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Abstract

We introduce the notions of a rational point, a rational sub-nilmanifold and a rational
homomorphism of compact nilmanifolds and describe elementary properties thereof. We
also show that the closure of the orbit of a point of a nilmanifold X under a polynomial

action of the group VA by translations is, up to a shift, a union of rational sub-nilmanifolds
of X.

0. Introduction

A nilmanifold is a compact homogeneous space of a nilpotent Lie group. Thanks
to recent developments of Host and Kra ([HK1], [HK2]) and Ziegler ([Z]), nilmanifolds
started to play a crucial role in the ergodic combinatorial number theory. Studying orbits
of points of a nilmanifold under the action of a polynomial sequence of translations becomes
an extremely important task. It is known that the closure of such an orbit is the union
of several subnilmanifolds (see [L1] and [L2]). This paper is devoted to the property of
rationality of these subnilmanifolds.

A point z of a standard torus X = RF/ZF is rational if nz = 0 for some n € N, or,
equivalently, if all coordinates of z are rational numbers. An (affine) subtorus Y of X is
rational if it contains at least one rational point of X; in this case rational points of X are
dense in Y, and in coordinates on X, Y is described by a system of linear equations with
rational coefficients. More general, an (affine) homomorphism ¢:Y — X of two tori is
rational if 1 (Y) contains a rational point of X; in this case, in coordinates on X and Y,
1 is given by linear equations with rational coefficients. We transfer this simple theory
to the case where X is a nilmanifold. We do this in the first two sections of the paper;
the facts gathered there are quite elementary and we often skip their proofs. Finally, in
the third section we show that all components of the closure of the orbit of any rational
point of a nilmanifold X under a polynomial action of Z? by translations on X are rational
subnilmanifolds of X.
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1. Rational elements and subgroups of a nilpotent Lie group

1.1. Let G be a nilpotent Lie group with a discrete uniform (that is, cocompact) subgroup
I". We will denote by G° the identity component of G and assume that the group G/G° is
finitely generated.

1.2. We will say that an element a € G is rational (with respect to I') if a™ € I" for some
n € N. We will denote the set of rational elements of G by Q(G).

1.3. Lemma. Q(G) is a subgroup of G.

Proof. Let a,b € Q(G) let H be the group generated by a and b, H = (a,b), and let
L =T'N H; we have to show that H" = {cn, c € H} C L for a certain n € N. Let
H=H,>H;D...DH, D H,y1 = 1¢g be the lower central series of H. H/H,L is finite,
so there is m € N such that H™ = {c™, c € H} C HyL. Assume by induction on i that

H™ C H; 1L, then H™ C H;,1(L N H;), and we have

i+1

m CH™ H|Hiys C [HoL, Hip1(L 0 Hy) Hiys C HigsL.

i(i+1)/2

Now assume by induction that H™ C I-Ii+1L for some %; then

(i+1)(i+2)/2 i+1

H™ _( z(z+1)/2)m _( z+1L) g Hml Lm Hi+2 g Hi+2L.

(+1)/2

SO, H™ g L. [

1. . G° is an exponential group (that is, the exponential mapping — G from the Lie
algebra  of G is sur ective), thus for any a € G° there exists a one parameter subgroup
{ ()} with (1) =a. We will write a for (), € R (ignoring the fact that, in the
case G° is not simply connected, the subgroup { ()}  corresponding to a may not be
unique). learly,

Lemma. fae€QG°)t ena € Q(G°) forall €Q.

1. . Let GG be the universal covering of G°, :G — G° be the pro ection mapping and I' =
L(T"). The connected simply connected nilpotent Lie group G posesses a al e basis
compatible with I': a minimal finite set {a1,...,ax, } C I such that {a1, ..., ax, } generates

' {at, .0 '}, . generates G and for each i € {1,..., 1} the group ; generated
by {a;, ..., a. '}, . isclosed and normal in G. Any a € G is uniquely representable
in the form a = a,"..a, ' with 1,..., x, € R (See [M].) Let a; = (a;),i=1,..., 1.

Any a € G is then representable in the form a = a...a, ' with (1,..., &,) € RF. Such a
representation may not be unique, but distinct representations of any element of G° form
a discrete set in R¥*. ne has a € ' if and only if 1,..., , € Z.

If G is not connected, then the finitely generated group G/G° also has a basis, that is,
a subset { 1,..., k,} C G such that, for every , the group generated by ..., §, and
G° is normal in G. very element of G/G? is then representable in the form 7!.. Z;G"
with ny,...,n, € Z. It G = G°T" then 1,..., k, can be chosen from I'; otherwise G°T’
has finite index in G and so, there exists € N such that b € G°T" for any b € G.
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Lemma. oranybe Gt eree istsce G° su t at (bc) €T.

Proof. Let G=G1 D Gy D ... D Gy D Gry1 = {1g} be the lower central series of G, and
let G¢ be the identity component of G;, i = 1,..., . Assume that b =c¢ with c € GY
and €T. Then (bc ' ) =c¢ withe € GZ.,. 'y the descending induction on i we are
done. g

Now let { 1,..., k,} € G be a basis of G/G°; after replacing each by ¢ with
an appropriate ¢ € G° we will have el', =1,..., 2. ut = 1 2 kotl =
a1,y K =0k, Wewillcall { 1,..., ks, kot1,---, k) @ basis in G. very element a of
G is now representable in the forma = ... . with 1,..., , € Zand g,41,..., xr ER
we will call 1,..., x t e oordinates of a. We get a continuous sur ective oordinate
mapping ¢:ZF RN — G, g( 1,0 k) = - % » S0 that q(Z* 7ZF)C . For

any a € G the set ' (a) is discrete in ZF2 Rk,

1. . In coordinates, the multiplication in G is given by polynomial formulas: there are

polynomials ;: (R* ')> — Rand R ' R—R,i=1,..., ,withrational coefficients
and vanishing on ({0} R ') (R* ! {0})and ({0} R) (R ' {0}) respectively,
such that fora= ¢( 1,..., ¥) and b= g( 1,..., &) the i th coordinate of ab is

i i (1 i1 Loy d 1) (1.1)
and fora= g( 1,..., x) and € Rifa € G° and € Z otherwise, the i th coordinate of
a is

i i 1y i1, ) (1.2)

1. . Let us say that a uniform subgroup I' of G is rationally e ui alent to T' if ' N T
has finite index in I' . In this case I' is discrete, G/(I' N T") is compact, and since I is
discrete, I' NI has finite index in I as well. learly, if I' is rationally equivalent to I', the
rationality of an element a € G with respect to I' is equivalent to the rationality of a with
respect to I .

1. . Lemma. a € G is a rational element of G if and only if all oordinates of a are
rational numbers.

(The coordinates of @ may not be uniquely defined; we claim that ,'(Q(G)) = Zk QF.)

Proof. The group  generated by { 1,..., g} is uniform in G and rationally equivalent
tol. Leta= ¢g( 1,---, k)- If 1,..., gk € Q, then since ; in formula (1.2) have rational
coefficients and vanish on R® ' {0}, for certain n one hasn ;  ;( 1,..., i 1,n) € Z
for alli=1,..., . Hence, a® € g(Z*) C , thus a is rational with respect to , and so,
with respect to I.

Now assume that a is rational with respect to  whereas not all of ; are rational.
Let a™ € . Let ¢ be the minimal index for which ; € Q, then the 7 th coordinates
mn ;  i( 1,..., i 1,mn)ofa™® € arealldi erent modulo 1 for distinct m € Z. This
implies that there are infinitely many elements of '( ) in the compact set {0}*2 [0, 1]%1,
which contradicts the discreteness of o'( ). nu



1. . orollar . Q(G) is dense in G.

1.10. A closed subgroup H of G will be said to be rational if it has a basis consisting of
rational elements of G.

1.11. Lemma. A losed subgroup H of G is rational if and only if I' N H is uniform in
H.

Proof. Let H be rational and let {b;,...,6} Q(G) be a basis in H. The group
generated by by,...,b is uniform in H. For each ¢ = 1,..., let n; € N be such that
b;* € I'. Then the subgroup of I' generated by b7*,...,b" has finite index in  and so, is
uniform in H.

onversely, let I' " H be uniform in H. Then H has a basis compatible with I' N H,
and elements of this basis are rational elements of G. g

1.12. Let H be a closed subgroup of G and let {b1,...,b } be a basis in H with by,...,b, €
H°and b ,41,...,b € H? so that any element b € H is representable in the form
b=bs...b, (1. )

with 1,..., , €Z and ,41,..., € R Let :Z2 R*' — H be the corresponding
coordinate mapping:  ( 1,..., ) = b. For each of by,...,b choose a coordinate repre
sentation in terms of coordinates of G; applying formulas (1.2) and (1.1) to the product
(1. ) we obtain a polynomial mapping :Z2> R — Z*2 RF for which the diagram

Z: R*—7Zk Rm

H — G
1s commutative.

1.13. Since the polynomials ;, ; occuring in (1.1) and (1.2) are rational, we have

Lemma. H is a rational subgroup if and only if t e polynomial mapping s rational
t at is, as rational oe ients .

1.1 . orollar . A losed subgroup H of G is rational if and only if rational elements
of G are dense in H.

1.1 . orollar . f H is a rational losed subgroup of G t en for any b € Q(G) t e
subgroup b Hb is also rational.

1.1 .Let bea (left or right) coset of a closed subgroup H of G. The natural isomorphism
H —  induces a coordinate mapping :Z2 R' — . Since the (left or right)
translation in G in coordinates is given by polynomial formulas, the mapping induces
a polynomial mapping :Z* R' —ZF RF such that the diagram

Z: R*—7Zk Rm

— G
1s commutative.



1.1 . We will say that a coset  of a closed subgroup H of G is rational if H is a rational
subgroup and  contains a rational element of G. From Lemma 1.1 we obtain

Lemma. 1s rational if and only if t e polynomial mapping 1s rational.

1.1 . orollar . A oset ofa losed subgroup H of G is rational if and only if rational
elements of G are dense in

1.1 . orollar . A oset of a losed subgroup H of G is rational if and only if all
onne ted omponents of  are rational osets of H°.

1.20. Let be anilpotent Lie group with a discrete uniform subgroup . A homomorphism

— G will be said to be rational if ( ) C Q(G). In this case, (Q( )) C Q(G). A
rational homomorphism maps rational subgroups and cosets in  onto rational subgroups
and cosets in G. It follows from the formulas (1.1) and (1.2) that in coordinates a rational
homomorphism is given by a rational polynomial mapping.

2. Rational points sub nilmanifolds and omomorp isms of nilmanifolds

2.1. Let X be the compact nilmanifold G/T and let :G — X be the factori ation
mapping. The group G acts on X by left translations: x — ax, a € G, ¢ € X.

2.2. We will say that z € X is rational if z € (Q(G)). In this case, !(z) C Q(G). We
will denote the set of rational points of X by Q(X).

2.3. It follows from orollary 1. that

Lemma. Q(X) is dense in X.

2. . We will now introduce coordinates on X. Let { 1,..., g} be a basis in G compatible
with I and let g:ZF RF — G be the corresponding coordinate mapping. Let  be
a finite set in Z*2 such that ¢ is a bi ection between and a set of representatives of

G/(G°T); then ¢ {0} GT=G. efine : [0,)» —Xby = ¢ L
We will call t e oordinate mapping for X. If x € X and x =  (1,..., ), we

will call 1,..., ¢ t e oordinates of x.

2. . Lemma. s bi e ti e.

Proof. Let z € X, z = (a) = al'. y the definition of | there exists a unique €T

such that a € ¢ {0} G° Thena = ... .2 .2 o with (1,..., ,) €

and g,4+1,---, k € R If, for o 1 , ¢ 1 € T has already been found so
that @ ; 1 = '... .2 k22++11... 1t with 4,0, 5 1 €[0,1), put ;=
i 13 ' (where[ |denotes the integer part of € R). Thenby (1.1),a ; 1= ;"... 2
kil ccc i1 il edn ..o x Where ;= ;—[ ;] €[0,1). y induction, for = ,eT
we will have a = '... .2 2% .. with g,y1,..., x €[0,1). Thus,a € ¢

[0,1)** and z = (a ) € ange , so is sur ective. Since , 1,..., € I' were



defined uniquely, is one to one. g

Though the mapping is continuous, its inverse is discontinuous at the points of

( [o,n%) (  (0,1").

2. . It follows from Lemma 1. that

Lemma. A point x of X is rational if and only if all oordinates of x are rational
numbers.

2. . Proposition. A losed subgroup H of G is rational if and only if (H) is losed in
X.

Proof. y Lemma 1.11, H is rational if and only if I' N H is uniform in H. We have a
continuous mapping :H/('NH) — (H) = (HT)/T. If ' N H is uniform in H then
H/(I'n H) is compact, is a homeomorphism and (H) is closed. n the other hand, H
is locally compact and separable, so when (H) is locally compact is a homeomorphism
([MZ] Theorem 2.1 ). Thus, if (H) is closed then is a homeomorphism, so H/(I' N H)
is compact and I' N H is uniform in H. g

2. . A sub nilmanifold Y of X is a closed subset of X of the form Y = (bH) where H
is a closed subgroup of G and b € G. We see from roposition 2. that for Y be closed
H must be a rational subgroup of G. We will say that Y is a rational sub nilmanifold if
b € Q(G); in other words, Y is a rational sub nilmanifold of X if Y = ( ) where =0H
is a rational left coset in G.

2. . Let H be a closed subgroup of G and b € G; defineY = (Hb). ThenY = (b(b 1HD))
and so, Y is a sub nilmanifold of X if and only if the group b 1Hb is rational. If b € Q(G),
by orollary 1.1 the subgroups H and b 'Hb are rational simultaneously, so Y is a
rational sub nilmanifold if and only if H is a rational subgroup. Hence, Y is a rational
sub nilmanifold of X if and only if Y = (L) where L = Hb is a rational right coset in G.

2.10. Proposition. A sub nilmanifold Y of X 1is rational if and only if Y ontains a
rational point of X, and if and only if rational points of X are dense inY .

Proof. If Y contains a point (b) with b € Q(G) then Y = (bH) where H is a rational
closed subgroup of G. y orollary 1.1 , rational elements of G' are dense in bH and so,
rational points are dense in Y. g

2.11. We also get

Proposition. A sub nilmanifold Y of X is rational if and only if all onne ted ompo
nents of Y are rational sub nilmanifolds of X.

2.12. Let X be the nilmanifold G/T" and Y be a nilmanifold / . A mapping ¢:Y — X

will be called a omomorp ism if there exists a Lie group homomorphism : — G such
that ¢(c )= (¢)y( )forall €Y andce
Let ¥: Y — X be a homomorphism and : —— G be the corresponding Lie group

homomorphism. Let :G — X and : — Y be the factori ation mappings; put



0 = (1g)and 0 = (1 ). Assume that ©/(0 ) =0 . Then for any € we have
()0 =4(0 )=9(0 )=0 andthus () € I'. Hence, the homomorphism is
rational.

Nowlet (0 )=2 € X. Takeb€ '(z ),sothatz =050 ,anddefineyy =b 4.
Then foranyc€ and €Y wehavet (¢ )=b * (c)9( )=b ' (c)byy (). Hence, ¢
is a homomorphism from Y to X corresponding to the Lie group homomorphism : —
G defined by (c) =b ' (c)b, c € . ¢ satisfies ) (0 ) = Og, thus  is a rational
homomorphism. Hence, is rational if and only if b is a rational element of G, which
is true if and only if x is a rational element of X. We will say that a homomorphism
Y — X is rational if (0 ) € Q(X). We have proven the following:

Proposition. A omomorp ism ¥:Y — X is rational if and only if t e orresponding
omomorp ism : — G is rational.

2.13. We also have

Proposition. A omomorp ism ¢:Y — X is rational if and only if t ere e ists €
QY)su taty()eQX). ftisist e ase, Y(QY)) CQ(X), and for any rational
sub nilmanifold  of Y its image ¥( ) is a rational sub nilmanifold of X.

2.1 . orollar . fY is a sub nilmanifold of a nilmanifold X, t e in lusion omomor
p ismY — X is rational if and only if Y is a rational sub nilmanifold of X .

2.1 . orollar . X as only ountably many rational subnilmanifolds. or any x € X,
t ere are only ountably many subnilmanifolds of X ontaining x.

Proof. If Y is a rational subnilmanifold of X, the inclusion homomorphism ¥ — X
is defined by a rational homomorphism — G, which is a polynomial mapping with
rational coefficients, and there are only countably many of those. In particular, there are
only countably many subnilmanifolds of X containing 0 . For any other point z € X,
subnilmanifolds containing x are shifts of subnilmanifolds containing 0 . g

2.1 . We will now describe how homomorphisms of nilmanifolds look in coordinates . Let
¥:Y — X be a homomorphism from a nilmanifold Y = / to a nilmanifold X = G/T,
let : —— G be the corresponding Lie group homomorphism and let : — Y and

:G — X be the factori ation mappings. We will first assume that both Y and X are
connected; we may then also assume that both  and G are connected. Let g:RF —
G and :R —  be coordinate mappings for G and , and let :[0,1)¥ — X
and :[0,1) — Y be the corresponding coordinate mappings for X and Y. In the
commutative diagram

— G

Y — X

the mapping is the composition of and the left translation by an element
b € Y4( (1)) . Since, in coordinates, both  and the translation by b are



polynomial mappings, in the commutative diagram

R — RF

— G

is a polynomial maping. is rational if b and so, 1 is rational.

In the commutative diagram

[0,1) — [0,1)%

Y — X

the mapping is the composition of , and the factori ation mapping ‘RF —

[0,1)F defined in the following way. For = ( 1,..., ;) € R* let :RE — RF be

the polynomial mapping corresponding, by formula (1.1), to the right translation of G by

c( ). Let =1[0,1)* € R¥ and for € R* let = L( ). It is seen from the proof

of Lemma 2. that is a partition of R¥; the mapping :RF — is defined by
= , ezk.

Let 1,..., m € ZF be such that  ([0,1)) C ™, andlet = ' )n
[0,1), = 1,...,m. Then [0,1) is partitioned into ™, . For each € {1,..., }
the restriction of on is the polynomial mapping = ,and  is defined
by = ([0,1)*)n[0,1). If the homomorphism ¢ is rational, then is a rational
polynomial mapping, and since are rational for € Z<, the polynomial mappings

=1,...,m, are also rational.

If X and or Y are disconnected they consist of finitely many connected components,

and our argument is applicable to each component of Y and the corresponding component
of X.

2.1 . We arrive at the following result:

Proposition. ety:Y — X be a omomorp ism of nilmanifolds, let [0,1)F —

X and [0,1) — Y, it and  being nile sets, be oordinate mappings for

X and Y and let = w9 [0,1) — [0,1)k. en for ea €

t ere e ist €  and polynomial mappings ,1,..., rm R — RF su ¢t at t e sets
. = . ([0,1)*)n[0,1), =1,...,m,, partition [0,1) and for ea =1,...,m, one
as ={} r . [ 4 is rational, t en , are rational for all €

r

and all €{1,...,m,}.

T



2.1 . Let us say that amapping : — RF fromaset CR is pie e ise polynomial if
can be partitioned, = " . intosubsets i,..., ,, suchthat, foreach =1,...,m,

is defined by a system of polynomial inequalities:

:{ e 1() 0,...,¢() 0, i+1() Oa---an() 0

where 1,..., , are polynomials on R, and the restriction of on is a polynomial
mapping. We will say that a piecewise polynomial mapping is rational if, for all , the
polynomials {,..., , and are rational. If is a mapping from a union r
of subsets of distinct copies of RF, we will say that is piecewise polynomial if is

piecewise polynomial for all €

2.1 . From roposition 2.1 we have:

orollar . e mapping = 1y [0,1) — [0,1)* is pie e ise polyno
mial. f 1 is rational, t en s rational.
2.20. orollar . i ent o oordinate mappings and for a nilmanifold X, t e
mapping 1s pie e ise polynomial and rational.

2.21. Let us say that a function :X —— R™ on a nilmanifold X is pie e ise polynomial
if the function 1 [0,1)F — R™ is piecewise polynomial. If this is the case, let us
say that is rational if ! is rational. Since the composition of piecewise polynomial
mappings is piecewise polynomial, and the composition of rational piecewise polynomial
mappings is rational, it follows from orollary 2.20 that the definitions above do not depend
on the choice of the coordinate mapping

2.22. Since the composition of piecewise polynomial mappings is piecewise polynomial, we
have

orollar . f s a pie e ise polynomial fun tion on a nilmanifold X and ¥:Y — X
18 a omomorp ism of nilmanifolds, t en 1 is a pie e ise polynomial fun tion on'Y. f
bot and 1 are rational, t en 1 is also rational.

3. Rationalit of t e closure of a pol nomial orbit

3.1. A sequence { (n)}, in G of the foorm (n)=a,""..am ", where a1,...,a,, € G
and 1,..., ,, are polynomials taking on integer values on the integers, will be called
a polynomial se uen e. Let { 1,..., } be a basis in G with 1,..., x, € G° and
katls---5 k € G% it follows from formulas (1.1) and (1.2) that any polynomial sequence

in G can be written in terms of this basis: (n) = ;' ".. . " where 1,..., ; € Rn]
and 1,..., g, take on integer values on the integers.

3.2. Again, let X = G/T"and :G — X be the factori ation mapping. Let { (n)},, be
a polynomial sequence in G and let z € X. It is proven in [L1] that the closure { (n)z},,
of the polynomial orbit { (n)z}, of z is a dis oint union Y7 ... Y of connected

sub nilmanifolds of X. We now prove:



eorem. f (0)z is rational, t en all of Y1,...,Y are rational.

3.3. We will be based on the following fact:

Proposition. et be a polynomial se uen e in G it (0) = 1g. ere e ists a
nilmanifold X = G/T', it t e fa tori ation mapping :G — X, an open subgroup G of
Gsu tat (G)=X andso, X =G/(I'NG) X, arational omomorp ismip: X — X
and an element c € G su  t at ( (n))=9y( (")), n € Z.

Proof. Let { 1,..., x} be a basis in G and let € N be such that a € T for any

1n

a from the (discrete) group generated by { 1,..., x}. Let (n) = *".. . ™, where
1y---, ko are polynomials Z — Z, g,41,..., k are polynomials Z — R, and deg =
m, =1,..., . Let G be the free nilpotent Lie group of same nilpotency class as G, with

discrete generators {b ;}; m and continuous generators {b ;}; m  (see [L1]).
1 ke ka1  k

Let :G — G be the rational homomorphism defined by (b )= and (b ;) = 1g,

i=1,...,m, =1,..., . Thegroup generatedby{b ;}i 1 m and{b ;}
1 ko 7 1 m
ko+1 k
is then contained in ker

Let be the subgroup of G generated by {b ;}; m and I' be the subgroup
1k

generated by the th powers of the elementsof ,I'= { , € } . Then I is uniform
in G, (') CT and one has (I') =T for any automorphism of . Let X = G/T and
let ¢: X — X be the rational homomorphism induced by .
We define an automorphism of Gby (b ) =56 and (b;) = b ;b ; 1 for
=1,..., andi=1,...,m . induces a unipotent automorphism of G/[G,G]; it is
shown in [L1] that is a unipotent automorphism of G. Let G be the extension of G by
and let € G be the element corresponding to , so that 'a = (a) for any a € G;
by [L1], G is a nilpotent group. Since preserves , it also preserves I', and the group
I' =(I", ) is uniform in G. The nilmanifold X = G/T is isomorphic to X as a topological

space, and we will identify them. Let :G — X be the factori ation mapping; we obtain
the commutative diagram

G G —G
X X —X
For e€{l,..., }let (n)= 17 25 o m . . efinea =b1Y...b
1)+ 2(3)+ + n .
then ™(a ) =0»> W+ ) ) (n) = (n) with (n) € Cker ,ne€Z,
and thus ( "(a)) = ". uta=ay...a, then ( "(a)) = (n),n € Z. efine
c=a ! la,then
(™Ma)= ( "a™= ( "a)= (a(a ' "a))=a (@' 'a)")=a (")
Hence,



sinceac Cker . g

3. . Proof of eorem 3.2. Let z = (a). Then (n)z = (0)a ( (n)) where (n)=
a Y( (0) ! (n))a is a polynomial sequence with (0) = 1g; since ( (0)a) = (0)z €
Q(X), (0)a € Q(G). eplace by and assume that (0) =1g and z = (1g). Let
G, X, ,G, X, and c € G be as in roposition . , so that (n)z = (c"z), n € Z,
for z = (1,). The closure = {c"z}, of the orbit of z under the action of c is a
sub nilmanifold Y of X (see, for example, [L1]). Since Y contains the rational point z, ¥
is rational by roposition 2.10. Let Y7,...,Y be the connected components of Y; they all

are rational sub nilmanifolds of X by roposition 2.11. Since G is open in G, Yi,...,Y
are rational sub nilmanifolds of X. We have { (n)z},, =v(Y1) ... 9(Y);since ¢ is
a rational homomorphism, 1(Y1),...,%(Y") are rational sub nilmanifolds of X. g

n

3. . A polynomial mapping Z¢ — G is a mapping  of the form (n) =a;" "..am ",
where a1,...,a, € G and 1,..., ,, are polynomials Z? — Z. ne derives from Theo
rem .2 its multiparameter version:

eorem. et :Z% — G be a polynomial mapping, let v € Q(X), and assume t at
0z eQX). en{ (n)z}, =Y ... Y ereYy,...,Y are onne ted rational
sub nilmanifolds of X.

Proof. It is proven in [L2] that { (n)z},  isadis oint union of connected sub nilmanifolds

Y1,...,Y of X; we are only going to show that Y7,...,Y are rational. Let i € {1,..., };
find n € Z¢ such that (n) € Y; and consider the polynomial sequence (m) = (nm),
m e ZinG. y Theorem .2,{ (m)x},, = 1 ... where i1,..., g areconnected

rational subnilmanifolds of X. We have CY; for some ; it follows that Y; contains a
rational point and so, is rational by roposition 2.10. g
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