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Abstract. A C“ Riemannian manifold (X, g) determines an integrable complex
structure on a tubular neighborhood 7T X of X in T* X, and a CR-structure on the
boundary 07T*¢X. There are two natural families of curves on 97T*°X: the orbits
of the geodesic flow, and a CR-invariant family called chains; it is natural to ask
whether they are related. We show that if orbits of the geodesic flow are chains
on JT*X for all e sufficiently small, then (X, g) is Einstein. As a partial converse,
we show that if (X, ¢g) is harmonic, then orbits of the geodesic flow are chains. To
prove this we study the Fefferman metric associated with 07T*X.

0. Introduction.

Let (X, g) be a compact, connected, C* Riemannian manifold. For sufficiently
small € this data determines in a canonical way an integrable complex structure on
the tube

T X ={£ecT"X : [, <€}

(see [15], [22]) such that the level sets of the length function are strictly pseudo-
convex domains in a Stein manifold. We will explore the relationship between CR
invariants of the boundary of the tube, M., and the metric g. In principle the
infinite order jet of the complex structure at the zero section is computable from g,
but it is not obvious how to relate this data to boundary CR invariants. A further
complication is fact that the M, are not CR equivalent for different values of € [17].
So one first needs to understand properties which persist as e — 0.

The reason the CR invariants of M, are interesting is that a strictly psuedocon-
vex domain in a Stein manifold is determined by its CR structure at the boundary:
if Q1, Q9 are two such domains, then they are biholomorphic if and only if their
boundaries are CR diffeomorphic*. Thus the equivalence problem for such domains
was in principle solved by Chern and Moser [9], who constructed a complete set of
invariants for nondegenerate CR manifolds M of hypersurface type. In the process

* The proof of the “if” part is the same as for domains in C™ [23] using the
extension theorems of [16]; the “only if” part is Fefferman’s theorem [12].

1



they identified an interesting family of CR invariant curves called chains. For each
v € TM transverse to the maximal complex subspace, there is a unique chain with
tangent vector v. They showed that along a chain, M can be represented in a
normal form which osculates M to maximal order by the holomorphic image of a
quadric. It is known that chains carry a lot of information about the CR structure.
For example, a chain-preserving diffeomorphism between two non-degenerate CR
manifolds is either a CR or conjugate CR diffeomorphism [8].

On the other hand, the boundaries M, carry a natural family of curves de-
termined by the metric, namely, the orbits of the geodesic flow. Since the identity
component of the holomorphic automorphism group of 7%¢X is the lift of the isome-
tries of X, [5], these orbits are at least invariant under the identity component of
the automorphism group. As a first step in relating Riemannian invariants of X to
CR invariants of M., we give a partial answer to the question, “When are the orbits
of the geodesic flow chains (up to reparameterization)?” (there are of course many
other chains which are not initially tangent to the geodesic flow). We find that if
the orbits of the geodesic flow are chains for all sufficiently small €, then (X, g) must
be Einstein. In the converse direction we show that if X is a harmonic manifold,
then the orbits of the geodesic flow are chains.

Chains were defined in [9, §5d] as solutions of a system of ordinary differential
equations involving the Chern-Moser invariants on the Chern structure bundle.
Extending the seminal work of Fefferman [13] on domains in C", Burns et al. [6]
and Webster [25] showed that if M is strictly pseudoconvex, then its chains can be
described as the projections of (non-vertical) null geodesics for a certain conformal
class of indefinite metrics on a circle bundle over M. This conformal class, called
the Fefferman metric, is invariant under CR diffeomorphisms of M. In fact, all
the CR invariants can be reconstructed from conformal invariants of the Fefferman
metric [6]. Since it is difficult to work directly with the Chern structure bundle, our
approach will be via the Fefferman metric.

A pseudohermitian structure on M is a choice of contact form # annihilating
the maximal complex subspace. Associated with a pseudohermitian structure is a
fiber metric on the canonical bundle K; of M, and the Fefferman manifold can be
identified with with the unit circle bundle in Kj;. J. Lee [20] gave a description
of the Fefferman metric in terms of intrinsically defined forms and normalizations
on Kj;. We use Lee’s approach to the Fefferman metric to obtain our main result,
theorem 3.3, which computes the Lee representative of the Fefferman metric in
terms of the Kéahler geometry of T#¢X. This allows us to relate the CR invariants
of M, to the infinite order jet of the complex structure at the zero section, and
hence to the Riemann metric g.

The organization of this paper is as follows. In §1 we give background material,
establish some notations and conventions, and prove a “well-known” but important
lemma. We remark that an analog of this lemma is true for other functions of ¢, and
that many of our computations can be carried out in other interesting situations. For



example, on a negative holomorphic hermitian line bundle log |- | satisfies the homo-
geneous Monge-Ampere equation, and one could obtain results similar to theorem
3.3 for the boundary of the unit disk bundle. In §2 we describe the Lee construction
of the Fefferman metric and use it to give a criteria for the orbits of the geodesic flow
to be chains (lemma 2.3). In §3 we analyze the effect of the homogeneous Monge-
Ampere condition on the Lee representative of the Fefferman metric. We find that
the volume normalization used to construct the Fefferman metric has a simple form
(corollary 3.2). The main result is theorem 3.3, which gives a description of the
Fefferman metric in terms of the Kahler geometry of the tubes. This leads to a
more explicit condition for the orbits of the geodesic flow to be chains (corollary
3.6). In §4 we us a result of R. Aguilar [1] show that if X is a harmonic manifold,
then the orbits of the geodesic flow are chains. The Damek-Ricci spaces give non-
symmetric (non-compact) examples of this phenomenon. We also compute some of
the Webster invariants of M., and remark that the M, associated with the Damek-
Ricci spaces give new examples of pseudo-Einstein CR manifolds.

In §5 we prove that a necessary condition for the orbits of the geodesic flow to
be chains for all € sufficiently small is that X must be Einstein. The relationship
between the Ricci tensor p of T*°X and the Ricci tensor Ricx of X is given by
proposition 5.2, which shows that (% p = %Ric x. To prove this we use another result
of R. Aguilar [1], which relates p to the the Ricci tensor of a pseudo-Riemannian
metric associated with the square of the distance function on a neighborhood of the
diagonal in X x X. We obtain a criteria for the orbits of the geodesic flow to be
chains in terms of the scalar and Ricci curvature of 7% X (equation 5.3), and derive
the necessary condition by expanding this in a power series in local coordinates. If
dim X = 2 or 3, then the orbits of the geodesic flow are chains if and only if X has
constant sectional curvature (corollary 5.4).

1. Background material.

Geometric preliminaries.

In this paper (X,g) will be a connected, real-analytic Riemann manifold of
dimension n + 1 such that 77X admits an adapted complex structure for some
€ > 0 (see below; this is always true if X is compact). Our convention for wedge
products is the “alternating” one, i.e., a A= (a® - & «a)/2 for 1-forms «, (.
We will use the usual summation conventions (repeated indices are summed).

Let ¢ be a smooth, positive, strictly plurisubharmonic function on an (n + 1)-
dimensional complex manifold €. Let h be the Kédhler metric associated with the
Kahler form 2v/—100¢, i.e.,

h(V,W) =2v—=100¢(V,JW)  V,W,e CTA.
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In local holomorphic coordinates, h = 2¢i3dzi -dz’ (the subscripts denoting partial
derivatives). We denote the Ricci form of h by p and the Ricci tensor by p. In local
coordinates, p = —2v/—1 (log det (ﬁkz)ﬁdzi A dz’ and p = —2(log det (ﬁkz)i;dzi ~d7.
See [3], 2.99 or [18], IX.5 eq. 26. We use the wedge product convention of [18] and
relate the Ricci form to the Ricci tensor as in [3], 2.26.

A homogeneous Monge-Ampére type problem.

Let 1x: X — Q be an embedding of X as a totally real submanifold of a complex
manifold €. It is well-known that such an embedding exists if X is connected
and real analytic, and the germ of the embedding is unique. There is a unique
antiholomorphic involution ¢ on a neighborhood of X whose fixed point set is
X. Consider the following “homogeneous Monge-Ampere type” problem: Find
a smooth, non-negative, strictly plurisubharmonic function ¢ on a neighborhood
of X such that p=1(0) = X, 0*p = ¢, 1\h = g where h is the Kéhler metric
associated with ¢, and (99,/p)"*! = 0. The main result of [15] is that if (X, g)
is compact, connected and real analytic, then there is a unique solution to this
problem, and the solution is real analytic. Given such a solution, there is a unique
diffeomorphism v from a neighborhood of X in T*X to a neighborhood of X in
such that 1*Im Oy is the canonical one-form on 7% X. It can be shown that ¢*¢ is
the length squared function. The identification ¥ gives T*X an integrable complex
structure, canonically determined by the metric. Using the metric to identify 7" X
with T'X one obtains the adapted complex structure discovered independently and
simultaneously by Lempert and Szoke [22]. If X is not compact, then the adapted
complex structure exists locally but may not extend to a tube of uniform radius. If
X is homogeneous or covers a compact quotient, then the adapted complex structure
does extend to some T°X.

Pseudohermitian manifolds.

A pseudohermitian manifold is a CR manifold M with a choice of a smooth one-
form 0 annihilating the maximal complex subspace of TM. See J. Lee’s paper [20]
for more details, the notations and conventions of which we will follow closely. We
will study the pseudohermitian manifolds M, = 0T*¢X, with the pseudohermitian
structure 6 = o*(—Im d¢), where 1. is the inclusion and ¢ is the g-length squared
function. Our perspective will be to consider M, simply as the e>-level set of a
solution ¢ of the homogeneous Monge-Ampere type problem above.

Define a vector field T on M, by T'|df = 0, §(T) = 1. T is a constant multi-
ple of the infinitesimal generator of the geodesic flow, so its orbits (considered as
unparameterized curves) are the orbits of the geodesic flow. Since 6(T) =1, T is
transverse to the maximal complex subspace of T M,.. At each point p € M., there
is a unique chain passing through p with tangent vector T'(p). In this paper we will
investigate whether this chain is the orbit of T" through p (up to reparameterization).
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Equivalent formulations of the homogeneous Monge-Ampére condition.

The metric identification of CT™*() with CT(2 induces an inner product on
CT*Q. Define a vector field Z of type (1,0) on 2 by

2)006 = 06| 20 where [06]2 = [39]? = h(09, 0¢).

Note that Z = |0¢|%10¢, and 0¢(Z) = 0¢p(Z) = 1. We will need the following

“well-known” lemma.

Lemma 1.1. The following are equivalent:

. (00v3)" =0

2. |0¢] =29

3. (2,7 = (2¢)"Y(Z - 2)

4. If 2 is defined by Z|v/—100¢ = —Im 0¢, then Z¢ = 2¢.

~

Proof. A computation shows that 1) is equivalent to

n+1

2¢ (009)" " = (n+1)9p A Dp A (008)" . (1.1)

Contracting the identity 0 = d¢ A (65¢) "*1 With Z shows that
(000)""" = |0¢|7%(n + 1)0¢ A D A (00¢)" .
Therefore 1) is equivalent to 2). Note that Lzd¢ = —|0¢|20¢ and
Lz00¢ = d|0¢|™2 N\ O¢ + |0¢|200¢.

Using these identities and the identity [Z, Z]|00¢ = Lz (Z|00¢) — Z|L700¢ we

can compute
[Z,2)100¢ = d|0¢| > — (Z|0¢| 206 + Z|0¢| 20¢) + |0¢|*de.

Assuming 2), the right hand side reduces to (2¢) ~2d¢ = (2¢)~! (Z — Z)|00¢, which
gives 3). Assuming 3), the left hand side becomes (2¢)~2d¢, and contracting this
equation with Z + Z gives 2). 4) is equivalent to 2) because = = [0¢|?R(Z) and
R(Z)p=1.//



2. Chains on CR manifolds and the Fefferman metric.

Let M be a pseudohermitian manifold and let K* be the canonical bundle of
M minus the zero section. Let C' := K*/R be the quotient by the natural R
action. The pseudohermitian structure 6 determines a “volume normalization” map

ZQ:C—>K*

by associating with an equivalence class in C' the unique representative (, € K*
satisfying

V=IO A (T|C) A (T|C) = 0 A do™ (2.1)

where T is the vector field defined by T'|df = 0, 6(T) = 1 (see [20], §3). An
(n + 1)-form on K* satisfying (2.1) is said to be volume normalized. Since K
is a bundle of (n + 1)-forms, there is a tautologous form & on K. The volume
normalization allows this tautologous form to be pulled back to C. Let ¢ := 15§
and let m:C — M be the natural projection. Let Ly be the Levi form: for V,
W ekerf, Ly(V,W) = dO(V,JW), and Lg(T,V) = 0 for V€ CTM. The following
theorem, due to J. Lee, gives an intrinsic description of the Fefferman metric.

Theorem 2.1 (Lee [20]).

1. There is a unique n-form n on C such that ( = 7*0 An and V |n = 0 for any
lift V of T.

2. There is a unique real 1-form o on C' satisfying

d¢ =~v~1(n+2)o A( (2.2)
o ANdyp AT = (Trdo)vV/—1o AT*0 A AT (2.3)

3. The conformal class of the Feflerman metric is represented by

gop =7 Ly + 2770 - 0.

Note that do is the pullback of a globally defined form on M. This can be
seen by following the construction of ¢ in [20]. In particular, Tr do makes sense*.
We remark that the fibers of C' are totally geodesic, and the natural S' action is
isometric. For our purposes the following definition of chains will be convenient.

* If w is a two-form on M and Z,, a =1, ..., n, is a unitary basis for TEO) Ay
(with respect to the Levi form), then Trw = —v/—1 > 7 w(Zy, Z4).
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Definition 2.2. A chain on M is the projection of a non-vertical null geodesic of
go-

Changing the pseudohermitian structure to 0 = 279 changes the Lee repre-
sentative of the Fefferman metric to g5 = e2/ go ([20], theorem 3.8). Null geodesics
are conformally invariant, so this definition is independent of the choice of pseu-
dohermitian structure. When the Levi form is positive definite, the equivalence of
chains and non-vertical null geodesics was established in [6] and [25]. If the Levi
form has negative eigenvalues, then there are non-vertical null geodesics which do
not project to chains (see [19]).

Since do is the pullback of a form on M, there is a unique 2-form w on M such
that do = m*w. We will express the condition that the orbits of T" are chains as an
equation on M.

Lemma 2.3. The orbits of T are chains if and only if T | = 0.

Proof. There is a unique null lift V of T to C. Since S! acts transitively by
isometries on the fibers of C, the orbits of T" are chains if and only if V' is autoparallel.
For any vector field W on C' we have, using the standard formula for the Levi-Cevita
connection V of gy,

go(W,VyV) =V(ge(W,V)) — go([V. W], V).
Since V is null, o(V) = 0 and o(W) = go(V, W). Then

goW,Vy V) =V(e(W)) = W(a(V)) = o([V,W])
= (V]do)(W) = n*(T @) (W).

Therefore ViV =0 if and only if T'|ew =0. //

3. Chains and the homogeneous Monge-Ampeére equation.

In this section we will assume only that M?"*! is a hypersurface in a complex
manifold € of the form M = {¢ = 62}, where ¢ is a strictly plurisubharmonic
function on a neighborhood of M with d¢ # 0 at M and satisfying the homoge-
neous Monge-Ampere type equation

(99+/5) "o, (3.1)

We remark that if M is real analytic and the canonical bundle of M is trivial,
then such a defining function can be found on a neighborhood of M by solving
a Cauchy-Kowalewski problem (see [21], chapter 3.2). We will equip M with the
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pseudohermitian structure 6 := ¢*(—Im d¢), where 1: M — € is the inclusion, and
compute the corresponding representative gy of the Fefferman metric. The main
result is theorem 3.3, which shows that under these assumptions the 1-form o in
theorem 2.1 can be expressed in terms of the Hermitian connection induced by
h = ngi;dzi -dz’ on the canonical bundle of Q, Kq. As an application we find a
necessary and sufficient condition for the orbits of T to be chains in terms of the
Ricci curvature of h (corollary 3.6).

We will first show that the volume normalization map has an especially simple
form in this situation. Define an inner product on Kq by

VL (4 Dy AT = (v, ) (006)" (3.2)

In local coordinates, |fdz! A~ Adz"T| = |f| (det ¢QE>—1/2_

Proposition 3.1. Ifv is a non-vanishing local section of K¢, then 1* (\8¢| |V]_1 y)

is volume normalized.

Proof. (This does not use the homogeneous Monge-Ampere condition.) Let Z be
as in section 1. Then 9¢(Z) =1 and di(T) = v/—1(Z — Z) o1. Put p=v in (3.2),
contract with Z and Z, and wedge with d¢ to get
V=1 (<1)"0¢ A (Z|v) A (Z)T) = |v]? 10¢] 7% 06 A (90¢)" .
Pulling back to M and using +* (0¢) = /—186, ¢* (85(;5) = —v/—1d# gives
VI 0l A (T ) A (T)0D) = o (W \a¢>y—2> 0 A do™,

which shows that ¢* <|8¢| | y) satisfies the volume normalization (2.1). //

Corollary 3.2. If ¢ satisfies (3.1), then &, := /2 e1* <|V|_1 y) is volume normal-
ized.

Proof. This follows from part 2 of lemma 1.1. //

We can now analyze the effect of the homogeneous Monge-Ampere type condi-
tion (3.1) on the representative of the Fefferman metric given by theorem 2.1. Let
v be a closed non-vanishing local section of K and let &, be as in corollary 3.2.
Define a fiber coordinate v on C' by writing ( = e\/jlﬁr*ﬁo (with ¢ as in section 2).

Theorem 3.3. The one-form o in part 2 of theorem 2.1 is given by

1
n—+ 2

o =

(dv + (20m)*Im dlog |V|2) + 7 (f6)
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where

1 n 1
- (2 - Tre*p/2
U T (262 nt 2 rlp/)

and p is the Ricci form of the Kahler metric associated with ¢.

Proof.
Step 1. An equation for f.

Since v is closed and &, is an (n + 1, 0)-form, we have
dé, = v—12" (Im810g|y|2) A& (3.3)

Thus

1
o= (dy + (20 m)*Im dlog v|?)
is real, satisfies equation (2.2), and is determined up to a multiple of 7*6 (see [20],
proof of proposition 3.4). Put ¢’ = o+ fn*f. Then o’ also satisfies (2.2), and, using
the transformation rules in [20], loc. cit., o’ satisfies (2.3) if and only if f satisfies

oNdyp AT =+v—1 (Trdo+ (2n+2)f) o AT*O AN AT (3.4)

Here 7 is as in part 1 of theorem 2.1. Writing ( = e\ﬁ%r*f and contracting the
equation in part 2 of theorem 2.1 with any lift of T we find n = eV~ 177* (T]£,).
For notational convenience we will put 7, := T'|§, and

1 1
001 = g * (Im dlog ’V|2> , sothat o= n—+2dfy + 70, (3.5)

If we compute dn, expand the left hand side of equation (3.4), observe that a (2n+2)-
form on M is identically zero and that o, A1, A7, = 0,(T)0 A1, A T, (since in

terms of an admissible coframe {0,670} (see [20]), n = a6 A--- A 6™) and finally
contract with 9/0v, we obtain the following equation for f:

dne N5 = V=1 (Trdo, + (2n 4 2)f + (n +2)0,(T)) 0 Ao A Tg. (3.6)

Step 2. Relate tangential derivatives of the CR structure to the transverse deriva-
tive of the complex structure.

Note T is +-related to v/—1 (Z — Z), where Z is as in section 1. Let & := |[v|~1v
and 1, := Z &y, so that &, = v2e1*¢; and 1, = v/ —1 (V2 €)1*n;. We will show that

dno N = 26 ((Lz&) A Z (loglv|™") & Am) (3.7)



Lemma 3.4. dn, An, = L1&, A 7,.

Proof. Using the identity Ly = do(T'|)+(T|)od gives L1&, AT, = (dn, + T |d&,) A
To. Since d&, = /—1(n + 2)o, A&, (by equation (3.3)) and &, = 6 A n, (contract
the identity 0 A £, = 0 with T"), we have

(T]dé) ATy = V=1 (n+2)T| (66 AN ADo) ATy
= V=1 (n+2) (0,(T)0 Ao ATlo — 06 Ao ATJ) = 0.

//

Since T is 1-related to /—1(Z — Z), we have L1, = /=1 (V2e)1*(L,_z&1).
A computation using the definition of £; and the fact that v is closed gives L{; =
Z (log [v|7') &. Therefore

Lréo = V=1(V2e)" (Lz& — Z (log v ") &1)
and equation (3.7) follows from lemma 3.4.

Step 3. Computing the transverse derivative of the complex structure.

We will show that
(Lz&) AT = (n(20) " — Zlog|v| ') & AT (mod dg). (3.8)

First contract the identity /—1" *"(n + 1)1& A& = (009) s (from equation
(3.2)) with Z to obtain

n+1

(—1)" /=T (4 1)1, AT = Z) (90¢) (3.9)

We will Lie differentiate both sides of equation (3.9) with respect to Z to get an
expression for (Lz&;) A71. To compute the derivative of the left hand side we use

Lemma 3.5.

Lz (& ATN) = (Lz&) A+ (—(20) 1 + Zlog|v| 1) & ATy

Proof. Use the Leibniz rule for Lie derivatives and Lz& = Z(log |v|1)&;:

Lz =Lz (Z)&) = [Z,Z])& + Z]Lz&
= (2¢)_1 (Z —7)J£_1+7J (Zlog\u]_l) &
= (—(2¢)~" + Zlog|v|™) T

(the third equality uses part 3 of lemma 1.1). //
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Next we compute the Lie derivative of the right hand side of equation (3.9):
Lz (Z](00¢)™*") = (2, Z]|(00¢)" T + Z|Lz(0d¢)" .
By part 3 of lemma 1.1, [Z, 7]J85¢ = 0 (mod d¢). We compute, using part 2 of
lemma 1.1, Lz00¢ = —2(2¢)"20¢ A 0¢ + (2¢)~100¢. Therefore
2 (2)(09¢)" ) = (n+1)(20) 7' Z] (~2(2¢) ' 0¢ A Ip A (09¢)" + (09¢)" )
(mod do¢).
Using equation (1.1) we obtain
Lz (Z](90¢)"*") = (n—1)(2¢)7' Z](09¢)"
= (n—1)(26) "' ()" e+ DIG AT (mod do)
(the last equivalence is by equation (3.9)). Equating the Lie derivatives of each side
of equation (3.9) gives equation (3.8).
Step 4. The equation for f revisited.

Using the definition (3.5) of o, and the fact that T is ¢-related to v/—1(Z — Z),
we find (n+ 2)0,(T) = ((Z + Z) log |v]) ov. Since *(& A7) = (262) 7 'V=1& AT,
(see step 2), we have by equations (3.7) and (3.8)
97

o Ao = V=1 (n(26%) ™" 4 (n +2)0,(T)) & A 7o (3.10)
Substituting this in the left hand side of equation (3.6) and using &, = 6 A 1, gives
n
_ ()
f= 2n+ 2 (2 2~ e

Now (n + 2)do, = 1*(v/—100log|v|?) = 1*p/2, where p is the Ricci form of the
Kahler metric associated with ¢. (See [3], 2.99 or [18], IX.5 eq. 26; here v is a
section of Kq.) With this choice of f, equation (3.6) and hence Lee’s equations
(2.2)-(2.3) are satisfied. //

As a corollary we find a necessary and sufficient condition for the orbits of T'
to be chains in term of the Ricci form p of h. For a function u, we denote by dyu
the projection of du onto the annihilator of T', i.e., dyu = du — (T'w)8.

Corollary 3.6. The orbits of T" are chains if and only if
-1

e =5t

dy (Tre*p). (3.11)

Proof. By theorem 3.3, do = 7* (do, + df N0 + fdf). Since (n + 2)do, = 1*p, we
have, in the notation of lemma 2.3,

1 %
@ = ——p+df A0+ fdb.

Contracting with 7', using the expression for f in theorem 3.3 and applying lemma
2.3 proves the corollary. //
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4. Applications.

Webster-Ricci and scalar curvature.

We will use the results of section 3 to express the Webster-Ricci and scalar
curvatures®™ of M in terms of the Ricci curvature of h. We recall that Webster
[26] associates to a pseudohermitian structure 6 and an admissible coframe {6} a
uniquely determined set of locally defined 1-forms, w.”, 77, on M satisfying

0% = 0% Nwo” + 0 N T7
Wog + Waa = dhyg
Ta N OY = 0.
We have used the Levi matrix h,z to raise and lower indices: 7, = h,z 78 and

W3 = Wa"h. g, etc. The forms wo” can be interpreted geometrically as a metric
connection with torsion on 719 M. The curvature of this Webster connection is

g% = dwg™ — wg? Aw,”.
Webster showed that this can be written
™ = Rg®50” NO7 +W5%,0P N0 — W550° N0+ /=105 AT — /=175 A O
Let Raﬁ = Rﬂaﬁ. The Webster-Ricci tensor 7 is the hermitian form on 759 Af
given by
A(X,Y) = R 5XY7 =2/~ Tdw,*(X,JY), X,Y eTHOM.

The Webster scalar curvature is R = h“BRaﬁ =Trv—1dw,“.

Proposition 4.1. Let M be given the pseudohermitian structure § = 1*(—Im d¢)
where ¢ satisfies equation (3.1). Then there is an admissible coframe {0} such
that
V—1w,® =2*(Imadlog |v|?) + n(2¢*) 10
V—1I1,% = 2% p/2 + n(2¢*) " 1db
r= (Z*ﬁ)lT(l,o)M + n(EQ)_lLQ
R =Tro*p/2 +n?(2¢*)~!
where p is the Ricci form and p is the Ricci tensor of the Kéhler metric associated
with ¢: p(X,Y) = p(X, JY).

Proof. As in section 3, let v be a closed local section of Ko and let & =
V2 e1*(|v|7'v) be the corresponding volume normalized section of K ;.

* Note that in principle one can extract all the psuedoconformal invariants from
the conformal class of the Fefferman metric (not just the psuedohermitian invari-
ants). See [6].
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Lemma 4.2. There is a unitary admissible local coframe {6“} such that &, =
ONOLA - NG

Proof. Let {#%} be any unitary admissible coframe. Then ONOTA---AO" is volume
normalized. Writing &, = ROAOLA- - -AO™, the volume normahzatlon implies |h| = 1.

Restricting to a smaller open set and choosmg a branch of the logarithm, we can
20
put 0% := h=0%. //

Using this admissible coframe, we conclude from theorem 5.1 of [20] that

o= iz(d’y-l—w (V—_lwaa—m}w)).

Equating this with the expression for ¢ in theorem 3.3 and rearranging gives
2(n+1) (V=1w,® — (*Imdlog |v|?)) = (R + n(n +2)(26*) "' — Tr1*p/2) 0. (4.1)

In particular v/—1w,® — (+*Imdlog|v|?) = 0 (mod #). But we can compute the
f-component of the left hand side of (4.1) as follows. We have n, = §* A --- A O"
(see proof of theorem 3.3, step 1), so

dno =Y (=10 A AdOT AN O
B=1

Using Webster’s equations and 77 = 0 (mod 67) we find
dne = —wg” Am, (mod 67).
Then
o ATl = —wg” Ao ANTlg = —ws(T)0 Ao AT
Comparing this with the right hand side of (3.10) and using (3.5) gives
V—1ws?(T) = n(2¢*)™! 4+ *(Im dlog |v|*)(T).

From equation (4.1) we conclude

V—1wg? =2*(Imdlog |v|?) 4 n(2¢*)140.
The rest of the theorem follows easily from the definitions. //
Remark. Combining this with corollary 3.6, we see that the orbits of T" are chains
if and only if —(n +1)T'|¢*p = dp R.
Harmonic manifolds.

We will now assume that X is a harmonic manifold. Roughly speaking this
means that there is a function F:[0,¢,) — R such that for all v € T'X,

det (Expﬂ(v)> (v) = F([v)).
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Harmonic manifolds admit solutions to Laplace’s equation Af = 0 depending only
on the geodesic distance d(m,-), and their harmonic functions satisfy the mean
value property. See Besse [4] for more details. It is known that a compact harmonic
manifold with finite fundamental group is a two-point homogeneous space [24], but
there are examples of non-symmetric harmonic manifolds [10].

Let ¢ > 0 be small enough that the adapted complex structure exists* on
T+ X. We recall that the g-length squared function ¢ solves the homogeneous
Monge-Ampere type problem described in section 1. As above let 0 < € < € and
M = 0T*X. We equip M with the pseudohermitian structure 6 := +*(—Im d¢)
and let T be the corresponding transverse vector field.

Theorem 4.3. If X is a harmonic manifold, then the orbits of T' are chains on M.

Proof. R. Aguilar has shown that if X is harmonic, then the Ricci form of the
Kihler metric associated with ¢ has the form p = /—199F(¢) for some (real
analytic) real function F' of one variable (see [1]). It follows easily that +*p is a
constant multiple of df, and that both sides of (3.11) are identically zero. //

Remark. We conclude from proposition 4.1 and the proof of theorem 4.3 that M
is pseudo-Einstein, i.e., the Webster-Ricci tensor is a constant multiple of the Levi
form. Thus we have many examples of compact strictly pseudoconvex CR manifolds
(without transverse CR symmetry) which are globally pseudo-Einstein (cf. [11]).

5. A necessary condition for the orbits of 7' to be chains.

As above, let € > 0 be small enough that the adapted complex structure exists
on Q = T* X and let M, = 9T*X , 0 < e < €, with the pseudohermitian structure
0 = 1*(—Imd¢), where 12.: M, — Q is the inclusion map. In this section we will
prove the following necessary condition for the orbits of the geodesic flow to be
chains on M. for all e sufficiently small.

Theorem 5.1. If there is an €, > 0 such that the orbits of the geodesic flow are
chains on M, for all 0 < € < ¢,, then (X, g) is Einstein.

To prove this we will first relate the Ricci tensor p of the Kéahler metric h
associated with ¢ to the Ricci tensor Ricx of (X, g). Then we will expand equation
(3.11) in powers of Im 2%, where 2* are local holomorphic coordinates such that X
is given locally by Imz! = --- = Im2"*t! = 0. Equating the leading terms on
each side of (3.11) will show that (X, g) must be Einstein. Let 1x: X — € be the
inclusion map.

* Such an € exists for the non-compact, non-symmetric Damek-Ricci harmonic
spaces (because they are homogeneous).
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Proposition 5.2. 1% p = %Ricx.

Proof. We recall the analytic continuation and restriction procedure of [15] and
Aguilar’s result [1] relating p to the Ricci tensor of a certain pseudo-Riemannian
metric on a neighborhood of the diagonal A in X x X. Note that the map j(z) =
(z,0(z)), where o is the antiholomorphic involution fixing X, embeds Q) as a totally
real submanifold of 2 x Q. Let C¥ (X x X, ®*CT*(X x X)) denote the set of germs
of complex valued k-covariant tensors given in local (real analytic) coordinates by a
convergent power series in some neighborhood of A. Similarly let C%(Q, *CT*Q)
denote those on ) converging in a neighborhood of 2x (X). There is a bijection

A:CX(X x X, @"CT*(X x X)) — C%(Q, 2" CT*Q)

given®™ by analytic continuation to © x Q followed by restriction to j(Q2) C Q x
Q. With our conventions, ¢ = A(—d*/4) where d is the Riemannian distance
function. (See [15]. The constant factor can be checked by looking at R™ with
the usual metric.) Put ¢ = —d?/4 and consider the pseudo-Riemannian metric
on a neighborhood X of the diagonal in X x X given in local product coordinates
(U+, u—) by 92
_ Yoo g
gx Qauiauj_ du’, - du’_.

Let Ricy denote the Ricci tensor of gx. R. Aguilar [1] showed that

829

RICX = —28% aui log det M—aul_

du’, - du’.. (5.1)

From the familiar expression for p in holomorphic coordinates, it follows that
A(Ricy) = p. Let 1a denote the diagonal embedding of X in X x X. Then
1% o A =} (it suffices to check this for functions, and that is easy to see in local
coordinates), and so % p = ¢ARicxy. To complete the proof of proposition 5.2 we
will show that 23 Ricxy = %Ric X

Fix z, € X. Let e; be an orthonormal frame at z, and u' the corresponding
geodesic coordinates on X centered at x,. Let (uﬁr,u]_ ) be the induced product
coordinates on X X X near 1a(z,). For (us,u_) sufficiently close to the diagonal,

let O(uq,u_) = ’det (Texpu+> (exp;j(u_)ﬂ . By [27], 6.37,

824

det :
ou’, ou’_

O(uy,u_) = 2*"*1\/det gij(qu)\/det gij(u)/

* In terms of (real analytic) local product coordinates (u?,, u’ ) on X x X and
their analytic continuation to holomorphic coordinates (z*,w’) on Q x €, the map
A amounts to replacing u!, , resp. u’_, in the power series expansion by 2°, resp. z”.
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(here g;; is computed with respect to the coordinates u'). By (5.1), we have
ARicy = 204 (a“i 0, log 9) du’ - du . (5.2)

To compute the derivatives we express log # in geodesic coordinates centered at u .
Extend the e; to a local orthonormal frame field near z, and let w'(uy,u_) be
defined by exp,, w'e; = u—. The Riemannian volume element w on X is

w=0(ug,u_)dw" - dw"

(here we consider w’ as geodesic coordinates centered at u,). The power series
expansion of € is ([14], corollary 9.9)
1
0=1-— ERkl(qu)wkwl + O(w?)
where Ry are the components of Ricy in the w' coordinates (again considered as
geodesic coordinates centered at u.y ). Differentiating this gives

1 ow* ow'
VU (6 i 0 j 10g0> To) = ——Rp(xy) —— —
A uly Pyl ( 0) 3 ( 0)81&_ 6u7_ oa (o)
Differentiating the relation exp,, . w'e; = u_ and evaluating at uy = u_ = x,
gives 0, wl = (5§- and 8uiwk = —6F. Inserting this into (5.2) and noting that

w'(x,, ) = u' completes the proof of proposition 5.2. //

Example. Let X = S"! with the metric g of constant sectional curvature 1. We
have 0(uy,u_) = (sind/d)" ([2], p. 57), so

sin 2v/—

RiCX = 28ui+8ui log ( 2\/__77Z}

) dui+ cdu?
Since A(Y) = ¢,

. , sinh2v@\" . . .
p = A(Ricy) = 20,:05 log <—) dz" - dz’.
( X) 2\/5

Let F(¢) = (sinh2v/¢/2v/$)™. Recall h = 2¢i3dzi - dz satisfies 15,,1h = g (see
section 1). Then

. PO 2 2.
25n+1p - F(O) g - 3 g - 3 CS”+1‘

Remark. We recall that since X is totally geodesic in (€2, h), it is a minimal
submanifold. Using a result of Chen, Leung, and Nagano ([7], p. 51) and proposition
5.2, we conclude that if Ricx < 0, then X is a stable minimal submanifold of (€, h).
If Ricy > 0 and H'(X,R) # 0, then X is unstable.

We continue with the proof of theorem 5.1 by relating Tr:’p to invariants of
the Kahler metric h.
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Lemma 5.3. Tro'p =17(s/2 — 2¢p(Z, Z)) where s is the scalar curvature of h.

Proof. Choose a local unitary frame for T(:9Q near a point p € M, of the from Z,

oy Zni1 = 20Z with 0¢(Z,) =0for a =1, ..., n. Then Z o1, is a local unitary
frame for THOM,, so Tra¥p = —/—1 37 p(Za, Za) 01e = >t 9(Zay Za) 02.. On
the other hand, (Z; + Z,)/2, J(Z; + Z;)/2 form an orthonormal frame for T2 near
D, 80 § = QZ?JA ﬁ(ZZv?Z) //

We observe that the orbits of the geodesic flow are chains on M., 0 < e < ¢, if
and only if for all W € C°(Q, T Nker d¢),

262) 5(7) = mw(% — 3(207,267)). (5.3)

Indeed this follows from equation (3.11) and lemma 5.3 after multiplying both sides
of (3.11) by 2€2, writing dv.(T) = /—1(Z — Z), and decomposing into parts of type
(1,0) and (0,1).

Now suppose (5.3) holds. Choose local holomorphic coordinates z* = z® +
v/ —1y" such that 1x(X) is given locally by y* = -y = 0. Let W; = 2¢(0,: —
¢:iZ),i=1,...,n+1. Since Z¢ = 1, W; € ker 0¢. Since 2¢0Z = ¢*0,», 2¢0Z and
W extend real analytically across y = 0. We will put W = W; in (5.3) and compute
the first term in the expansion of each side in powers of 3. Let |y|? = g,y"y°. A
computation gives

o=y +0(yY), di=—V-1gwy" +0u?), ¢ =2V-1y" +0(?),
and
207 = 2v/—=1y*0. + O(y?), Wi = 2(|y|*6F — giry"y") 0. + O(y?).

By proposition 5.2, p = (2/3) Rinnd2™ - dz" + O(y) where R, is the Ricei tensor of
(X, g) (in the coordinates given by the restriction of the 2’ to X). Since W;¢ = 0,
Wi(¢s) = O(y*). The expansion of (5.3) is

8v—1
3

(yZRz’l|y|2 — giryTRklykyl) +O(y*)
-1 8v/—1

“2mn+1) 3 (o' Raalyl® = giry” Ruy™y') + O(y").

If (5.3) holds, we must have y'R;|y|?> = giry" Ruy®y', for all y and all i =

..., n+ 1. This says that for all v, w € TX, g(v,v)Ricx (v, w) = g(v,w)Ricx (v,v

If e; is a local orthonormal frame for T'X, then Ricx must have the form Ricxy =
T’H ri(e")?. Putting v = Z?H er and w = e; shows that all the r; are equal, and

so X must be Einstein. //

1,
)

17



Corollary 5.4. Suppose dim X = 2 or 3. Then the orbits of the geodesic flow
are chains on M. for all € sufficiently small if and only if X has constant sectional
curvature.

Proof. Since the constant curvature metrics are harmonic, the “if” part follows
from theorem 4.3. The “only if” part follows from the fact that the Einstein metrics
in dimension 2 or 3 are exactly those of constant sectional curvature. //
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