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Abstract

Let G be a finitely generated nilpotent group of unitary operators
on a Hilbert space H. We prove that H is decomposable into a direct
sum H = @, 4 Lo of pairwise orthogonal closed subspaces so that

elements of G permute the subspaces Lq, and if T(La) = La, then
the action of T" on L is either scalar or has continuous spectrum.
We also provide examples showing that analogous results do not hold
for solvable non-nilpotent groups.

0. Introduction

Let H be a Hilbert space and let G be a group of unitary operators on H. Then H
is the sum of two G-invariant orthogonal subspaces: H = H(G) & H*™(G) such that G
is weakly mixing on H*™(G) and has discrete spectrum on H¢(G). The space H¢(G) is
spanned by finite-dimensional G-invariant subspaces of H, and consists of vectors whose
orbits under the action of G are precompact: H¢(G) = {u ceH | Gu is precompact}. We
will say that G is compact on H°(G). The space H*™(G) is the maximal G-invariant
subspace M of H such that for any unitary action of G on a Hilbert space N, the space
M®N does not contain nonzero elements which are invariant with respect to the G-action
(defined on M @N by T(u®@v) =Tu® Tv, T € G). If G is an amenable (in particular,
abelian or nilpotent) group, then H*™(G) can also be described as the maximal subspace of
H such that for any ¢ > 0 and any u € H*™*(G) and v € H, the set {T € G | |(Tu,v)| > £}
has zero density in G (with respect to a Folner sequence).

Now assume that we are interested in weakly mixing/compact properties of individual
elements of G. For a unitary operator 7' on H, denote by H*™(T') the space

{u € H | the set {n € Z | |(T"u,v)| < €} has zero density in Z for any v € H}7
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and by H°(T) the space
{u ceH ‘ the set {T”u | n e Z} is precompact}.

Then He(T') is the subspace of H generated by eigenvectors of T', H*™(T') is the maximal
subspace of H where T has continuous spectrum, and H = H(T) & H*™(T) ([KN]).
Now, for T' € G, the decomposition H = H(G) & H*™(G) gives very little information
about H¢(T') and H*™(T'): one can only claim that H°(G) C H*(T') and hence, H*™(T") C
H¥™(G). It may even happen that G is weakly mixing on H while all its elements are
compact on H. This is not the case, however, when G is a finitely generated abelian
group: if the generators of G are compact on H, then G itself is compact on H. For such
G, the following structure theorem can be formulated:

Theorem A. Let G be a finitely generated abelian group of unitary operators on a Hilbert
space H. Then H s a direct sum H = @VEF H. of G-invariant closed subspaces such
that for every v € I', there is a subgroup H. of G whose action is scalar on H~, and any
T € G\ H, is weakly mizing on H. .

Proof. Assume that there is 77 € G which is neither scalar nor weakly mixing on H. Let
‘H1 be an eigenspace of T7; then H; is a closed G-invariant proper subspace of H. If there
is T € G which is neither scalar nor weakly mixing on i, pick a nontrivial eigenspace
Ho C H; for T, and so on. Since the subgroup of G which is scalar on Hy41 is bigger
than the subgroup of G which is scalar on Hy, and since G satisfies the ascending chains
condition, this process can not be infinite. As a result we get a closed G-invariant subspace
H i such that every T € G is either scalar or weakly mixing on H . Passing to Hz and
applying the Zorn lemma completes the proof. g

Theorem A, despite its triviality, is a useful tool in proving ergodic theorems involving
several commuting unitary operators: it allows to reduce the problem to the situation where
any product of the given operators is either scalar or weakly mixing. The aim of this paper
is to generalize Theorem A to the case where G is a finitely generated nilpotent group;
counterexamples in §3.4 suggest that the class of nilpotent groups is the natural domain
to which this theorem can be extended. We prove the following:

Theorem N. Let G be a finitely generated nilpotent group of unitary operators on a
Hilbert space H. Then H is representable as the direct sum of a system {Ly}aca of closed
pairwise orthogonal subspaces so that

(a) elements of G permute these subspaces: for anyT € G and o € A one has T(Ly) = Lo
for some o’ € A, and

(b) if T preserves Lo, T(Ly) = Lq, then either T is scalar on Ly, or T is weakly mizing
on L.



Some fragments of our “structure theory for unitary actions of nilpotent groups”
were obtained and utilized in [L] and [BL1]. As a direct corollary of Theorem N let us
mention the following generalization of the classical von Neumann theorem, proved in
[BL1]: if unitary operators T, ..., Ty on a Hilbert space H generate a nilpotent group, then
for any polynomials p1,...,p € Z[n| and any u € H, imy 00 + ijzl Tfl(n) . .Ttpt(n)u
exists in H. In [L], the structure theory was developed for the (more complicated) case
of nilpotent groups of unitary cocycles on a Hilbert bundle, and for nilpotent groups of
measure preserving transformations of a measure space. In this paper we present the
structure theorem in full detail and in a self-contained way in the purely “Hilbertian”
situation. In particular, we are avoiding here the usage of the apparatus of G-polynomials,
used in [L] and [BL1].

The structure of the paper is as follows. In Section 1 we collect necessary background
information about nilpotent groups and introduce some notation. In Section 2 we define
what we call a primitive action of a nilpotent group of unitary operators on a Hilbert space
and study its properties. Finally in Section 3 we show that any unitary action of a finitely
generated nilpotent group is reducible to primitive actions. We also provide examples which
show that the results of this paper do not extend to polycyclic non-nilpotent groups.

Acknowledgment. I thank V. Bergelson for his support, encouragement and help. I also
thank the referee for corrections and useful suggestions.

1. Notation and background

1.1. A group G is called nilpotent if it possesses a finite central series, that is, a sequence
of normal subgroups {1¢} = Go € G; C ... C Gy = G such that for each i = 1,...,d,
G;/G;_1 is in the center of G/G;_1. The minimal length d of a central series in G is called
the nilpotency class of G.

We will need the following facts (for proofs see [KM] and [H], or [BL1]):

1.2. Lemma. Any subgroup and any factor group of a nilpotent group are nilpotent. Any
subgroup of a finitely generated nilpotent group is finitely generated.

1.3. Lemma. Let G be a finitely generated nilpotent group. Then any nondecreasing
sequence Hy C Hy C ... of its subgroups stabilizes.

1.4. Lemma. If G is a finitely generated nilpotent group such that all its generators have
finite orders, then G is finite.

1.5. Lemma. Let G be a finitely generated nilpotent group. Then there is a finite set
Si,...,Ss € G such that for every T € G there are aq, . ..,as € Z such that T = ST* ... S%.

1.6. Let H be a subgroup of a group GG. We will call the set of elements of G having finite
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order modulo H the closure of H (in G) and denote it by H
H={Te€G|T" € H for some n € N}.

We will say that H is closed if H = H.

1.7. Lemma. IfG is a nilpotent group and H is its subgroup, then H is a closed subgroup
of G. If G is finitely generated, then H has finite index in H.

1.8. For a subgroup H of a group G we denote by N(H) the normalizer of H in G:
N(H)={T € G| T7'HT = H}. We also define N°(H) = H, N*(H) = N(N*"!(H)),
k=1,2,....

1.9. Lemma. If G is a nilpotent group of nilpotency class d, then for any subgroup H of
G, NY(H)=G.

1.10. Lemma. If H is a closed subgroup of a nilpotent group G, then N(H) is also closed
in G.

1.11. Let a group G act on a set V. For v € V, we will denote its orbit {Tv}rea by Gu.
The stabilizer Stab(v) of v € V is the subgroup {T' € G | Tv = v} of G.

1.12. Lemma. Let a nilpotent group G act on a set V, let Ty, ..., T; generate G, and let
for some v € V all sets {T'v}nez, ..., {I70}nez be finite. Then the orbit Guv is finite.

1.13. Now, let G be a group of unitary operators on a Hilbert space H. Given u € H, we
will say that G is scalar on u if Tu = A\(T)u with \(T') € C for all T € G. By abuse of
language, we will say that G is finite on u if the set Gu is finite, and that G is compact
on u if Gu is precompact in H. If £ is a subspace of H, we will say that G s scalar, finite
or compact on L if G is, respectively, scalar, finite or compact on every u € L.

We define

H'(G) ={ueM|Gisfiniteon u}, and H(G)={uecH|G is compact on u}.

1.14. Let T be a unitary operator on H. We will say that T' is scalar, finite or compact
on u € H if the group {T"},cz is, respectively, scalar, finite or compact on w.

If T is not finite on u, that is, if the set {T"u},cz is infinite, we will say that T is
totally ergodic on wu.

We will say that T is weakly mixing on w if limy_, o % Zﬁ;lRT”u,v)} = 0 for all
veH.

If £ is a subspace of H, we will say that T is scalar, finite, compact, totally ergodic or
weakly mixing on L if T is, respectively, scalar, finite, compact, totally ergodic or weakly
mixing on every u € L.



1.15. Lemma. Let T be a unitary operator on a Hilbert space H. Assume that T
is weakly mizing on w € H, and let a sequence {v(n)}nen be precompact in H. Then

Iimpy_ oo % Zg:J(T”u, v(n)>| =0.

Proof. Fix any ¢ > 0, and let vq,...,vr be an e-net for the set {v(n) | n € N}. Let
N =C; U...UCj be a partition of N such that |[v(n) — v;|| < € whenever n € C;. Then

N—oco N =
1 1
= lim — (T"u,v(n))| + ...+ lim — (T"u,v(n))
N—oo N 1§nZ§N‘ ’ Nooo N 1§nZ§N‘ |
1 neCq 1 neCy,
< lim — (T"u,v)| + ...+ lim — (T, vi) | + €|lul|
N—oo N 1§§§:N N—oco N 1§;N
neCq neCy
LN
< lim = [T u, )|+ ﬂ&floﬁz‘ ", o)+ ellull = ellull

Since € is arbitrary, the statement follows. g

1.16. For a unitary operator T on H, we define

HY(T {u eH ‘ T is ﬁmte on u} He(T {u eH | T is compact on u}
and H"™(T {u ceH ‘ T is Weakly mixing on u}

It follows from Lemma 1.15 that H*™(T") L H°(T"). The following fact is well known (see
[KN]):

Theorem. Let T be a unitary operator on a Hilbert space H. Then He(T) is the subspace
generated by eigenvectors of T and H>™(T) = H(T)> .

1.17. For u € H, we define

G(u) ={T € G| T is compact on u}, and G'(u)={T € G |T is finite on u}.
If £ is a subspace of H, we also define

G(L)={T € G |Tis compact on L}, and G'(£)={T € G |T is finite on L}.

1.18. Lemma. Let G be a nilpotent group of unitary operators on a Hilbert space H and
let w € H. Then G'(u) is a subgroup of G.

Proof. G'(u) = Stab(u), which is a subgroup of G by Lemma 1.7. g



1.19. Lemma. Let G be a nilpotent group generated by unitary operators Ty,..., Ty on a

Hilbert space H. Then
t

H(G) = (] HI(T) = [ H'(TY).

TeG i=1
Proof. This follows from Lemma 1.12. g

Statements analogous to Lemma 1.18 and Lemma 1.19 hold for G° and H° as well,
but we will be able to show this only in the end of the paper (see Corollaries 3.2 and 3.3
below).

1.20. Finally, the last piece of notation: If H is a Hilbert space and {L4}aca is a system
of pairwise orthogonal subspaces of H, then by €5 L., we will understand the closure
of the direct sum of the subspaces L.

acA

2. Primitive actions

2.1. Definition. Let G be a finitely generated nilpotent group of unitary operators on a
Hilbert space H. We will say that the action of G is primitive if H is the direct sum of a
system {Lq }aca of closed pairwise orthogonal subspaces of ‘H so that:

(a) G transitively acts on the set of indices A so that T(L,) = L1, for T € G, a € A.

(b) For a € A, let H, C G be the stabilizer of a. Then every element of H, is either
scalar on L, or weakly mixing on L,,.

We will call the decomposition H = € L, a primitive decomposition of H.

a€EA

2.2. Example. Here is an example of a primitive action of a nilpotent group. Let
{u; j }i,jez be an orthonormal basis in a Hilbert space H. Let S, P and T' be the operators
on H defined by Su; ; = u; j+1, Pu;j = i j4; and Tu; j = uiy1,j. The group H generated
by S, P,T is nilpotent: S commutes with both P and T, and [P,T] = P~'T~'PT = S.
Let £; ; = Span(u; ), then H = @Mez L; j is a primitive decomposition of H: elements
of H permute the subspaces L; ;, the stabilizer of £; ; under this action is the subgroup
H; ; generated by PS™*, and the action of H; ; on L, ; is trivial.

2.3. Let us concentrate on primitive actions. Through this section we will assume that G
is a finitely generated nilpotent group of unitary operators on a Hilbert space H, and that
the action of G on H is primitive; let {L,}aca be the corresponding system of subspaces
of H.

2.4. For a € A, let H, € G be the stabilizer of a: Hy, = {P € G | Pa = a}. Then
T(Ly) =Ly for T € H,, and T(L,) L L, for T € G\ H,,.

Denote by F, the subgroup of H, consisting of operators which are scalar on L,: E, =
{PeH,|P|, =Adg,, NeC}. Also, let Fo ={P € Hy | P|, =™ ldg,, r€Q}.
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2.5. Lemma. {H,}aca, {Eataca and {Fy}aca are classes of conjugate subgroups in G.

Proof. Let o,/ € A, let T € G be such that Ta = o'. Then T(L,) = Lo, Hy =
TH, T ', E, =TE, T " and F,, =TF, T ". m

2.6. It is clear that F, and F, are normal subgroups of H,. It is also easy to see that
E, and F, are closed in H,. Indeed, if T € H, \ E,, then T preserves L, and is weakly
mixing on L,. So, for any n # 0, T" is also weakly mixing on L, and thus T" & F,.
Also, if T € E,, \ F,, then T" ¢ F,, for all n # 0.

2.7. Lemma. For any o € A, G°(L,) = Eo, G(Ly) = Fo, and every T € G\ E, is
weakly mixing on L.

Proof. If T € E,, then for some n € N, T™ is scalar on £, and thus 7T is compact on L.
Let T € G\ E,. f T & H,, then T" ¢ H,, for all n # 0, so T"L,, L L, for all n # 0, and
so, T is weakly mixing on L. If T' € H_a\E_a, then T" € H,, \ E, for some n € N, so T"
is weakly mixing on L., and thus 7" is weakly mixing on L.

Analogously, since all elements of F,, are finite on L, every T' € F, is finite on L,.
Andif T € E, \ F,, then T" € E, \ F, for some n € N, and then T"™u # u for all m # 0
andue€ L, g

2.8. The following example shows that the subgroups F, and F,, are not necessarily normal
in E, and F,. As a result, elements £, and L, of the primitive decomposition that
have coinciding “compact” and “finite” subgroups G¢(L,) and G*(L,) may have different
“scalar” and “rational scalar” subgroups E, and F,.

Example. Let vectors uy, us, us, us form an orthonormal basis of a (4-dimensional) space
H, let T and S be operators on H that permute the vectors of the basis in the following

way:
U1 U9
Tl r
U3 Uy

Let G be the group generated by T and S; one can easily check that G is nilpotent
(|G| = 8, and thus G is nilpotent as a finite p-group). Put £; = Span(u;), i = 1,2, 3,4,
then H = @le L; is a primitive decomposition of H corresponding to G. We have
Fy = Fy, = E; = Ey = (S) (the group generated by S) and Fs = Fy = E5 = By = (T'ST).
The group G itself is finite on H, so B; = F; = G for i = 1,2,3,4, and E;, F; are not
normal in G.

2.9. Now, instead of subspaces L., we will consider some finite sums of these subspaces.
As a result, we will lose the information about subgroups of G whose actions are scalar on
elements of the new “primitive decomposition”, but get better properties of the subgroups
of G which are compact or finite on these subspaces.
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2.10. Proposition. Let G be a finitely generated nilpotent group of unitary operators on
a Hilbert space H. Assume that the action of G on H is primitive. Then H is representable
as a direct sum of pairwise orthogonal closed subspaces {Lg}scp so that:

(1) G acts transitively on the set of indices B so that T(Lg) = Lpg for any T € G and
g€ B.

(2) For B € B, let Hg be the stabilizer of 5 in G. Then every T ¢ Hg acts on [ without
finite cycles: T"3 # B for alln # 0, and so, T" Lz L Lg for all n # 0.

(3) For B € B, Ha contains normal subgroups Eg and Fg such that Fg is finite on Lg, Eg
is compact on Lg, every P € Eg\ Fg is totally ergodic on Lg, and every T € Hg \ Eg is
weakly mizing on Lg.

Proof. Let H = @ 4 Lo be a primitive decomposition of H.
Let « € A. Then for T € G and o' = Ta,

H, =TH,T-'=TH,T".

Thus if T € H,, then Hy, = H,. Consider the equivalence relation defined on A by a ~ o’
if o/ = Ta for some T € H,. We have a partition B of A onto pairwise disjoint equivalence
classes under ~: A = UﬁeB B, where 8 = Hya for any o € 8. Since by Lemma 1.7, H, is
of finite index in H,, all § € B are finite.

Now, let € Band T € GG. Take any a € 8 and let o/ = T'a. Then

Hyo =TH, T 'Ta=T58,

and so, T3 is the equivalence class 3’ € B that contains o’. Hence an action of G on B is
well defined. This action is transitive since the action of G on A is transitive.

(1) For B € B define L5 = @ae/j L, C H. Clearly, the subspaces L3, € B, span H.
Since B € B are pairwise disjoint, £z are pairwise orthogonal. And for f € B and T' € G,
Lrg=T(Lg). o

(2) Let 5 € B. Take any o € 8. Then T € 8 if and only if T' € H,,. So, the stabilizer Hg
of Bin G is H,. Since the subgroup Hz = H, is closed in G, the action of G on B has no
finite cycles: if T' & Hg, then T"3 # (3 for all n # 0.

(3) Again, let § € B and let a € 8. Since E,,F, C H,, E,,F, C H_ Hpg. Now, for
any T € N(E,), TE,T~' = TE,T-! = E,, so N(E,) C N(E,). Since H, C N(E,),
H, C N(E,). Since E, is closed, N(E,) is closed by Lemma 1.10. So, Hg = H, C N(E,).
Hence, E, is normal in H 3. Analogously, F, is normal in H 8-

Now, let o’ € 8. Then o/ = T« for some T € Hg. Thus E, = TE, T~ = E,, and,
analogously, F,s = F,. So, we can put Eg = E, and Fg = F, for any o € B. Then Ej
and Fjg are normal subgroups of Hg. By Lemma 2.7, for any o € § and any u € L,,
G°(u) = Eg, G'(u) = Fp and every T' € Hg \ Eg is weakly mixing on u. Hence, Fj is
finite on L Eg is compact on Lg, every P € Eg \ Fp is totally ergodic on £z and every
T € Hg \ Ej3 is weakly mixing on L3. g



2.11. Corollary of the proof. FEvery Lg in Proposition 2.10 is a sum of finitely many
elements L, of the primitive decomposition of H. For each € B and oo € A with L, C Lg,
Eg = E, and Fg = F,. In particular, E, is a subgroup of finite index in Eg, and F, is a
subgroup of finite index in Fpg.

For the rest of the section we fix the decomposition H = P4 Ls described in
Proposition 2.10.

2.12. Lemma. There exists M € N such that for any B € B and any u € Lg, the
cardinality of the set Fgu does not exceed M.

Proof. Fix any § € B. Let a € 8. The group F, is scalar and finite on L, thus the
cardinality |F,ug| of the orbit F,ug does not depend on the choice of (nonzero) ug € L.
Put M = Indp,(Fa)|Fauo|. Then |Fgu| = M for all nonzero u € L,. It follows that
|Fpu| < M for all u € Lg.

Now, let ' € B and v’ € Lg. Choose T' € G such that T3’ = 5. Then T € Lg,
and so

Fe!| = [T FsTu'| = |FTu/| < M.
B B B
|

2.13. Corollary. There exists M € N such that for any 8 € B and any T € Fg, T™ s
trivial on Lg.

2.14. For v € H and B € B, let ug be the “g-coordinate” of u, that is the projection of u
onto L3, and let B(u) = {8 € B ! ug #0}.

Lemma. Foru € H, G°(u) = (\gep) Es and G'(u) = Ngep) Fp- 1t follows that G°(u)
s a subgroup of G.

Proof. For every 8 € B(u) one has G°(ug) = Eg, and it is clear that if T € G°(ug)
for all 5 € B(u), then T' € G°(u). Let T € G, T ¢ Eg for some 8 € B(u). For any
B € B, T"ug € Lypng, so T"ug is the (T"f)-coordinate of T"u: T"ug = (T"u)png.
If T ¢ Hg, the sequence T"ug, n € Z, consists of pairwise orthogonal vectors of equal
lengths. If ' € Hg \ Ej3, then T preserves Lg and is weakly mixing on Lz, so the sequence
{T"up}nez is not precompact in Lz. In both cases, the set {T"u ‘ n € Z} can not be
precompact.

In the same way, for any 8 € B(u) one has G'(ug) = Fz. And if T € Fjy for all
B € B(u), it follows from Corollary 2.13 that 7" is finite on u. The rest of the proof is
analogous to that for H°-spaces. g

2.15. Lemma. For anyT € G, H(T) = pecp Lp and H'(T) =P pen Ls-
TGE[} TGFB

Proof. This directly follows from Lemma 2.14. g



2.16. Lemma. For any subgroup H of G, the subspaces (\pcpy HO(T) and (\pey HY(T)
are H-invariant, (\pey HO(T) = @ pep Lp and Npeyg H(T) = D pen Ls-
HCEp HCFp
Proof. Let B(H) = {B €EB | H C Eg}. Since for any 8 € B(H), E3 is a subgroup of the
stabilizer Hg of 8, B(H) is an H-invariant subset of B. Thus the space @ gcp ) L is
H-invariant, and it follows from Lemma 2.15 that (Vyc; H(T) = Dge ) Ls-
For H'-spaces the proof is completely analogous. g

2.17. Lemma. For any subgroup H of G one has H*(H) = ey H(T) =D pen Ls

HCEg
and H'(H) = (pey H'(T) =D pen Lp-
HCFj

Proof. For H'-spaces the statement follows from Lemma 1.19 and Lemma 2.16. It is
also clear that H°(H) C H°(T') for all T € H. We only have to check that #H°(H) C
Nreg H(T). Let u € (pey H(T), we will be done if we show that the set Hu is
precompact.

Fix ¢ > 0. Let S1,...,5s € H be elements of G such that for every T' € H, T =
STt ... 8% for some ay,...,as € Z (see Lemma 1.5). The set {S% u}, ez is precompact;
let V be a finite e-net in it. Since by Lemma 2.16 the space [,y H(T) is H-invariant,
all elements of H are compact on elements of V. Thus the sets {St° 7' v}a. ez, v € Vi,
are precompact, and we can find a finite e-net V,_; in the set |J, ey {557 v} a,_ ez It is
easy to see that V;_ is a 2e-net for the set {S;°7"'S%u},, , a.cz. Continuing in this way,
we come to a finite set V;, which, by the choice of S1,...,S;, is an se-net for Hu. g

3. Decomposition of a general action into primitive ones

3.1. Now let us return to general, non-primitive actions of a nilpotent group. Here is our
main result:

Theorem. Let G be a finitely generated nilpotent group of unitary operators on a Hilbert
space H. Then H is representable as a direct sum of G-invariant closed subspaces on each
of which the action of G is primitive.

3.2. Corollary. Let G be a nilpotent group of unitary operators on a Hilbert space H.
Then for any u € H, G°(u) is a subgroup of G.

Proof. We have to check that, given P,Q € G°(u), their product PQ is in G°(u). Thus
we can replace G by the group generated by P and (), and so, assume that G is finitely
generated.

Let H = @ver H., be a decomposition of H into a sum of G-invariant subspaces such
that the action of G is primitive on each of them. For u € H, let u, be the projection
of u onto H~. Then T' € G is compact on u if and only if 7" is compact on each u,. So,
G°(u) =\ er G°(uy). Lemma 2.14 implies the result. g
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3.3. Corollary. Let G be a nilpotent group of unitary operators on a Hilbert space H,
and let Ty, ..., Ty generate G. Then

t

H(G) = [ H(D) = (| H(Th).

TeG i=1
Proof. If T, ..., T; are compact on u, then by Corollary 3.2, all elements of G are compact
on u. And if TY,...,T; are finite on u, then all elements of G are finite on u. Now the

result follows from Theorem 3.1 and Lemma 2.17. g

3.4. Counterexamples. Let us now bring two examples that show that the “structure
theory” developed above can not be extended to unitary actions of non-nilpotent groups.
Of course, if no restrictions on the group of unitary operators are imposed, one can achieve
any effect. Our goal was to find groups which would be maximally close to nilpotent ones,
yet for which the statements above would fail. The following examples demonstrate that
our theory fails already for polycyclic groups, namely for groups possessing subnormal
series with cyclic factors: {1¢} = Go C G1 C ... C Gy, = G, G;_1 is normal in G; and
G;/Gi—q is cyclic for i = 1,... k.

3.4.1. Let H = C?, and let T" and S be the unitary operators on H given by T' = < 10 )

0 —1
(12 —/3/2 . .
and S = ( V3/2 1/2 ) Then the group G generated by T and S is isomorphic to the

dihedral group Dg, which is polycyclic. However the primitive decomposition described in
Definition 2.1 does not exist for it: H is not a direct sum of two subspaces permuted by T
and S.

3.4.2. In our second example the action of a polycyclic group is primitive in the sense of
Definition 2.1, but Corollary 3.2 fails for this action. This shows that “the second version
of the structure theorem”, Proposition 2.10, does not hold in this case.

Let {u;,u}};cz be an orthonormal basis in a Hilbert space #H, let T" and S be the
operators on H that act on the elements of this basis in the following way:

U—1 (%) Ul

r]orl 7]

s —u —ul —ul) — -
S S S S

(it is assumed that Su; = u;, ¢ € Z). The group G generated by 7" and S is polycyclic: one
can check that the sequence of subgroups (S) C (S,7'ST) C G is a subnormal series in G.
The subspaces £; = Span(u;) and £, = Span(u}), i € Z, define a primitive decomposition
in the sense of Definition 2.1. However, G°(Ly) = G*(Lp) is not a subgroup of G: T, S €
G°(Ly), but ST & G*(Ly).
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3.5. Proof of Theorem 3.1. It is enough to find a nonzero G-invariant subspace H’
of H such that the action of G on H’ is primitive: then we can pass to the orthogonal
complement of H’ in H, and the Zorn lemma will give the result. Moreover, it is enough
to find a closed subspace £ of H such that if H is a subgroup of G that preserves L, then
T(L) L Lforall T € G\ H, and every P € H is either weakly mixing or scalar on L.
Indeed, in this case we can put A to be the set of left cosets of H in G, and for a € A,
L, = TL for any T € «; the obtained set {L,}nca defines a primitive decomposition
H' =@, ca La of the G-invariant subspace H' = Span{TL ‘ T € G}.

Let K be a maximal subgroup of G for which the subspace £ = H°(K) is nontrivial;
such a subgroup exists by Lemma 1.3. K is a closed subgroup: since K is of finite index
in K by Lemma 1.7, H*(K) = H°(K).

Let T € N(K)\ K. Then T(L) = H(TKT™1) = L, so T preserves £. If T had an
eigenvector u € L, then for the group K’ generated by K and T we would have u € He(K'),
that contradicts the choice of K. Thus, T is weakly mixing on L.

Now, let T € N?(K) \ N(K). Let P € K be such that @ = T7'PT € N(K) \ K.
Then for any u,v € L one has

|(Tw,v)| = [{(PTu, Pv)| = % ‘(TQ”u Pv)|

1 N
NZ [(P"Tu, P"v)| =

iNE

N
— Z "u, T~ P"0)|.

2

Since @ is weakly mixing on u and the sequence 7! P™v is precompact, by Lemma 1.15
lmy o0 o Zi\’:lKQ”u,T_lP”vﬂ = 0 and so, (T'u,v) = 0. It follows that T'(£) L L.
Since N(K) is closed by Lemma 1.10, 7" ¢ N(K) for all n # 0, and thus, T is weakly
mixing on L.

Now we can use induction on k to show that if T € N¥(K)\ N(K), then T(L) L L:
find P € K for which Q = T-'PT € N¥(K)\ K, then Q is weakly mixing on £, and
|(Tu,v)| = limy o0 3 ij:l“Q”u, T~1Pmv)| = 0. It now follows from Lemma 1.9 that
T(L) L Lforall T e G\ N(K).

Denote the group N(K) by H. Then K is normal in H, T(L) L L for any T € G\ H,
T(L) = L for T € H, T is compact on L if T € K and T is weakly mixing on £ if
T € H\ K. The only remaining problem is that K may not be scalar on £. Let E be the
subgroup of K which is scalar on £: for P € E let P|, = u(P)ldz, p(P) € C. Assume
that F # K. Let {1g} = Gog C G1 C ... C G4 = G be a central series in G, let i be such
that ENG;, = KNG; and ENG;41 # KNGipq. Pickany S € (KNGip1) \ (ENGiyq).
Then for any T € H, the commutator [S,T] = S~!T~1ST € G; and since K is normal
in H, [S,T] € K. Thus [S,T] € KNG; C E. Let £ C L be an ecigenspace of S, let
S|z = Aldg. Then for any T' € H and any u € L,

STu="TS[S,T|u= Au([S,T])Tu
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and so either Tu € L' (if u([S,T]) = 1), or Tu L L'. Let H' be the subgroup of H that
preserves the subspace £'. Then T'(L') L £' for all T € H\ H' and so, for all T € G\ H'.

Let E’ be the subgroup of H' which is scalar on M’. Then E’ contains S and thus
E’ is greater than E. Let us replace £ by £, H by H', E by E' and K by K N H’. Since
this enlarges the subgroup E, by Lemma 1.3, after several such steps we will come to the
position where K = E. g
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