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1. Let R be a non-constant rational function, R(x) = %, A,
n

b, # 0. Prove that there exists zp € R such that R is strictly monotone
on (xg, 00).

Solution.  The quotient rule for derivatives shows that R’ is again a
rational function, i.e., R’ = P/Q for some polynomials P, Q. If R’ is
identically zero, then R is constant contradicting the assumption. So R’
is a non-zero rational function. Then P and @ have a finite number of
zeros (possibly none) so there is an z, such that R’ is a continuous (in fact
smooth) non-zero function on (z,,00). Then R’ is either always positive
or always negative on (z,,00) so R is strictly monotone on (z,,0).

2. Find
(a) lim,— o sin(mvn2 + 1)
Solution. Claim lim,,_, . sin (7‘(\/ n? + 1) = 0 (note this is a sequen-
tial limit, i.e., n is a non-negative integer). Fix ¢ > 0. The sine
function is continuous and periodic on R, hence uniformly continu-
ous on R. Choose § > 0 such that for all z, y € R, |z — y| < ¢ im-
plies |sin(z) — sin(y)| < e. Note lim;, o (vn? +1 —n) = 0. Choose
M > 0 so that for all n > M, |mvn?2 +1—mn| <. Then

[sin(my/n? + 1)| = |sin(ry/n2 + 1) — sin(mn)| < e.

Since € > 0 was arbitrary, conclude lim,, . sin(mvn? + 1) = 0.
(b) limy, e sin®(7v/n2 + n)

Solution. For this one we note that

1 1
\/n2—|—n:m/1+~n(l+>.
n 2n

It’s easy to show that lim,, .. (\/n2 +n—n-— %) = 0. Since

sin?(7(n + %)) =1,

we can show as above that lim,, . sin®(7v/n2 4+ n) = 1.

3. Let f be a continuous function on [0, 1]. Prove that

e ([ ' f) w)< | e (f(x)) da.



Solution. (This is a special case of Jensen’s inequality. See Rudin’s book,
“Real and Complex Analyis,” Theorem 3.3) For any n, we have by the
arithmetic-geometric mean inequality,

(Tleo(1())) =em (20 (4)) 2 5o (1 (4)):

Note limy oo = >0, f(£) = fol f(x)dx. Letting n — oo and using the
continuity of exp gives the result.

. Prove the theorem on term-by-term differentiation of power series: if r > 0
and f(z) =Y ." ,anx™ converges for |z| < r, then g(z) = Y7 | na,a™ !
also converges for |z| < r, and f' = g.

Solution. See, e.g., Rudin, Principles of Mathematical Analysis, Theorem
8.1.

. (i) Prove that for every n = 1, 2, ..., the series Y > (
converges.
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Solution. There are many ways to do this. Perhaps the easiest is to

rewrite the series as Y p- (ﬁ - \/liTn) and use the integral test (which

we can do because ﬁ - \/kl-Tn >0and f(z) = % - \/xl-Tn is decreasing,
as can easily be seen by taking the deriviative):

< 1
/1 [\/5_\/90+n] e
:A}LmOOQ(\/Nf\/m>72+2W:f2+2m.

The integral test says the sum converges, for every n > 1.

. (ii) For each n € N, let S,, be the sum of the above series. Evaluate
lim,, oo %

Solution. Let Sy, be the NI partial sum of the series corresponding to
n. From the basic estimate in the integral test we have

N N
/1 f(@)de + F(N) < Sy < £(1) +/1 f() de.
Letting N — oo gives

1
2vn+1-2<5, <-1— —— +2V1+n.
- VvV1i+n

Dividing by y/n and letting n — oo shows that % — 2.



