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Abstract

It is known that the closure Orbg(z) of the orbit Orbg(z) of a point z of a compact
nilmanifold X under a polynomial sequence g of translations of X is a disjoint finite union
of subnilmanifolds of X. Assume that g(0) = 1g and let A be the group generated by

the elements of g; we show in this paper that for almost all points z € X, Orbg(z) are
congruent (that is, are translates of each other), with connected components of Orbg(z)
equal to (some of) the connected components of Orb 4(z).

1. Nilmanifolds, subnilmanifolds, polynomial sequences and orbits

Let X be a compact nilmanifold, that is, a compact homogeneous space of a (not
necessarily connected) nilpotent Lie group G. Then X is isomorphic to (and will be
identified with) G/I"; where I is a closed uniform subgroup of G, with G acting on X by
left translations. We will denote by 7 the factorization mapping G — X, and by 1x the
point w(1g), so that 7(a) = alx, a € G.

We will list, without proofs, some elementary facts about nilmanifolds; for more details
see [M], [L1], [L2] and [L3].

1.1. If X is not connected, it consists of finitely many isomorphic components, which
may be treated independently; throughout the paper we will assume for simplicity that
X is connected. The connectedness of X does not imply that G is connected; let G° be
the identity component of G and let T'° = ' N G°. Then X = G°/T°, so that X is a
homogeneous space of the connected group G°. If X is interpreted this way, the elements
of G\ G° act on X not as translations but as unipotent affine transformations. (Example:

1ZR\ ,(1ZZ
the nilmanifold X = (8 L ]lf) / (8 ! %) is isomorphic to the torus R? /Z2, on which the element

110 1ZR )
(8 ! (f) of the group G = (8 1 Hle) acts as the transformation (z, )— (z , ).
on ersely, if X is a nilmanifold corresponding to a group G and is a nilpotent Lie

group of unipotent affine transformations of X, then the semidirect product G = G 1
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is a nilpotent Lie group that contains both G and , and X is a homogeneous space of G
on which it acts by translations.

1. . If the subgroup I is not discrete, then the connected component I'® of I' is a normal
subgroup of G, and we may pass from G to G/I'° without changing X (see [L1]). Thus,
we may and will assume that I" is a discrete subgroup of G.

1. . After replacing the group G° by its uni ersal co er, we may and will assume that G°
is simply connected. ne may then introduce Malce coordinates on G°, that is, a system

of one parameter subgroups (), € R, =1, , , such that the elements i, 1
generate I' and any element a of G° is uni uely representable in the form a = ,
1, , €R The coordinate mapping (1, , )= aisahomeomorphismR — G,

with (Z ) =T. In coordinates, the multiplication in G° is gi en by a polynomial mapping
R R —R.

Let us say that a mapping :R 7Z — G° p m if it is polynomial in
coordinates, that is,if ! :R Z — R is a polynomial mapping. ince the change
of Malce coordinates mapping is an in ertible bi polynomial transformation of R , this
definition does not depend on the choice of Malce coordinates on G°.

1. . b m of X is a closed subset of X of the form = x, where is a
closed subgroup of G and z € X. ince m(G°) = X, after replacing by NG° one may
assume that G°. A subnilmanifold is a nilmanifold, since / (aTa )N

where a is any element of G with 7(a) = =.

1. . i en a closed subgroup of G° and a point x € X, the set z may not be closed
and so, may not be a subnilmanifold of X; =z is closed i (al'a )N  is a uniform
subgroup of , where a is any element of 7 1(z). In particular, 1x = n( ) is closed i

AT is uniform in ; we will say that isr ¢ in this case. There are only countably
many rational closed subgroups in G.
We say that an element a of Gis r ¢ ifa €T forsome € . A closed subgroup
of G is rational i rational elements are dense in  ([L3]).
We say that a point x = w(a) € X is r ¢ if z = m(a) where a is rational in G.

A subnilmanifold of X is rational if it contains at least one rational point of X, and in
this case rational points are dense in . X has countably many rational subnilmanifolds.

or any point x € X there are only countably many distinct subnilmanifolds in X that
contain z. ( ee [L3].)

1. .Let beaclosed connected subgroup of G° andlet :R ——  be Malce coordinates
on . Thenthe mapping ! :R — R is polynomial, and thus in coordinates is the
image of a polynomial mapping. Let us say that a subset of G° p m if ()
is an algebraic subset of R , that is, is defined by one or se eral polynomial e uations;
this definition does not depend on the choice of Malce coordinates on G°. Any closed
connected subgroup of G° is a polynomial subset of G°; indeed, Malce coordinates
on G° can be constructed so that they extend Malce coordinates on , and in these
coordinates () is e en a linear (coordinate) subspace of R . ince a translation by
an element a € G° is an in eretible bi polynomial transformation of R , the set a is
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polynomial in G° as well.

Let us say that a set Xisp m in X if =m( ) where is a polynomial
subset in G°.  ote that a polynomial subset of X does not ha e to be closed in X. (It
may e en be dense in X, as a line with an irrational slope in the 2 dimensional torus

= (R/2)*.)

Let us say that a subset of R , G° or X is tb p m  if it is a countable (or
finite) union of polynomial subsets. ote that any proper countably polynomial subset is
of zero (Lebesgue) measure and of first category in the corresponding space.

1. . Let be a closed (possibly, discrete) subgroup of G. or x € X, we will denote
by r1ba(x) the orbit of x under the action of , rtba(z) = =z, and by rba(z) the
closure of rba(z). y abuse of language, we will also refer to rtba(z) ast e rbtof x
under the action of . It is shown in [L1] that for any # € X, rba(z) is a (connected or
disconnected) subnilmanifold of X. ( ee also [Le] and [ h].) or any z € X, the action
of on tby(z) is minimal, that is, tba( )= tba(z) for any € tby(z). It follows
that X = x tba(z) is a partition of X. In particular, if 1bs(z) = X for a point
r € X,then rtby( )= X forall € X.

The orbits of distinct points may not be translates of each other, and may e en ha e
di erent dimensions, as the following examples demonstrate:

1. . amples.
1 1

(1) Let G = (01 ), x1 €Z, ro,x €R and ' = (01 ), r1,T9,T € 7Z ; then
00 1 00 1

X = G/T is identified with the 2 dimensional torus 2 = (R/Z)? with coordinates o,z €

110 . .
. Leta= (8(1)(1)) € G, then the action of a on X is gi en by a(z2,z ) = (22,2 x2)modl,

(zo,z ) € X. (E ui alently, without e en mentioning nilpotent groups, X = 2 and a is
the unipotent transformation of X defined by this formula.) Let = a 7. Then for
= (x9,x )€ X, rtba(z)= (22, ), € if 21 is irrational, and is the finite set

(x2, 1), € if 7 is rational.

r1,x0,x €7 ; X =

1 1
(2) owlet G = (01 ), r1,2x2,x €R and I' = (0 ),
00 1 oo 1/
G/T is then the 3 dimensional e e ber m Let a = (8 ! (1)) € G where is an
1 a a
irrational number; then the action of @ on X is gi en by ax = (0 1 )modI‘,
1 1
x=(01 )EX. Let = a Zandx:(01 )EX. If and =z, arerationally
00 1 00 1
1
independent, that is, if zo € é , the orbit of r = (0 1 ) is the 2 dimensional
00 1
R 1 R
torus rba(z) = (0 1 ), , € . therwise rby(z)isa 1 dimensional torus or the
001

union of se eral 1 dimensional tori; for example, if 5 = 0 or 9 = %, then rba(z) =
1
(0 1 ), S
00 1
1. . Let us say that two subsets 1, sof X re retif =a 1forsomeaec G°. In
the examples 1. we obser e that (i) almost all points of X ha e congruent orbits (which
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we will call generic below); (ii) any non generic orbit is a proper subnilmanifold of
the generic one; and (iii) the points ha ing a non generic orbit are all contained in
a countable union of proper subnilmanifolds of X. We will show that (i) and (ii) always
hold; (iii) may fail (see example 2. below), and must be replaced by a wea er statement:

1.1 . eorem. et be e br p G eree 1 e b m

A X t t

(a) r xe€Xte rbt rby(x) rett me bet A

(b) t eree t  pr per tb p m b et X t t r xzT€E te
rbt rby(z) rett a

This theorem will be pro en in ection 2. We will refer to the standard orbit 4 in the
formulation of the theorem ast e e er rbt r

1.11. A (multiparameter) p m e e ein G is a se uence of the form ( ) =

a; a , € Z,where a;, ,a € Gand ;, , are polynomialsZ — Z. In
the terminology introduced abo e, a polynomial se uence is ust a polynomial mapping
Z — G. orz € X we will denote by 1by(z) the orbit of z under the action of

thy(z)= (Z)x= ( )z, €Z ,andby t1b,(z) the closure of rby(z); by abuse of
language, we will also refer to rby(z) as t e rb ¢ of z under the action of . It is shown
in [L2] that rby(z) is of the form ., T ,where isa connected closed subgroup of
G and 1, ,x € X, and thus is either a connected subnilmanifold of X or the union of
a finite collection of pairwise dis oint connected subnilmanifolds of same dimension. Let
us call such a union b m ; in particular, any (connected or disconnected)
subnilmanifold of X is a subnilmanifold.

Let us say that a subnilmanifold is r ¢ if all its connected components are
rational subnilmanifolds. It is shown in [L3] that for any rational point z of X, rbgy(x)
is a rational subnilmanifold.

1.1 . The orbits under the action of a polynomial se uence do not ha e to partition X; in
the following example, due to rantzi ina is and ra, the generic orbit is the whole space
X, whereas nongeneric orbits are proper subnilmanifolds of X.

ample. Let X be the 3 dimensional torus and let ¢ and be the transformations of
X defined by ax = (z1  ,z9 2z1 ,z )and z = (1,22, T ), ¢ = (x1,22,¢ ) € X.
(As mentioned in 1.1 abo e, since a and are commuting unipotent transformations
of X they can be iewed as elements of a nilpotent Lie group for which X is a ho

mogeneous space.) efine () = a , € Z. Then, for z = (z1,x2,x ), one has
()= (21 ,Ty 2 1 2w 2 ). If z; is irrational, tby(z) = X. If 7 is

rational, rby(z) is a proper subtorus or a union of se eral 2 dimensional subtori of X.
or example, if 71 =0, rtby(z)= (, , ), , €

1.1 . We will show that, li e in the case of a linear action, under the action of a polynomial
se uence almost all points of X ha e congruent orbits:



eorem. et be p m
1. ere e t e b m g X t t
b

(a) r zeXte rbt rby(x) rett me bet g
(b) t eree t  pr per tb p m b et X t t r wzT€e te
rbt 1b,(7) rett
IL. met t (0)=1g, et bete br p G eerte b teeemet
et obete eer rbt r e g t e r eer mp et A
p rt T, A ete, 4= 24

art I of this theorem will be pro ed in ection 2, art II will be pro ed in ection
In ection 3 we study the property of normality of generic orbits. In ection we
in estigate the orbit of a subnilmanifold of X.

e eneric orbits

.1. Theorem 1.10 and (the first part of) Theorem 1.13 are corollaries of the following
simple general fact:

eorem. et be et et :R — G be m pp met t r
e e e p m t repett R, re ER te e =
o (, ) rt b m X e teree t b m
X pr per tb p m b et R t t

(a) r €eR
(b) = r €

roof. Let be the minimal subnilmanifold of X such that forall eR .
Assume that is arational subnilmanifold of X such that ; then there exists ¢ €
R such that . Let 1, , beconnected components of andlet 1, , be
connected closed subgroups of G® such that ==n( ), =1, , . Thereexists o€
such that (o, o) € ., - Each is a polynomial subset of G°, and the mapping

— (o), € R, ispolynomial, thus the set = €R : (, o€ 1 is a
proper polynomial subset of R . or any € wehae (, ¢)€ andso, = . We
now put = , where runs o er the set of rational subnilmanifolds of X (which

is countable by 1. ). g

. . We will now deduce a generalization of Theorem 1.10:

eorem. et be e te b m X, et be e te mp et
T () be e br p G eree t e b m A
X t t
(a) r x € e "tba(r) a a4 eeerac ,7m(a)==x
(b) t eree t pr per tb p m b et t t r r€e \
e tha(z)=a 4 eececerac ,m(a)==z
We call the subnilmanifold 4te eer rbt r ;in the case =X, 4is

ust t e e er rbt r and will be denoted by 4.



roof. We may assume that dim 1, 1x and is a connected closed subgroup
of G°. Let :R — be a (Malce ) coordinate system on .  efine a mapping

'R — Gby (,)= ()?' (). Then is a polynomial mapping, and for
each €R and a= () the set

=7n( (, ))=m(a’ a)=a '’ alx= 1b 4 (Ix)

is a rational subnilmanifold of X. y Theorem 2.1, there exist a subnilmanifold 4
X and a proper countably polynomial subset R such that aforall € R and
= sforall e R\ . inceall aresubnilmanifolds, 4 is also a subnilmanifold.
inally, for any z € ,z=m(a) witha= ()€ ,wehae

tha(e) = z= alx=a(e ! alx)=a( () ' ()ix=ar( (, ))=a ,
so tba(z) a a,and tba(z)=a swheneerze =n(()). m

. . We generalize Theorem 1.13.1 in a similar manner:

eorem. et be e te b m X, et be e te mp et
T 1) et :Z — G be p m e e e G ere e e
b m g X t t
(a) r x € e "thy(z) a , eeerace ,m(a)==z
(b) t eree t pr per tb p m b et t t r r€ \
e “thy(z)=a , eeera€e ,m(a)==z
We call the subnilmanifold ,¢te eer bt r ;in the case =X,
is ustt e e er rbt r and will be denoted by .
roof. We may assume that (0) = 1g, dim 1, 1x and  is a connected closed
subgroup of G°. Let :R — bea (Malce ) coordinate systemon . efine a mapping
R Z —Gby (, )= () ' () (), then isa polynomial mapping. or € R
let =n( (,Z)). uttinga= (), we get

=T (,Z) ZWGI(Z)G :U/l(Z)alX:—rbg (1X)a

where  is the polynomial mapping ( )=a ! ( )a, € Z. ence, is a rational
subnilmanifold of X. y Theorem 2.1, there exist a subnilmanifold , X and
a proper countably polynomial subset R such that g forall € R and

= gforall eR \ . oranyze ,z=m(a)witha= ()€ ,wehae

thy(z) = (Z)r= (Z)alx =aa ! (Z)alx =a () ' (Z) ()1x
—an( (2) —a

so thy(x) a g and tbhy(z)=a ,wheneerze =mw(()). m

. . The following example shows that the set of points ha ing non generic orbits may not
be a union of subnilmanifolds of X.



1 1
ample. Let G = 01 r €eR , T = 01 xr €7
: 0 0 1 ’ ’ 0 0 1 ’
00 0 1 00 0 1
1a00
and X = G/T. Let = (390 , where is an irrational number, and = Z-
0001
1 1 a « a
_ 01 1 — 01 0 0
ora= . ., ; € G one finds that a a= 045 0 , €Z4. o,
00 0 1 0 01 1
the generic orbit for  is the 3 dimensional torus 4 = 0599 ; when the numbers
0001
, Ta , Ty are rationally dependent, the point 7(a) has a nongeneric orbit, which is a

0 r €R G, then

1 or a 2 dimensional subtorus of 4. Let = 1 ,

o oo
o O

0 1
e ery x € m( ) has a 2 dimensional nongeneric orbit.  is a connected polynomial subset
of G with w( ) dense in X.

e normality of eneric orbits

If is a polynomial se uence in G with generic orbit 4 on X and z is a point of
X ha ing generic orbit under the action of , then rby(z) =a , r a € G° with
m(a) = z. This gi es us some additional information about generic orbits.

.1. Let us say that a subnilmanifold of Xis rm if = o« wherex € X and is
a normal subgroup of G°.

. . The importance of the notion of normality is manifested by the following fact:

roposition. et be e te b m X, = zx erexeX
e te e br p G° e re e et
(i) rm
(ii) t e et re e X r €eX
(iii)te b m a ,aeG% prtt X
roof. If is normal then is normal in G° soa = a and thus,a = ax for all

a € G°. The sets a , a € G°, are closed and the sets ax, a € G°, partition X, so we
ha e (ii) and (iii).

Assume that the sets are all closed. This means that the sets 7( a), a € G°,
are closed, and so, the sets m(a ! a), a € G°, are closed. Thus, foranya € X,a ! a

is a rational subgroup of G°; since there are only countably many of such and a ' a
continuously depends ona,a ! a= for all a € G°.

Let now the sets a , a € G°, partition X. We may assume that £ = 1x, so that

=n( )and 1x € . Then for any € I, contains 1x, thus = . Let

€ I'°; then I'° = T° and, since is connected, = for some € T1°. o,

L= 1 and since 1'is a subgroup of G°, L' = . It remains to

apply the following lemma:



emma. br p G° m e b I'°te rm G°

etc of t e proof. G° is an exponential group, which means that for any a € G° there
exists a one parametric ow — a, € R passing through a. Let a € G° be such that
a € I for some nonzero o € R. The condition @ normalizes is polynomial with
respect to , so, since @  normalizes for all € Z, a normalizes forall € R. G°is
generated by elements a € G° with a € I' for some nonzero o € R, thus G° normalizes

- n
. If is a normal subnilmanifold of X, the ¢t r m X/ is defined. Indeed,
assume that 1x € and let be the closed normal subgroup of G° such that =x( ).
Then m 1( ) = T°is a closed uniform subgroup of G°; define = G°/( TI°). isa

nilmanifold, and the fibers of the natural mapping X —  are translates of

. . We will now show:

eorem. et be br p G abete eer rht r e e te
mp et A TE ™M b m X

roof. Let  be the set, introduced in Theorem 2.2, of points whose orbits under the

o 1 _ o

action of  are nongeneric on X. Let x € ; we may assume that x = 1x. Then, by

Theorem 2.2, for any € I'°, tba(lx) = rtba(n( ))= 4. 0, a= 4 forall

€ I'°. Let  be the closed subgroup of G° such that 4 = w( ) and let © be the

identity component of . Let € I'°, then = 1T1I° and 0= for some

€ and €TI° o ©° l= o ! and since  ° ! is a subgroup of G°,
ence, © is normalized by I'°; by Lemma 3.3, © is normal in G°. g

imilarly, we ha e

eorem. g teee rht r p m e e e Gte te e te
mp et g TE M b m X

roof. Let  be the set, introduced in Theorem 2.3, of points whose orbits under the
action of are nongeneric on X. Let z € ; we may assume that z = 1x. Then, by
Theorem 2.3, for any €1TI°, 1by(lx)= rtby(n( ))= 4 o, 4= gforal eTI°.
Let  be the connected closed subgroup of G° such that 4 = , o .Let €TI° then
= for some € G°and €TI° o = 1 and since lis a
subgroup of G°, 1= . ence, isnormalized by I'°; by Lemma 3.3, is normal
in GO. [

. . Let us informally describe the picture we ha e got. Let  be a subgroup of G. If
" tba(r) = X for some point & € X then r1ba( ) = X for all € X. therwise, the
generic orbit 4 for is a proper subnilmanifold of X. Let  be a connected component
of 4, then is normal in X and thus the factor nilmanifold = X/ is defined; the
fibers of the pro ection mapping :X —  are translates of . acts on in a finite
way; after passing to a subgroup of finite index in  we may assume that the action of
on istri ial, and acts only on the fibers of . or almost e ery € the action of
on !( ) is minimal, that is, the subnilmanifold () is the orbit of all its points. If a



fiber = !( ) is not the orbit of its points then the generic orbit 4 of points of is
a proper subnilmanifold of , is partitioned by translates of its connected component,
etc.

or the action on X of a polynomial se uence the picture is similar. A di erence is
that orbits of distinct points do not partition X; they may contain one another, or ha e

a nontri ial intersection. That is, assuming (0) = 1g, e en if a translate =a 4 of the
generic orbit , for is the orbit of some its point, = rby(z), it does not ha e to be
true for all other points of ; howe er, in this case = 1by( ) for almost all €

elation bet een linear and polynomial eneric orbits

Let :Z — @G be a polynomial se uence in G with (0) = 1g and let  be the

subgroup of G' generated by the elements of . Let , X be the generic orbit for and

A X be the generic orbit for . We will in estigate the relation between , and 4.
learly, | A-

.1. Let us first assume that , is connected. Let x € X be a point of X that has generic
orbit under the action of ;let x = 7w(a), a € G° so that tby(z)=a 4, orany €a ,
by Theorem 2.3(a) and Theorem 3. weha e 1by( ) a 4,850 () €a gforall €Z.
It follows that preser es rbgy(z) and hence, 1ba(z) rby(z). ince this is true for
almost all points of X, we ha e 4 g-

. . We obtain the following result:

roposition. et :Z — G be p m e e e G t (0)=1g, et bete
br p G eerte b teecemet , et g Xbete eer r1bt T
4 Xbete eer 1rbt r g ete,te 4= 4

. . The case where  is not connected can be reduced to the pre ious one. It is pro en
in [L2] that, gi en a point 2 € X, there exists a subgroup of finite index in Z such that,
for the restriction ~ of on the orbit 1b, () is connected. It follows that for some
subgroup Z of finite index the generic orbit , for is connected. (Indeed, since
Z has only countably many subgroups, there exists a subgroup of finite index for which
the set of x with connected orbits under the action of  has positi e measure.) , is
then a connected component of .

Let be the group generated by the elements of ; by roposition .2, the generic
orbit for is 4 . It is easy to see that has finite index in , thus 4 coincides
with one of the connected components of . ence, the connected components of
ha e the same dimension as components of 4, and so, coincide with them. This pro es
Theorem 1.13.11:

eorem. et :Z — G be p m e e e G t (0)=1g, et be
te br p G eerte b teeemet , et g4 Xbete eer bt T
a4 Xbete eer rbt r e g4 e te mp et



emar .If is a connected subnilmanifold of X, the generic orbit  , for on
may not be a union of connected components of the generic orbit 4 for on . This
can already be seen on the tri ial example where is a single point.

orollary. e ete mp et g TE ret

. . An open question. I cannot answer the following uestion: are the connected
components of any nongeneric orbit for also congruent to each other

.Let = [G°,Go]\X; we willcall tem m trtr ofX.

Let be a polynomial se uence in G. It is pro en in [L2] that if rby( )= for a
point € then rby(x)= X for any z € X.
or linear actions on X a stronger statement holds. ow let = [q, G]\X . is

a factor torus of , and dealing with  is easier than with  since G acts on the torus

by con entional, abelian shifts, whereas on it may act by s ew shifts , that is, by
unipotent affine transformations (see Example 1. 1 abo e). Let  be a subgroup of Gj
then, assuming that G is generated by G° and , one has rby(z) = X for all z € X
whene er tbs( )= forsome € . Example 1.12 shows that an analogous statement
does not hold for a polynomial action; we, howe er, get the following;:

orollary. et be p m e e e G met tG e erte b
G° eeme t et  =[G,G\X, met t tby( )= r me €
e te eer rbt r e t X

roof. We may assume that (0) = 1g. Let  be the group generated by the elements of
. Then rba( )= , so the generic orbit for is X, and by roposition .2, X is the
generic orbit for . g

rbits of a subnilmanifold

Let be a connected subnilmanifold of X; we will assume for simplicity that 1x
and so, =m( ) where is a connected closed subgroup of G°. or a subgroup of G
or a polynomial se uence :Z — G we may now in estigate (the closures of) the orbits
“tba( )= and rtby( )= (Z) of under the action of and respecti ely. It
is shown in [L3] that tba( ) is a subnilmanifold and rb,( ) is a subnilmanifold of
X; in this section we will study a relation between these orbits of and the generic orbits
for and on

.1. We first extend the notion of normality of a subnilmanifold introduced in 3.1. Let

be a subnilmanifold of X, = 1z where x € X and is a closed subgroup of G°. Let
us say that is rm t repett if  normalizes
roposition. et be e br p G° et € te b m
= X rm t repett ,te
(i)t e et , € , re e
(i)t e et = b m X t dim =dim dim —dim( N ),
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te e a ,ac ,prtt

(iii)t e b m a N ,a€ re ret prtt
roof. We may assume that £ = 1x and so, =a( ). ince normalizes , the set
= is a closed subgroup of G°. ' is uniform in  and ' is uniform in
thus 'N () is uniform in . Thus, =x( )= is a subnilmanifold of X.
is a normal subgroup of , thus  is a normal subnilmanifold of . ence,
the sets , € , are e ual to the sets a , a € , are closed and partition
N is a normal subgroup of , thus N is a normal subnilmanifold of , so
thesetsa N =a Na =a( N ) partition . The factor nilmanifold / s
isomorphic to the factor nilmanifold /( N ), sodim =dim dim( /( n ))=

dim dim —dim( N ). g
. . Let us denote the subnilmanifold = , appearing in roposition .2, by

. . We now ha e:

eorem. et be br p G e e te mp et te eer rbt
A re Tm t repett

. . We need an extension of Lemma 3.3:

emma. et be br p G°, et be rm br p me
t t ™m e e m e

The proof of this lemma is similar to the proof of Lemma 3.3.

roof of eorem . .Let =I1N | thisis a uniform subgroup of . Let be
the set, introduced in Theorem 2.2, of points of = whose orbits under the action of are
nongeneric on . Let z € \ ; we may assume that z = 1x. Then, by Theorem 2.2, for

any € , tba(lx)= rtba(n()) = A. O, A= aforall € .Let be
the closed subgroup of G° such that 4 = m( ) and let ©° be the identity component
of . or € wehae = 1T°, and = ©° forsome € and €T° o

o 1= o ! and since ° lisasubgroupof G°, ©°© = ©°  ence, °
is normalized by ; by Lemma ., ©is normalized by . g

. . As a corollary, we get

eorem. et be br p G be ete mp et te eer 7rbt

A e ete mp et te rbt thy( ) erte t

re tr te
roof. If 4 = is connected, it is normal with respect to , thus is defined
and is a closed subnilmanifold of X. or e ery point z € |, x = w(a) with a € |
we ha e thba(z) a , thus  rtba( ) . or almost e ery point z € |
z =m(a) witha € , wehae rby(z)=a , thus "~ rba(z) is dense in , and
so, tba( )=

If 4 isnot connected and is its connected component, we can find in  a subgroup
of finite index such that = . Thus, b ( )= . ow, = L for

11



some 1, , € ,andthus tbs( )= 1 - m

imilarly, we ha e

eorem. et be p m e e e @ e ete mp et te eer
rbt 4 re rm t repett

roof. Let :Z — G; after passing to a subgroup of finite index in Z we may assume
that 4 is connected. ext, we may assume that (0) = 1g. Let  be the set, introduced
in Theorem 2.3, of points whose orbits under the action of are nongeneric on X. Let

x € ; we may assume that x = 1x. Let = TN , this is a uniform subgroup of
y Theorem 2.3, for any € , t1b,(lx)= 1by(nr( )) = g O, g= g forall
€ . Let be the connected closed subgroup of G° such that ,=m( ). Let €
then = for some €TI° o = 1 and since 1is a subgroup of

G°, 1= . ‘ence, isnormalizedby ;by Lemma ., isnormalizedby . g

. . And as a corollary we obtain

eorem. et be p m e e e G er e te mp et te
rbt rbg( ) erte t tr te , ere e te
mp et teee bt

roof. Again, by passing to a subgroup of finite index in Z the problem is reduced to

the case g = is connected. is normal with respect to , thus is a closed
subnilmanifold of X. or e ery point z € , z = 7(a) witha € |, we hae rby(z)

a , thus by ( ) . or almost e ery point z € |, x =m(a) witha € | we
ha e tby(r) =a |, thus " tby(z) is dense in ;and so, thy( )= . m

Ac no led ment. I than the anonymous referee for comments and suggestions.
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