2
ON THE ORDER OF MAGNITUDE OF COEFFICIENTS
OF THE FOURIER-LEBESGUE SERIES!

It is known that the coefficients of the Fourier series of a summable func-
tion tend to zero. In this article I will prove the following proposition con-
cerning the series by cosines.

1. For every sequence {a,}%,, converging to zero, a sequence {a, }° can
be found, such that

!
1) |an| < a,;
oo !
2) > a,cosnz
n=1
1s a Fourier series of a summable function.

Consider the series

a/2+aycosx+ -+ a,cosne + - - (1)
Define
An = Qp — An+41, A;L - An - An—|—1

Applying the Abel transformation twice, we obtain two series

sin((2n + 1)z/2)

%AO + ni: A sn(z/2) 2)
1, & 1 [(sin((2n+1)z/2)\?
gt ;A@( 2sin(e/2) ) ' 3)

If the conditions

sin((2n +1)z/2) _ lim A, <sin((2n + 1)36/2))2 iy

lim a, - -
n—00 2sin(z/2) n—00 2sin(z/2)
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are satisfied, the series (1) converges together with the series (3). These
conditions are satisfied everywhere, except for points z = 0(mod 27), if
a, — 0 and, consequently, A, — 0.

o0

If the series Y |A,| converges, the series (3) and (1) converge to some
n=1
function f(z)everywhere, except for points z = 0(mod 27). Noticing that

2/27r A (sm?Zﬁla};‘/Q))Qd,ﬁ=7T(7”L+1)‘A’n"

we obtain the assertion’
11. If the series Z n+1 |A | converges and the coefficinets a, tend to

n=1
zero, then the series (3) converges to a summable function. So, the series (1),

converging to the summable function f(x), excluding points x = 0(mod 27),
1s a Fourier-Lebesgue series.
In particular, if all A’n are positive, then

S (n+DIAL = 30+ 1A, = ap.
n=0 n=0
Therefore,

II1. If the coefficients of a series by cosines tend to zero and their second
differences are positive, then this series is a Fourier-Lebesque series.

Since for every sequence {a,} converging to zero there exists another se-
quence {a,, } converging to zero, such that a,, > |a,| and the second differences
are positive, the suggestion I is proven.

R em ark 1. Suppose the series

oo

> a,cosnz = f(z)

n=1
satisfies the conditions in suggestion II. Let = my + 7/2. Then

oo

f(my + Z — Q43 sin(4n — 3)my + ag,—1 sin(4n — 1)my)+
N n—1

+ > (—aun—s cos(4n — 2)my + auy, cos dnmy).
n=1

The first sum is the Fourier-Lebesgue series for
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flmy +7/2) — f(=my +7/2)
2 7

in particular, if m = 1, we see that the seeries
—a1siny + azsin3y — azsindy + azsin 7y - - -

is a Fourier-Lebesgue series.
R e m ar k 2. The remainder of the series (1) is equal

Ro_L i A (sin((k+1)$/2)>2+ N (sin((n+1)x/2)>2+

2,5 k sin(z/2) 2 sin(z/2)

sin((2n + 1)z/2)
2sin(z/2)

n

If the condition in suggestion II is satisfied, we have

im [ ]S A <Sm (k+ Vo /2)" ) dr = lim 3 w(k+1)|A,] =0,
n—oo P Sln(ﬂ:/Z) n—oo P
o . 2
im [ A, (S DTN im0+ 1) =
n—oo Jo SlIl(.’E/Q) n—00

< ggrgow]g(k+1)|Ak| = 0.

> A

k=n

= nh_)rgow(n +1)

27
In this case / |R,|dx converges to zero together with
0

2w
aal |

and, consequently, together with |a,|logn.
o

IV. If > n|A | converges, then the condition

n=1

sin((2n + 1)z/2
2sin(z/2)

‘dm

nll_)Iglo aplogn =0

is necessary and sufficient for convergence of the series (1) on average [by

metric L]



So, out of the two Fourier-Lesbegue series
i COS N i CoS NT
= logn’ = (logn)'+te

the second converges on average, while the first does not (see [1]).
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