An assignment problem at high temperature
by Michel Talagrand

Abstract.
Physicists have studied the stochastic assignment problem using ideas from statistical
mechanics. For a version of this problem, we give, at high enough temperature, a complete

proof of the existence of the structure they predict.

I. Introduction.

Given positive numbers (a; ;); j<n, the assignment problem is to find

(1.1) min Qi i
ag
i<N
where ranges over all permutations of 1 ... . n words, a; ; is the cost of assigning ob
to wor er . e are re uired to assign exactly one ob to each wor er, and we try to do

this at the minimum possible cost. n this paper, we are interested in the stochastic version
of the problem, where the numbers a; ; are independent uniformly distributed over 1.
Physicists have studied this model using ideas from statistical mechanics. he basis of

their approach is to introduce the amiltonian

(1.) ~n( ) Qo i

i<N
and an inverse temperature , and to provide the set of all the permutations on  with
Gibbs measure, a probability measure of density proportional to exp( ~( )). hey use
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the (non rigorous) methods they have developed for the study of spin glasses , and this
paper is part of the author s program to rigorously prove (at least at high temperature)
what the physicist discovered.
he most famous prediction of the physicists P, P, P is that, for large
, the uantity (1.1) is asymptotically . fter this paper was submitted, . Ildous
did give a rigorous (and remar able) proof of this result, following a very di erent
route and ta ing advantage of a special feature, namely the existence of a limiting ob ect
as 1. his is however not the whole story, and, as a desordered system,
the present model remains of interest, in particular because it seems to di er considerably
from the other models ( herrington ir patric , opfield, sat, perceptron capacity) that
the author previously investigated. eing familiar with this previous wor would probably
provide no help to penetrate the present paper, and the present discussion is provided only
for comparison purposes. he physicists predict that for values of the model is in a
high temperature phase, or, as they say, that the replica symmetric solution holds. Proving
that this is the case is a problem of the type controling the entire high temperature region
and currently these problems are very di cult. hat one would li e to prove in a first stage
is that the physicists predictions are correct if , where is a given number. his is
a very high temperature hypothesis, and the author could do this in the four previously
mentioned models under such an hypothesis. nfortunately, we could not completely reach
this goal in the present case. ne reason is probably that this model is very di erent from
the models previously considered. n fact, despite previous results on the other models, the
author stared at the present model for uite a while without being able to say anything at
all.  he techni ues we will use are related to the techni ues used on the four previously
mentionned models only at a high level. his is why this paper can be read without any
prior nowledge.
ot being able to prove what we want, we will study a slightly di erent model. his

model will also exhibit a structure similar to that predicted for the original model.

e consider an integer , and
(1.) N, () Qi i
i<N
where now  is a one to one map from 1 .. to 1 .. . he rv. (ai;)i<n,j<

are of course i.i.d. uniform. e will ta e , with a fixed ratio , that is



(I ) , where

t is probably not apparent now to the reader why this model is easier than the case
his should become clear in ection . e will obtain a good description of
the model when (). tis very li ely that the picture we provide is also true for
(where now  does not depend upon ), but proving this should be very much li e

considering the case . (s explained, we do not now how to do this.)
et us now describe, informally first, some of what we can prove. t is natural to
consider the following uantity ( partition function ), which is the normali ing factor in

Gibbs measure

1) N ol n ()
where the summation is of course over all one to one maps from 1 ... to 1 ...
Given we will also consider
(1) N, () exp( a . )
i
where the summation is now over all one to one maps from 1 ... to 1 ...

his uantity is closely related to Gibbs measure. fwe denote by , this Gibbs measure,

then
v, ()

N,

~, ((0) ) exp( Qi,;j)

ne of the basic intuitions provided by physics is that (in the high temperature region)
the spins are nearly independent under Gibbs measure . his means here that given
, the laws under Gibbs measure of the variables () and () are
nearly independent. t is however not easy to find a convenient uantitative version of this
statement, and instead we will wor with the uantities n, ( ).
entral to our approach is the fact that the random matrix ( n, ( ))i<n,j<

decomposes

() o~ L) e O

for certain random wuantities n, () ~, (). oreover, these uantities are of the same

nature as (1. ). amely,

(1.) N () o~ () N () M



here,

(1.) n, () exp( @ )

%

where the summation is over all one to one maps from 1 ... to 1 ... , and

(1.) N, () exp( ~, ()

where the summation is now over all maps from 1 ... to 1 ..
learly (1. ) is related to the emergence of independence properties. his relation might

be more intutive if we rewrite it as

he right hand side is the Gibbs probability that does not belong to the range of
he left hand side is the Gibbs probability of the same event when one has removed from
1 and one has replaced by  such that ( 1)
way to express (1. ) is that the relative variation of », ~when we remove and
from their respective index sets is nearly the product of the relative variations when one

removes only one of these indices. his fact can be generali ed to any given number of

indices.
hat about the uantities n, N, e will show that there exists two probability
measures (depending upon only) such that
1
(1.1) — i
J<
1
(1.11) — ;
i<N
( n particular, the left hand sides are essentially non random). he probabilities will

be described as fixed points of certain operators.

ven though this might not be apparent yet, once the previous results have been
obtained, all inds of wuestions can be answered, for example the computation of the free
energy .

e now state our results formally



or .. ien here i an ber () ch ha i

T ) () rall e ha e

(11) (L) G () Y

N’
here () de end n  nly inaly heree i r babiliy ea re ch
ha
(11) fim (- )
. im — ;
N , N

(1.1) lim ((i i)

N
i<
here den e he are a er ein di ance M re er
. 1
(1.1 ) N]lm —log w, log () @1 ) log ().

e hope that this theorem ma es the interest and the beauty of this model apparent.
t seems to be always the case that once one has succeeded to compute the uantity (1.1 ),
one has also developed enough tools to have a good hold on the model, and one can describe
it in detail. his seems to be also the case here. e will not attempt to do this, but to
illustrate this fact, we will s etch how to describe some features of Gibbs measure.
he next natural step should be to prove heorem 1.1 under the condition
rather than (), but the real goal is to control the model for all values of . e
thin that this is a very interesting uestion. he cavity method that we develop here seems
to be currently a necessary ingredient to such a result, but it does not seem (as in all the
other models) that by itself it can lead to a control of the entire range of . ne approach
worth trying would be to combine the cavity method with a priory estimates for the Gibbs
measure, a strategy that wor s well in the case of the opfield model. avid ldous proved
1 that the optimal assignment is uni ue in the strong sense that near optimal assignments
must be close to it. uantitatively strong enough version of this result might provide the
re uired estimates, but this is better left for future research.
he proof of (1.1 ) will occupy much of ections and . he proofof (1.1 )and (1.1 )

will occupy much of ections and , and is rather technical. Probably the reader should



first loo at the simplest argument, the proof of (1.1 ), towards the end of the paper. t

provides motivation for some of the previous considerations.

tartin t ca it t od.

hroughout the paper, we will write

(.1) i exp( i)

so that, in particular, ;; 1.

Given a subset of 1 ... ,asubset of 1 .. , with
card card

we write

where the product is over 1 ... , and the summation over all one to one maps

from 1 ... to 1 ... . f ... , we write

N, ( ) N, ( ).

his is consistent with the notation (1. ), (1. ), (1. ), (1. ) (with N, (). he

following will be fundamental

a .. e ha e

roo . he proof consists in replacing n, (. .) by its value and chec ing that indeed
the same terms occur in the left hand side and the right hand side. ny further comment is

more li ely to be a hindrance than a help. []



a .. e ha e

e ha e

(-) N, ( ) o~ ()

t is understood in ( . ) (and in similar situations below) that in the system relative to
1, the value of has been slightly changed, into a value  such that ( 1)
roo . hese are again obvious identities . []

e recall the definitions of ection 1

() N, ()
here two uantities are closely related, as the following shows.

a .. <ehae

1
() n, ()
1 <N N, () )
1
(.1) N, ()
< ~v, Onw
roo . o prove ( . ), weuse (. ) with in the denominator of ( . ), with
e then use (. ), with . oprove ( . ), we proceed similarly, using

now (. Jand (. ). []
e now consider

)N,()N,()N,()N,()-
N, ()

he motivation is simply that the left hand side of (1.1 )is () (which is indepen

( .11) N, (

dent of ). ogether with ( .11), we consider the following uantity, of a similar nature

v ()~ C ) ~ ()N ()
(.1) N, () () :

he basis of the method of proof of (1.1 ) is to relate ~n, () with v . ()

and n ( )with 5N (). e will then obtain (1.1 ) through iteration of these
relations. he algebraic part of the proof is the following lemma, that is of a nature similar

to emma . (but more complicated).



a .. e ha e

(1 <N , N, ()
( <. ;5 ~v , ) N~ , ()
(1) v, ()
( < ~ v, ()
roo . hisis again a conse uence of emmas .1, .. oobtain ( .1 ), we simply use

in (.1 ) the relations

v, () N~ ()

(which follow from emmas .1, . ) and we regroup the terms in the numerator. o prove

( .1 ), we substitute in ( .11) the relations

N, () N~ , ()

N, () N o, ) N,

and we regroup the terms. []

n the use of ( .1 ), the following will be essential (as will become apparent in ection

a .. <ehae

IN

roo . his means that

(1) N, () )~ ()

<

his is true because each term of () appears times on the right. []



a .. e ha e

roo . sing ( .1 ), we have

he result follows in a straightforward manner. []

cou in .
n this section we prove (1.1 ).  basic observation is that in the right hand side of
( .1 ), the uantities  are probabilistically independent of the uantities n, ()
and ( ). hus, when ta ing expectation, we can first ta e expectation in | at
N, () nw () given.

ather than ( .1 ), we will use the following
(1) vy, O oon ()

hile doing this, we gain two things. First, we do not have to now anything about the
numbers ( ). econd, the expectation will be much easier to ta e. n the other hand,
this bound is very crude. ( t will turn out later that . |, () is typically of

order 1 | so that in ( .1) we lose a factor ).
e now consider ani.i.dse uence ( ), uniformon 1 ,and we set exp( )-

he following is obvious.

a .. <ehae



() ( a) (— —)C a)
<N <N
roo . e write
C ) ( )
and we use ( . ) for 1 ,so that
1 1
( a) (—)( a) —C(C a)
<N <N <N
1 1
( —)( a)
<N
using auchy chwar . []
f we combine with ( .1), (and use that 5 ( ) N, () forall )
we obtain that
oro ar . . 1 ehae rany

() vy ) — n ()

ur next goal is to use ( .1 ) to complement ( . ). hisre uires more wor . e denote
by  a universal constant (independent of , etc) that need not be the same at each
occurrence.

a .. n ider an in eger ~ Then

roo . f < , we write, for

( ) exp( )

e observe that



and, for 1 N
1 1
() ( ) —log -
so that, if 1 N,
exp( ) 1 log
exp( log )
and, by ( . ),
1,
( ) (=)
a ing ( ) we get, for 1 N
1 -
() (— —)  —) (=)
from which the result follows, using that N,
ro osition .. nidern ber ( )< ( )< ( )< and e a e
ha
() 1
< <
(1) -~
Then i e e e ha e
1
(.11) = — =
(< (< )
o nt. crucial fact is that we have a factor ~ (rather than ) on the right. t

is essential for this to have rather than in the numerator of ( .11).

roo . he temptationistouse emma . and older sine uality. his does not wor |
because when computing ( ) , we get a term containing , and we do
not mnow that this is about ( < ) . o go around this di culty, we introduce a

parameter , and the set

(1) —

IN

11



hus,
card

and thus

IN

(.1) card  —.

ext, we consider the set

so that

and since 1, we have card

hus, if we choose

(.1) -

we have

(.1) card —

where

e define

and we also have

(.1) card —

ow, the left hand side of ( .1 ) is at most

where




)

, so that the numerator

older s ine uality)

(.1) .
( ) ( )
he study of is made much easier by the fact that (
and the denominator are independent. hus (using
1
(1) ( ) —
( ) (

e appeal to emma . to see using ( .1 ) that

1

and similarly for hus, since 1
1
(.1 —(— )
<
o study , we use older s ine uality to get

under ( .1 ), using ( . ) again.

ow,

)

ince , and since for
(— )
<
we get that

1 1

(. ) ( ) (— =)=
<

f we recall ( .1 ), (.1 ), we get that

1

( ) —(—
<

and this completes the proof. []

, we get, under ( .1 ) that

we have (by definition of )



oro ar . . ( ) hen nder eha e rany 1

roo . sing ( .1 ), we see that for fixed,

IA
<.
IA

where N , ( )if and N

hus, by ( .1 ), and since n, () 1,

( < N ) N
( : ) N, ( ) ( < N N | ()) .
etting ~N , (), wesee from (.1 ) that ( . ) holds for ( )

n the right hand side of ( . ) we ta e expectation in  first. e use ( .11), and the

fact that )
N () if
i1
e then observe that 11 ). [
roo o . . fwecombine (. )and( . ), we get,
() w () i v ()
where ( 1 ) ( 1).
n particular, if (1 ) (and, say, to avoid trivial complications),
we get
1
— N ) — = ~, ()
from which ( . ) follows by iteration since .l

esides (1.1 ), there exist similar relations that will be useful for the se uel.

ro osition .. nder hec ndiin The re ehae r 1 1



(.1 (N, () ~ , ()) —

roo . he proofs of these are similar, so let us prove only ( . ). e have

( )~ C ) N~ ()N ()
v ()N ()

Ny () N, ()

and, proceeding as in the proof of emma . , this is
<, j N N | () Nj N | ()
< ~v , O)n
Proceeding as in the proof of orollary . , we find that (for any ), we have

(v, O v, (D) —(G— ~, () =)

and thus ( . ) follows from the fact that

as shown by ( . ), (1.1 ). [

irica asur s.

he purpose of this section is to show that the empirical measures

( 1) Na ) J
i<
and
1
( ¢ ) N7 ) _ ?
i<N

are essentially non random. o do this, we consider an independent copy . () of the
variable n, () (that is, the se uence corresponding to n, ( ) when the r.v. a;; are

replaced by an independent family ai,j), and we set

N, J-
i<

e define ,  similarly. e will prove the following.

1



ro osition .. nder hec ndii n The re e ha e

() Jm o (N o)

() dm o (n o w

here and below, denotes the s uare of asserstein s distance. Given two probability

measures on it is defined as

() inf ( )

where the infimum is ta en over all the couples ( ) such that  has law and  has
law . fcoursein ( . ), ( . ) we could use other distances but the use of  will be very

convenient. e will use the duality formula

(-) () sup( )

where the supremum is ta en over all the couples () of measurable functions such that

(0O C ).

e will use ( . ) only when and have compact support, in which case the proof of ( . )
ta es only a few lines (see 1 p. .) he formula ( . ) lets us replace by a supremum
of uantitiesli e , which are much easier than  to evaluate by induction over

. norder to evaluate e ciently the expectation of a supremum of r.v., we will however
need to consider higher moments of these r.v, and this will create complications. nother
source of complications is that, while we now that ~, () 1, the numbers n, ()
can conceivably be very large, and we will need to prove some boundedness property of these

uantities.

t would be very nice to replace ( . ) and ( . ) by a statement with a clean rate of
convergence, such as (1.1 ). e could not do this.  desirable result in this direction is
stated in on ecture

ur first tas will be to prove a boundedness property for the uantities n, . e will
denote by () a number depending only upon , but not upon . his uantity need

not be the same at each occurrence.



a .. ehae nder hec ndiin The re

() e O
roo . e will prove that
() limsup  exp — (n, () ) exp ()

his implies that

and (. ). o prove ( . ), we consider
v () ep— (N () )

so that, by symmetry,
N, () N, () Jexp—  (n () )

e appeal to ( . 1) to get

(.) limsup () limsup N, () exp— (n , () )

N N <N
( t is here that the truncation at level is useful). e now appeal to ( .1 ). e observe
that n | is independent of n, . e integrate first in these, using emma . and the

argument of ( .1 ) to see that the right hand side of ( . ) is at most

(.) ( )limsup  exp— (v, () ) ( )limsup N, ()
N N

using ( . 1) again.

hus, we have (since n, () 1)

limsup w, () 1 imsup () 1 () lmsup n () ()



where we use ( . ), ( . ) in the last ine uality. his means that

so that, since () 1

I

a .. <ehae

roo . tsu ces to observe (as should be now obvious) that

here is a significant di erence between the previous two results. emma . provides an
excellent control of the intermediate values of n, , while emma . provides a wea

control of the large values.

a .. e ha e
(.1) (— — ) imf— (i 55)
here he in 1 aen erall er aln 1 ...

roo . he ine uality is obvious. For the converse ine uality it should be obvious

that the left hand side of ( .1 ) is
1.
— inf aii( ;)
i,j<N
where the infimum is ta en over all bistochastic matrices (a;;). he infimum is obtained at

an extreme point, and this extreme point is a permutation matrix. []

onsidering two functions on  we set
(.11) N, o, () exp—( (n () CN O
i<
e set
( ]' ) N7 ’ min( ( Na 9 N, ) ))'

he use of the truncation at level is to provide boundedness. e consider the function

where the dependence of the left hand side upon is implicit.

1



(.1) () ) ¢ ).

Then nder hec ndiin The re r each e ha e

(1) v , 00—~ () w
here limp N

roo . sing the symmetry between sites, we have

N, , () (v, C) (~ C) n, ~ . 0)
sing Proposition . , we then see that
(1)~ ,0) (v, () (N )~ & .0~
where . ( his step uses the fact that 7 are bounded). e now appeal to
(.). ince n, N, are independent of  , the left hand side of ( .1 ) is at most
( N, N, , N, . ()) N
where
1 1
1 N, ) )
) e DI T IO
and where denotes expectation in ’ ( ) only. Given a permutation  of
1 .. we have
1 1
N, (( ) ))-
1 <N N, () ) 1 < N, () )
sing ( .1 ), we have
N, (( (v ) N CON )
<N
sing emma . , we have (for 1)
1
Ny o —— (~n  () ~ (O
<N



n this ine uality, is arbitrary, so that emma . shows that

N, — (w~  , N )

n the other hand, since 1, it is obvious that , so that,

N7 - N7 R

and thus the left hand side of ( .1 ) is at most

and appealing again to Proposition . yields the result. []

ro osition .. nder hec ndiin e a e ha e
(.1) limsup ( n, ,,()) limsup (exp— n, , ).
N N
roo . e prove by induction over that

v O S (e )

I I

(1)
(—) - )~ ., () w, ()

where limy ~, () . For , this follows from the fact that

and ( .1 ) while the induction step follows by integration by parts and ( .1 ). t follows
from ( .1 ) that

1
limsup n, , () limsup exp(— n, ,) (—) —( ) limsup n, , ()
N N N
from which ( .1 ) follows as ,since n, . () .l
onsidering again two functions on , we set
(.1) N, ,, () exp—  ((wn () (n5 ()



and we set

e observe that n 1, because N, () L

e consider the function

a .. ea e b nded and e a e
The re r each e ha e
(.1 N, () — ~, () n
herelimN N

roo . t is essentially identical to the proof of emma

must now deal with

Then nder hec ndii n

ather than ( .1 ), we

1 1
() N, (( ) ))-
< ~v ., On, < ~, (0w,
sing ( .1 ), we get
(« < ~v(nv () nx  (C0)) )
N’
( <« v~ v, O < ~v n , ()
and to control this we use ( .1 ) and Proposition . . ( bserve that if
) [
ro osition .. nder hec ndiin e a e ha e
(. ) limsup ( n, ,,()) limsup exp(—— nw, , ).
N N
roo . dentical to that of Proposition . . []
e set
(. ) () limsup exp n, |,
N
(. ) () limsup exp n, .
N



ro osition .. ien here e i () ch ha

roo . y ( . ) there exists a finite family  of couples () of functions satisfying

( .11) such that, given two probabilities supported by 1, we have

() sup ).

)

ince n, ,  , aresupported by 1, we then have
exp N, | sup exp n, , -
sing the bound (sup ) for , (.1 ) yields the result, with ()
card . []
ro osition . . ien here e i () ch ha

() O 0O (=)

roo . he extra di culty here compared to Proposition . is that n, ( ) is not
bounded.

ccording to ( . ), we can find a such that
() fm (5 x Ol< <)

N
<N

e then fix a finite family  of bounded functions satisfying ( .11), such that, given any

two probability measures with support in  a, we have

() () sup )-

I

nly the values of on a matter there. ondition ( .11) still hold if we replace the

couple () by the couple ( ), where

() (min( a))

and where  is defined similarly. hat is, we can assume

() () (min( a)) () (min( a))



whenever () . For a probability measure on , let us denote its image under

the map min( a). hen by (. ), for any two probabilities on ,
( ) sup ( )
sup ( )

I

using ( . ). ow, since is the s uare of a distance,

and, obviously

hus,
(~ ., ~ ) sup ((n~ () Cn (O
g i<N
— n, ()1 i — ~n, ()1 i
i<N i<N
hus, for any , we have
N, min( )
where
sup —  ((~ () (n ()
' i<N
1
- N, ()1 i <
i<N
1
_ N, ()1 )
<N
and are defined similarly, replacing by . hus, since n, | , we have
(1) exp N, , expl sup (~, ., ()

From ( . ), we have



so that,if () card , we see from ( . 1) and Proposition . that

O O (—)

and the result follows by ta ing .l

roo o ro osition .. fwecombine (. )and (. ), we get

O 0 (—)

where 1 . f , we then get

QRN (=)

ince (1) , we get by iteration that for all 1,

ow, by hebishev ine uality,

( N7 ’ ) exp N7 )
so that, using ( . )
limsup (nv, ., ) ( ()
N
a ing ( 1) , and letting , we get that
limsup ( n, | ( 1))
N
ince N, | 1, and since is arbitrary, this proves ( . ). he proof of ( . ) is similar. []
et us denote by () the law of a r.v
or . . nder hec ndiin The re e ha e
i
Jmo (w0 ()
dmeo O ()

roo . his is a conse uence of the general fact that if is a random probability,



and that N, | ( ~, ). hus heorem .11 follows from Proposition .1 by

integrating in  inside  rather then outside . []

roo o or . SO cons u nc s.
he distribution of () ~, (where ( ()) < are given numbers) depends only
upon the probability < . hus we see from ( .1 ) and heorem .11 that
( n, ) isessentially determined by ( n . ). nasimilar fashion, ( n ) is essentially
determined by ( w, ). ince ( wn, ) (~ |, ) by Proposition . , we see that

( ~, ) must be a (nearly) fixed point of a certain transformation.
e start with the following technical fact (the proof of which is probably better s ipped

at first reading, since the real action starts only Proposition . ).

a .. n iderinde enden r a a ni r er 1 n ider an in eger 1
¢ n ider and
(.1) exp( a) exp( a).
<
Then ecan nda in reali ai n( ) ch ha

o nt. his will be used for

roo . For 1, we have

( ) min(1 1 log 1)

(exp( a) ) min(l 1 logl).
ince provided one of the summands is at least , we have, by independence,
() 10 min(l Slgh) ()
ince (1 ) 1 , we have

() min( ‘logl)



and, since ()

(-)

ince

we have

1 we have in fact

() min(l tlogl) ().

Tlogt 1 () “logt (“log*)
and since () , we have
() () O (g
even when log(1 ) 1. e have
() c > C ) C ) O (
C ) O cC ) 0
C ) O cCc ) )

with () ()

(For example, if we define by

the couple ( ()

n particular,

C ) C )
it follows readily that the left hand side of ( . ) is at most
() ()and

c ) C )

C ) ()
) on the probability space ( ()) wor s.)

since 1,
min( ) — min( ) —

.t remains to show that ((  min(

. his follows from simple tail estimates for .

. here exists two r.v.

, or



1 1
roo . ince 1, we have
because if 1
ro osition .. ienan ber herei an ber () ih he 1 ing
r ery () each r babiliy ea re n 1 ch ha () e
cana ciaea r babiliy ea re () n ch ha he 1 ing ccr
1
() f — () — then
<
1 1
()« ) )— — 1
< n ()
1 1

IA
IA

he proposition asserts only the existence of the operator . ne can show easily that
this operator is uni ue. n fact, one can show that ( )isthelawof ( , exp( ;) i)
where the r.v. ; are i.i.d with distribution , and where the variables ; are the arrival
times of a Poisson point process of intensity measure 1, independent of the variables ;.

his interpretation however does not seem to ma e the proof any easier.

roo . onsider numbers ( ()) <  with < () . ewill
prove that
1 1
() () )
1 1



(— — )-

< < < <
cluster point argument will prove ( . ) and the existence of ( ), from which ( . )

follows. he main di culty in proving ( . ) is that we can have , and the purpose
of emma .1 is to address this, by showing that one can replace both  and by

ndeed using this lemma, for , we see that we can find independent variables
() < ,eachthesum of  independent copies of exp( a) (where a is uniform over

1) and such that for each ;

() (v, ) — (v ) —

e then write

IN
=
~~
N

IN
~~
N

N ( < ~ () < O
and we use emma . (as in the proof of Proposition . ) to obtainabound ( ) for
( .1 ). his allows to replace by . imilarly, we replace by

e have reduced the problem to bound the left hand side of ( . ) when and  are

replaced by i.e. we are re uired to bound

1 1
. < () < ()

))-

here exp( a) exp( a). sing emma . ,and proceeding as before,
we see that we can replace by , ma ing an error at most () . f
we new that () ( ), we would be finished by Proposition . and emma

ut we simply reduce to ( .11) by writing

( ) ) )« ) - [

ro osition . . e ha e

(.11) lim  ( (~ ) ((nw )

N

roo . sing (. ), ( .1 )it is enough to prove that

1
5
dm ) (s
where  denotes the law at ( x ., ()) given. ecanreplace ( n, )by (n |, )

than s to ( . ) and Proposition . . he conclusion follows from ( . ) and heorem .11.



ro osition .. i en each r babiliy ea re n

a rbabiliy e re () n 1 ch ha he 1 ing ccr

Mre er r r babiliy ea re n e ha e

(1) cC)y cn — C )

roo . imilar to Proposition . , (but easier) using now emma

ro osition . . e ha e

(.1) A}im ( (N~ ) (O ))

roo . s in Proposition . . []

or .. Theli i

roo . ombining ( .11) and ( .1 ), we see that

so that any cluster point of the se uence ( n ) is a fixed point of

() . ut (. ), (.1) show that this cluster point is uni ue if
lim ( n, ) exists, and, of course, ().

o) nt. he mysterious part of the proof is that for each  not too small,
admits a fixed point  such that () . ( his is also probably true for small

on ctur .. ienanyineger hereei acn an ()

heree i inde enden r la ih

ch ha

€ can a

r any n

cia e

ber

, and satisfies

hus

)

r any



f course one can ma e a similar con ecture for the variables

roo o . . riting
N, log n,

we have

N,
(-1) N, N, log — log( n, (1))
(1) v~ o, lg—o— g, ()

N
so that these uantities have limits log () and log ( ) respectively as

1 . ( ere we s ip a few simple details as that better left to the
reader.) e then write _asasumof( 1) uantities ’ (
) where () (1 ) andofabout (1 )  uantities

where () 1 ( 1). hus, we see that not only the limit exists in (1.1 ), but
that it is

log () (U ) log ()

s a conclusion, let us say a few informal words about Gibbs measure », . erecall

that

(1) v OO )

n a similar manner, if and , we have

(1), I T S S A )

ow we have

N, ( ) N, v, ()N ()

because both sides are nearly

v N ()N~ ()N ()N ()



ombining with ( .1 ), ( .1 ) this proves as announced in the introduction that

n, () () ) o~ () )~ () )-

his even holds true if because in that case the right hand side is very li ely to be

small for all values of

F
A , symptotics in the random assignment problem, r bab Th
ela ield ,1
A , he () limit in the random assignment problem, and
rc re lIlgrih 1, 1, 1 1.
, eplicas and optimi ation, hyi e e , 1

, eanfield e uations for the matching and the traveling

salesman problem r hy le 1 1.

bl
, pin Glass heory and eyond,
rld cieni ¢ ingapore, 1
, he transportation cost from the uniform measure to the
empirical measure in dimension

, nn rbab ,1 , 1

, uge random structure and mean field models for spin glasses,
r ceeding he  ngre Ma he a ician  ocumenta at, 1 , extra

volume

uipe d nalyse
niversite Paris
otel
, Place ussieu
. Paris edex



