
ASPHERICAL MANIFOLDS WITHOUT SNOOTH OR PL STRUCTURE 

Michael W. DAVIS and 3ean-Claude HAUSMANN 

ABSTRACT. One construct closed aspherical PL-manifolds 

which are not homotopy equivalent to closed smooth 

manifolds. Examples of dosed aspherical TOP-manifolds which 

are not homeomorphie to closed PL-manifolds are also given. 

A space X is aspherical i f  i t  is homotopy equivalent to a CW-complex and i f  i ts  

universal covering is contract ible ( in other words : X is homotopy equivalent to the 

Eilenberg-McLane space K(nI (X) , I ) ) .  Closed aspherical manifolds form an interesting 

class of aspherical spaces. Classical examples come from Lie group theory and 

d i f f e ren t ia l  geometry and are smooth manifolds. A new kind of construction of closed 

aspherical manifolds appeared in [DI] ,  giving r ise to closed aspherical smooth 

manifolds with universal coverings not homeomorphic to R n. Using these techniques, we 

prove in this note the following results : 

Theorem I For each n ~/13, there exists an aspherical closed PL-manlfold M of 

dimension n which does not have the homotopy type of a closed smooth manifold. 

We prove Theorem I by showing that the Spivak bundle of M admits no l inear reduction. 

Theorem 2 For each n ~ 8 ,  there exists an aspherical closed topological manifold M 

of dimension n such that M is not homeomorphlc to a dosed PL-manifold. 
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We do not  know whether M has the homotopy type o f  a c losed  PL-man i fo ld  (See 

Remark 4). 

Reca l ]  t h a t  a group C i s  a Poincace dua l i ty  group i f  t he re  e x i s t s  a ZG-module 

s t r u c t u r e  Z on the abe l i an  group o f  i n t e g e r s  and a c lass  e £ Hn(C;Z) so t h a t  the cap 

p roduc t  homomorphism - ~ e  : H i ( c ; B ) - - ~ H n _ i ( C ; B ~ z Z )  i s  an isomorphism f o r  a t l  

G-modules B ( d e f i n i t i o n  of  B i e r i  and Eckmann [BE ] ) .  The fundamental  groups o f  the  

man i fo lds  M of  our theorem are the f i r s t  examples o f  Poinear~ d u a l i t y  groups G such 

t h a t  K (C , I )  i s  not  homotopy e q u i v a l e n t  to  a c losed smooth man i f o l d .  Reca l l  t h a t  a 

s t rong  v e r s i o n  of  the  Novikov c o n j e c t u r e  says t h a t  f o r  a Poincar~ d u a l i t y  group G, 

the space K (C , I )  should be homotopy e q u i v a l e n t  to  a c losed  t o p o l o g i c a l  man i fo ld  (see 

Remark 2) .  

We are g r a t e f u l  to  R. Schu l t z  and S. Cappe l l  f o r  v a l u a b l e  he lp  in  improv ing  the  

d imens iona l  r e s t r i c t i o n  in  Theorem I and in adap t ing  our o r i g i n a l  p roo f  o f  

Theorem I i n  o rder  to ob ta i n  Theorem 2. 

The p roo f  o f  Theorem I i s  g i ven  i s  Sec t i on  2, t h a t  o f  Theorem 2 in  Sec t i on  3, w h i l e  

Sec t ion  I i s  devoted to r e c a l l i n g  some f a c t s  about the c o n s t r u c t i o n  o f  [ D I ]  (and a lso  

[D2]). 

1.  CONSTRUCTING ASPHERICAL MANIFOLDS WITHOUT CAT-STRUCTURES USING 

REFLECTION GROUPS 

This section is a development of [01, Remark 15.9]. The notations and the terminology 

are from [DI], except that, following W. Thurston's terminology, we use the word 

"mirror' instead of "paner'. 

Let O be (finite) CW-complex, P a subeomplex of Q and L a triangulation of P. 

Replacing L by its barycentric subdivision if necesary, we can assume that L is 

"determined by its l-skeleton". (This means that for any set T of vertices in L, if 

any two distinct elements of T bound an edge, then T spans a simplex of L.) Under the 

assumption that L is determined by its l-skeleton, there is a Coxeter system (F,V) 

with L as associated complex (see [DI, Section 11]). In particular, V is the set of 

vertices of L. For instance, one could take P generated by V with the relations 
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2 
v = I for all v ~ V 

(vw) 2 = I i f  v and w bound an edge in  Lo 

The " canon i ca l  m i r r o r  s t r u c t u r e  on L" i s  then de f ined  as f o l l o w s .  For each v £ V~ l e t  

Pv denote the c losed s t a r  o f  v in  the b a r y c e n t r i c  s u b d i v i s i o n  L' o f  L~ each Pv i s  

c a l l e d  a m i r r o r .  Form the complex X = Q x P/~ , where ( x , g ) ~ - ( y , h )  i f  x = y and h - l g  

i s  in  the subgroup of  r generated by those v such t ha t  x ~ Pv" We r e c a l l  the 

f o l l o w i n g  fac ts  from [D I ]  : 

( 1 .1 .a )  X = U x i ,  w i th  X I = Q and X i i s  the union of  Xi_ I w i th  w i th  a t r a n s l a t e d  of  Q 

(we write X i = Xi_ I L/Q for simplicity). The intersection ll_i/3O is a union of 

mirrors and can be identified with the closed star in L' of a certain simplex in L 

[DI~ Section 8]. In particular, Xi_ I /3Q is contractible. 

(1.1.b) The group r operates properly on X as a reflection group with finite isotropy 

groups, and X/F = O- 

( I . 1 . e )  As a Coxeter  group, r con ta ins  a t o r s i o n - f r e e  subgroup F' o f  f i n i t e  index.  

Then x - - ) x / r '  = M is  a cover ing  p r o j e c t i o n .  

This has the f o l l o w i n g  immediate consequences : 

( I . 2 . a )  I f  P i s  a p o l y h e d r a l  homology m-mani fo ld ,  then each X i _ i ( ~  Q i s  a compact 

c o n t r a c t i b l e  po l yhed ra l  homology m-mani fo ld w i th  boundary. (Reca l l  t ha t  a po l yhed ra l  

homology m-mani fo ld i s  a m-dimensional  s i m p l i c i a l  complex such t ha t  the l i n k  of  any 

k -s imp lex  has the homology of  sm-k-1) .  

( I . 2 . b )  I f  P i s  a t o p o l o g i c a l  man i fo ld ,  then each Xi_ I ~  Q is  a compact c o n t r a c t i b l e  

man i fo ld  w i th  boundary. 

( 1 . 2 . o )  I f  P i s  a PL-man i fo ld  and L i s  a P L - t r i a n g u l a t i o n  of  P, then each X i _ I C I Q  i s  

a PL m - c e l l .  

From now on~ we suppose t h a t  (Q~P) i s  a Poincare p a i r  o f  formal  dimension n and t h a t  

the s i m p l i c i a l  complex L (=P) i s  a p o l y h e d r a l  homology man i fo l d .  In t h i s  spec ia l  

case, (1 .1)  and (1 .2)  above have the f o l l o w i n g  consequences : 
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( 1 . 3 . a )  Each X i i s  a Poincar~ space, X i s  an ( i n f i n i t e )  Poincar~ space and M i s  a 

c losed  Po incare  space. 

( 1 . 3 . b )  I f  0 i s  a t o p o l o g i c a l  n -man i f o l d  w i th  boundary ~Q = P, then each X. i s  a 
1 

man i f o l d  w i th  boundary,  × i s  a man i fo ld  and M i s  a c losed  t o p o l o g i c a l  m a n i f o l d .  

( 1 . 3 . c )  I f  Q i s  a t r i a n g u l a t e d  man i fo ld  and L i s  a t r i a n g u l a t i o n  o f  ~0, then the 

b a r y c e n t r i c  s u b d i v i s i o n  of  the t r i a n g u l a t i o n  of  Q extends to  a t r i a n g u l a t i o n  of  M. In 

o the r  words, i f  Q has a T R I - s t r u c t u r e  in the sense of  [CS],  then the c losed man i fo ld  

M i n h e r i t s  a T R I - s t r u c t u r e .  

( 1 . 3 . d )  S i m i l a r l y ,  i f  Q i s  a PL-man i fo ld  and L i s  a P L - t r i a n g u l a t i o n  of  ~Q, then × i s  

a PL-man i fo ld ,  P ac ts  through PL-automorphisms, and hence H i s  a PL-man i fo ld .  

( 1 . 3 . e )  I f  0 i s  a smooth man i fo ld  and L i s  a smooth t r i a n g u l a t i o n  o f  ~0, then Q can 

be g i ven  the s t r u c t u r e  o f  a smooth o r b i f o l d  (see [DI~ Sec t i on  17 ] ) ,  and hence M i s  a 

smooth m a n i f o l d .  

E s s e n t i a l l y ,  (1 .3 )  says t h a t  i f  O i s  a CAT-mani fo ld ,  then so i s  M (where CAT = DIFF, 

PL, TRI or  TOP). Moreover,  M con ta ins  9 as a codimension zero Po incare  space or 

subman i fo ld .  

F i n a l l y ,  we deduce the f o l l o w i n g  f a c t s  : 

(1 .4 )  I f  0 i s  a s p h e r i c a l ,  then H i s  a s p h e r i c a l  ( s ince  X. ~ Q i s  c o n t r a c t i b l e ,  X i s  
1 

a s p h e r i c a l  and X ~ M  i s  a cove r i ng  p r o j e c t i o n ) .  

(1o5) I f  the  map u 0 : Q ~ B C  c l a s s i f y i n g  the  Sp ivak  bundle of  0 does not  l i f t  

th rough BCAT (CAT = DIFF, PL, or  TRI ) ,  then n e i t h e r  does VM : M- -~BC (s ince  ~MlO = 

v O) and then M does not  have the homotopy type o f  a CAT-mani fo ld .  

(1 .6 )  Suppose t h a t  0 i s  a t o p o l o g i c a l  man i f o l d .  I f  the map ~0 : O--~BTOP c l a s s i f y i n g  

the s t a b l e  tangen t  m ic ro -bund le  of  0 does not  l i f t  th rough BCAT (CAT = DIFF, PL, or 

TRI) ,  then n e i t h e r  does v M : M--~BTOP and M is  not  homeomorphic to  a CAT-mani fo ld .  

Remark : The argument of  [D2, P r o p o s i t i o n  1 .4 ]  shows t h a t  t he re  i s  a P - e q u i v a r i a n t  

embedding f : X ~ Q x R  N w i t h  t r i v i a l  normal bund le ,  where F ac ts  on R N as a l i n e a r  

r e f l e c t i o n  group.  Moreover~ the compos i t i on  o f  f w i th  the p r o j e c t i o n  on the  f i r s t  
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f a c t o r  i s  the  o r b i t  map n : X - - * Q .  I t  f o l l o w s  t h a t  

VM : M ~ BCAT f a c t o r s  as M ~ ~ Q--~Q-~ BCAT. This  g i ves  a s o r t  o f  a converse  

s ta temen t  t o  ( 1 . 4 ) - ( 1 . 6 ) .  

2.  PROOF OF THEOREN 1 

Observe t h a t ,  i f  M i s  a c l osed  a s p h e r i c a l  P L - m a n i f o l d  w i t h  Sp ivak  bund le  UM : 

M ~ B G  a d m i t t i n g  no l i n e a r  r e d u c t i o n ,  so i s  MxS I .  T h e r e f o r e ,  i n  o r d e r  t o  p rove  

Theorem I ,  i t  i s  enough, us ing  ( 1 . 5 )  and ( 1 . 6 ) ,  t o  c o n s t r u c t  a compact a s p h e r i c a l  

P L - m a n i f o l d  Q o f  d imens ion  13 such t h a t  9Q : Q--- )BG has no l i n e a r  r e d u c t i o n .  

Our t echn ique  to  c o n s t r u c t  such m a n i f o l d s  Q i s  the f o l l o w i n g .  Le t  a be an 

e lement  o f  , k (BPL)  so t h a t  i t s  image a i n  .k (BC)  i s  no t  i n  the  image o f  the  

n a t u r a l  homomorphism ~ k ( B O ) ~ , k ( B C ) .  One has BPL = B~L = llm(BP'~Li ) ,  where B~L i 

i s  the c l a s s y f i n g  space f o r  PL -b lock  bundles o f  rank i [RS I ] .  Le t  a r : S k > 

B ~  r e p r e s e n t  a. Le t  T k be the  t o r u s  o f  d imens ion  k. Take a degree one map Tk-- - *  
r 

k "~ S k and compose i t  w i t h  a r t o  ge t  b r : T ---~BPLr, or  w i t h  ~ t o  ge t  ~ : Tk--~BC. 

By the c l a s s i f i c a t i o n  o f  " a b s t r a c t  r e g u l a r  PL-ne ighbourhoods"  ove r  a P L - m a n i f o l d  

[RSI,  C o r o l l a r y  4 . 7 ] ,  t h e r e  i s  a compact P L - m a n i f o l d  Q o f  d imens ion  k + r 

c o n t a i n i n g  T k as a cod lmens ion  r - s u b m a n i f o l d  such t h a t  : 

I )  0 c o l l a p s e s  on to  T k .  T h e r e f o r e ,  Q i s  a s p h e r i c a l .  

2) The map b c l a s s i f i e s  the  normal  b l o c k - b u n d l e  o f  T k i n t o  Q. 
r 

As T k i s  p a r a l l e l i z a b l e ,  i t  f o l l o w s  f rom 2) t h a t  the  c o m p o s i t i o n  Q---~T k w i t h  

c l a s s i f i e s  the i n v e r s e  o f  the  Sp ivak  bund le  uQ o f  Q. Suppose t h a t  vQ admi ts  a 

l i f t i n g  th rough  BO. The spaces BO and BC are known to  be i n f i n i t e  loop  spaces,  

so one can w r i t e  BO = ~ ( ~ - I B o )  and BC = ~ ( ~ - I B c ) .  I f  vQ l l f t s  th rough  BO, the 

a d j o i n t  map ad(vQ) : ~ T k ~ - I B c  would l i f t  t h rough  ~ - I B o .  But ~- T k i s  

homotopy e q u i v a l e n t  t o  S k + 1 V  A, where A i s  a wedge o f  spheres o f  d imens ion  

k ,  and ad(vQ) IS  k+1 i s  a d ( - ~ ) .  Th is  c o n t r a d i c t s  the  f a c t  t h a t  ~ does no t  l i f t  

t h rough  BO. 
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We now give an example of an element a wi th  the above proper t ies .  The group 

s n9(BC) = n8(G) = n 8 is  isomorphic to Z 2 ~  Z 2. Observe that  an element of ni(BC) 

l i f t s  to ni(BCk+ I )  i f  and only i f  the correrspondlng element of s1_i l i f t s  to 

nl+k_1(sk).  Therefore, the generators of n9(BC) are ~ coming from ng(BG 7) and 

coming from ng(BG4) [To, Theorem 7 .1 ] .  The homomorphism Z 2 = ng(BO)--@n9(BC) 

can be i d e n t i f i e d  wi th the J-homomorphlsm J : riB(SO)--)n~. The group ~7(S0) is  

i n f i n i t e  eye l l e ,  generated by w, and J(w) = o, where o is  represented by the 

Hopf map $15---~S 8. Let ~ be the non-zero element of n~. One has J (wo~)  = 3(w)o~ 

= a o ~  = ~ o o  = U +~  ( fo r  the las t  equa l i t y ,  see [To, Theorem 14.1] ) .  

Take ~ = ~ .  The homomorphism ng(BPL)--~ng(BC) is  onto since n8(C/PL) = Z. 

Therefore, there ex is ts  an element a ~ n9(B~FL) having image c~. The fo l l ow ing  

diagram 

BP~ " B~ 

BC • gc 
r 

is a pull-back diagram for r ~3  [RS2, Theorem 1.10]. Therefore, a is the image of an 

element a 4 ~  ~9(BPL4). Thus, the above const ruct ion of Q can be performed wi th d i n  = 

13, which proves Theorem I .  

3. PROOF OF THEOREM 2 

I f  M is a closed aspherical TRl-manifold so that the topological stable tangent 

microbundle T M : M~BTOP does not l i f t  through BPL, then MxS 1 has the same 

property. Therefore, using (1.6), i t  is enough to construct a compact aspherieal 

TRI-manifold Q of dimension 7 so that TQ does not l i f t  through BPL. 

Consider the diagram 

R4(BTRI) ....... ~ ~3(TRI/PL) 

r~4(BTOP ) ......... ~. ~3(TOP/PL) 

n3(PL) = 0 
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3 ~ ~3(TRI/PL)__,~3(TOP/PL ) = Z2 can be i d e n t i f i e d  w i th  the The homomorphism ~H 

Roh l in  i n v a r i a n t  [GS, Sec t ion  6] and i s  t h e r e f o r e  s u r j e c t i v e .  On the o ther  

hand, the homomorphism R 4 ( B P L ) ~ n 4 ( B C )  i s  a l so  s u r j e c t i v e ,  s ince n3(G/PL) = 

= O. There fo re ,  there  e x i s t s  a map ~ : S4--~BTRI induc ing a non-zero c lass  in  

R3(TOP/PL) and the zero c lass  in  n4(BC). Denote by a the compos i t ion  of  ~ w i th  

the map BTRI--~BTOP. The diagram 

BTOP ~ BTOP 
r 

BG ............. ~ BC 
r 

i s  a p u l l - b a c k  diagram fo r  r ~ 3  [RS3, C o r o l l a r y  2 . 5 ] .  There fore ,  one can f i nd  a 3 : 

S4--->BTOP3 g i v i n g  a when composed w i th  BTOP3----~BTOP. Take a degree one map T4---~S 4 

and compose i t  w i th  a 3 to  get  b 3 : T4----~BTOP3. Using the c l a s s i f i c a t i o n  of  

t o p o l o g i c a l  abs t r ac t  regu la r  neighbourhoods [RS3, Theorem 3.2]~ one shows~ as in  the 

p roo f  o f  Theorem I~ t h a t  t he re  i s  a compact t o p o l o g i c a l  man i fo ld  Q of  dimension 7 

con ta i n i ng  T 4 as a codimension 3 submani fo ld  and s a t i s f y i n g  : 

I )  The i n c l u s i o n  T 4 c Q is  a homotopy equ iva lence .  

2) b : Q ~ T 4 ~ B T O P  i s  homotopic to TO. 

As in  the p roo f  o f  Theorem I~ one shows t h a t  ~Q admits no l i f t i n g  through BPL. But, 

as TQ l i f t s  through BTR1, Q admits a T R l - s t r u c t u r e  [CS, Theorems 1 and 1 .5 ] .  We have 

thus const ruc ted  a man i fo ld  Q w i th  the requ i red  p r o p e r t i e s .  

REMARKS : 

1) We do not  know whether 13 and 7 are the sma l les t  dimensions f o r  which Theorems 1 

and 2 are r e s p e c t i v e l y  t r ue .  

2) I t  i s  tempt ing to  use the above method to  cons t ruc t  an asphe r i ca l  Poincare complex 

which i s  not  homotopy e q u i v a t e n t  to  a c losed t o p o t o g i c a l  man i fo ld .  This woutd 

c o n t r a d i c t  a ( f o l k l o r e )  s t rong  ve rs i on  of  the Novikov con jec tu re .  The problem would 

be to  f i nd  a fundamental  chamber Q which i s  a Poincare comptex, so t ha t  the Spivak 

bundle ~Q admits no TOP-reduct ion,  but  w i th  P = ~Q homotopy e q u i v a t e n t  to  a c losed 
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polyedral homology man/fold. 

3) Other examples of aspherieal manifolds for Theorems I and 2 are obtainable 

as fol lows : in the proofs, replace the degree one map Tk--~S k by a map f : K--*S k 

inducing an isomorphism on in tegra l  homology, where K is  a f i n i t e  aspherical 

polyhedron of dimension k (K and f ex is t  by [Ma]). The manifold Q w i l l  then be a 

thickening of K with TQ = a ~ f ,  which exists in the stable range. 

4) By obstruct ion theory, i f  K is a complex of dimension 4, any map K--~BG 

which l i f t s  through BTOP admits a l i f t i n g  through BPL. Therefore, i t  is not 

possible to assert that  the manifolds M of Theorem 2 are not homotopy equi- 

valent to closed PL-manifolds. But i f  a homotopy equivalence f : M'---~M existed 

with M' a closed PL-manifold, then f would yeld a homotopy equivalence between 

aspherical closed manifolds which is not homotopi¢ to a homeomorphism. This 

would be a negative answer to a question of A. Betel. 
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