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Abstract

Generalizing the one-parameter case, we prove that the orbit of a point on a com-

pact nilmanifold X under a polynomial action of Z¢ by translations on X is uniformly
distributed on the union of several sub-nilmanifolds of X. As a corollary we obtain the

pointwise ergodic theorem for polynomial actions of VA by translations on a nilmanifold.

1. Formulations

1.1. Let G be a nilpotent Lie group, I' be a closed uniform subgroup of G and X be the compact nilmanifold
G/T. G acts on X by left translations: for a € G and z = bI' € X one defines az = abl.

We will say that a mapping g: Z? —s G is polynomial if g can be written in the form g(n) = a’l’l(rf). .abr ™,
where a1, ...,a,; € G and py, ..., py are polynomial mappings Z? — 7. Such a mapping will also be called

a polynomial action of Z? on X by translations, in contrast with a homomorphism Z? — G, which will be
referred to as a linear action. We are going to show the following:

1.2. Theorem A. Let g be a polynomial mapping Z? — G. For any x € X, f € C(X) and Folner
o] ; d : 1 :
sequence {®n}F_; in Z°, A}l_I)I{lx) B neZ{;N f(g(n)z) ezists.

An analogous result for polynomial actions of R?, in a much more general situation, was obtained in [Sh1].
The one-parameter case d = 1 of Theorem A was proved in [L].

1.3. Let ¢p: A — X be a mapping from a countable amenable group A and let Y be a sub-nilmanifold of
X, that is, a closed subset of the form Y = Hy where H is a closed subgroup of G and y € Y. Let B
be a subset of A; we will say that {p(a)}ecp is well distributed in 'Y if o(B) CY and for any f € C(Y)

and any Fglner sequence {®n}%_, in A one has A}gnoo \<I>N1—nB| ae<1>sz f(p(a)) = [y fdpy, where py is the
N

H-invariant probability measure on Y. In particular, this implies ¢(B) =Y.

1.4. In order to prove Theorem A we will show that the closure Y = Orb(z) of the orbit Orb(z) =
{g(n)z},cze of x € X is a disjoint finite union of sub-nilmanifolds of X and that {g(n)z},czq¢ is well
distributed in the connected components of Y. This fact is known for linear actions by translations:

Theorem. Let A be a finitely generated amenable group and let p: A — G be a homomorphism. For any

x € X there exists a closed subgroup E C G such that p(A) C E, ¢(A)x = Ez and {p(a)r}aca is well
distributed in Ex.
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For a simple proof of this theorem see [L]. A more general theorem can be found in [Sh2].

1.5. In the case of polynomial actions the situation is a little bit more complicated; we prove the following;:

Theorem B. Let g:Z% — G be a polynomial mapping and let x € X. There exist a connected closed
subgroup H of G and points x1,2a,...,xx € X such that {g(n)z},cza = U?Zl Hz; and for each j =

L.k, {9(n)T}ng(n)ecHa, 5 well distributed in Hzx;. n particular, if Y = {g(n)z},czq is connected then
{g(n)z} ez is well distributed in'Y .

1. . A more detailed information about the behavior of g(n)z is given by the following theorem:

Theorem B . Let g:7Z% — G be a polynomial mapping and let x € X. There exist a connected closed

subgroup H of G, a homomorphism :7% — onto a finite group and a set {x , € } C X such

that the setsY = Hxz , € , are closed in X and {g(n)z},c 1( ) is well distributed in Y for e ery
€

otice that the sets Y are not assumed to be all distinct.

1. . orollar . For any f € C(X) and any Fplner sequence {®N}_, in Z9,

lim gy & flowe) = 7 T [ fdur

N—oo nedn c

In particular, Theorem A follows.

1. .Let Ay,..., A Dbe finitely generated subgroups of G. Theorem 1. says that, for every , the orbit of any
x € X under the action of A is well distributed in a sub-nilmanifold of X. It now follows from Theorem
that the orbit A;...A z of x under the product A;...A is also well distributed in the union of several
disjoint submanifolds of X.

orollar . For any x € X there exist a connected closed subgroup H of G and points x1,%2,..., x5 € X
such that A; ... Az = U?:l Hzj, and for each j = 1,...,k, {aZ}ocA; A :azcHe; i5 well distributed in Hx;
in the sense clear from the proof .

roo . For each = 1,..., , the finitely generated nilpotent group A possesses a finite basis, that is,
@ 1,...,a € A suchthat every element of A is representable in the form a"] ... a" withny,...,n €7Z.
The mapping Z * — G, (n1,...,m )2 o a"jj is therefore a polynomial mapping onto

Ay...A. yTheorem ,A,;...Azhasform Ule Hzj,and A, ... A z is well distributed in the components
of this union (with respect to any Fglner sequence in Z ! ) m

1. . Theorem also remains true if, instead of the orbit of a point in X, one considers the orbit of a sub-
nilmanifold of X. Let us say that a family { ,},ep, B C Z% of sub-nilmanifolds of X is well distributed in
a sub-nilmanifold Y of X if , CY for all n € B and for any f € C(Y) and any Fglner sequence {®n}3_;
in Z? one has 1\}1_13100 \<I>NI—OB\ neq%v:an fdu = [, fduy. In particular, U,cx » =Y in this case.

orollar . Let g:Z% — G be a polynomial mapping and let  be a connected sub-nilmanifold of X. There
exist a connected closed subgroup H of G and points x1,z2, ...,z € X such that|J,cza9(n) = Ule Hz;,
and for each j =1,....k, {g(n) }nig(n) Ha, is well distributed in Hz;.

roo. Let x € and let a € G be such that {a z} ¢ is well distributed in . (Letting be a closed
subgroup of G such that = =z, take any a €  such that the projection of {a z} ¢ is well distributed in
the ma imal factor-torus of ;see 1.1 below.) onsider the polynomial sequence (n, ) = g(n)a ,n € Z¢,
€ Z. Then U, cza9(n) =1{ (n, )z}, yeza 1 and by Theorem , U, cza9(n) = U§:1 Hz; for suitable
H and z1,...,x.
For j € {1,...,k} let B; = n€ Z%: g(n) C Hx; and C; = B; Z. ow let {®n}ne bea
Fglner sequence in Z% given f € C(Hz;) consider a Fglner sequence n = &y {1,...,pn}, € ,in
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Z? 1. Then, if the integers px tend to infinity fast enough, one has A}gn M);le . fg(n) fdpgny =

e EPNNB;
lim —L— E f( (’I’L, ):L') = fH;cJ. deij' [ |

[ ~O gl
N—oo 7 (TL )E ~NN j

1.1 . It follows from Theorem that if the orbit {g(n)z},cza of a point z € X is dense in X then it is well
distributed in X. In the case where X is connected we have a simple criterion of this situation. Let G be
the identity component of Gj; if X is connected, then X is a homogeneous space of G , X =G /(' G ).
The factor =[G G| X=G ((I‘ G)[G ,G ]) of X is a compact connected abelian Lie group, which
we will call the mazimal factor-torus of X.

Theorem . Let X be connected, let  be the mazimal factor-torus of X, let p: X —  be the factori ation
mapping and let g be a polynomial mapping ¢ — G. The orbit {g(n)x}pcze of * € X is dense X i
{g(n)p(z)}neza is dense in

1.11. Let { ,},cze¢ be a (multiparameter) sequence in a topological space X. A point ,, of this sequence
is called recurrent if for in any neighborhood of ,, theset n€Z?: , € is infinite. If g: Z¢ — G is
a polynomial mapping and z € X, it follows from Theorem that every point of {g(n)z}, czaq is recurrent.
Actually, a stronger fact holds. The set of finite sums of distinct elements of a sequence in Z? is called

an  -set; a subset of Z¢ that has nonempty intersection with any I -set is called an -set. I -sets are
regular and large ; in particular, any I -set is syndetic, that is, has bounded gaps. (See [F], ch. .)
iven a (multiparameter) sequence { ,},cz¢ in a topological space X, following [F] we say that a point ,,,

€ Z is -recurrent if for any neighborhood of ,, theset n€Z%: , € isT

Theorem . Let g:Z% — G be a polynomial mapping and let x € X. The point g( )z is -recurrent
for {g(n)z}neza.

2. roos

2.1. y [a,b] we will denote a 'b lab. If B is a subset of a group G, we will denote by B the subgroup of
G generated by B. iven a group G, by G2 we will denote the derived subgroup [G, G] of G.

When G is a nilpotent Lie group we will denote by G the identity component of G. Any connected
nilpotent Lie group is e ponential and so, for any a € G there e ists a one-parameter group{ } ¢ CG
with (1) = a. We will denote () by a (ignoring the fact that a may not be uniquely defined).

2.2.Let be the free group generated by continuous generators az, - ..,a and discrete generators 1,..., m,

that is, the group of words in the alphabet a,',...,a , '1“1,..., km o Let = 2 ...be
k; EZ

the lower central series of : 1=, ], € . Let € ; we will call the nilpotent Lie group

= / 1 the free nilpotent Lie group of class , with continuous generators ai,...,a and discrete

generators 1,..., m . The discrete subgroup of  generated by the set {a1,...,a, 1,..., m} is uniform

in ; we will denote it by I'( ).

2.3. emma. Let G be a nilpotent Lie group of class and let  be a free nilpotent Lie group of
class  with continuous generators ai,...,a and discrete generators 1,..., m. ny mapping :{ai,...,a,
Loy my — G with ({a1,...,a}) CG estends to a homomorphism — G.

roo. ut (@)=1((a)), €R =1,...,,then e tends to a homomorphism : — G from
the free group  generated by {a{*,...,a , 1,--., m} e - Since ( 1) CG 1 ={1 }, factorstoa
homomorphism — G. g

2.4. Let G be a nilpotent Lie group such that G/G is finitely generated. Then G is generated by a set

of the form a,',...,a , 1,..., m , where a,',...,a generate G and 1,..., , generate G/G . It
follows from Lemma, 2. that G is a factor of the free nilpotent Lie group of the same nilpotency class as G
with continuous generators aq,...,a and discrete generators 1,..., m.

2.5. emma. Let G be a nilpotent group and let H be a subgroup of G such that HGs = G. Then H = G.



roo.LetG=G; G2 ... G G 1 ={1 } be the lower central series of G. y induction on |,
HG = G, and it is only to be checked that G C H. G is generated by elements of the form [b,a] with
aceGandbeG 1. Let € Hbesuchthat Gy =aGy andde H G 1 be such that dG = bG . Then
[d, ]€ Hand [d, | =[b,a]. m

2. . emma. Let be a free nilpotent Lie group and let a self-homomorphism  of  be such that the
induced self-homomorphism of | o is in ertible. Then is also in ertible.

roo.Since ( ) 2= , ()= by Lemma 2. . It follows from Lemma 2. that there e ists a
homomorphism : —»  such that =1Id . Since induces an automorphism of / 2, is also
surjective. ence, = . g

2. . We say that an automorphism of a group G is unipotent if the mapping :G — G defined by

(a) = (a)a 1, a € G, satisfies 1 for € large enough.
2. . ro osition. Let G be a nilpotent group and let 1,...,  be automorphisms of G such that the
automorphisms induced by 1,..., r on G/G2 are unipotent and commute. Then the group extension of G
by 1,..., k s nilpotent. n particular, 1,..., p generate a nilpotent group.

roo . Let  be the group of automorphisms of G generated by 1,..., x. For € let :G — G be
defined by (a) = (a)a ', a € G. Since 1,..., j are unipotent and commuting on G/G>, there e ists

€ suchthat (G)CGyforany € . Forj= ,1,...let Ay  be the subgroup of G generated by G5
and the set | ... (G), 1., 5 € . We then have a -invariant series G = A; A
A1 1 Ay = G such that for any j ,a€ A jand € onehas (a)= awith € A4;; 1.

LetG=Gy Gy ... G G 1 ={1 } be the lower central series of G. Foreach =2,..., and

j let A ; be the subgroup of G generated by G 1 and [A 1 ,A4;n]: =j .ThenA =G
and we get the -invariant series G = A A, ... A 1 A =G 1.

emma. For any , d ,a€A jand € onehas (a)=ba withbe A ; ;.

roo.Leta=[, ]where € Ay and €A ., with =j. Then ()= with € 4; 1, and,

by inductionon , ()=d withd€e A 1, 1. Thus (@)= ([, D=Md, 1= [, 1d ][, ]
with €G q,andso, (a) =bawhereb=1[d, ][, ]ld, ] €4 ;1 m

Let us now consider the long series

G:Al A11 A1 1 A1 :A2 Agl Ag 1 A22 =A
A 1( 1) =A A 1 e A 1 A = {1 }
enote the distinct terms of this series by A1, As,..., Ay sothat G =41 Ay ... A, ={1 }isa
-invariant central series in G such that for any j p,a€ A; and € onehas (a)=ba withbe A4; ;.
Also, define Ay 1 = A4, o=...={1 }. Let = ; 5 ... be the lower central series of
emma. Forany ,j€ , € anda€ Aj onehas (a) = a with € A;
roo . We will use induction on . Assume that the statement is true for some ;let € , € ,a€Aj,
(@) =baand (a) = awithbe A; 1 and € A4; . Then (a)= (b YYaand !(a)= 1( 1)a.
Also, we have (b) bmodA; 1 and () modA; 1. erforming calculations modulo A; 1 we

obtain

[, l(a) ) N (0 I () YOO Y Ya)
1( OB 1)) Y Ya 1( o b, 1)a amodA; .



It follows that (a) =aforall € ,anda€G. ence, ,is trivial and is nilpotent.

ow let G be the e tension of G by , thatis, G = (a, ), a € G, € with (a1, 1)(as2, 2) =
(a2 1(a2), 1 2). We will identify G and  with their images in G; then (a, ) =a, (a) = a ! and
[a, ] =a ! Ya). ivenj€e ,be A, € j,a€c Gand € ,onehas b ! = (b) € 4,
b, ]=b1' Y(b)eAd; 1and[ ,a]l= '(a YJa€ A4; ;. Thus,

[baa]:( 1[b7])( ! l[baa] )([7] 1[,&][,]1)[,]614_7'1]‘1.

enceG=A; 1 Ay o2 ... A, ,={1 }isacentral seriesin G and G is nilpotent. g

2. . We want also to mention the following fact. Assume that :G — G is a group homomorphism and T'
and T are closed subgroups of G and G respectively such that (I') CT'. Then factors to a homomorphism
of homogeneous spaces X = G/T' — X = G/T. Assume that the set {¢(a)},ca of values of a mapping

¢: A — X from an amenable group A is well distributed in X. Then  (¢(a)) ., is well distributed in

Y = (X). Indeed, for any f € C(Y) and any Fglner sequence {®x}3_; in A we have

m gy 2 S0 el@)=lim g % f (W@)=[f du =[fd p)

N—oo GE‘I>N — 00 GE‘I)N

where p  is the G-invariant probability measure on X. () is therefore the (G)-invariant probability
measure on Y, that is, uy.

2.1 . From now on let G be a nilpotent Lie group with identity component G , T be a closed uniform
subgroup of G and X = G/I'. We may and will assume that G/G is finitely generated and that T is
discrete; see [L] for more detail.

The group G possesses a basis, that is, a system a1,...,a € G, 1,..., , € G, such that any element of
G is representable in the form a,*...a ’1“. o Fmowith 4,..., €Randki,...,kn € Z,and T is a subgroup
of finite inde in ay,...,a, 1,..., m . (For the case of a connected G see [ ], for the general case see
[L].) We will refer to ay,...,a asto continuous generators and to 1,..., ., as to discrete generators. The

multiplication in a nilpotent group is polynomial; this implies that any polynomial mapping g: Z¢ — G can

be written in the basis {a1,...,a, 1,..., m} in the form g(n) = a’fl(@..a” () ll(rf).. (™ where pr,...,p
are polynomial mappings Z¢ — R and i,..., ,, are polynomial mappings Z%¢ — 7Z.

2.11. roo o Theorem B . Let g:Z¢ — G be a polynomial mapping and let € X. Our plan is to

represent X as a factor, X — X, of a larger nilmanifold X = G/T and find a homomorphism ¢: Z?% — G
so that the polynomial orbit {g(n)z},cz« would be the projection, g(n)z = (¢(n)z), of the linear orbit
{p(n)z},cze in X. (Let us remark that in the construction that follows G is not a factor-group of G and g
is not a projection of ¢.) This will allow us to derive Theorem  from Theorem 1. .
Let :G — X be the factori ation mapping and let a €  !(z). hoose a basis {a1,...,a } in

G, where some of a;y may be continuous and some may be discrete, and €  such that € T for any

€ ai,...,a . Write g(n)a = afl(rf). .a® ™ wherepy, k=1,..., ,isa polynomial mapping Z¢ — Z if
ay, is a discrete generator and Z¢ — R if ay, is a continuous generator. Any polynomial mapping p: Z¢ — R
is representable in the form p(ni,...,na) = 3>, ( 4 (’j ), ;€{,1,..}, ;ER withall ;€Zif
p(Z?) C Z. This allows us to write

()

gln)a= a, , n=(ni,...,ng) €LY,

where ; € R if ay; is a continuous generator and ; € Z if ay,; is a discrete generator. For each j = 1,...,
define ; = d:1{ ,-++, j }»and let G be the free nilpotent Lie group of same nilpotency class as G, with



generators ; , € j;,j€{l,..., },suchthat ; is continuous if ay; is continuous, and discrete if ay,
is discrete. efine an epimorphism :G — G by

= Wi =050 ) e
Ci) 1 otherwise ; € ;,je{1,..., }

Let I'(G) be the lattice ; ,je{l,..., }, € ; inGandletI'= , €I(G) . ThenT is a discrete
uniform subgroup of G invariant under all automorphisms of I'(G) and (I') CT'. efine X = G/I" and let
:G — X be the factori ation mapping; then factors to a mapping X — X so that =

We will now define automorphisms ,..., 4of G. Foreach =1,...,dlet be the -th basis vector
(,..., ,1, ,..., )in Z% and let
(j ): j ‘j if :(1;...,d)W1th j : c j,jE{]_,__., }
g it =
(The following diagram shows how ! () act; hered =2, ;1 =2, ;o= , — standsfor ! ()
and stands for ! o( ):

iC )T ia )T i@
iCHT anT e
Qi a7 22
PG i)™ @)

y Lemmas 2. and 2. , 1,..., 4 are e tendible to automorphisms of G. One checks that for any j €
{,..., }, e{l,....,d}, =(1,..., ¢gwith =, € Rif ai, is continuous and € Z if ay, is

discrete one has "( ; ) = _ j(’”)m ,

j j (m11) (mi) d n
U500 )= i = gme meoand (C2 )00 ) =y,

= J then

n € Z. It follows that for any (ni,...,n4) € Z% one has

d
() efine

")) = ak: T =g(n)a, n=(ng,...,ng) € L% (2.1)

The automorphisms induced by 1,..., 4 on G/G2 are unipotent and commute. (The automor-
phisms  themselves do not commute: 12 ;( ) = j( ) ja ) j( 1) ja1i), whereas 1 2 ;( ) =

i ) j( 1 j@ ) jau-) Let G bethee tension of G by the discrete group of automorphisms generated

by 1,.-., a; by roposition 2. , G is nilpotent. G isnormalin G,so ( L, ™) ( L, ™) ' € G and by
(2.1),

(™) ™)' =gma, n=m,...ng)en (2.2)

efineI’' =T, 1,..., j ;since preserve 'one hasT' G =T. ence, I is a discrete subgroup in G
and G/T' G/T =X;let :G — X be the factori ation mapping. We get the commutative diagram

GCG

G X
X



Let z= ()€ X and g(n) = d:1 " n=(ni,...,nq4) €Z% Then, since d:1 "™ €T, we have by (2.2):
soe= (") = (O (Cm) o (a) = g, @)
n=(ny,...,ng) € Z%

The polynomial mapping g: Z¢ — G is not a homomorphism since  do not commute. We will now

repeat the procedure described above. Let G be the free nilpotent group of same nilpotency class as G with

generators ; for € ;, j € {1,..., }, and discrete generators and for =1,...,d. efine an
epimorphism :G — G by
(j):j7 Ejaje{la"'a }7
()= and ( )=1, =1,...,d
efine automorphisms , =1,...,d, of G by
(j):j’ Ejaje{l""a }’
if =
()=, ()= g = o =L..d
1,---» 4 commute and the automorphisms induced by 1,..., ¢4 on G/G2 are unipotent. For any one

has "( )= ™mneZ u =( %, ) ,then( L, ") )=( %, ™) and
( n)() =( ”), (nl,...,nd)eZd. (2)

ow let G be the e tension of G by the discrete group generated by 1,..., 4. y roposition 2. , G
is nilpotent. G is normal in G, so ( d:1 ™) ( d:1 ") e @G and by (2. ),

( ") | ™) ! = "), (n1,...,nq) € Z% (2.)

Let ’'=T, 1,..., g CGandI'=T, 1,..., ¢4 CG. Then I and I' are discrete uniform subgroups

of G and G respectively, and X := G/T G/T;let :G — X be the factori ation mapping. We have the
commutative diagram

GCd@d
G X
X
ut z = () and define ¢(n) = d:1 " n=(ni,...,nq) € Z% Then, since d:1 "™ €T, we have by
@) d d d L d
pje=(_ ") = (") (_ ") — (_ ") =g

n=(ny,...,ng) € Z% ombining this with (2. ) we get (p(n)z) = g(n)z, n € 7%

Since 1,..., ¢ commute, p:Z% — G is a group homomorphism. y Theorem 1. , there e ists a
closed subgroup E of G such that ¢(Z?) C E and {¢(n)z},cz4 is well distributed in Ez. Let H be the
identity component of E; since G/G is discrete, H C G. Hz is a connected component of Ez; since Ex is

compact it consists of finitely many translates of Hz and so, the stabili er Stab(Hz) of Hz has finite inde



in E. Let  be the finite group Z% ¢ !(Stab(Hz)),let :Z%—  be the factori ation mapping, for each
€ letn € Z%be arepresentativeof andz =¢(n )z. Then Ex =) . Hz , Hz is closed and
{e(n)x},e 1¢ ) is well distributed in Hz for any €
owlet H= (H) C G. Since H is connected, H C G;let H = (H). Let x = (x ), €
For each € | since Hx is compact, Hx = (Hz )is closed in X. Let b€ (Hz ); since T
is discrete, Hb is a connected component of the closed set ! (H T ), and thus H is closed in G. y 2.,
{g(n)z}ne 1 )= (p(n)z) o 1) is well distributed in Hz forany € . g
2.12. emar . ote that the components Hx of {g(n)z}, ;4 do not have to be distinct though Hz are
all distinct. ere is a simple e ample: let G=R, I'=Z,z= ,d=1,g(n)=2 €R then H= ,z =
and 21 = z2 = 1, so that {g(n)z}nez = ,1 .
2.13. roo o Theorem . In the notation of 2.11, the action of Z% on X by z — ¢(n)z, z € X,
n € Z% is distal. (See, for e ample, [L].) It follows that the point ( )z is I -recurrent for the sequence
{e(n)z},cza- ([F], Theorem .11.) ence, the point g( )z is I -recurrent for the sequence {g(n)z},cz¢ =
(p(n)z) Lcza m

2.14. roo o Theorem . Let X be connected and let g: Z¢ — G be a polynomial mapping. Let z € X
and let, by Theorem , H be a connected closed subgroup of G such that {g(n)z}, ;4 = Ule Hz; for some
T1,...,25 € X.

Let =[G ,G] Xandp:X — be the factori ation mapping. Assume that {g(n)p(z)}neza is dense

in . Then = U?:l Hp(z;), and since is connected, Hp(z;) = for some j. Thus H|G ,G |T' G )=

G , and since T' is countable, H[G ,G ] =G . yLemma2. ,H=G ,so{g(n)z},cza=Hz1 =X. g

Ac no le ment. Ithank . ergelson for useful communications.
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