INTERSECTING RANDOM HALF CUBES
by Michel TALAGRAND

Abstract. We provide the discrete cube Qx = {—1,1}? with its uniform probability,
and we consider an independent sequence ¢!, ..., Y uniformly distributed on Q. Kim and
Roche recently proved that there exists € > 0 such that the probability that there exists
(resp. does not exist) a point x of Qn with ¢*.2 > 0 for all k < eN (resp. k < (1—¢)N) goes
to one (resp. zero) as N — oo. We use ideas from statistical mecanics to provide a simpler

proof of a stronger results.

1. Introduction.

Given a point ¢ in Qn = {—1,1}¥, the set

H(§) ={r € Qn; &2 >0}

will be called a half cube. We denote by Ax the uniform probability on QQn. We observe
that

AN(H(E)) =an

is independent of £ and is the probability that Zig N €& > 0 where ¢; are independent,
P(e; = 1) = P(g; = —1) = 1/2. In particular ay > 1/2,ay = 1/2 if N is odd, the case
where the name “half cube” is perfectely appropriate. Of course limy_, o, any = 1/2.

Consider now an independent sequence (£¥);>1, uniformly distributed on Q. Given
M, we are interested in the random set

Hy = () H(E).
k<M

In particular, we want to know whether, in the typical case, Hps is empty or not. This
question arises in the theory of neural networks [G], and has received considerable attention.
The case of interest in when M = |aN | is a fixed proportion of N, and N — oo. (To simplify

notation, we will write &N rather then |aN|.) A first observation is that
EXn(Hy) = al¥.
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Since

Hy, 7é®:>)\N(HM) > 2N

we have shown that if a > 1
(1.1) P(N,a) — 0 exponentially fast

where

P(N,a) = P(Hay #0).

The interesting feature of this problem is that most of the contribution to EAx(Hjs) comes
from a set of very small probability and the median of Ay (Hjs) is much smaller than its
mean, so that one should be able to improve upon (1.1). In a recent 47 pages preprint, J.M.

Kim and J.A. Roche prove the following.

Theorem A. [K-R]. If ¢ < 0.0037,

(1.2) lim P(N,1—¢)=0

N—>oo

Theorem B. [K-R]. If a < 0.005,

(1.3) lim N(1— P(N,q)) =0,

N—oo

We are not aware of other rigorous results, but rather precise predictions have been
made based on the methods of statistical mecanics of disordered systems. (These methods
are very far from being rigorous). These methods consider as self evident that the random

function

1
N 10g AN(HQN)

converges in probability, as N goes to infinity, to a number f(a) € [—00,0], and attempt
to compute this number. It has been proposed [K-M] that 6(a) > —oo if and only if
a < ap ~ 0.82. (Thus Hps should be typically empty if, say, M > 9N and not empty
if M < .8N). For small «, more solid arguments [M] have been given toward an explicit

formula for 6(«), which in particular satisfies
(1.4) —00 < f(a) < —axlog2

This is essentially what we will prove.



Theorem 1.1. There exists ag > 0 and L with the following property. If o < «a, then for
large N,

o?N —a?N
)) < exp(

(1.5) POAN(Hgn) > 27N exp(— ).

Corollary 1.2. There exists € > 0 such that for large N
(1.6) P(N,1—¢) <exp(—eN)

This corollary is a rather simple consequence of Theorem 1.1, by using the method
yielding (1.1), given Hy,N-

Beside the fact that Theorem A provides an explicit value for €, which Corollary 1.2
does not, Corollary 1.2 improves upon Theorem A since its provides an exponentiel rate of
covergence. There is no doubt that our proof can yield quite reasonnable constants (i.e. g
not astronomically small), but, as there is no hope ever to reach values close to the optimal,
we will not pursue this line and we will always make the simplest possible estimates, however

crude.
Theorem 1.3. There exists ag > 0,0 > 0, L > 0 such that if a < «g, then for large N,

alN

(L.7) PON(Han) > 60°N) > 1 — exp(~—7-)

The exponential rate is better than the rate o(1/N) provided by Theorem B.

It would by nice to improve (1.7) into

(1.8) P(AN(Han) > 27N exp(—

but we currently do not know how to get better than o>/2N/L in the exponential. (As this
would significantly lengthen the paper, we will not prove it.)

Probably the main reason why our proofs are quite shorter than those of [K-R] is that
we have succeded in rigorously using the idea of “replicas”, arizing from statistical mecanics.
Another reason for simplicity is that the proofs of Theorems 1.1 and 1.3 rely upon general
principle (of independent interest). Let us say that A C Qu is large if Ax(A) > (.999999)%.
Then, roughly speaking, we have the following.

Principle A. If A is large, for most of the choices of £, AN H() is about half of A.

3



Principle B. If A is large, it is very rare that Ay (A N H(§)) be very much smaller than
An(A).

The paper is organised as follows. Principle A is proved in Section 2, and Theorem
1.1 in Section 3. Principle B is proved in Section 4, and Theorem 1.3 is deduced from it in
Section 5.

As a final comment, we should add that there are related problems that we have not
considered and that can be treated by similar methods. In particular one can replace QN

by the sphere Sy of radius v/N and define
H(&) ={z € Sn;&.x > 0}.

Rather than taking £ uniform on Qn we can also take & uniform on Sy. (Thus there are 4
cases).

Acknowledgement. I am grateful to Jeong Han Kim for sending me his paper [K-R).

2.Intersecting a large set with H(¢).
Given a subset A of QQn, we denote by p4 the probability induced by Ay on A, i.e.

AN (B N A)
2.1 B)=22‘“" “7
( ) ,U'A( ) )\N(A)
Given o, ¢’ in Qn, we consider
(2.2) R(o,0') = % Z o0}
i<N

Lemma 2.1. Givent > 0, we have

2
2 exp(— Nzt )

pa® pal{(o, OJ) € Q%V, | R(a, OJ)‘ >t}) < W

Proof.

This is an obvious consequence of the “subgaussian inequality”

P(Z ei > t) < exp(—t*/2N)

where (g;) are independent, P(e; = 1) = P(g; = —1) = 1/2. []
We now consider, given A, the random variable
Xa=pa(H(E))
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where ¢ in uniformly distributed on Q). We consider the function

¢n(0,0') = P(o € H(E),0' € H()).
Lemma 2.2. We have

(2.4) EXA = anN

(2.5) EX3 = / on(0,0)dpa(0)dua(c’).
Proof. We write
X5 = / Loer@)oren(e)dia(o)dpa(a’)

and we take expectation inside the integral. []
Comment. This is the crucial idea, of “replicas”.

We consider now the function

(2.6) o(o,0') = %(ﬂ' —arccosR(o,0"))

We observe that, given two standard normal r.v g, ¢, with E(gg’) = R(o,0’), then
(2.7) ¢(0,0') = P(g 20,9 >0)

Lemma 2.3. There exists a sequence cy — 0 such that

(2.8) Vo,0' € Qn,lpn(0,0") — p(o,0')| < cen

In view of (2.3), (2.7), this is a consequence of the central limit theorem.

Lemma 2.4. We have

n_o 1 1 ' 1 INE!
. - < —
(29) 0l0,0') ~ § ~ 5-R(0,0)| < o-|R(0,0)
Proof.
1 1 m
n_ - (% _ /
p(o,0') 2 27r(2 arccosR(o,0"))

1
= —arcsinR(o,0’)
2T

and we use the elementary fact that for |z| < 1,|arcsin x — | < |z|?. []

We now state and prove “principle A”.



Proposition 2.4. There is a number § > 0 such that if N is large enough, for any subset
A of Qn with Ax(A) > 6V, then

Lo

1
(2.10) P(pa(H(E)) > Z’/(\/N

Proof. Consider the random variable

_ o
Y = / S lda(o)

so that, for N large, EY > 1/2. Also,

By = | E(|%Hf/%|)dm(0)dm(0')

<1

by using Cauchy-Schwarz to evaluate the integrand. We now appeal to the “second moment

method”,
1 1 (EY)?
> Z > Z
P(Y > 2EY) 2 1 Eye
to see that
P(Y>2)> =
4 16
and thus, by symmetry,
o 1 1
2.11 P([|(==)"d > ) > —.
(.11) ([ Sy duato) 2 )= 5
Next, using (2.5), (2.8), and since ay > 1/2,
1
(2.12) E(Xa—an)’ =EX}; — (EX4)* <cn + /(w(m o) = 7)dnalo)dpa(o’)

Now by (2.9)
1 1
n _ — < - !/
ol0,0') — 11 < 3 R(0,0")|

and, using Lemma 2.1, for any ¢,

Nit2

[ 1RG0 da(@)diato’) < t+ () exp(-0)

Thus, if we assume

2
(2.13) An(4) > exp -~



then, for N > N (t), we have from (2.12) that

E(XA — aN)2 S (4
so that (since ay > 1/2)

P(Xa<1/4)< 4t

Taking t = 278 ensures
1
Pua(H©) < 1/1) <
which, together with (2.11) finishes the proof (for § = exp —21%). []

3.Proof of Theorem 2.1. It might help in this section to consider N as fixed, and to

think to the random subsets

Hy = () H(E
k<M
of QN as being created by sucessive intersections. That is, given Hpr, Hpypp1 = Hpy N

H(¢M+1), Thereby it is obvious that martingale theory should help. We denote by X/

the o-algebra generated by ¢!, ..., €M and we will simplify notation by writing
Ey(h) = E(h|Xum)

for a function A of the variables £*.
When Hy = (0, we set dpsr1 = 0. When Hjyr # (), we consider the probability

UM = KH,,, and we set
(3.1) darir = agt i (H(EMH)) — 1

so that, by (2.4)

(3.2) Ey(dpy1) =0,
(3.3) ldvy1| <1
We write

o™ T AN (Harn) = ay™ An (Hu) (o uar (H(EM))

(3.4)
= ay™ AN (Hu)(1+ dargr)

and we define
fur = (™ An (Hu))Y?,

a Yp-measurable function. Note that f; = 1.
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Lemma 3.1. We have

. EMd%\/I+1 )

(3.5) En(fym+1) < fu(1 20

Proof. This follows from (3.2), (3.3), (3.4), and the fact that, for |z| <1,
Vite<1+2-%
2 20
The principle of the proof of Theorem 1.1 is to show (roughly speaking) that E(fad3,, ) is a
fixed proportion E(far), so that E(fas) decreases geometrically. Thus we turn to the task of
bounding E(fard3, +1) from below. To simplify notation, we denote by K a positive constant,

not necessarily the same at each occurence, and we recall the number § of Proposition 2.4.

We introduce the random element bys of RV given by

(3.6) bar = \/LN / odpn (o)

which relevence is revealed by the fundamental fact that

(37) ot = bas-bas = [ Bio,o")duss(0)dmae ()
Lemma 3.2. Assume that

(3.8) a’alf > 6N

Then

M+1
KN

Proof. It follows from Proposition 2.4 that, under (3.8),

E(Li2fyrs13ap bazs)l?) > P(fu > a) — Ne” /X,

1

1
(3.9) P(fas1 > a/2,€" bara > ol fu > a) > o

This is because fas > a implies ppr > 6V, so that we can use (2.10) for A = Hypy. Also,
farsr > far/2 under pag(H(EMY)) > 1/4. Finaly

v, 1 (€1 0) ot
M agn = ey [ (o) 2 [ du (o)

Taking expectation, and using symmetry, we see from (3.9) that

(3.10) Vk <M +1,E(1{a5y, 150} (€5 bar41)?) >



and by summation

1
(3'11) E(1{2fM+12a}N Z (gk'bM-i-l)z)
k<M1

(M +1)
> WP(fM > a)

An elementary fact about random matrices is the existence of a constant K such that the
event 2 defined by

1
Vo € RN, =) (€".0)? < K 2],
k<N

satisfies
(3.12) P(Q)>1-—e NEK,

Thus (for M < N — 1), since ||bys]| < 1,

(3.13) E(1Q% Y (€Fbpg1)?) < NP(Q) < Ne VK,

k<M+1

On the other hand
1
loe & Y (EFbarr)® < K bl

k<M+1
The result follows. []
Lemma 3.3. We have
(3.14) pyv > 4M = Ey(dig ) > % 1w |® = O,
where
(3.15) On v =cn + K(M/N)3? 4 eM

Proof. Going back to (3.1) we see that

En(digg1) = oy Ep(pm(H(EMH))?) -1
= ap’ (Em(um (HEYH))?) — ad)
> Barlune (H(E¥)?) ~

— [(on(o,0) = Diuss(@)dnss(o)
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using (2.5) in the last inequality. Next, using (2.8), (2.9), and (3.7), we get

1

Bum(dirin) > 5 loarll* = ear — / |R(0,0")|*dpnt (0)dpa (o).

To bound the last term we use Lemma 2.1 to see that for any ¢t > 0,

N2
/ IR(o, ) Pdiias (o) (0") < 5+ 2.(4)°M exp 5 -

Taking t = 4,/M/N concludes the proof. []

Lemma 3.4. Assume that

(3.16) a > 27 M2 g2 > N

Then we have

M
(3.17) E(dy 1112 fm>a}) = ﬁp(fM—l) > a)
_HM,NP(2fM > a) — Ne_N/K.
Proof. We observe that if
fu = (ayfpan)'? > aj2 > 27 MH

then

par > 4a34™M > 4=M,

Thus, using (3.14)

1
E(dyili2f>a}) = %E(lleH2 Liafyr>ay) — ONMP(2fM > a)

We then conclude using Lemma 3.2, for M — 1 rather them M.

Lemma 3.5. There exists a; > 0 such that if M < a; N, then

(3.18) By f30) > (o — 0 )E(far) = 27

Proof. If o is small enough then for M < a1 N,

a> o~ M+2 a%%‘l > oN
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so that (3.16) holds for a = 2¢,£ > —M + 2. We have

Y. 2pa 1y <4Afu
—M+2<6<M

and since far_1 < a;,M/2 < oM

Z 2ef)(fM—l > 2e) > E(fM—l) _g—M+2

—M42<e<M

> SE(fu) 27172

N[ —= N

Thus (3.18) follows by considering (3.17) for a = 2¢, multiplying by 2¢, and summing
for —-M +2<£< M. []
Proof of Theorem 1.1.

Combining (3.5) and (3.17), we have shown that for a certain constant K, we have
(using that E(fay) <1 by (3.5))

M M y
(3.19) E(fM—i—l) < E(fM)(l — I(()—N +KO(N)3 2 CN)
+27M

We choose then 0 < ag < o1 such that

and, if M < agN, (3.18) implies that

(3.20) E(fms1) < E(fm)(1 — +en)+27Y

2KoN
Consider now o < ag, and N large enough that cy < a/8Kj. Then, for Na/2 < M < aN,
(3.20) shows that

(3.21) B(fas) < B(f)(1 = gz +27%

Ieration of this relation for |aN/2| = My < M < M; = |aN| together with the fact that
E fu, <1 shows that

o’N )
K

from which Theorem 1.1 follows by Chebishev s inequality.

E M, < eXp(_

4. Intersecting a large set with H(¢), 1T
The root of Theorem 1.3 is the following.

11



Theorem 4.1. There exists 6 < 1, > 0, K > 0, such that for any subset A of Qx with
An(A) > 8N then, for every ¢ > exp(—N/32)

(4.1) P(ua(H(€) < &) < Ke .

The proof relies upon the following.

1

Lemma 4.2. Giveno™,...,0 in @y such that there exists K, with the following property

(4.2) V, <r, # = R(o ,0)<1/2,

we have

PV <r,o € H))<Kr~

Proof. This lemma demonstrates the power of the abstract tools developped to study
probability in Banach spaces.

Consider the random variable

Y =sup—£.0 =sup— Z &io;

so that
(4.3) PV <r,o € H())=PY <0).
We now appeal to [T1], equation (2.17) to get
P(Y<0)<P(Y<EY -K(+ )VN)<d4exp(— ?)

where is given by (1+ )v/N = EY. In particular, this yields

EY?
KN~

(4.4) P(Y <0) < Kexp—
Next, we observe that (denoting by ||.||, the uclidean norm) we have
# =0 -0 ||2=2N—-2NR(c .0 ) >N

using (4.2). We now simply appeal to [T1], Proposition 2.2 to get

1
EY > E\/logr
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Combining with (4.3), (4.4), this completes the proof. []
Proof of Theorem 4.1. Consider the following subsets 1, 2 of Qy
1={(c%...,0 ;¥ <r,o g€ H&)}
2= 1N{(ct,...,o );V # ,|R(c ,0 )| <1/2}.
Then

sing Lemma, 2.1
py (2) >py ( 1)—3-527N
so that, if we choose 0 = exp(—1/32), we have
1
1

palH(€) € 5= = iy ( 2)2

provided r < 1 exp(—N/32). But Fubini theorem and Lemma 4.2 show that
Epy (2) <Kr™
and thus, by Markov inequality

P(pa(H(¢)) <

The result follows easily. []
We will apply Theorem 4.1 as follows.

Corollary 4.3. There exists with the following property. If Ay(A) > 6V, we can nd a
set B with P(B) < exp(—N/32) and

I
pa(H(§))

Proof. Take B = {ua(H(§)) < exp(—N/32)} so that

E(( ) 21) <

V=1 pa(HE)™ /?

satisfies P(Y > )< K “2forall > 0. []
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5. Proof of Theorem 1.3.
We keep the notation of Section 3. We consider the stopping time = inf{M; up; < 6V}.

Corollary 4.3. shows that we can for each M construct a ¥js4; measurable set Bjs such

that
P(Bum+1) < exp(—N/32)
and
(5'1) EM(fM-I—ll M+1)m{ >M}§fM
where
1
M =——7.
M,u]vf

We define now

hy=fu 1,1,

It follows from (5.1) that

Er(hprs1) < hu

so that, by induction

(5.2) Ehy <1

for each M, and thus

(5.3) Vo > 0,P(hy >z) <zt

We now prove that

(5.4) P( <M)=Puy <6V) < Mexp(—N/32) + MsN /2
Indeed, if par < 6%, then < M, and outside the set s = k<M By, we have

1
h’M:h :f = /22 _M(S_N /2
12

and (5.4) follows from (5.3).

Finally we write
Pluy < )=P(fu> M =73
<P( M)+ P( <M)+Phy> M~ /?
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because fyr = hpyr when > M and outside 4.

sing (5.4), (5.3) we get
P(uy < ) <2Mexp(—N/32)+ M§N /24 M /2
Thus, if =6, and 4§ /2 < 1, for M < agN we have
Pluy <0M)< (0 /9N + Kexp—N/K

and Theorem 1.3 follows if 8 /2 < 1. []

15



LT

R F R NC S

, The space of interactions in neural network models, . hys. A,
21, 1988, 257-270.
, On the Optimal Capacity of Binary Neural Networks
Rigorous Combinatorial approaches, reprint, 1996.
, Storage capacity of memory network with
binary couplings, . hys. 50, 1989, 3057-3066.
, Probability in Banach spaces, pringer erlag,
1991.
, The space of interactions in neural networks. Gardner s compu-
tation with the carity method, . hys. A, 22, 1989, 2181-2190.
, Regularity of infinitely divisible processes, Ann. robab., 21,
1993, 362-432.

quipe d Analyse
niversite Paris I

Bo te 186

4, place Jussieu

75252 - Paris Cedex 05

16



