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Abstract

We give an explicit and reasonably simple expression for the curvature tensor of a ©-metric at
boundary points, in terms of the metric tensor and invariants of the ©-structure. We examine the
behavior of the induced metric on level sets of a defining function near the boundary and describe the
asymptotic behavior of its curvature tensor. Some applications of these results are given.
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1 Introduction

A ©-metric on a compact manifold-with-boundary can be thought of as a Riemann metric on the interior
having a certain type of singular behavior at the boundary. The singularity is measured by pairing the metric
with an algebra of smooth vector fields, Vg, vanishing at the boundary in a way determined by a linear form
©. This class of metrics, and the associated vector bundles which they are sections of, was introduced by
Epstein, Melrose and Mendoza [5] to study the resolvent of the Laplacian of “Bergman-type” metrics on
strictly pseudoconvex domains. They showed that a Kihler metric of the form g = 99log ¢, where ¢ is a
strictly plurisuperharmonic defining function, lifts to a ©-metric on the “square root” of the domain. For
example the Cheng-Yau [4] and Bergman metrics lift to ©-metrics.

It is well known that the curvature tensor of these Bergman-type metrics approaches a curvature tensor
of constant holomorphic sectional curvature near the boundary [7], [4]. The main result of this paper is an
expression for the dominant term near the boundary in the curvature tensor of an arbitrary ©-metric, in
terms of invariants attached to the O-structure at the boundary (theorem 5.1). We do not assume that there
is any complex structure present, or if there is, that it has any particular relationship with the metric. Our
results generalize those of Klembeck [7] and, we think, set them in the proper context. An advantage of our
approach is that we are able to determine the structure of the curvature tensor of the induced metric on
level sets of a defining function, in terms of the invariants mentioned above. As an application we show that
for Bergman-type metrics, the curvature of the induced metric on level sets approaches the curvature tensor
of a Berger sphere metric at the boundary, exactly as in the case of the complex hyperbolic ball.



We briefly summarize the contents and methods of this paper. In section 2 we introduce the basic ideas
about O-structures. Let X be a smooth, compact manifold-with-boundary and let © € C>*(9X,T*X) be
a one-form which is non-vanishing when pulled back to 0X. © determines a Lie algebra of vector fields,
Ve, which lifts to the space of all smooth sections of a vector bundle ®T'X. At boundary points, the Lie
algebra structure of Vg lifts to a Lie algebra structure on the fiber, ©T »X. Sections of the dual bundle,
7" X, correspond to sections of T* X° becoming singular in the appropriate way at the boundary. The usual
exterior derivative lifts to an exterior derivative on sections of ©T" X, and at boundary points its action is
determined by the Lie algebra structure on the fibers (lemma 2.1). This “freezing of coefficients” simplifies
curvature computations at the boundary.

In section 3 we consider the familiar concepts of differential geometry in the ©-setting. A C* ©-metric
is a positive definite C* section of ®2°T"X. A ©-metric determines (and is determined by) a Riemann
metric on X° having a certain singular behavior at the boundary. We show that the Levi-Cevita connection
of this Riemann metric lifts to a “©-connection” on ®TX, and that its curvature lifts to a well-defined
section of ®*©T"X. At boundary points, the lifted curvature tensor depends only on the metric tensor and
the Lie algebra structure on the fibers ©T,X. In section 4 we define the invariants Q € C*(9X, OA*X),
¢ € C*¥(0X,End (°TX)), Y and B" € C*(0X, 9T*X) that we need to express the ©-curvature tensor at
boundary points. These depend only on the metric tensor and the ©-structure at boundary points. We then
determine the ©-connection matrix at boundary points, in terms of a frame compatible with 3" and 8V, by
solving the ©-analog of the first structure equation (lemma 4.1 and proposition 4.1).

In section 5 we prove our main result, theorem 5.1, which gives the (0,4)-curvature tensor and Ricci
tensor of a ©-metric at boundary points in terms of €, &, 7, %~ and g. We show that the curvature tensor
is Einstein at the boundary if and only if £ = —4F?2Id (where F = |3"]). In section 5.1 we consider the
©-analog of the induced metric on level sets of a defining function, and find the (0,4) and Ricci curvature
tensors. We show that if £2 = —4F?2Id, then a component of the covariant derivative of the Ricci tensor
(with respect to its decomposition into irreducible components under the action of the orthogonal group) of
the induced metric becomes small in norm near the boundary (proposition 5.1).

Section 6 gives some applications of these results. Section 6.1 recovers the well-known facts about
Bergman-type metrics on strictly pseudoconvex domains, and gives analogous results for the induced metric
on level sets of a defining function (corollaries 6.1 and 6.2). In section 6.2 we recover Klembeck’s result on
the Bergman metric. In section 6.3 we show that any manifold whose boundary is a contact manifold admits
a complete “asymptotically Einstein” metric on its interior, in the sense that its Ricci tensor approaches, in
the norm defined by the metric, a constant negative multiple of the metric near the boundary (theorem 6.1).

Our convention for wedge products is that if c, 3 are covectors, then a A B = 3(a® 8 — ® a).
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2 ©O-Structure

In this section we will review some facts about ©-structures. For more details see [5]. Let X be a smooth,
compact, N-dimensional (N > 2) manifold-with-boundary, let ¢ : X — X be the inclusion map, and let
p > 0 be a smooth defining function for X.

A ©-structure on X is a projective class of one-forms O,

0 € C®(0X;T*X),

such that :*© is non-vanishing. A necessary (and sufficient of 90X is connected) condition for X to admit
a O-structure is that the Euler characteristic of X is zero (in particular if dim 9X is odd then X always



admits a ©-structure). Associated with a ©-structure is a subspace of C* (X, TX),
Vo i= {V € pO®(X;TX): O(V) e pQCOO(X)},

where © is any extension of © to a smooth one-form on X. The space Ve is a C°°(X)-module and a Lie
algebra, independent of the choice of p, representative O, and extension ©. A convenient frame (for a given

choice of p, ©) is a local frame Y7, ..., Yy for TX such that, writing N = 2n if N is even or N = 2n + 1
otherwise,

dp(Yy) =O(Y,) =0,  dp(Y,) =0(Yy) =1
and
Y; e kerdpNker® ifi#mn,N.

A vector field V is in Vg if and only if it can be written in terms of a convenient frame as

V=pb"Y,+ > pb'Yi+p*bYy

i#n, N
for some smooth functions b', ..., bY. For p € X, let Z,, be the subspace of Vg consisting of those elements
whose coefficients b', ..., b all vanish at p for some (hence any) convenient frame. Let

°TX := | | °T,X, where ®T,X := Vo mod Z,.
peX

©TX is a smooth vector bundle over X, with local trivialization given by the coefficients b*. There is a
natural “evaluation” map, te : ©TX — TX, obtained by choosing a representative element of Ve and
evaluating at p; it is an isomorphism over X and the zero map over 0.X. Vg lifts to the space of all smooth
section of ©TX in the sense that for every V € Vg there corresponds a unique V € C°°(X,©TX) such that
16 0V = V. Of course, ‘7(p) is simply V mod Z,,, which we will denote by [V],. The Lie algebra structure
on Ve lifts to a Lie bracket on sections of ©®T X, satisfying ¢ o [V, W] = [to V,10 W].

When p € 0X, Z, is an ideal in the Lie algebra Vg. Thus the quotient, G)TpX, inherits a Lie algebra
structure. For p € 0X, let

K, = {Ve&Vo:V=pW, WeC®X;TX) and tangent to 0X } mod Z,
Koy = {VEVe:V=pW, WeC®X;TX)} modI,
and
Ki= || Kip, Ko= || Kap.
peIX peEOX
In terms of a convenient frame,
Kl.,p = Sspan {[p}/;]pa Z'#TL,N; [pQYN];D}

Ky, span {[p°Yn]p} -

This shows that K; and K, are sub-bundles of ®T'X over X. K, is a trivial line bundle (see the remark
following definition 4.1).



A calculation shows that
[°T,X,°T,X| =K1, and [Ki, K1, C Ko

with equality holding if K j is not commutative. As a Lie algebra, @T,,X is determined by its dimension
and the dimension of the center of K, (which is the co-rank of dt*©).

Let ©T" X be the dual bundle to ©TX. If Yy, ..., Yy is a convenient frame near p € X and o, ..., oV
is the dual frame, then t§p “tal, ., L@p’laN 1, Lg p’QaN extend smoothly up to the boundary as local
sections of ©T" X to give a local frame for ©T" X near p (here ¢ is the transpose of the vector bundle map
te). Let ©A™ X be the m™ exterior power of ©T" X. Since the Lie algebra structure on Vg lifts to a Lie
bracket on sections of ©T" X, we can define an exterior derivative operator on sections of ©A™ X by the

usual formula: for p € X, Vi,..., Viuy1 € Vo, f € CHX; A" X),

(dﬁ)p([vl]lﬂa"'a[varl]P) = m{zyiﬁl(_l)“rlv”<B(V1»"'a‘27'~~7vm+1))

—

~ 1
+ZZ< H_ ﬁ([ (2 ]] V17"'7%7"'7‘/}7"'7Vm+1)} ()

p

The value at p is independent of the choice of representatives V; for the usual reasons at interior points, and
at boundary points because 7, is then an ideal in Vg. Since tg preseves Lie bracket, we have d 1§ = 1&d.
The following simple observation will be useful.

Lemma 2.1 Let 3 € CY(X; G)AmX) (1>0) andp € 0X. Then dB, depends only on the value of 5 at p and
the Lie algebra structure of ©T,X. If f is a C' function near p, then d(f3), = f(p)dB,.

Proof. The first sum in equation 1 vanishes at p because V; € pC>(X,TX). The second sum depends only
on the value of 8 and [V;, V;] at p. The latter is equal to the Lie bracket of the ©-tangent vectors [V;],, [V}l
and is determined by the Lie algebra structure of ©7,X. The second statement follows in the same way. //

3 ©O-Geometry

Since some of the motivating examples of a ©-metric (such as the Bergman metric of a strictly pseudoconvex
domain (lifted to its square root), see section 6.2) are not smooth up to the boundary, we will work in the
“C* category” (k > 2). If p is a C**! defining function for X, then there is a positive function f € C*(X)
and a smooth defining function p such that p = fp. Thus for example if T is a C* section of TX, then p?>T
is a C* section of ®TX. Equation 1 shows that d maps C*(X,®A™ X) into C*~1(X, oA X X).

Definition 3.1 A C* ©-metric on X is a symmetric, positive definite, C* section of T X @ ®T*X.

Since 1 canonically identifies ©T'X and TX over X°, we can think of a ©-metric as a Riemann metric on
X° with a certain non-isotropic singularity at the boundary. We will briefly develop the idea of ©-geometry,
guided by the treatment of b-geometry in [8]. Let E, F' be vector bundles over X. A ©-differential operator
of order m from sections of E to sections of F' is a linear operator which can be expressed in terms of local
trivializations of F and F as a polynomial of degree at most m in elements of Vg.

Definition 3.2 A ©-connection on a vector bundle E over X is a first order ©-differential operator

oV . C*(X;E) — CF1(X;°T" X @ E),



satisfying
OV(fu) = df © p+ fOVp
for all f € CF(X), p € C*(X; E).

Let g be a ©-metric on X. The Levi-Cevita connection of (X¢, (Lél)*g) lifts to a connection on ©T X | xo.
Pulling back by ¢, we obtain an operator from C*(X° T X) to C*~1(X°, OT" X ®©TX), which we denote
by V.

Lemma 3.1 ©V extends to a ©-connection on ©TX.

Proof. Let 1, ..., Bx be an orthonormal basis of sections of ©T'X near p € 0X and £!,..., BV the dual
basis. We can define a matrix 9; of C*~1 local sections of T X by solving the analog of the first structure
equation, ' _
dﬁl = _Zkeii/\ﬂk’ ’L'Zl,...,N, (2)
0 = 0 +6].
We obtain )
0% = Z —5( by — Al + AL)BE
where the A; i are defined by
dp' = A A B
i<k
(and the A% ; are defined for k > j by requiring that A}'cj = —A;k). Since ¢ is an isomorphism over the
interior and commutes with d, the 0;- restricted to X are the lift of the connection one-forms associated
with (15')*g and the frame g o 3;. Therefore ©V3; = 3" 0F ® ), over X°. If u =" u* By, is local section of
©TX near p € 0X, then over the interior we have ®Vu =3, (L*@duk + Zj ,ujﬁf) ® Br. This extends to a
=1 section near p, and shows that ©V extends to a map ©V : C¥(X,©TX) — C*1(X,°T" X ® ®TX).
It follows easily that ©V is a ©-connection. //
We can define a ©-analog of the (0,4)-curvature tensor, R® € C*~2(X, ON°X ® eA2X)7 by

1 ) . ) .
5 O R A G5 =doj+ > 0, Ao} (3)
j.k m

where we have written R® = > Rfjkﬁl ®FI®85®5;. Over X°, R® is the lift of the curvature of (X", (L(gl)*g).
It follows from lemma 2.1 and equations 2, 3 that when p € 0X, RS depends only on the value of g at p and
the Lie algebra structure, i.e., the ©-structure, of eTIDX.

4 The Structure equations for a ©-metric
A ©-metric determines the following natural orthogonal decomposition of @TpX at the boundary:
°T, X = Ki{, ® K1, N Ky, ® Ka. (4)

We will need an orthonormal ©-frame adapted to this decomposition.



Definition 4.1 A O-structure is oriented by a vector field T tangent to 0X if ©(T) > 0 (for some repre-
sentative of the projective class of one-forms determining the ©-structure).

We always can find such a vector field by choosing a Riemann metric on X and identifying .*© with
a vector field. An orientation determines a natural trivialization of K5 in the following way. Extend T to
a vector field on X (still denoted by T'). Since O(T) > 0, [p?>T] # 0 near X. The unit length section
corresponding to [p?T] trivializes K5 over X, and depends only on the ©-metric and the oriented ©-
structure. From now on we will fix p and assume that dp(T) = 0 and |[p?T]| = 1 near X. An oriented

O-structure and a O-metric determine a two-form, Q € C*(0.X; e/\2)(), by
Qp(vp, wy)[P* Ty = pra([vp, wp]), p € X,
where pr, is the orthogonal projection onto Ky and the bracket is the pointwise Lie bracket of ©-tangent
vectors. We also obtain a skew-symmetric endomorphism, ¢ € C*(0X;End (°T X)), by
9(vp, Ewp) = Qp(vp, wp).

These invariants will be used in our expression for the ©-curvature tensor at boundary points.

We observe that tfp~'dp is a canonical section of OT" X over X, independent of the choice of defin-
ing function (proof: if p = fp, then t5p~tdp = 15p~1dp + 15 f1df, with o5 f~df € 15CH(X,A'X) C
ka(X,@AlX)). Denote by 8" the unit section corresponding to t5p~tdp, and let 3V be the section of
OT"X dual to [0*T] by the metric. Since dp(T) = 0, #", B are orthogonal unit sections of OT"X in a
neighborhood of 9X. Over the boundary they depend only on the metric and oriented O-structure. We can
now write the orthogonal decomposition 4 as

9T, X = (ker f™)* @ ker 8" Nker B~ @ (ker V).
Fix a point p, € X and extend to a local orthonormal frame £, ..., gV for ©T" X near p,.

Lemma 4.1 At boundary points near p,,
1 ) )
gl = —59 and  dB'=—FB" A3 ifi# N.

Here F := |1 p~'dp| depends only on the metric and ©-structure over dX.

Proof. If p € 90X and v, = [V],, w, = [W], are in ©T, X, then

d(B™)p(vp, wp) = % {(Vg(p®T. W) = W(g(p°T,V)) = g(0*T, [V, W]} | .

Since p?T, V, and W are C* sections of ®TX, the contraction with g is C* up to the boundary. Since V,
W vanish at the boundary,
=2d(B™) (v, wp) = g([0*T]p, [, wp))p-

This recovers the K, component of [v,,w,] and shows that —2dsY = Q.
~ Let Yy :=T and extend to a C* convenient frame for TX near p, (with respect to p and some extension
O such that O(T) = 1). Let o!, ..., o be the dual frame. Then

gt = g aluop o +aligp 2ol
i#£N



with a’y = BY([p?T]) = g(8%, B) = 6% . Therefore if i # N, we can write 3° = 1&p~ 19" where 7' is C* up to
the boundary and _ _ _

dB' = —FB" A B" + 150 tdy'.
Since Lng (X,A%X) C p?C*(X, ®A2X)7 we have at boundary points d3* = —FB" ABYN as sections of ON%X.

//

As in lemma 3.1, define local sections 9; of ©T™ X satisfying the analog of the first structure equation by
GVﬂj =5 9;- ® B;. Let 20 = 27];\;:1 9; ® 77{, where 7717 is the skew-symmetric matrix with 1 in row 4, column
j, —1 in row j, column ¢, and zero elsewhere. We write the first structure equation as

N—-1

SOA @ © ) = 3 FO S @ it 106 . (5)
k

k=1

Here the wedge product is . ‘
(a@n]) A (y®Br) =aAy@n]B

where 17{ € so(N) acts on the frame (i, ..., OBy in the natural way: nfﬂk = 00 — 0rif3;. Let & act on
OT" X |sx via the metric, so that £4(v) = —B(£v).

Proposition 4.1 The unique solution to equation 5 at boundary points near p, is

1 1N N-1
— —gN _Z oV — F L@k
0=50" et 2;5ﬁ on —F ) 8@

i=1

Proof. We have

N
0 N <Z ﬂk ® 5k> =
k=1

N N
ZBNAﬂ’“@ofﬂw%ZﬁNAfﬁ’“@ﬁk
k=1 k=1

DO =

L N-1
k n gk k A gn
+§k§=1§5 NG ®ﬁN_F1§=1ﬁ AB" @ B

Since ij:l B @ &Py = — lecvzl £6* @ Br,

N 1 N N-1
6 A (Zﬁ’“wk) =52 BN @By —F Y BN @ By
k=1 k=1 k=1

In this basis and with our wedge convention, 2 = Eﬁzl £4% A B*. The uniqueness follows in the usual way.
//
5 The curvature tensor

Before we state the main result of this section we fix some notation. Given (0,2)-tensors h, k, we define a
(0,4)-tensor h(® k by

M k(x,y, z,w) = h(z, 2)k(y, w) + h(y, w)k(z, 2) — h(z, w)k(y, z) — h(y, 2)k(z, w).



If h, k are both symmetric, then h(® k is an algebraic curvature tensor; if w is antisymmetric, then 4w ®
w4+ w@uw is a curvature tensor (see [2], 1.110, and [3], §3). We write the symmetric product of tensors as
a0 3, with the convention that coa = a® « for (0,1) tensors. If A is a (1,1)-tensor and A is a (0, 2)-tensor,
we let Ah denote the (0, 2)-tensor defined by Ah(V, W) = h(AV,W). Note that since ¢ is skew-symmetric,
Q) = —¢&g and £2g is a symmetric (0, 2)-tensor.

We will show below that at boundary points, £~ = 2F3". It is not in general true that £8" = —2F 3N at
boundary points. Put v = £8" + 2F3Y. Then v is defined on a neighborhood of X, and over 9X depends
only on g and the oriented O-structure (see section 4). The main result of this section is the following
expression for the curvature of a ©-metric at the boundary in terms of g and invariants of the ©-structure.

Theorem 5.1 Let g be a C* ©-metric on X, k > 2. Then at boundary points the ©-curvature tensor of g
18

—%(4F2g@g+4Q®Q+Q@Q)+Fg@ﬁNou—i(§2—|—4F2)g@ﬁNoﬂN.

The Ricci ©-curvature tensor is
1 1
5 (£ —2F?N) g+ F(N -1)N ov — It (&% +4F?) gN o pN.

Proof. We first prove a technical lemma. Define §;- by €6, =2, §;ﬂi, and note that {47 = — ", EZBZ

Lemma 5.1

1. At boundary points, £fn = 2F 3, and £N = 2F3™.

2. [l nt] = 8l + Smj, + dum + Sunk.

Proof. Since dp(Y;) = 41, we have [5, Bn] = 2F81,0n + pVo. Therefore at boundary points, g(5;,{6n) =
2F 6, and & = 2Fd;,. Since the 53» are skew-symmetric in i, j, £8Y = 2FB". The proof of 2 is a
straightforward computation. //

Fix p, € X and choose a local orthonormal ©-coframe ', ..., BV as in lemma 4.1. Using lemma 5.1.2,
the second structure equation 3 can be written

%R@=d9+9w

where R® = Y i<l (Zj’k Rfjk) ® né. Using lemmas 2.1, 4.1, and 5.1.1, we have at boundary points

N-1
d(Ep") =F ) _ &§B" AB' + F6i,Q = —FB" NEB' + Foi, (Q —2FB™ A BY).

=1

Therefore by proposition 4.1 we have, at boundary points,

N N
1 F X )
o= —=0Q 2FN s LN i N F2 LNICL n 2F2 LN N N.
0@ €+ nn)+21§21ﬁ 6 @n + F2Y B NG @+ 2F2 5" A BN @,

i=1



Let A, = SN ¢inN —2Fnr, B=¢ —2FnY. Then 20 = 8N @ B+ Y0, B ® Ay, and

BE A B @ [Ak, Al

1

N
Mz

WMZ WMZ

OND = BN A BF @ (B, Ak]+1
1

kl

¢4 NEBE @ [ ]

1

M= |

ﬁ ABF @ B, Ak]‘Fé

o~ =
o
Il

Z’

N 2 N
DB As el )+ 5 D0 8 A8 e ]

i,k=1 i,k=1

+

e

Using lemma 5.1, and Q = Y.~ €6 A BF, we obtain (at boundary points)

N
1 ) , S .
dd+0n0 = —§(2Q®§+§ (£ﬁ’/\§ﬂj+4F261/\6J)®nf)+2F26”/\6N®17£[
irj=1
N

N
+§Z(55M6N®n;?+ﬂjwﬁ”®m Z NABF® (B, Agl.
j=1

Again using lemma 5.1,

BY NEBR @ (1€ m] — 2F )

] =
] =

1 N
PP A eB A = —
k=1

ES
Il
-

BN A BE @ ([ np] + 2Fnf) — 2F28™ A BN @1l

2oy
WE

b
Il

1

Recall (8™ = —2F BN 4+ v. Then

N
do+9n0 = —%(29@@4 > (€8 nEF + AP A B @)

P
N

ZﬁNAﬁk €] - 4ZﬂNA§/6”“ &1+ 5 S vAst ok
k=1

To obtain the (0, 4)-curvature tensor, we identify so(/N') with ©A’X near Do using the frame and the ©-
metric. Then 77 is identified with 23° A 37 (the factor of 2 comes from our wedge convention), £ is identified
with Q, and [¢, n}] with 2 (gﬁk ABE+ R A §Bl). We have, for any (0,1) tensors «, 3, v, §,

4aNBRYANI=a@ VDL R, (6)
so that
4F22ﬂz/\ﬁj®ﬂl/\ﬂj —_ F2Z/Bz®ﬂz®ﬂj®6J:F29®g
3,5=1 i,j=1

and



N N
S AP i AP = 1Y o0 oF = 1000

ij=1 ,j=1

(since ¢ is skew-symmetric, Y.~ | €47 @ ' = Y| €637 A 3%). Therefore the O-curvature tensor, evaluated at
boundary points, is

%R@ = —1—16(4F29@g+4Q®Q+Q@Q)
N
+F> (B AN @B Av+pEAve st ApY)
k=
1 .
+5 2 (€87 A BT @ €5 A BN —4F2BE A BV © 85 A BY)
k=1

(a pair of terms have been cancelled using lemma 5.1.1 and the skew-symmetry of £). Using equation 6 we
obtain the desired expression for the (0,4)-curvature.
An easy computation shows that if A is a (1, 1)-tensor and & is a (0, 2)-tensor, then the Ricci contraction
of Ag® h is
Ric(Ag® h)(z, z) = (trh) Ag(x, z) + (tr A) h(z, 2) — h(Ax, z) — h(z, A'2).

Using this and a few elementary computations we obtain:

Ric(¢®g) = 2(N-1)g, Ric(Q® Q)= &%y, Ric(Q® Q) = —2¢%g
Ric(¢® BN ov) = (N —-2)8Yov (bylemma 5.1.1, tr (8N ov) = v(Bx) = 0)
Ric(g® Y 0 V) = g+ (N —-2)pY oY
Ric(&29@® B o pY) g+ (tr&)pN o gV —28ym ((€?8V) @ gY)

where Sym is the symmetric part. Since £23Y = 2Fv — 4F?3N,
Ric(62g@® 8" o V) = g + (tr & + 8F?) g~ o g —4FpN o v
This gives the desired expression for the Ricci tensor. //

Corollary 5.1 Ric® = cg at boundary points for some function ¢ on X if and only if €2 = —4AF2Id (in
which case ¢ = —F?(N +2)).

Proof. If £2g = —4F2Id, lemma 5.2.1 implies v = 0 and so by theorem 5.1, Ric® = —F2(N+2)g. Conversely,
suppose Ric® = ¢g for some function ¢ on dX. If v # 0, then v(0;) = a # 0 for some ¢ # n, N. Evaluating

Ric® = ¢g on (8w, ;) gives —g(Bn,€6;) = (N — 1)a. On the other hand, o = v(8;) = —g(Bn,EB:). Since
N > 2, we conclude that & = 0 and v = 0. Now evaluating Ric® = cg on (B, Bn) gives ¢ = —F%(N + 2),
and evaluating on (Bx, By) gives tr (£2 + 4F2) = 0. Therefore £2g = —4F2g, and so &2 = —4F?%Id. //

5.1 Curvature of level sets of a defining function

We now examine the behavior near the boundary of the metric induced on level sets of a defining function by
a ©-metric. As above let (X, g) be a smooth manifold-with-boundary and C* ©-metric g (k > 2). Let p > 0

10



be a C**! defining function for X, and U a neighborhood of X where dp # 0. Consider the hypersurfaces
M, := {p=¢}, € > 0, with the metric g. induced by (15')*g. Let R, be the (0,4)-curvature tensor of
(M., g.), let pr be the orthogonal projection onto kerdp and let R® = (protg)*R.. Letting ¢ > 0 vary we
obtain a section

R® € C*2(X°NU,°A°X ® ®A°X),

which we regard as the ©-analog of the curvature tensor of M.. Let pr; denote the orthogonal projection
onto G;.

Theorem 5.2 R? extends to a C*=2 section of OA’X @ ®A’X over U. Over 0X,
1
RS = -3 {402 Q+ Q@ Q + 2829 Y o BN — 48" o v® BN 0 £} o pry
The Ricci contraction of R,? over 0X is
1
Ric) = i {26%g — (tr (&2 +voB™)opry —4F?) BN o BN +vo (v — 6FBY)} opr,.
Proof. Lifting the Gauss curvature equation, we have over the interior
€] © 1
R =R+ 51@[ o pry,

where [ is the symmetric (0, 2)-tensor associated with ©V3,,. Since pr; extends to a smooth bundle map of
©T X over U (at the boundary pr; is orthogonal projection onto K1), this clearly extends to C*~2(U, e/\2X®
GAQX). By proposition 4.1 we have, at boundary points,

1 1 ,
© N n § : %
= — —_ — F .
i#En, N
A computation gives

IDL={Fg®g—2Fg® B ov+2Fg® N o Y + 8N o v@® BN 0 (5"} o pr;.

The expression for RS and Ricg) now follow from theorem 5.1 and some routine computations. //

Consider the case where N = 2n is even and &2 = —4F2]d (see for example section 6). Then over 0X,
R?@ = —% (4Q®Q+Q@Q—8F29@52"052")oprl )
Ric, = —2F?(g—nfB?"03%")opr,.

We would like to see whether the curvature tensor of (M, g.) has any special properties in this case, at least
asymptotically as € — 0F. Choosing a basis 3;, Bitn (i # n, 2n) for B;- N By, such that £6; = —Biyn, we
see that at boundary points, R? restricted to K is 4F2 times the curvature tensor of the Heisenberg group,
H*=1 =R}~" x RI™! x Ry, with the metric

n—1 2 n—1
gnh = (Z pidg; — dt) + Z(dqz')2 + (dp;)*.
i=1

i=1

11



None of the irreducible components of the curvature tensor of H?"~1 with respect to the O(2n — 1) action
on curvature tensors vanish. Therefore we consider the (0, 3)-tensor V Ric. (where V. is the Levi-Cevita
connection on M,, and assuming that g is C* with k& > 3). On any Riemannian manifold, the bundle
H C ®3T*M where VRic takes its values decomposes into irreducible components under the action of the
orthogonal group as H = Q © S @ A (see [2], chapter 16). For the Heisenberg group (H?"~1 g;), the
Q@ and S components of VRic are zero. We will show that for (M., g.), VRic. has this special property
“asymptotically.”

Proposition 5.1 Let (V Ric,) be the component of V. Rice in Qc ® Se. Then

QE@SG

lim sup [(VRic =0.
e—0+ MP (Ve G)QsGBSE g

Proof. We first show that the decomposition He = Q. ® S. ® A lifts to the ©-setting. For € > 0, ¢§ gives
an inner product preserving vector bundle isomorphism between T* M, and 87+ over M.. Letting € vary,
we define the correpsonding subbundles ®°H = ©Q & 95 @ ©A ¢ @3 ©T" X over X° N U. Since the fibers of
H., Q., S, A. and hence their © counterparts ®H, etc., can be described in terms of the pointwise inner
product g., resp. g (see [2], 16.2), ®H and its orthogonal decomposition extends to the boundary.

It follows from the Gauss (connection) equation and the fact that ©V is the lift of V that for e > 0,

(prote)” (VRic.) = ©V Ric?|®3ﬁ# :

Since 1o preserves inner products and ©Q, ©9, etc., are the lift of Q., S, etc., we have for € > 0,

= |(°V Ric?)

g

(V.Ric.) o s, ‘gﬁ - ( ((pr 0 10)" VeRice) e gog eques|

(In the last equality we are considering Ric? as an element of @34"+ (by restriction) and using the norm

on ®3"% induced by g.) Since ©V Ricl(:) extends continuously up to the boundary, it suffices to show that
its component in ©Q @ ©S vanishes at the boundary. Using equations 7 we can write

RiCS — _9F? (g _ 6n Oﬁ" _ ’I’LﬁQn oﬁQn) + ka_?’(U, ®3 GT*X).
Using lemma 2.1, we have at boundary points
OVRic§ = 2nF2 OV (5" 0 " + nf*" 0 37") .

Upon restricting to ®38;-, the terms involving V(5™ o #7) will vanish. By proposition 4.1 we have at

boundary points

6V52n _ 2Fﬂ2n Oﬂn o %Q

From this it follows that if X € 8, (@V Ric@) (X, X, X) = 0. This means that the component in ©Q @ ©S
is zero at boundary points (see [2], 16.4). //
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6 Examples and Applications

6.1 Strictly pseudoconvex domains

Let U be a strictly pseodoconvex domain in a complex n-manifold with strictly plurisuperharmonic defining
function ¢, so that U = {¢ > 0}, OU = {¢ = 0}, and the symmetric two-tensor h(u,v) := —dd®¢(u, Jv)
is positive-definite (J is the complex structure operator). We will assume that ¢ € C**3(i), k > 2, and
that OU is smooth. This implies that the oriented projective class of dc¢| oy can be represented by a smooth
one-form 6 € C°°(0U, T*U). Let X be the “square root” of U, that is, the smooth manifold-with-boundary
formed by adjoining the square root of a smooth defining function to C°°(U) (see [5], §2). There exists a
positive C**2 function f such that f¢ is a smooth defining function, so p := /¢ lifts to a C**? defining
function for X. The “identity” map determines a canonical C*° map

L]_/QZX —>H,

which is a C'* isomorphism over the interior and over the boundary (but not smoothly invertible up to
the boundary). We obtain a ©-structure on X by taking © = u{/ze. Consider the Kéahler form w, :=

—2¢71dd¢ log ¢, parameterized by the positive number! ¢. The lift of w, to X is

% 2 — —2 % c —2 % c
Wx.e = Ly /pWe = {2/) Ydp A p 2L1/2d p—p 2L1/2dd ¢},

and the associated (complete) Kéhler metric g.(u,v) := w.(u, Jv) lifts to
* 2 NI N A -2 %
9X.c = U ya0e = 2(p~dp)” + 3 (p Ly /od qb) +p " 00

Since LT/2dC¢ is in the projective class of © at boundary points, this shows that g. lifts to a C¥ ©-metric

on X, and w, to a C* section of OA’X. After determining the invariants €2 and £, we use theorem 5.1 to
recover a well-known result about the curvature of g. near OU.

Proposition 6.1 Over 0X we have Q = \/cigwx,c, & = —cld, v =0 and F = \/c/2.
Proof. Let T be a vector field near 0X with |[p2T] g, = and let 3°" be the O-covector field dual to
e} ,c

[p°T] by t59x,c as in section 4. Using the expression for gx . above we find

1 * %k c *
B2 = %L@ﬁ/zd log ¢ + pC* (X, °T" X)

and so

g = —%L%W}Qc + pC*(X, 6/\2X).

Using lemma 4.1 we obtain, at boundary points, Q@ = /ciywx,.. Let ©J denote the lift of the complex
structure operator on U to an automorphism of ®TX over X°. Then o5 = —Id, and (§gx,c(v,w) =
twx.c(v, SJw). It follows that ©J extends continuously up to X, and ¢ = —/c ©J over X. Therefore
& =—cld, F=./c/2,and v =0. //

Lifting the curvature tensor of gx . to ON°X ® SIND'¢ gives the ©-curvature tensor of t§gx,c. Applying
theorem 5.1 we obtain

IThe factor of 2 appears because of our wedge convention, which determines the relationship between exterior derivative
and tensor products. The parameter —c is the asymptotic value of the holomorphic sectional curvature of g.
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Corollary 6.1 The curvature R. of g. approaches the curvature tensor of constant holomorphic sectional
curvature —c at the boundary. Le.,

) c
lérz/r{l |R. + 3 (gD ge + dwe @ we + weD we) ‘gc =0

and the Ricci tensor Ric, satisfies
. . c
1(‘1911/111 |Ric. + i(n + l)gc|gc =0.
Applying theorem 5.1 and proposition 5.1 we obtain the following results for the hypersurfaces U, :=
{¢ = €}, which give an analog of Klembeck’s result [7] for these hypersurfaces. They show that for any
strictly pseudoconvex domain, the curvature tensor of the induced metric g. . behaves like a Berger sphere
metric near the boundary.

Corollary 6.2 Let R, be the (0,4)-curvature tensor and Ric. . the Ricci tensor of (Ue, ge,e), and let te :
U, — U be the inclusion map. Then

2
gL: <4wc ® we + WD we — 29D (C*I/Qdc log ¢) > =0

Ge,e

1. hms_,o Supu‘ Rc,e +

=0

Je,e

2
2. lim._ g supy, |Ricce + g (gc,6 —nu (cfl/2dc log qﬁ) >

=0.
Je,e

3. lime o supy,. (VCVERiCCyE)QC,(@140,e

In [2], §16.56, Besse asks for examples of Riemannian manifolds with (VRic)gga = 0 which are neither
locally homogeneous, nor locally isometric to Riemannian products and have non-parallel Ricci tensor. Part
3 of corollary 6.2 shows that for any € > 0 and sufficiently small, U admits a Riemann metric g with
(VRic)gealy < c.

6.2 The Bergman metric

Let U be a strictly pseudoconvex domain in C", n > 2. Consider the Bergman metric
(2)2
= ———logkpdz; odz;,
9B Z 82265] grRB az; J
where kp is the Bergman kernel of U restricted to the diagonal. Using Fefferman’s asymptotic expansion [6],

this can be written in a neighborhood of dU as

82
gp=—(n+1))_ 5——logddz o dz;
U<

with associated Kéahler form
n+1

2
Here ¢ has the form 1 (® + Pyt log 1/))’1/“’“), 1 being the Euclidean distance to O and ®, ® are smooth
up to the boundary with ® > 0. This shows that /¢ lifts to a C?"*+! defining function for the square root
of U, and gp to a C?>"~! O-metric. Corollary 6.1 shows that the curvature tensor of gz approaches the
curvature tensor of constant holomorphic sectional curvature —4/(n 4+ 1) at the boundary, recovering the
well-known result of Klembeck [7].

wp =

dd‘log ¢.
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6.3 Manifolds with contact boundary

We will construct an “asymptotically Einstein” metric on the interior of any manifold whose boundary is a
contact manifold. For simplicity we will work in the C'*° setting.

Theorem 6.1 Let X be any smooth, 2n-dimensional manifold with contact boundary. For any ¢ > 0 there
exists a complete smooth metric g on X° such that

lalr)r(1|Rlc+cg|g =0. (8)

Proof. We may assume without loss of generality that ¢ = 2(n + 1), since multiplying the metric by a
constant ¢ > 0 scales the Ricci tensor by ¢~!. Fix an identification of a collar neighborhood of X with
[0,1) x 0X. We will construct a O-metric on [0,1) x 0X whose Ricci tensor at boundary points satisfies
Ric = —2(n+1)g (as a ©-tensor). We then extend the metric in a smooth but otherwise arbitrary way to X.
The restriction to X° will be a Riemann metric whose Ricci tensor satisfies 8, and the boundary behavior
of the metric will insure completeness.

To construct the metric on [0,1) x X we need to recall some facts about contact geometry, following [1].
A contact manifold M is a 2n — 1 manifold equipped with a one-form 6 such that § A (d§)"~! is a volume
form. A contact metric structure is a quadruple (J, T, 6,b) consisting of a field of automorphisms J of T'M,
a vector field T', a contact form @, and a Riemann metric b such that:

1. (T)=1

2. J2P=—-Id+0®T

3.0(JX,JY)=b(X,Y)—0(X)0(Y) forall X, Y ¢ TM

4. If ® is the two-form defined by ®(X,Y) = b(X, JY), then ® = df.

Item 3 implies that § = b(T),-), and 4 implies that df(T,-) = 0 (so that T is the characteristic vector
field associated to the contact form). We will use the following fact (see [1], I1.3): On any contact manifold
(M, 0), there exists a contact metric structure (J, T, 6,b) (same 0).

Fix a contact metric structure on 9X. Let ps be projection onto the second factor of [0,1) x X and put

0 = p3 0. We give [0,1) x X the O-structure determined by the restriction of 6 to X, and oriented by the
vector field T'. Let t be the coordinate on [0,1), let b be the pull-back of the contact metric b and consider

the ©-metric )
g:= (t7dt)* + (t’25> 2 (E— (32) .

If we regard T as a vector field on [0,1) x X annihilated by dt, then b(T,-) = 6 (this follows from item
3 above). Then 2T has unit length, and by lemma 4.1,

0= —24 (t—Qé) ‘M 2 (—2t—1dt AE20 + t—2d§) )ax

—2 (—2t’2dt At20 +t2p} d(I)) ’
o0X

where @ is the two-form in item 4. Therefore an extension of ¢ to a continuous section of End (®7°([0,1) x 0X))
is given by 5 , where

g(U, V) = =2 (*2t’1dt AET20 4+ 17 2p d@) :

15



Since J? = —Id on ker dt Nker 6 (by item 2 above) and ¢t~ 1dt, +=20 are orthonormal, we see that 52 = —41d,
and so £? = —41d. By theorem 5.1, the Ricci tensor of g at boundary points, as a ©-metric, is —2(n + 1)g.
Now extend ¢ in a smooth but otherwise arbitrary way to X. For the Riemann metric determined by the
restriction of g to X°, we obtain equation 8. The metric is complete because the term (t~'dt)? prevents
geodesics from reaching the boundary in finite time. //
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