ON THE HIGH TEMPERATURE PHASE

OF THE SHERRINGTON-KIRKPATRICK MODEL

Michel TALAGRAND

Abstract : We prove the validity of the “replica-symmetric” solution of the Sherring-
ton-Kirkpatrick model in a region that (probably) coincides with the region predicted
by the physicists.

1. INTRODUCTION

In the Sherrington—Kirkpatrick (SK) model, the energy of a configuration
o= (01,...,0N), 0; = 1 is given by

(1.1) Hy(o) = _(\/LN Z gijoio; + h Z Ji),

where (g;j)i<; are i.i.d N(0,1). The object of interest is Gibbs’ measure, a probability
measure on the space {—1,1}" of all configurations, given by

exp(—B Hy())
4N ’

(1.2) Gn({o}) =
where

(1.3) Zn =Zn(B.h) =Y exp(-BHy(o))

o

is the normalization factor. The very beautiful structure predicted at low temperature
(= large ) by the physicists has fascinated many, but essentially nothing is rigorously
known about it. While certainly simpler, the rigorous study of the high temperature
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phase is apparently also very difficult. It has been the object of intense recent interest
[T1,2], [S]. In [T2], an extremely detailed picture is given, but only in a subregion of
the region of parameters where it is believed to hold.

In the present paper, we combine the ideas of [T2,T3] with a dazzlingly beautiful
recent argument of F. Guerra [G1], [G2] to extend the validity of the results of [T2] to
a region of parameters that probably coincides with the region predicted by physicists.
The word “probably” here does not mean that the validity of our arguments is dubious,
but rather that the description of the region involves properties of certain complicated
elementary functions. These properties are likely to be true in the entire region
described by the physicists, but it seems difficult to prove this analytically. Probably
one should first check these properties numerically (but numerical studies are not my
cup of tea).

Following Guerra, we will consider a more general version of the model. In this
version, we consider three parameters s,t, h > 0. The value of h is fixed once and for
all. We set

(1.4) UN(U):\/—\/JEV Zgijo'io'j'i'\/iz in'i-l-hZ ;.
i<j i<N i<N

Here (&;)i<n is a new sequence of N (0, 1) variables. If we set s = 4%, t =0, and h is
replaced by Bh, we have Uy(o) = —f8 Hn (o), where Hy (o) is as in (1.1).

We set

1
(1.5) pn(s,t) = + E log Zn,
where
(1.6) ZN :ZeprN(O'),
o

and where E denotes expectation in the variables g;;,&. A main objective is the
computation of A}im pn(s,t) (a quantity closely related to the “free energy” of the
—0Q

physicists). Let us consider the following expression (the “replica-symmetric for-
mula”)

(1.7) RS(s,t) = iI(}f(Z(l —q)*> + E log (2ch(g+/sq + t + h))) ,

where the infimum is over ¢ > 0, and where g is N(0,1). The infimum is obtained at
a point ¢ such that

(1.8) g = Eth*(g\/sg T 1+ h).

(This condition simply expresses that the infimum is obtained at a point where the
derivative in ¢ of the right hand side of (1.7) is zero. Integration by parts is used to
see this.)



When ¢ = 0, it is already proved in [T1] that if s < so (where sg is a number) we
have

(1.9) RS(s,t) = Nlim pn (s, ).

No changes are required to prove that this is also true for all ¢ # 0. The physicists
conjecture that (1.8) holds whenever

(1.10) SE ! F<1.

ch*(g/sqFt+h

where ¢ is given by (1.7). (Equality in (1.10) defines the so-called A-T line.) A minor
difficulty (that announces more serious difficulties of the same nature) is that it is not
obvious that (1.8) has a unique solution.

This was clarified recently by R. Latala [L] and F. Guerra [G2] who independently
proved that the function

1
xr — EEth2(g\/§+h)

is strictly decreasing. (This requires some nasty calculus. The proof will be made
available in [T4].) Thus, if s,¢ > 0, the function

1
qg— aEth2(g\/sq+t+h)

is also strictly decreasing, and (1.8) has indeed a unique solution.

The recent progress made by F. Guerra is the following :

THEOREM 1.1 (Guerra’s bound).— For all values of s,t, N, we have

(1.11) pn(s,t) < RS(s,t).

The magically beautiful proof of this statement will be given at the beginning
of Section 2. (The only sad point is that at present it is totally unclear whether the
argument can be extended to any of the other important models.) Learning (1.11)
came as a shock to the author because he had noticed while writing [T2] that he could
extend (1.8) to all the region (1.10) provided he knew (1.11), not only for the original
system, but also for the system made of two coupled versions of it (see also [T3]).
This is defined as follows. Given a new parameter A (that represents the intensity of
the coupling), for two configurations o, 7, we set

(1.12) Vn(o,7) =Un(o) + Un(T) + A Z 0T
i<N

and we set

1.13 tA) = ~E1 ( % )

( . ) TN(Sa ) )_N og ;GXP N(aaT) -



What, in this situation, is the result corresponding to (1.10) ? For x € R, y > 0,
let us define

(1.14) A(z,y) = E log(4(chz ch®Y + shzsh?Y)),

where Y = g,/y + h and g is N(0,1). Given ¢ > 0, p € R, let us define

s
(115) W(Sa t7 )‘a q, p) = 5((1 - Q)z + q2 - p2) + A(S(p - Q) + )‘7 S,q + t)

Let us denote by C(s,t,A) the set of critical points of the function ¢,p —
W (s, t, A, q, p), that is the values of (g, p) such that

ow _ow _

Elementary (and tedious) computations show that this amounts to

(1.17) p=2(q,s(p—q)+XA); ¢=V(g,5(p—q) + ),
where
shz ch?Y + chz sh?Y
1.18 o(q,z)=E ,
( ) (¢,2) (chx ch?Y + shz chQY)
efshY chY 2
1.19 U(q,z)=F ,
( ) (¢, ) ((chxch2Y+shxsh2Y) )

for Y = g+/sq+t + h. The task of analyzing these explicit equations is in principle
elementary. Yet it is not clear how to carry it out. Let us observe that when A = 0,
if ¢ satisfies (1.8), then (g, q) € C(s,t,0).

We define

1.20 RSC(s,t,\) = inf Wi(s,t, A\, q,p).
(1.20) ( ) e ( q,p)

We have not proved that C(s, ¢, A) is always non empty (this is very likely, due to
the “saddle shape” of the function ¢q,p — W(s,t, A, q, p)), so we define RSC(s,t,\)
= oo should C(s,t,\) be empty.

Our arguments require some regularity properties of the function RSC. We now
define a region of parameters where these properties will hold. We say that (so,t) € S
(remember that h is fixed once for all) if the following occurs.

(1.21) Given s < sg, t > tg, the solution to (1.8) satisfies (1.10).
(1.22) Given s < sg, t > tg and any A € R, there is a unique point ¢(s,t, ), p(s,t, A)
in C(s,t,A) at which the infimum is obtained in (1.20). Moreover the map A —
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(q(s,t, A), p(s,t,A)) is differentiable ; and the map A — %p(s,t, A) is continuous
over the domain s < sg, t > tg, A € R.

Conjecture 1.2.- The region S coincides with the region (1.10).
The rational for this conjecture is as follows.

1. To say that (so,tp) € S we require a certain regularity for s < sg, t > to. This
is very mild, because decreasing s and increasing ¢ seem only to improve matters.

2. The requirement (1.22) amounts to little more than the second differentiability
of R(s,t,.). One really does not see why any value of A, except zero, would play
a special role and be a singularity. But, as will be explained at the end of this
introduction, under (1.10), there can be no singularity at A = 0.

The following should be compared to Theorem 1.1.
PROPOSITION 1.3.— If (s,t) € S, then, for each A € R, we have

(1.23) limsupry(s,t,A) < RSC(s,t, ).

N—oo

Possibly (1.23) is true for all values of s,¢, but there is little incentive to try to
prove this. The regularity of RSC(s,t,.) implicit in (1.22) is used as a technical help
to establish (1.23). It is possible that by working harder (or being more clever) one
could prove (1.23) without using (1.22). As we believe that Conjecture 1.2 holds,
there is little motivation to try this.

THEOREM 1.4.— If (s,t) € S, then

(1.24) lim pn(s,t) = RS(s,t).

N—>oo

Moreover the system can be described with the same accuracy as in [T2].

The regularity of RSC(s,t,-) at A # 0 is used only as a technical help in the
proof of Proposition 1.3 (and possibly could be dispensed with it). In contrast, the
proof of Theorem 1.4 makes crucial use of the fact that

(1.25) RSC(s,t,\) < 2RS(s,t) + A\g + \°M

for small A\, where M = M(s,t) remains bounded when (s,t) stays away from the
A-T line. This condition can be proved under (1.10) alone (without requiring (1.22))
as follows. Setting u = p — ¢, we rewrite (1.17) as

(1.26) u=2(qg,su+ ) ; qg=Y(gsu+N)
where
1
(1.27) Z(¢,x) =shzchz E 5 S -
(chz ch®Y + shzsh?Y)?
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As already pointed out, if ¢ = go satisfies (1.8), the pair (qo, qo) satisfies (1.27)
when A = 0. Moreover

(128) W(Sata07QO7QO) = 2RS(5at)

The differential at (go,0) of the map (q,u) — (E(q, su), ¥(q, su)) is given by
the matrix
A 0
D C

1
A=sE— , Cst'(
ch™Y

where

1 —2sh’Y )
ch'y /7’

for Y = gv/sqo +t + h, so that, under (1.10), A,C < 1. By the implicit function

theorem, for A small enough, the equations (1.26) have a solution that is differentiable

in A, and this readily implies (1.25). Having proved (1.25) for small A, there is no loss
of generality to assume that it holds for |A| < 1.

2. A PRIORI BOUNDS

In this section, we prove Proposition 1.3. Modulo (very serious) technical dif-
ficulties, the proof is the same as that of Theorem 1.1, so we first prove Theorem
1.1.

Proof of Theorem 1.1.— Considering s,t, N, ¢ > 0, we will prove that

(2.1) p(s,t) < (1 —q)* + E log(2ch(gv/sq + + h)).

hd
4
For u > 0, we set t(u) = (s — u)g + t. This value is chosen so that
(2.2) uq + t(u) = sq +t.

To prove (2.1), we will prove that, for all u > 0, we have

J(u) = i (u, (W) <€) = 7 (1= 0)* + F log(2ch(g/ug + t(w) + 1)),

It suffices to prove that

(23) £(0) <€)
(2.49) F () <€)= (- a)”

(The reader certainly observes how (2.2) ensures that £ has a simple derivative.)
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When s = 0, Gibbs’ measure is a product measure, and it is immediate that
pn(0,t) = E log(2¢h(gV't + h)),

so that there is in fact equality in (2.3). To compute f (u), we use the basic relations

(2.5) g%m@ﬂ:iﬂ—ER@Jf)
(2.6) %pﬂaﬂ:%ﬂ—ERwJ))

Here, o, o are two configurations;

1
(2.7) R(o,0) = N Z 0i0;,
i<N

and the bracket represents a double integral with respect to Gibbs’ measure, i.e.

(2.8) R(o,0) = R(o,0) Gn(o) Gn(o),
for
2.9) Gu({oh) = 22N,

Un (o) and Zx being given by (1.4) and (1.6) respectively. The relations (2.5) and
(2.6) are well known: the proof of similar relations will be given in a more complicated
situation in Lemma 2.1 below.

Combining (2.5) and (2.6), we have
_Hm:iﬂ—ERwa)—%ﬂ—ERwJ))
= 1(1-0*—F (Ro,0) —q)* <

(2.10)

and this proves (2.4).

In view of the crucial role played by the relations (2.5), (2.6), we turn to the
investigation of similar relations for the function of interest, namely rx (s, t, ). Gibbs’
measure is now a probability on the space of pairs of configurations (o, 7), and is given
by

Gr({(e:m)) = 51— e V(e 7),
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where Vi is given by (1.12) and Z is the normalization factor. We will again denote
by - integration with respect to Gibbs’ measure or its products; we will denote by
(o, 7) a new copy of the system with the same disorder (replica). Thus, we have

R2(0',0') - (%;\[o’io’i)2 Gn(o,7) Gn(o,T),

and similar expressions.

emma 2.1.— e have

(97‘1\[ 1 2 2
(2.11) 55 — 5(1 +FE R(o,7)° —2E R(o,0)°)
(2.12) 8(;—;\7 =1+ F R(o,7) —2E R(o,0)

87‘]\[
2.1 —=F
(213) N =1 R(o,7)
Proof— e have

87‘N 1

ds  2/sN 2 (;E gy 0105+ 777 ).
We then use the integration by parts formula E(gf(g)) = E(f (g)) to obtain

ds  2N? <Z_<.E( (7105 + 7i75)
i<j

— (040 + TiTj)(O'Z-O'j + TZ-TJ-) ))

Next, we note that o? = 77 = 1, and that
1
SRURL SR 3
i<j
We thus get

1
8(;—: = Z(2+2E R*(o,7) — E R*(o,0)

—E R¥o,7) — E R¥r,0) —E R¥(7,7))

and the last 4 terms are equal by symmetry.

This yields (2.11). The proof of (2.12) is similar, and (2.13) is obvious.

At this stage we observe the unpleasant fact that in (2.11) the term E R?(o, T)
has the wron sign to make the argument of Theorem 1.1 work. The basic idea to go
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around this difficulty is to observe that we can control such quantities if we control
ry as a function of A. (This is why we require control over all values of A in (1.22).)

emma 2.2.— onsider s,t, A  ssume that there e ists a function (A) and numbers
, Ao such that

(214) A ’ TN('37 L )‘) < (A)
(2.15) rn (st Xo) = (Ao)
(2.16) is twice di erentiable and | (\)| < if [ A=Xo| <N ' 4

Then we have

(2.17) E (Rlo,7) — (M)? < ——(1+ 24s+1),

VN
where  is a number, and where the 1bbs measure is for the arameters s,t, Ao

Proof— We fix s,t. We first observe that the random function of A given by

C(\) = %log (Z exp Vi (o, T))

’

is convex, and that ry = E is also convex as a function of A\. Thus, from (2.14),
(2.15), we have

. 827‘]\[
(S’ta )‘0) = ()‘0) " THNZ (Sata )\0) <

aTN

(2.18) N

Now (starting from (2.13)) one has

2
TN (5,1, 00) = NE( R(o, ™)’ — R(o,7)?)

so that by (2.18)

(2.19) E (R(e,7) — R(o,7) )* < N
Next,
C (Xo) = R(o,7),
and, by convexity of |, setting =N ! %, we have
1 1
(2.20) —(C(A0) =C(Ao— )) <C (X)) < =(C(Ao+ )—C(X)).
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We write

Leo+ )-CO0 = (M)
<L 0ot )= ECOo+ ) + 2 Ch) — EC()
+ L BCOo+ ) -ECO0) — (M)

Now, by (2.14) to (2.16)

EC()\O + ) - EC()\()) - (Ao) = ’I‘N(S, t, )\0 + ) - T'N(S,t, )\0) - ()\0)
< (do+ )= (M)—  (Xo)
<
-2

and proceeding in a similar manner for the left-hand side of (2.20) we have
(2.21)

R(e,7) — (M) = C () =EC(A) <=C+2 COo+ )= ECOo+ )

[ = o

+ = C(ho— )—EC(A— )

+ L 00 = ECO) -

Now, it follows from “concentration of measure” arguments (see e.g. [T3], Proposition
2.2) that
A, ECON-EC\’< < (541,

where is a number. Allowing as customary the value of  to change at each
occurrence, we get from (2.21) that

E Ron — (o)< (2 7+ 21N(s—|—t)).

Recalling that = N ! % we get the result by combining with (2.19).

To help the reader get the main idea of Proposition 1.3, we give now the central
argument.

emma 2.3.— onsider s,t > 0 e assume the followin

iven any A € R, there is a uni ue oint q(s,t,\), p(s,t,A)
in C(s,t,\) at which the in mum is obtained in (1.20).
(2:22) The ma X\ — (q(s,t,\), p(s,t,\)) is di erentiable

the ma X — —)\p(s,t,)\) is continuous
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onsider \g € R, 0< <1 e set

dp
2.23 = sup — (s,t, A
(2.23) R 3y (56 A)

4 2(1+4 2 t)?
(2.24) Ny = L0 2+3+),

where s the constant occurrin in (2.17).

ssume that for some N > Ny, we have

(2.25) rn(s,t, o) = (1+3s)+(1+ )RSC(s,t, o).

(2.26) AeR, rn(s,t,A) < (143s)+(1+ )RSC(s,t,N).
Then there e ists <s,t >t, A € R with

9 rn(s,t,A)> (14+3s)+(1+ )RSC(s,t,\).

Comment : If s < sg, t > to, where (sg,t9) € S, then (2.22) is a consequence of (1.21).

Proof.— The reader should keep in mind that s, are fixed throughout the proof, and
that plays a technical role, so that the main computations are better performed
assuming = 0 at first reading. In the course of this proof, we will use Lemma 2.3

for
(A= (1+43s)+(1+ )RSC(s,t,N).

By (1.22), we have
(A) :== RSC(s,t,A) = W(s,t, A, q(A), p(N)),

where we write g(\) = q(s,t,A), p(A) = p(s,t,A), so that, since (g(A),p(N)) €
C(s,t, A); we have

() = %—Vf(s,t,A,q<A>, ()

e ) D (680 g(0), o) + 9 <A>%—Vj<s, £ A a(N). p(N)

dq
ow

= 3 (5:5: 2.0, p(3)).

Using (1.15), we get

(A) = o= (s(p(A) — (X)) + A, 59(A) +1).
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Since

0A
[ =
5 (z,8q+1) (q,7),

(the relation behind (1.18)) we see that by (1.17) we have

so that by (1.22), is twice differentiable, (A) = (1 + )p (A) and, by (2.23),
<2 i<

We get by (2.17) that

(2.28) E (R(o,7) — (14 )po)? 1+ 24541,

=UN

where pg = p(Ao).

This is the required ingredient to make a suitable version of the proof of Guerra’s
Theorem 1.1 work. We define ¢o = q(Ao). For u > 0, we define

t(u) =qo(s —u) +1
A(w) = (s —u)(po — qo) + Ao,

that are chosen so that the quantities
(2.29) ugo +t(u) ;  u(po—qo) + A(u)
do not depend upon u. We consider the functions

f(u) =rn(u,t(u), A(u))
E(u)= (14 )RSC(u,t(u), A(u)).

An important observation is that
(QO7 pO) € C(ua t(U), )\(’U,))

This is true for v = s, and the function ®, ¥ of (1.17) depend upon s,t, A, q only
through sq+ ¢ and s(p — q) + A. For s = u, t = t(u), A = A(u), these quantities are
independent of u. Thus

(2.30) RCS (u,t(u), A(u)) < W(u,t(u), A(u), g0, po)

and all we have to show is that we can find v < s such that

(2.31) flu)> &)+ 3 (u—s).
We observe that .
e ="T@—wr -,
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again using that the quantities (2.29) do not depend upon u. Now, Lemma 2.1 shows
that

f(s):%(l—i—E R(o,7)? —2E R(o,0)?)
_QO(1+E R(UvT)z —-2E R(G’,G’) )_(pO_QO)E R(U’T)

= %((1 —q)?+qs—p3)—E (R(o,0) —q0)® + % E (R(o,7) —po)? .

F)= o (=@ + @~ i) + 5 B (Re,m) — (14 o) )+

== 5((1 ~0)° + 4¢3 —p3) — E (R(o,0) — q0)?
3
=(*+2)p5+ po B Rlo7) <
using that |pg| < 1, by (1.17) (note that |®| < 1) and that |R(o, 7)| < 1.
Using (2.28), we get

\ 3
(2.32) f(s)ﬁ&(s)-l—\/—ﬁ(l-i-ll +(s+t))+?.

Thus, if N > Ny, we have
fs) <€ (s)+2

and the existence of u satisfying (2.27) follows.

emma 2.4.— iven sg and > 0, there e ists a number D(sg, ) such that
§< 589, t>0, A€ R,

(2.33) rn(s,t,A) > (1+3s)+ (1+ )RSC(s,t,A\)= t, |\ < D(so, ).

This lemma is technical, so it will be proved after we complete the proof of
Proposition 1.3.

Proof of Pro osition 1.3.— Given (sg,tp) in S, we consider the number D(sg, ) given
by (2.33). We consider

(2.34) 1 =4sup %(s,t, A) 5 s<sp,to<t<D(so, ), I[N <D(so, )+1 .

It follows from (1.21) that ; < co. We consider

4 2(1+4 2+ 59+ D(s0, ))
2 b

(2.35) Ny =
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where is again the constant in (2.17).

Since is arbitrary, to prove Proposition 1.3, it suffices to show that

(236) N>Ni, A eR= 'I"N(S(),t(),)\) < (1+380)+(1+ )RSC(So,to,)\).

To prove (2.36) we assume for contradiction that for some N > Ny, some A € R,
we have

(237) ’I‘N(Sg,to, )\) Z (1 + 380) + (1 + )RSC(S(),to, )\)
We then set

(2.38)
s=inf s <sgp, t >ty, N €ER,rn(s,t,A)> (1+3s)+(14+ )RSC(s,t,\) .

Thus, given >0, wecanfinds( )<s +2 ,t( )>tg, A( ) € R with
(2.39) ra(s( )20 ), A )= (1+3s( )+ (1+ J)RSC(s( ), t( ), A( ).

Lemma 2.4 shows that ¢( ) < D(sg, ), |A( )] < D(sg, ), so that we can find a
subsequence t( ) =t > tg, A( ) = Ap. Thus, (2.39) and continuity show that

(2.40) rn(s,t,A0) > (1+3s)+ (1+ )RSC(s,t, Ao).
Next, we observe that s > 0. This is because (see (1.14), (1.15)) we have
RSC(0,t,\) = A(t, Ao) = rn (0, ¢, Ao).
The definition of s shows that if 0 < s < s, then
AeR, rny(s,t,\)< (1+43s)+(1+ )RSC(s,t,A)
so that, by continuity
(2.41) AeR, ry(s,t,A) < (14+3s)+(1+ )RSC(s,t,N).

Since t, |Ao| < D(sp, ), s < so, we see that Ny > Ny, where Nj is given by (2.35)
and Ny by (2.24).

Since N > Ny, we have N > Ny. But then (2.27) contradicts the definition of s
in (2.38). Thus (2.37) cannot hold. This proves (2.36) and Proposition 1.3.

We should note that if (sg,tp) € S, the argument proves the uniformity of the
limit when |A] <1 and (s,t) belong to a compact subset of S.

Proof of emma 2.4.— We will prove the following three facts
(2.42) rn(s,t,A) < 2s+ RSC(0,t, N).
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(2.43) RSC(s,t,)) > —3s+ RSC(0,t, ).

(2.44) RSC(0,£,) > ~(|A|+4) — 1.

It follows from (2.42), (2.43) that
rn(s,t,A) < bs+ RSC(s,t,\)

and from (2.44) that 5s < RSC(s,t, ) if either t or || is large enough, so that
(2.33) will follow.

To prove (2.42), we use ensen’s inequality to integrate in the r.v. g;; inside the
log rather than outside, and we obtain

TN(Sa ta )‘) < 2s + TN(Oa ta )\)
To prove (2.43), we recall that
(2.45) rn(0,£,A) = RSC(0,t,\) = E log(4(chAch®Y + shAsh®Y)),

for Y = ¢\/t + h. We observe that
1
(2.46) chAch?Y + shAsh’Y = 5(eA ch2Y +e )

so that
RSC(0,t,\) > log(ch))

and
RSC(0,t,A) > XA —log 2 + E log ch2Y > —|\| —log 2 + 1 log ch(v/t + h)
and these imply (2.44). To prove (2.43), we note that
RS(s,t,A) = W(s,t, A\ q,p),
for a certain choice (g, p) € C(s,t,A). Since in particular |p|, |¢| < 1, we have

(2.47) RS(s,t,\) > —g +log 4 + E log (cha ch®Y + shz sh?Y),

where x = s(p—q) + A\, Y = g/sq + t + h. It follows from (2.46) that the right-hand
side of (2.41) is a convex function of Y. In distribution, we have Y = g1,/5¢+g> Vt+h,
where g1, g2 are i.i.d N(0,1).

Using ensen’s inequality while integrating in g1, we see that (2.47) remains true
if we replace Y by gv/t + h. This implies (2.43) since |p — ¢| < 2.
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. HIGH TEMPERATURE REGION

Our first result demonstrates the strength of the information contained in Propo-
sition 1.3.

emma 3.1.— There e ists a number  with the followin ro erty  onsider (s,t) € S
and set

(31) N = N(Sat) :RS(Sat)_pN(87t)'
onsider M such that (1.25) holds for |A\| <1 et

(3.2) N = n(st)= sup (rn(s,t,\) — RSC(s,t,\)).
A <1

Then, iwen >0, <2M, we have

(6@, : IR, 7 —a/> })
(3.3) 2 4

o ¥z v b)) <)

Co  ent.— We know from Section 2 that limsup j(s,t) < 0 since (s,t) € S.

N—oo
If we also know that limsup n = 0 (which, at least “philosophically” means that
N—oo

E (R(o,7) —q) 2 — 0), then we get a strong exponential inequality on the overlap.
Lemma 3.1 transforms a control of a second moment into an exponential inequality.

Proof.— The basic observation is that, recalling (1.4), (1.12), we have

(3.4) log exp ANR(o,7) = log Z exp Vv (o, 1) — 2 log Z exp Un (o, 7).
o

o,T
Concentration of measure shows that, given > 0
N 2 )

( log Z exp Vn(o,7) — FE log Z exp Vn(o, 1) > NT) < exp (_m

o.T o.T
and similarly for Uy. Thus, with probability at least

N2>

(3.5) 1—exp (—m

we have
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(3.6)

log exp ANR(o, T) ( +rn(s,t,A) — 2pn(s,t))

<N

<N( + X(s,t)+2 n(s,t)+ RSC(s,t,\) — 2RS(s,1)).
Using (1.25) we get that for [A| <1

(3.7) exp AN(R(o,7) —q) <exp N( + XM+ J+2 n)

and thus, using Chebyshev inequality,

Gy’ {(o,7) : |R(a,7) —q|> } <exp N +XNXM+X + L+2 y.

This holds with probability at least (3.5).

We now take A= 2M, = 2 8M to see that
2
G {(o7) : R m)—dl > } SepN(2 v+ §- o)
with probability at least (3.5). This is the result.
COROLLARY 3.2.— nder the conditions of emma 3.1, we have
(3.8) E (R(o,7) —q)? <16M?*( y+ N+ n
where N — 0 uniformly as s,t, M remain bounded
Proof— Since |R(o, T) — q| < 2, (3.3) implies that
2 N 4
E (R(e,7)—q)? < Z4+4exp N(Z N+ N-— SW) + 4 exp (—W)

We simply take such that 2 = 16M% ( v+ L) + N ! | observing that
< 2M for large N.

Proof of Theorem 1.3.— We consider (s,t) € S, and ¢ such that (1.8) holds. We
consider
~(u) = RS(u,t +q(s — u)) — pn(u,t + q(s — u)).

We have shown in the course of the proof of Theorem 1.1 that

(3.9) — ~w=E (R(e.7) = )" ,

where the brackets are for the values s(u) = u, t(u) =t + ¢(s — u) of the parameters.
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By (1.21), there is a number M such that
u<s, A, |A<1, RSC(u,t(u),\) — 2RS (u,t(u)) < Ag + M2,
Next, we have shown in Proposition 1.3 that if

& = sup (rn(u, t(u), N) — RSC(u,t(u), ),

then limsup 3 < 0. If we combine (3.9) with Corollary 3.2, we see that for some
N—o0
sequence n — 0, we have

- ~(u) <16M?( n(u) + w)

so that
—( w(w)+ ) SI6MP( n(w)+ W)

and since n(0) = 0, we have
N(’U,) S N €XD 16M2’U,,

so that lim  n(u) =0 for u < s.
N—oo

It remains to establish the last claim of Theorem 1.3, on how to get the “complete

picture” of [T2]. This is simply because, once we know that A}im ~ =0, (3.2) shows
—00

that given > 0, for N large enough
2 N
(3.10) EGy? {(0,7) ¢ [R(e,1) —al> } <exp(——).
where  does not depend upon N. The main difficulty of the cavity method, namely

the control of the error terms, vanishes, because under (3.4) we have relations such
as

(3.11) E (R(o,7) —9)* < E (R(o,7) —0q)*,

(within exponentially small error terms).
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