Math 787.03 Mock Exam 3, Summer, 2003

August 27, 2003

. Find the radius of convergence of the series
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Solution. (From the Autumn 93 qualifying exam.) First note that by
comparing the sum with the integral we find

n(ln(n) —1)+1< Zlnk <(n+1)(n(n+1)—1)+1.
k=1
a. We have
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nln |x|—( +n)( n(n+1)—1) oS nln |z n,; nk <nlnlz|-In(n)+ .

If |z| <1, then
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nlgr;o <nlnx|—gzmk> = —00
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and the sum converges. If |z| > 1, then the limit is infinity and the sum
diverges. So the radius of convergence is 1.

b. Similarly we have

nln |z|—(n+1)(In(n+1)—1)—1 < nln \:ﬂFZInk <nln|z|-n(n(n)—1)—1.
k=1

Then for all z,
lim <n1n|az| - Zlnk) = —00,
k=1

so the radius of convergence is co.



2. Suppose f : (0,00) — R is a continuous function such that

lim f(n’z) =a

n—oo

for every z € (0,00). (Of course here n is an integer). Prove that
limg o f(2) = a.

Solution. (Stanford real analysis exam, fall 1998. Compare with Kaczor
and Nowak, problem 1.7.22.)

Fix € > 0. For k a positive integer let

F,={0}u ngk{x € (0,00) : |f(n?z) —a| < €}.

Then since f is continuous Fy, is closed in [0, 00) (since we’ve added the
point {0}). By the limit hypothesis,
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Since [0, c0) is a complete metric space, the Baire Theorem says that there
exists a k such that Fj, has nonempty interior. Thus thereisaa > 0,9 > 0,
and positive integer k£ such that

(a—d,a+9) C Fy.

Choose M large enough that both of the following inequalities hold:
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M > ak and <M+W)a<6'
Now let 2 > M. We will show that |f(z) —a| <e. Let n = [\/Z]. Then
n > k and ,
a<£<a(n+1)
<3<
S0
O<——a< (z i)
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Then % € Fj, and so |f(z) —a| =[f(n*;%) —a| <€

3. Suppose f,(z) is a sequence of non-decreasing functions on [0, 1] (i.e., for
all n, if 1 < @9 then f,(x1) < fn(x2)) which converge pointwise to a
continuous function g(z). Prove that the convergence is actually uniform
on [0,1].

Solution. (Stanford real analysis exam, spring 2001.) Since g is contin-
uous on the compact interval [0, 1], it is uniformly continuous. Fix € > 0
and choose § such that for all z, y € [0, 1],

|z -yl <0 = [g(z) —g(y)| <e/2.



Let n =[1/6]. Lettp = ké, k=0, ...,n,and t,11 = 1 (note t, 11 —t, <3
also). Now choose M such that for all m > M, and all k=0, ..., n+1,

lg(te) = fm(tr)| < €/2.

Now we will show that f,,, converges uniformlly to g on [0, 1]. Let m > M.
For any = € [0, 1], find k so that « € [t,tr11]. Consider |g(z) — fim(z)].

If 0 < g(x) — fi(x), then — fp, () < — frn(tx) and
l9(x) = fm ()] < |g(x) — fm ()] < |9(2) — g(ti)| + g(tr) — fm(te)] < €

since |z — tg| < 6 and m > M.

If 0 < fin(z) — g(x), then f,(z) < fin(tk4+1) and

9(z) = f(@)| <19(x) = fn(thsa| <€

by the same reasoning as above. Since M is independent of z, this shows
that f,, converges uniformly to g on [0, 1].

. Suppose f and g are positive, Riemann integrable functions on [0, 1] such
that f(z)g(x) > 1 for all « € [0,1]. Prove that

/Olf(x)dac-/olg(az)dxz 1.

Solution. (Stanford real analysis exam, Fall 1999.) Since f(z)g(z) > 0

and f(x)g(z) > 1 for all « € [0, 1],then we also have \/f(z)/g(z) > 1 for
all z € [0,1]. Since f and g are Riemann integrable then so is v/fg and

applying the Cauchy-Schwarz inequality gives

1= 11dt§ lm\/@dl«g lf(z)da: lg(x)dx.
[z [ e ]

Squaring both sides gives the result.

. Let N be the set of all positive integers. Suppose f : N — R is a function
such that

fn+m) < f(n)+ f(m)

f(n)

n

I

Solution. (Stanford real analysis exam, fall 1999.) Let L = inf,en %")

First suppose L > —oo. Fix € > 0. There exists an ng € N such that
f(no)

——<L+e¢
no

for all m, n € N. Prove that lim,,_, exists and is equal to inf,,cn



(otherwise, all % > L +¢eso L+ eis a greater lower bound for the

sequence M than L). Let m > ng and write m = gng + r where ¢ € N
and 0 <r < ng. Then f(gno+ 1) < qf(ng) + f(r) and
fm) _ af(no) , 1(r)
m m m
_m=r fo) , S0)
m N m
Since r doesn’t depend on m,
lim sup f(m) < f(no) < L+e.
m— oo m no

Since € > 0 was arbitrary, conclude limsup,,,_, ., % < L. On the other
hand it is clear that L < liminf,,_ % This shows that

lim inf M = lim sup m =1L.
m—oo M m—oo M
So limy, o0 exists and equals L. If L = —oo then the same type of

fm) _

m

f(m)
m
argument will show that lim,, . —00.

. Let f be a differentiable function on [0, 1] such that sup ¢ 1y [f'(2)] < M.
Prove that for all positive integers n,

n—1 iL M
2=, / f@)dz| < 3.
7=0

Solution. (See Berkeley problems, 1.5.10.) The Mean Value Theorem
gives, for j =0, ..., n, and z € [j/n, (j + 1)/n],

[f(G/n) = f(2)] < M(x = j/n).

Then
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