(T) = LP(T)|| < 4 /Psupay,  (6)
k 1<ji<ng k

Proof. The right inequality follows from the previous observation with I'}
replaced by T'. For the left inequality we first note that, by [8, Proposi-
tion 5.1], sup,cr [|uX(a,0)llp 1vX(a,0)ellp < [IT]| where (a,2)° := {y € T :

y >q x}. Then, by the definition of Z;, and Zj ;,
, 1/p
71> sup U@ ([ o)
zel Yol

1/p
> sup sup U(z)'/? (/ |U(y)|pdy)
Yral

k xEZ

1/p
> sup sup 2¢/7 (/ Iv(y)l”dy)
k xE€Z Yo

>sup{2 /”Kggaﬁx 1(Zri1,5) P}

= 9k/p o(=k=1)/p
sup{ 1<§I?T‘LX+1 Tkt }

O

Writing o}, in place of o ; would improve the left inequality in (6). How-
ever, this is possible only for some special trees.

Theorem 6. Let 1 < p < oo, u € LIOC(F), v € LP(T"), and suppose that T

is compact and ), nk_H o < 00. Then there exist positive constants c1, co
such that

¢ / lu| [v] < liminf nap(T') < limsup na,(T) < 02/ lu| |v]. (7
N n—0o0 N

n—o0

In particular, if p = 2 then

1
lim nan(T) = —/ ful [o].
n—o00 T Jr
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m p—
Proof. Let m € N and set K,,, = |J Z, where Z;, are the sets defined

k=—m

in (5). Then K,, is a compact subset of T.

Let {T, }Jﬂi(f T4 he a minimizing set of subtrees of T in the definition
of M(e,T,u,v) and set

—m—1

Sl(s)z{I‘i:i€{1,2,...,M(s,I‘,u,v)}, ric | 7k},

k=—o00

$(e)={Ti:ie {12, . METun)} Tic | Zi,
k=m+41
M,(S) = #SZ(E), 1= 1,2.
Then
e(M(e,T,u,v) — M(g, Kimyu,v)) < &(nem + nm + Mi(e) + Ma(e))
<eMm +n_m) +eMi(e) + eMa(e)

<emm+n_m)+ Z | T || + Z 17T,

F,’ESl(E) F,’ESQ(E)

<elim+nn)+d (4 3 ouifl+ ¥ ounilf)

k<—m k>m

the last inequality follows from properties of a norm on a tree. Then
limsupeM (e, T, u,v) < ap/ u| o] + c’( Z oeny/? + Z aknzipl)
e—0+ Km k<—m k>m
which yields

limsupeM(e,T,u,v) < a,,/ lu| |vl;
e—04+ T

whence the last inequality in (7) follows by the use of Theorem 3. The first
inequality in (7) follows from (1) and (2).
The case p = 2 can be proved similarly as in Theorem 4. O

Next we study the relationship between oy, and ax(T) for a general tree.

Theorem 7. Let g € (1,00). Then

{ak(T) iy < ell{nyBow ez
and "
k 1N = k+19kslig (2)-
{ax(T) g, < ell{np/Bow}l
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Proof. LetT;,i=1,...,M(e,T,u,v), be a minimizing set of subtrees of T
from the definition of M (g, T, u,v), so that A(T';) > . We group the subtrees
into families F;, j € Z, consisting of the maximal number of subtrees I'; such
that T; C Z; or |T; N Z;| > 0 and ||Tr, 2*10l1? r,nz,)/P- Then

1/p'
e#F; < CTy. L 1Ok -

Since A(Fz) S ||TF, — {F }M(E JLouv)

=T we have
JEZ

M(,T,u,v) Z#]—" <ZZI—Z#{J 5_141+1/”n1/pa]2n}

j n=1
1/ ne
< Z #{-7 n]+pl oj 2> 41+1/p}

where my; := 5_141+1/pnk1/,fr10kj. Thus, if {nif{ok} € 19(Z) for some
€ (1,00), then

1 1 1/p'
q/o 9 M (t,T,uv dt<q/ th #{J n;i105 2 41+—1/p}dt
= 4(1+1/p)qq/ Z n~ 9t 4 {k : niﬁ_plldk > s}ds
0

< cll{mifioi e
Since agnr(e,r,u,v)+1 (1) < 2¢ it follows that
#{keN: ap(T) >t} <3M(/2,T,u,v)+ 1.
This yields:

IHar (™) sy = @ / 1Lk € N - ag(T) > 1} dt
4]
<eg / 191 [3M(£/2,T, u, 0) + 1] dt
0

1 U
< el{ni/ o}l + TN
1 !
<cl{mfiot iy
It is not hard to modify this proof for weak-1? spaces and to obtain

{ar(T) Hlg ooy < ell{ngiBon His @)
for g € (1, 00). O
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Theorem 8. Let q € (p,00). Then

[Har(T) Hlzevy < cll{owHlia(z) (8)
and
I{ar(T)}Hlig, vy < cll{ow}lig, z)- 9)

Proof. The proof is similar to that of Theorem 7. We group the subtrees
into families F;, j € Z, consisting of the maximal number of subtrees I';
such that T'; C Z; or |T; N Z;| > 0 and ||TT, ||” < 8(2%||v||? ). Then

p,L'iNZy
Ep#]:j = EP#{i :T; C ZJ}
+eP#{i: Tin Z;1 > 0, | Tr|lP < 8- 2%|vllp 1.z, }

< ePof +efol.

From this estimates we can derive (8) and (9). O
Let us now suppose that the tree I' satisfies the condition
#0Z),; < B < oo for every admissible k£ and . (10)

For such trees we can obtain lower estimates as counterparts to Theorems 7
and 9.

Theorem 9. Let T satisfy (10). Then for any q > O there exists a constant
¢ > 0 such that

{ok.iHlie@zxm) < cl{ar(T)}Hiam).-

Proof. We shall present only a sketch of the rather long and technical proof.
At first we show that for T' compact and € > 0,

#{(k,i)) € ZxN, op; >e} < (B+1)2N(e/c(p),I)+B+1
where ¢(p) is a constant dependent only on p. From this we get
#{(k,i) 10k > 1} <6(B+1)B #{k € N:ap(T) > ¢/c(p)} + 4

for all ¢ > 0, and, as a consequence,

ot 1 g < eall{a() M + el 1 g
for all ¢ > 0. It remains to use the estimates

[{ok,iHlie @ xn) < €lITll = car(T) < ell{ar(T)}Hlra)-
O

Remark. For p =1 and p = co we can get similar results using the corre-
sponding local asymptotic estimates (see [7]).

Acknowledgment. J. Lang wishes to record his thanks to the Grant
Agency of the Czech Republic for support under grant No. 201/98/P017.



APPROXIMATION NUMBERS OF HARDY-TYPE OPERATORS ON TREES 13

REFERENCES

D. E. Edmunds, W. D. Evans and D. J. Harris, Approzimation numbers of certain
Volterra integral operators, J. London Math. Soc. (2) 37 (1988), 471-489.

D. E. Edmunds, W. D. Evans and D. J. Harris, Two-sided estimates of the approz-
imation numbers of certain Volterra integral operators, Studia Math. 124 (1997),
59-80.

W. D. Evans and D. J. Harris, Sobolev embedding for generalized ridged domains,
Proc. London Math. Soc. (3) 54 (1987), 141-175.

W. D. Evans and D. J. Harris, On the approzimation numbers of Sobolev embeddings
for irreqular domains, Quart. J. Math. Oxford (2) 40 (1989), 13—42.

W. D. Evans and D. J. Harris, Fractals, trees and the Neumann Laplacian, Math.
Ann. 296 (1993), 493-527.

W. D. Evans, D. J. Harris and J. Lang, Two-sided estimates of the approzimation
numbers of Hardy-type operators in L™ and L', Studia Math. 130 (1998), 171-192.
W. D. Evans, D. J. Harris and J. Lang, The approzimation numbers of Hardy-type
operators on trees, Preprint.

W. D. Evans, D. J. Harris and L. Pick, Weighted Hardy and Poincaré inequalities
on trees, J. London Math. Soc. (2) 52 (1995), 121-136.

K. Naimark and M. Solomyak, Eigenvalue estimates for the weighted Laplacian on
metric trees, Preprint.

[10] J. Newman and M. Solomyak, Two-sided estimates of singular values for a class of

integral operators on the semi-azis, Integral Equations Operator Theory 30 (1994),
335-349.

[11] B. Opic and A. Kufner, Hardy-type inequalities, Pitman Res. Notes Math. Ser.,

vol. 219, Longman Scientific & Technical, Harlow, 1990.

[12] P. Wojtaszczyk, Banach spaces for analysts, Cambridge Studies in Advanced Math-

ematics 25, Cambridge University Press, Cambridge, 1991.



