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Abstract

This paper concerns analyticity of a classical, steadily translating finger in a
Hele-Shaw cell and nonexistence of solutions when the relative finger width A
is smaller than % It is proven that any classical solution to the finger problem,
if it exists for sufficiently small but nonzero surface tension, is close to some
Saffman-Taylor zero-surface-tension solution, and satisfies some algebraic decay
conditions at co, must belong to the analytic function space A, as defined in
Section 1, and chosen in a previous study [34] of the existence of finger solutions.
Further, it is proven that for any fixed A € (0, %), there can be no classical steady-
finger solution when surface tension is sufficiently small, which contradicts a
previous conclusion based on numerical simulation.

© 2002 Wiley Periodicals, Inc.

1 Introduction

1.1 Background

The problem of a less viscous fluid displacing a more viscous fluid in a Hele-
Shaw cell has been the subject of numerous investigations since the 1950s. Re-
views of the subject from various perspectives can be found in [1, 10, 12, 19, 22,
31]. In a seminal paper, Saffman and Taylor [23] found experimentally that an
unstable planar interface evolves through finger competition to a steady translat-
ing finger, with relative finger width A close to a half at large displacement rates.
Theoretical calculations [23, 35] ignoring surface tension revealed a one-parameter
family of exact steady solutions, parametrized by width A. When the experimen-
tally determined A was used, the theoretical shape (usually referred to in the lit-
erature as the Saffman-Taylor finger) agreed well with experiments for relatively
large displacement rates, or, equivalently, for small surface tension. However, in
the zero-surface-tension steady-state theory, A remained undetermined in the (0, 1)
interval.
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The selection of A remained unresolved until the mid 1980s. Numerical calcula-
tions [14, 17, 32] supported by formal asymptotic calculations in the steady finger
[3,4,5,9, 11, 25, 29] and the closely related steady Hele-Shaw bubble problem
[6, 27] suggested that a discrete family of solutions exists for which the limiting
shape, as surface tension tends to zero, approaches the Saffman-Taylor with A = %
Subsequent numerical [13] and formal asymptotic [28] calculations suggest that
only a branch of the solutions is stable. However, the conclusion about the exis-
tence of steady states is not universally accepted. Based on numerical simulation
of a time-evolving interface for small but nonzero surface tension, and with the
same model equations used in [5, 17], it was suggested [8] that the limiting steady
shape was a Saffman-Taylor solution with A < % In this paper, we conclude other-
wise through rigorous mathematical analysis. It is to be noted that selection of the
Saffman-Taylor finger with A < % is possible for a more mathematically compli-
cated model that incorporates thin-film effects [18, 19, 21], as shown in [20, 30].
The same is true when anisotropy [9] in surface tension or other perturbations near
the tip are introduced.

There has been a rigorous study [26] for a problem mathematically similar,
though not identical, to the steady viscous fingering problem considered here. In
that case, it was proven that at least one finger solution exists for fixed surface ten-
sion, though the relative finger width and shape remains unknown. On the other
hand, our primary focus is the selection of finger width as surface tension tends to
zero. A mathematically rigorous study of selection is difficult in this limit since
exponentially small terms in surface tension play a critical role. While a rigorous
theory of exponential asymptotics for nonlinear ordinary differential equations is
by now well developed ([7], for instance), this is not the case for integro-differential
equations, even though such problems have arisen in a number of other physical
contexts like dendritic crystal growth and water waves; see, for instance, [24].
Formal calculations rely on the assumption that integral terms do not contribute
to exponentially small terms, at least to the leading order. With this assumption,
integro-differential equations are simplified to essentially nonlinear ordinary differ-
ential equations, where variants of the procedure due to Kruskal and Segur [15, 16]
have been used. We have recently shown [33, 34] how integral terms can be con-
trolled and a rigorous theory was developed for the integro-differential equation
presented here.

1.2 Conditions and Definitions

Following [31], a steady symmetric finger is equivalent to finding function F
analytic in the upper-half &-plane (C*) and twice differentiable in its closure, i.e.,
in C2(C™), such that the following conditions are satisfied:

CONDITION 1: On the real £-axis, F satisfies

62 F//+H/
(1.1) Re F = Im ,
|F' + H| F' +H
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where

: 2
(1.2) HE) E+iy A 5 A8

= with =—, € = ———,

241 YT12x 41— )2
where A is the relative finger width and B is a nondimensional surface
tension parameter.

CONDITION 2:

(1.3) F),EF () —0 asé — foo.
CONDITION 3 (SYMMETRY CONDITION):

(1.4) ReF(—&)=Re F(¢), InF(—&) = —ImF (&) forreal £.

DEFINITION 1.1 Let R be the open connected set between Im& = 0 and £1 U £~
where

¢r={t:E=—ib+re® 0<r<oo, b>0, Z> ¢ >0fixed},
"= {S:S:—ib—rei‘po, O<r <oo}.
We also define R~ =R N{E :Reé <0land RT =R N{E:Re& > 0).
DEFINITION 1.2 For fixed t € (0, 1),
A; = {F : F(&) is analytic in {Im§ > 0} UR

with || F|l; = sup|(§ — 2i)/T"F ()| <o}, j=0,1,2,
éeﬁ

Ags={F:FeA [Flo<38}, A ={F:FeAllFli<4}.
1.3 Findings

Our previous result [34] on the existence of a solution satisfying Conditions 1
through 3 involved F € A s and F' € A, 5 , where 8 and 8, are assumed a priori to
be small but independent of €. In this function space, for A € [%, Am), With A, — %
small enough (though independent of €), it was shown that a solution existed if and

only if

20 —1
11—
where {8,}7° | is a sequence of functions that are analytic at the origin.

However, there are two limitations of this result: The first is the choice of the
function space. Nonexistence in this function space need not mean nonexistence
of a classical solution F, analytic in C* and C? in its closure C*. The second lim-
itation is the restriction on A. In this paper, we prove two theorems (Theorems 1.3
and 1.8) to relax these restrictions to a great degree.

=B,

THEOREM 1.3 For small enough €, any analytic function F in the upper-half &-
plane C*, which is C? on its closure and satisfies Conditions 1 through 3 belongs
to function space Ao, 5 with F' € Al’ 5 where § = 0(€?) and S 1 = O(e), provided
the following two assumptions are also satisfied:
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ASSUMPTION 1: There exists t independent of €, 0 < t < 1, so that
(1.5) sup |€ —=2i|"|F(§)| =48 < o0.

§€(—00,00)
ASSUMPTION 2: We assume that each of 61 and €ln 582 are sufficiently
small, where
(1.6) sup  |§ —2i[TIF'©)] =8, sup & —2iTF"(§)| =5,
£€(—00,00) §€(—00,00)

Remark 1.4. Assumption 1 is consistent with the results from McLean and Saff-
man’s formal procedure [17] near the tail of a finger that in our formulation implies
F ~ ape'™?~7 as & — 400, where 7 is a positive root of the transcendental
equation cot(57) = €272 and ay is real. Condition 3 on symmetry implies similar
behavior as £ — —oo. This asymptotic relation was also found to be consistent
with numerical calculations [17]. While T depends on €, we can clearly choose
7 < 7 independent of € for small € (t = % would suffice, for instance). The next
lemma shows that we need not assume a priori that §; and §, in Assumption 2 exist
and are finite, only that 6, and € In 582 are small. Note that Assumptions 1 and 2
are stronger than Condition 2. However, these assumptions are mild since the slope
deviation from some Saffman and Taylor solution (which scales as §; in the above
theory) is observed to be small in experiment for large displacement rates and in all
numerical calculations for small €; we are not making any a priori assumption on
how this deviation scales with €. Also, the curvature deviation (which scales as F”,
and hence §,) a priori is allowed to be large, though not as large as 1/(e In1/¢).

LEMMA 1.5 If F satisfies Assumption 1 in addition to being analytic in C*, C?in
C*, and satisfying Conditions 1 through 3, then

(1.7) sup |& +2i|"|F(§)| = 8 < o0,
£eCt

(1.8) sup |& +2i|'"TT|F'(&)| = 8 < oo,
£eCt

(1.9) sup |& 4 2i|*|F"| = 8, < 00.
EeCt

The proof of this lemma relies on some straightforward properties of the Hilbert
transform and the use of Phragmen-Lindelof methods and is relegated to Appen-
dix A.

Remark 1.6. From examining (1.1), SUp;¢ (oo 00y 1§ — 2i|"|Re F(§)| = 0(€25,).
From the Hilbert transform of Re F' (which gives Im F on the real axis) and by
using Lemma A.1 with g = Re F and k = ¢, it follows from Assumption 2 and
Lemma 1.5 that § = o(e).

DEFINITION 1.7 F will be called a classical solution if F is analytic in the up-
per half &-plane (CT), C? in its closure C*, satisfies Conditions 1 through 3 and
Assumptions 1 and 2.
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In Section 4 we will prove the following theorem:

THEOREM 1.8 For any fixed )\ € (0, %), there exists €y > 0 small so that there can
be no classical solution F for any € in the interval (0, €y].

1.4 Outline of the Paper

The strategy followed in this paper is as follows: We first derive the integro-
differential equation for F' in the lower half-plane, if indeed F' can be analytically
continued, as done before. Besides F and its derivatives, this integro-differential
equation involves functions 7 (§) and F (&), each of which are analytic in the lower
half-plane for any classical solution F'. I(£) can be calculated from F on the real
axis alone, while F(£) is defined as the analytic function that equals F*(&) on the
the real axis. F in the lower half-plane is completely determined by the classi-
cal solution F in the upper half-plane. We replace F in this integro-differential
equation by f, which we now think of as an unknown, unlike 7 and F, which are
considered known in terms of a classical solution F' (if one exists). Thus, we ob-
tain a second-order nonlinear differential equation for f in the lower half-plane.
We prove that a unique solution f exists in the appropriate analytic function space
in part of the lower half-plane. The uniqueness argument is repeated for £ on a
real-line segment. Since f = F is a solution on the real-line segment, it follows
that any classical solution F, if it exists, must be analytic in some region of the
lower half-plane. All the above arguments are detailed in Section 2. In Section 3,
we use additional arguments to prove that analyticity of F extends to other regions
in the lower half &-plane region, including part of the negative imaginary &-axis.
Thus, we complete the proof that a classical solution, if one exists, must be in the
function space A for any fixed A € (0, 1).

In Section 4, we consider the special case A € (0, %). By considering a neigh-
borhood of a turning point & = —iy in the lower half-plane, considering the
leading-order inner equation, and using continuity arguments, we prove that on
an imaginary &, just above —iy, Im F # 0 for sufficiently small €, provided the
Stokes constant for a particular nonlinear parameter-free ODE is nonzero. This
Stokes constant was computed by other researchers and found to be nonzero. We
then invoke analyticity arguments of previous sections to prove that a nonvanishing
Im F on a part of the imaginary £-axis above & = —iy is inconsistent with sym-
metry Condition 3. Hence we conclude that no classical solution can exist for any
fixed A in the (O, %) interval for sufficiently small €.

2 Analytic Continuation to the Lower Half-Plane

DEFINITION 2.1 Let F be analytic in the upper half £-plane and F is an analytic
function in the lower half £-plane defined by

(2.1 FE)=[FEHI*,
§—iy

2.2) H=$2+1.
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We define operator G so that

23) G(f. 9] =

1 [f”(t) +H(1)  g'(0)+ ﬁ’(t)]
(f'O+HE) @0+ H) AL f/O+HG) g +H@ ]
LEMMA 2.2 If F is a classical solution as in Definition 1.7, then
(2.4) G(F,F)[E]=0(¢™") as§ — +oo.
PROOF: Since the right-hand side of (1.1) can be written as ;—?Q(F, F)(&), the
lemma follows from (1.5). ]
DEFINITION 2.3 We define operator Z so that

1 [ G(F, F)[tld
(2.5) I(é)zI(F)[é]:—E g(tf)smt for Im& < 0.

LEMMA 2.4 For I(§) in the lower half-plane C~ = {£ : Im & < 0}, we have

(2.6) sup |§ —2i[F*[I1(§)| = sup & —2i|"|F(§)]=8.
teC— £e(—00,00)

PROOF: From (1.1), (2.3), and (2.5), limypy 0~ €21(g) = —F (&) for & real.
Since I (£) is analytic in the lower half-plane, this lemma follows from Lemma A.5.
O

LEMMA 2.5 Let F be a classical solution to the finger problem. If F(§) can be
analytically continued at least to a part of C~, then F satisfies

2.7 EF"€) + LEFE) =N(F, I, F)IE] for(§ eCT},

where

e e NYEEEE +iY)
08 L&) = —iHP&HE) = e
FE) =[FE,

and the operator N is defined as

_ HH _ _
N(F,I,F) = EZ(T — H/) —ieX(F' + H)Y*(F' + H)'*I
(2.9) +iF[(F' + H)Y*(F' + H)"? — H*H']
F' +H I-_I’Hi|

+62|:(F//+I_‘I/) _ i _
F'+H H
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PROOF: Since F' is analytic in the upper half £-plane and satisfies equation
(1.1), using Poisson formula, we have in the upper half-plane

2 o] 17 /

F(é):é—_/ dt 1 Im[F (t)+H(t)]

i J oo (t =) |F'(t) + H(1)] F'(t) + H(t)

B e_2 ® G(F, F)[t]dt
27 J_ oo t—&

Using Plemelj formula [2], analytic continuation to the lower half £-plane leads to
2

(2.10)
, Im&>0.

(2.11) F(&) = 1) + —G(F, F)() for Im& <0,
l
Multiplying the above by i (F’ + H)2(F’ + H)'/? results in (2.7). O
DEFINITION 2.6
P
2.12) Q&) = L&) exp {—9} ,
P
(2.13) 02(6) = L™V4(E) exp {?} ,
where
[f [F =iy tins
_ 1/2 _
(2.14) PE)=1i /_WL (t)ydt =i /_iy D) dt

A branch of L'/? in the definition of P is chosen so that, as £ — —o0, P/(§) ~
e~7/4 /£ The choice of branch for L~'/4 in (2.12) is not as important as long as
the same branch is consistently chosen.

We will use the following properties of P (&), which are shown in Appendix B.
Some of these properties were shown in the appendix of Xie and Tanveer [34] for
the restricted case A € [%, Am)-

PROPERTY 1: Re P(§) decreases along the negative Re §-axis (—oo, 0) with
Re P(—o00) = 00. Re P (&) decreases monotonically on the imaginary &-
axis from —ib to 0 where 0 < b < min{1, y}.

PROPERTY 2: There exists a constant R independent of € so that for [£| > R,
Re P(t) increases with increasing s along any ray

r:{t:t:é—sei“’,0<s<oo,O§g0§<p0<%}

in R from £ to £ 4 ocoe'? and

d
Cilt =2i|™" < d—ReP(t(S)) < Gl —2il™",
N

where C; and C, are constants, independent of €, with C; > 0.
PROPERTY 3: There exists sufficiently small v > 0 independent of € so that
%[Re P(t(s))] = C > 0 on the parametrized straight line {¢(s) = —v +

se”'% : 0 < s < +/2v}, where C is some constant independent of € and v.
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FIGURE 2.1. Region D in the complex &-plane.

PROPERTY 4: There exist b and ¢g, with v < b < min{l, y},0 < @9 < Z

2 9
each independent of ¢, so that % Re P(t(s)) > \t(s)C——Zzl ont(s) = —bi +
se!™+#) where C > 0 is independent of €.

g1(&) and g, (&) are the two WKB solutions of the homogeneous equation cor-
responding to (2.7). They satisfy the following equation exactly:

(2.15) €g"(€) + (L&) + L1 (§))g(€) =0,
where

L")  5L°@®)
4L(E) 16125

Remark 2.7. By (2.8) and (2.16), L1(§) ~ O(£7?%) as || — 0.

(2.16) Ly(§) =

The Wronskian of g; and g; is

2.17) W) = 816)8,6) — 82(6)81(6) = %
DEFINITION 2.8 We define the operator V so that

(2.18) VF(E) = F'(§) + (L) + € Li(§)F(§) .
Remark 2.9. Equation (2.7) implies

(2.19) VFE) = Ni(§) =N(F, I, F)[E]+ € Li(§)F (&) .

DEFINITION 2.10 Let D be an open, connected domain (see Figure 2.1) in the
lower left complex &-plane bounded by lines

R1={S:Im§=0, —oo<Re§<—v},
Ro={6:6=—v+se ™ ()fsf\/iv},
Ry={t:Re& =0, —b <Im& < —2v},
R4={§3§=—bi+sei(”+¢°), 0§s<oo}.

where v, ¢, and b are chosen so that Properties 3 and 4 are satisfied.
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In addition to Properties 1 through 4 above, we show in Appendix B two other
properties:

PROPERTY 5: For any & € D, there is a path P(—v, &) = {t : t = t(s)},
parametrized by arc length s, going from —v to £, entirely contained in D,
so that j—s Re P(t(s)) > C > 0 for a constant C independent of €.

PROPERTY 6: For any £ € D, there is a path P(§, —o0) = {t : t = t(s)}
parametrized by arc length s, going from & to —oo, entirely contained in

D so that %[Re P(t(s)] > |t—C2i\ > (0, where C > 0 is independent of €.

We now introduce spaces of functions.

DEFINITION 2.11 B; = {F(é) : F (&) is analytic in D and continuous in D,

with sup|(§—2/)" T F(§)| < oo}, j=0,1,2,
'éef
IF 1 == supl(§ —2i)" " F(&).
gD

Remark 2.12. B; are Banach spaces and By D B; D B,.

DEFINITION 2.13 Let Q be any connected set in the complex &-plane. We intro-
duce norms || F(§)||;,0 = supgegl(é‘ —20)TTF ()|, j=0,1,2.

DEFINITION 2.14 Let § > 0 and 8, > 0 be two constants; define balls

By;=1{f:feBolflo<8} and B ;5 ={g:geBy gl <d}.
Remark 2.15. In order to avoid a proliferation of constants, we have used C (and
sometimes C; and C,) as a generic constant whose value differs from lemma to
lemma, and sometimes even from step to step within a lemma. However, C does
not depend on €. For more specific constants, we have reserved the symbol K, K,
K>, etc.

LEMMA 2.16 Let N € By; then

N(t)
(t

W )gl(t)dteBo and | fillo = KilIN1l2,

1 —o0
71 = 506 [
€ £

where K| is a constant independent of €.

PROOF: Case 1. |£€] > R, where R is large enough for Property 2 to hold
but independent of €. On path P(§,—o00) = {t : t = & — 5,0 < 5 < o0},
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Re(P(t) — P(&)) increases monotonically from 0 to oo as s increases.

_ 2 —1/4 —1/4 1
(2.20) i) = |-L7""() / N@)L™ 7" (r) exp E(P(S)—P(t)) dr

€
P&, —o0)

< IN[LIL~ )]

y /1 |((s) = 20) > T IIL (2 (5))
0

1
L Re P(t(s)) d[eXP{g(ReP@)—Re P(t(s)))}]_

Since |§ — 2i| < |t(s) — 2i| for any s, we have [L~1/4(&)| < C|& — 2i|'/? and

j—sRe P(t(s)) = Re(P'(t)t'(s)) = C|L'*(t)| > Clt(s) — 2i|7",

(2 (s) — 20) 27| [L™Y4 (1 ()]
4 Re P(t(s))

IL=14®)| <ClE—=2i|",

so || fillo < Ki||N||» and the lemma follows.

Case 2. For £ € DN {|&] < R}, by Property 6, there exists a path P(&, —o0) so
that Re(P’ (1 (5)'(s)) = 7557 Then in (2.20)

|((s) = 20) 7T [|IL7 (2 ()] <c

2.21 L4
(2.21) | é)] LRe PU())

’

and therefore the lemma follows since & is bounded in this region. U

LEMMA 2.17 Let N € By; then for sufficiently small ¢y > 0, we have for all
€ € (0’ 60])

§ N@)
_, W)

1
() = 6—281(5) g@)dt € Ay and | f2llo < K2|IN]l2,

where K, is independent of €.

PROOF: Case 1. For |£| < 4R?, by Property 5, there is a path P(—v, &) entirely
in D so that % Re P(t(s)) = C > 0 for t(s) going from —v to &. So

| 2(E)| < CINILIL™4 @)

1 -1 —
X / |(t _2l~)72ff||L*1/4(l,)||d[exp{ G(ReP(g) ReP(t))}:” .
0

4 Re P(t(s))

Since (2.21) holds here, too, the result follows since |€ — 2i|* is bounded in this
case as well.
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Case 2. For the case where £ € D, |€| > 4R?, we choose path P(—v, ) =
P + P> + P3;, where

Pr={t:1=pe™, &= p = I},
Py={t:t=pe*, JI&| = p > 2R},
Py =P(—v, &%)  where & = 2Re "¢ |

We break up integral fp = fp3 + sz + fPu and accordingly write f, = f>1 +
fo2+ fas. .

Now from (2.14), from the asymptotics for large |£| and |z|, it follows that

7]

Re(P(1) — P(§)) < clf Yir<cym (ﬂ)
gl T €]

(2.22)
where C; is independent of €,
2 1
| o1 €)= ’;L—”“@) / N(@)L™* () exp {—E(P(S) - P(r))}dr
P1
2 I&] ; C
(2.23) < CZ|IN|2|L7*®) / P~ T exp {—‘ m(ﬁ)}dp
€ VET e &

< ClINI2l§17".

Also, (2.22) and (2.23) are still valid on P,; hence

2 1 1

| f2,2(8) = ’gL_z(S)/N(f)L_Z(f) exp {—E(P(é) - P(l‘))}df
P2

€]

VI C
/o_%_r exp {—1 In (ﬁ> }dp
1€°] € €]

2 1
< c;nan}L 1(6)|

< C|NIz21&§]" fore <C;.
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On P;,
£236)] < INJ2 |L75 )]
SXPL—¢ Re PE—Re PE] | (1 (5) — 2) > F|[L ™4 (2 (5)))|
* /0 L Re P(t(s))

(2.24) X d[exp E(Re P(£) —Re P(r(s)))H

< CIIN|l2 |L™4(&)| exp [—é(ReP(s) - ReP(go))}

< CINILEI" @3 < CINILIEI™ whene < %
Combining bounds for f> 1, f2.2, and f> 3, the proof of the lemma follows. O

DEFINITION 2.18 Define operator ¢/ : B, — By and U/, : B, — B, so that

1 £ N(1) 1 £ N@)
(2.25) UN(E) = —281(5) » W(t)gz(t)dt + E—zgz(é)/_oo W(t)gl(t)dt,
226) UNE) = —h TN d
(2.26) UIN(E) = = 16)g1(8) 8 W—(t)gz(t) t
1 § N@)
+ e—zhz(é)gz(é)f_oo W(t)g1(t)dt,,
where
e 1, e 1,
(2.27) hi(§) = ILG) EP(E), hy(§) = ILG) +€P(S)-
LEMMA 2.19
K
(2.28) sup [(§ — 20k (6)| < —, j=1,2,
D €

where K3 is a constant independent of €.

PROOF: The lemma follows from the fact that P’(£) = i L'/?(£) and equations
(2.8), (2.14), and (2.27). O

DEFINITION 2.20 LetR™ = {£ : Im& =0, Re& < —v}.
LEMMA 2.21 ||N||or- < 00.

PROOF: From (1.2), (2.2), (2.16), and Lemmas 1.5 and 2.4, it follows that as
§ — —oo,

H;IH —H' =0, (F+HF+H)?1=0E"T),

F[(F/ + H)3/2(F_v/ + [__I/)l/Z _ H3/2H1/2:| — 0(%.—2—21),
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and _ _ _

L -T2 o, Lr=o0¢

F+H H T '
Using these relations in (2.9) and (2.19) in the expression for Ny, the lemma fol-
lows. O

LEMMA 2.22 Let F (&) be a classical solution as in Definition 1.7. If F can be
analytically extended to D, then F satisfies the following equation for &€ € D:

(2.29) F(§) = pgi1(§) +UN(§),
where B is given by

1 VN
230) = g;%—v)(F(—v) - () / 1(;) gl(t)dt> .

W(

PROOF: First, we consider £ € R~ on the boundary of D. From continuity,
(2.29) holds, where I (§) occurring in N;(§) is understood as limy ¢~ 1 (§). Us-
ing the method of variation of parameters for £ € R™, we have

(2.31) F(&) =Cig1 + Caga +UN(E) .

Since ||V ||, r- < 00, it follows on using Lemmas 2.16 and 2.17, restricted to R~
instead of D, that ||UN;|or- < oo. Since gi(—o0) = 0 and gy(—00) = +o0,
it follows from sup;g- [§ — 2i|"|F| < oo that C; = 0. Using C; = 0 in (2.31)
and evaluating it at £ = —v, we obtain F(—v) = Cyg(—v) + UN;(—v). Hence
C, = B as given by (2.30). So (2.29) holds for £ € R™. By analytic continuation
of each side of the equation, it follows that it must be valid in D as well. O

DEFINITION 2.23 n(§) = N'(f, I, F)[E] + €2L,(§) f (£).

We consider the integral equation

(2.32) (&) = Bgi§) +Un(§),

where 8 is still given as before by (2.30).
LEMMA 2.24 F' € By, F” € By, with |F'||; < 8, and |F"||5 < 6.

PROOF: The lemma follows from Definition 2.1 and Lemma 1.5. O

DEFINITION 2.25 H), = ginlf){lé —2i||H &), 1§ = 2il|H&)}.

LEMMA 2.26 Define operator G, so that

GO = (f' (1) + H0) P (F'(t) + H(0))'?.
Let f" € B, 5 and 81,81 < H, /2, where 8, is as defined in (1.8). Then, for & € D,
(2.33) 1G1(fNIE]l < ClE —2i] 2,

where C is independent of €.
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PROOF: From (1.2) and (2.2),

(2.34) H,l§ —=2i|7" < |H| < Calg —2i| 7",
(2.35) H,|§ —2i|7" < |H| < Colg —2i|7",

where C; and H,, are independent of €.

32 1/2

< Clg —2i| .

[/

01 = [HPA | L ||

LEMMA 2.27 Let G, be an operator so that

'+ H HH
S+ H ]@).

2.36 NEl= [ (F"+ H)=
(2.36) G (f)IE] [( )F’+H 7
If f' € By 5 and 8,8 < H,/2, then for § € D,

(2.37) IG2(fHIEN =< Clg — 2i 777 [81 + 81 + 2]
where C is independent of €, and 8, and &, are as defined in (1.6).

PROOF: Note from (2.2), for large |£| we have

G-+ -1

2 _ 92
(2.38) H' = 1) =0(E-2i) ",
HH  [(E—iy)’+(*—DIE +iy) 2
2.3 = = — = -2
(2.39) = EEr— 0((E —21)7),
and
/ _ / I:I/ _H/H F/ _//f/+H
R U A B R A Y
< Cl§ = 2i[>77[8) + 81 + 8]
LEMMA 2.28 We define operator G3 so that
(2.40) G3(f) = (f'+ H)*(F' + H)'* — H?H 2.

Assume that ' € B, ; with 81,81 < H,,/2; then for & € D,

(2.41) 1G3(fIEN < ClE —2i| 7277 (81 + 61)

where C is independent of €.
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PROOF: Using (2.40) we obtain
f, 3/2 F/ 1/2
41 —+1) -1
(H+ ) (H " ) ‘
(1 NI 2
< ClE = 2i| 2{( +1 —+1) -1
|H | |H |

< ClE =207 +8)) .

1Gs(f)| < |HY*H'?|

O
LEMMA 2.29 Let [ € B, 5 and fe Bl,Sl; then n; € B, for 51, 81 < H, /2, and
Inills < Ka(€2(1 +8) + 8+ 8(e* + 81 +81))
where K, is independent of €.
PROOF: Note that
(2.42) n =N(f,Z(F), F)

()
=€ — — H
H

—iEGI(fII(F) +ifG(f) + G (f) + €L f

(2.43) 62<H_H - H/) = ¢? 2y —— < Ce|e —2i73;
H 1624+ 1D)(E —iy)]

from Lemmas 2.4 and 2.26,

(2.44) 1€2G i (f)E)I(F)IE] < C8|E —2i| > 7" .

Applying Lemmas 2.26, 2.27, and 2.28, we obtain

|F1IGs(f)] < ClE — 20| >778(81 + b1)

G (f)] < Celg — 2|77 (81 + 81 + 62) -
From the expression of L{(£), we have
(2.45) |2 FIIL1(E)] < g — 2i| 2775 .

On using the expression for n; in (2.42), we have the proof by combining the
above inequalities. It is to be noted that terms like €23, €23, etc., do not appear
because they are smaller than terms explicitly appearing on the right-hand side
of the lemma statement. Clearly, for suitable choice of K4, such terms can be
estimated away. (|

LEMMA 2.30 Let G, be as defined in Lemma 2.26. Let f] € B, 5, j = 1,2; then
for 8,8, < Hy/2,
(2.46) |G1(DE) = G E)| = ClE = 201777 f{ = 1]

where C is independent of €.

1°
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PROOF: By straightforward algebra,

Gi(fH)—Gi(f) =

1= DEF + 'S+ B’ + (fi+ D)+ H) + (f5+ ]
(f{ + HY2 + (f; + H)?
The lemma follows from the equation above, on using upper and lower estimates
for | f/ + H| and |F’ 4+ H| as in preceding lemmas. O

LEMMA 2.31 Let fj’ € Bl,Sl’ Jj = 1,2. Let Go(f') be defined as in Lemma 2.27;
then for §; < H,,/2,

(2.47) 15D = G|, < CE+D|f = £,

PROOF: We note

I}
< ClE—2i]M (1 +8)

F// I_‘I/ <
(F L= e+ i =

and
|(H + F')~

—2i].
By straightforward algebra,
F// 4 I__I
g -G = ) -
2(f) = Ga(f) = F+ i) (f1 f)

Using inequalities as above, we obtain the proof of the lemma. ([l
LEMMA 2.32 Let f; € By s and f] € B, 5, j = 1,2; then for 81,81 < Hyp/2,
INCf L F) = N(fo, I, F) + € Li(fa — f)], <

Ks((€ + 81 +38DIfi = follo+ (€ + 8+ 5+ €8I f] = fllh).

where K5 is independent of €.

(2.48)

PROOF: From (2.42),
(2.49) N(fi,1,F) = N(f2, 1, F) =
—iI(F)(Gi(f) = Gi(f) +i(fi = G(f)
+if2(G1(D) — Gi(f) + (G (f) — G f)) -
On using Lemmas 2.4, 2.28, 2.30, and 2.31 and the expression for L (&), we obtain
e’ 1(Gi(fD) — G|, < C8lLf = fillr
lCf = 2GUD], =i +8)| A - £,
| £2G (D =G|, < C8|f = £, -
|€(G2f) = ()|, = cea + )| A = £,
|l Li(fi = )], < CENLfi = fallo-
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Combining all these inequalities, we get the proof. (]
LEMMA 2.33 For sufficiently small €, we have
(2.50) 1Bg1llo < Ko(e® + 8 + €78,) ,
where K¢ is independent of €.
PROOF: For [£| < R, from (2.30),
1Bg1(E)] < [B&1(—v)| = [F(=v)| + UN1(=v)| =3+ [UN1]l2 -,
but from (2.9) and (2.19) and by using Lemma 2.29 with domain D replaced by
R~, and f replaced by F (and hence é by é and §; by §;), we get
[Nillor- < C(€” + 8+ €%5,) .
So [[UNq]lo < Q(Kl + K5)(€? + 8 + €%8,) from Lemmas 2.16 and 2.17. Therefore

1Bg1(—V)| < Ke(e2 + 8 4 €28,) for some K¢ independent of €. For |£] > R, on
using equations (2.12) and (2.22),

lg1E)gr (—v)| < C(1E1F7),

where C and C; are independent of €. For ¢ < C;/2, the above expression is
< C|& — 2i|7F, and the lemma follows. ]

Remark 2.34. The estimates in each of the Lemmas 2.16 through 2.33 generally
depend on y and therefore A, as quantities such as H,, and upper bounds for (¢ —
2i)H or (¢ — 2i)H are dependent on y. If we consider A in any fixed compact
subset of the interval (0, 1), i.e., for y = A/(1 — A) in a compact subset of (0, c0),
such dependence can be removed since H and H are continuous functions of y in
this interval.

DEFINITION 2.35 We define the space E := B&B,. Fore(§) = (u(§),v()) € E,
lelle := [lu(E)llo 4 €l[vE) s -

It is easy to see that E is Banach space. We replace (f, f’) by (u, v). Also, we
denote operator n so that n(u, v)(§) = n(§).

DEFINITION 2.36 Let O : E — E,
e§) = (u(),v(§)) —> O(e) = (04(e), Ox(e)),

where

(2.51) Oi(e) = Bg1 +Un(u, v),
(2.52) 0:(e) = Bhig1 + Un(u, v) .
DEFINITION 2.37 Let

(2.53) A =8K(8+€e(1+68))
where

(2.54) K = max {Ks, (K| + K2)K4, K3Ke, K3K4(Ky + K>)} .
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We define space Eo = {e € E : |le|g < A}.

LEMMA 2.38 Ife = (u(),v(&)) € Ep, then for €, 81, and € In %62, each suffi-
ciently small (the latter two are part of Assumption 2, O(e) € E.

PROOF: If e € E,, it follows from the expression for A that

A 8
(2.55) =< 8K[e + -+ 662] :
€ €

and this is small by assumption and Remark 1.6. Thus, both ||v]|; (and therefore
81) and &; can be taken smaller than H,,/2 so as to apply Lemmas 2.29 and 2.33,
which together with Lemmas 2.16 and 2.17, give the following:

101(e)llo < lIBg1llo + llUn(u, v)llo
< Ko(€® + 8+ €°8,)
+ (Ky 4+ K2) K[ (1 + 82) + 8 + [lullo(e* + 81 + [vllD)]
<2K[e*(1 4 8) + 8] + K lullo(€® + 81 + [Ivll1) -
Using |lullo < A, €]lv]l1 < A, and (2.55), we get

2 2 A
K lulofe +51+I|v||1)§A[K(e +81)+K:],
SO
1 5 A
10:(e)llp < A 1 + K(e“ 4+ 61) + K? .
From Lemma 2.19
1 A
€llO2(e)ll1 < K3[llBgillo + IUn(u, v)llo] < A[Z + K(e* +8)) + K?] ;

then, for sufficiently small €, §;, and € In 582,

1 A
10|l = [101(e)]lo + €llO2(e) 1 < A[E +2K(* +81) +2K:} <A.

O

LEMMA 239 Ife; = (u(§),v()) € Ea, j = 1,2, then for €, §, and elné&
small enough,

[O(er) — O(er)|| < Aylle; — e,

where

~ A
(2.56) A= K|:26 + 01 + €8 + —] )
€

where K = 2max{Ks(K| + K»), K3Ks(K; + K»)}.
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PROOF: Since (u;, v1), (uz, v2) € E,, it follows that each of |ui]lo, [[#2]l0,
€|lvy|l1, and €]|v,||; are bounded by A and that we can assume each of ||v;|; and
llvall1 < Hp, /2 so as to apply Lemmas 2.32, 2.16, and 2.17, which, on using S <A
and §, < %, gives the following:

A
101(e;) — O;(ex)llo < (K; + Kz)Ks{(€2 + 61 + :)”141 —uzlo
) A
+let+eshr+—+— Jellvi — vl
€ €
<2 [
—|le; —es],
= lei—e
5 A
€llOx(e; — Oq(ex)|l1 < K3(Ky + K2)Ksy|€”+ 61 + < lur — usllo

) A
+le+ed+ -+ — |ellvy — vl
€ €
<Ay [
— €] — € .
= 2 1 2

So, the proof of the lemma follows from combining the above. g

THEOREM 2.40 For sufficiently small 8, € In 582, and €, the operator O is a con-
traction mapping from Ea to Ea. Therefore, a unique solution (u(&), v(€)) € Ex
to e = O(e) exists and hence a unique solution to the integral equation (2.32)
exists, where f = u and ' = v.

PROOF: From assumptions and Remark 1.6, we know that A; < 1. The theo-
rem follows from Lemmas 2.38 and 2.39. U

LEMMA 2.41 If f is the solution in Theorem 2.40 and F is a classical solution as
defined earlier, then f (&) = F (&) for & € (—oo, —v] for small enough €, 51, and
eln s,

€

PROOF: Letu = f — Fand v = f' — F’. From (2.29) and (2.32), u and v
satisfy the following equations:

u=U(n; — Ny, v=U(n — Ny).

By Lemma 2.32 restricted to domain R™, with f; = f and f, = F and using
le*Liullor- < Ce*|lullo -

A
ln1 — Nillagr- < C[(éz +6 + :>||M||0,R— + (€ + €8+ 5+ A)||U”1,R—:| :
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So, from using Lemmas 2.16 and 2.17, restricted to domain R~

A 1) A
leellor- < C|:<62 +61 + :) llullor- + (6 + €+ - + ?>E||U”1,Rj| ,

5 A 5 A
€llvllirg- = C| | €+ + < lullor- + | € + €6 + e ellvllir- |,
where C is a constant independent of €. So, combining the above,
A )
lellor- +€llvlhz- = Cle+8i+ —+edr+ - (lullor- + €llvllir-) -

Since the constant C is independent of € in the estimate on the right side of the
above equation, it follows that for small €, € In 582, and &; (and hence small A /e
because of Remark 1.6), (u, v) = 0. Hence, the lemma follows. O

THEOREM 2.42 If F is a classical solution satisfying Assumptions 1 and 2, then
for small enough €, F € By o and F' € By /.

PROOF: The theorem follows from Theorem 2.40 and Lemma 2.41. O

3 Analyticity in the Triangular Region

LetS = {£§ : Reé = —a,—v+a < Im& < 0} where) < a < vbea
vertical straight-line segment in the triangular region 7 bounded by negative real
axis, negative imaginary axis, and line segment {€ : & = —v + se "/4 0 <
s < +/2v}. This is the triangular region (see Figure 2.1) in the third quadrant
in the complement of D. It is to be noted that in the triangular region , P(§) =
P(0)+iy&+O0(v?) andsoon S when £ = —a —is, Re P increases monotonically
with s such that ;—s Re P(&(s)) > C > 0, where C is independent of € and v for
sufficiently small v.

We consider the following boundary value problem on the line segment S:

"+ (LE) + € L1(®)) f = N(f. I(F), P)E1+ €L fE) =ni (&),
f(=a)=F(-a), f(-a))=F(-a),

wherea;y =a+i(v —a).

3.1

LEMMA 3.1 f € C*(S) is a solution of boundary value problem (3.1) if and only
if f is a solution of the following integral equation:

(3.2) f=aig1 +ag +Uhsng,
where

1 5y (0) 1 £ ()
33 Usng = —— ——g)dt + — t)dt
(3.3) 31 a8 | W(t)gz() t 38 » W(t)gl()
(3.4) o v1&2(—a1) — 282(—a)

" gi(—a)g(—ar) — gi(—aga(—a)
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vigi(—ay) — y281(—a)

(3.5) oy = )
gi1(—a)gr(—a1) — g1(—ai1)g2(—a)
where
1 ()
(3.6) v =F(=a) = Sg(-a) . Wﬁ e
37 —F ! @
3.7 v = (‘“l”e_zgl(‘“l)/a  dr.

PROOF: If f € C?(S) is a solution of boundary value problem (3.1), then by
variation of parameters, we have

(3.8) f =181 + a8 +Usn

for some «; and ;. Plugging the boundary conditions in (3.1) and solving for
o) and oy, we have (3.4) and (3.5). By straightforward computation, we get that
a solution of (3.2) is a solution of the boundary problem (3.1). We note that the
denominator D in the expressions for «; and «; is given by

(3.9 D = gi(—a)g(—a)) — g2(—a)gi(—ay),

and using (2.12), we have
1 1 1
(3.10) D =L"3%(—a)L™*(—a)) exp {;(P(—al) - P(—a))}
X [l — exp {E(P(—a) — P(—al))}:| ,

which is nonzero because Re P(—a;) > Re P(—a). U

Remark 3.2. y; and y, depend on f and f’ through ny, y; and y, are functionals
of f and f’, and so are ; and «p,. We use the notation «;(f, f') to indicate the
dependence on f and f’. The norm |-|| means the maximum norm |- in this
section.

LEMMA 3.3 Ifn € C(S), let

£ At
—ay W()

~ 1
S1€) = Z&(E) gi()dt;

then fl € C(S) and ||fl|| < K ||n|| for constant K, independent of €.
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PROOF: Using monotonicity of Re P on S with s, as noted before,

§ | | 1
L™3(&)L™%(t)n(t) exp {—;(P(t) - P(S))}dt

~ 1
)] = ‘E/

—ay

1 _% _}T ~
SC/ |L d(S)L (On@)]
expl—L(P(—an-P@&)) 75 Re P(t(s))

1
X d|:exp {—E(P(l) - P(é))”

< Kiln|l .
(|
LEMMA 34 Ifn € C(S), let
| 5 )
= gn© [ e,
then f € C(S) and || f| < Ka|l f].
PROOF: The proof is very similar to Lemma 3.3. g

LEMMA 3.5 Let f; € C(S) and fj/ e C(S), j =1, 2; then

G [N(fi, I F) =N(fo, I, F) + €L1(fi = )| <
Ks((e2+ 81 + 1AL = £l + (€ + 8+ 1 21 + €)M — f1l) -

PROOF: The proof parallels that of Lemma 2.32 except that the domain is S
instead of D and the norm is the max norm. g

LEMMA 3.6 If f" € C(S), then ajgj € C(S) for j = 1,2, and

(3.12) |lojgill < k1(|F(—a)| +|F(—ap)|+||n; ||) where k| is independent of €.
PROOF: If we define D as in (3.9), it follows from (3.10) that D~! is exponen-

tially small in €, Re P(§) > Re P(—a) for & € S, since Re P(—a;) > Re P(—a).

We also have

g2<—a>g1<s>‘ B ‘ L%(§)

D L™ (—a)
<C

exp{:(2P(—a) — P(§) — P(—ayi))}
1 —exp{2(P(—a) — P(—ay)}

(3.13)

with C independent of €, and

gz<—a1)g1<§)' B ‘ L™4(§)
i _

(3.14) ]
L™ %(—a)

‘ exp{—1(P () — P(—a))} -
1 —exp{2(P(—a) — P(—a))}| ~
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Similarly, we get constant upper bounds for g;(—a;)g2(§)/D and g,(—a)g»(§)/D.
Using Lemmas 3.3 and 3.4 in (3.6) and (3.7), we have

(3.15) vil = (F(=a)| + Killn)
(3.16) lv2l = (IF(=a)| + Kz ln D) -

Using (3.13), (3.14), and similar bounds in (3.4) and (3.5), we get the lemma. [
LEMMA 3.7 If f/ € C(S), j = 1,2, then (a;(f1, 1) — &;(f2, f3))g; € C(S) and

GAD (e (fin ) =i )85 <
CE@+a+1ANIf = Ll + (€ + L1 +8+8)If — £

PROOF:

|(e1(f1, ) — a1 (fon £2))81]

as) < [ 0 = (o £ “%W‘
F i =, || EEWEE)

Using formulae (3.6) and (3.7) and Lemmas 3.3 and 3.4, we obtain
(3.19) In(fi, f) = nlfa )] <

C|N(fi.I.F) = N(fo. 1, F) + €L1(f1 — f2)| .
(3.20) (i D = (. )] <

CINU I, F) =N(fo, I, F) + €Li(fi = )] -
The lemma follows from (3.13), (3.14), (3.18), and Lemma 3.5. The proof is simi-
lar for j = 2. (]

We consider the following integral equations:

(3.21) fE& =o03(f, f) = 181(§) + 2g2(§) + Usn (§)
(3.22) f1&) =o04(f, 1) = 1h1(§)g1(§) + axha(§)g2(8) + Uan (§) ,
where

5 ny(t) 1 5 oni(t)
: g2(0di + —ha(E)g2 . v;m

1
(3.23) Uyn, = —€—2h1(5)81 /_a W)

We define the following spaces:
DEFINITION 3.8 E(S) := C(S) @ C(S). Fore(¢) = (u(¢), v(§)) € E(S),

lellews) == llu(§)lloo + €llv(E) oo -
It is easy to see that E(S) is a Banach space.

gi1(t)dt .
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DEFINITION 3.9 We define k3 independent of € so that
ks = sup {elh1 ()], elha(©)},
EeT

where i, and h, are as defined by (2.27).

DEFINITION 3.10

(324) Epg:i=

A
{e = (), v()) € E©S) : lu@)l = 8kiA, vl = 8k1k3?}-

where k; and k3 are O(1) constants, as defined in Lemma 3.6 and Definition 3.9
and A is as defined in (2.53).

DEFINITION 3.11 Let O(S) : E(S) — E(S),
e§) = &), v(&)) —> 0(S)(e) = (03(e), O4(e)) .

THEOREM 3.12 For sufficiently small §;, € In é&z, and €, the operator O(S) is a

contraction mapping from Ex s to Ex s. Therefore, there exists a unique solution
u(),v(&)) € Ea s to equations (3.21) and (3.22).

PROOF: Replacing space B; with C(S), the proof is parallel to that for Theo-
rem 2.40. (]

THEOREM 3.13 Let F be the classical solution in Theorem 2.40; then F is analytic
inside the triangular region 7.

PROOF: Let f be the solution in Theorem 3.12; then f satisfies the boundary
value problem (3.1). Since all the coefficients in equation (3.1) are analytic in a
neighborhood of S, it follows from the classical local theory of ordinary differential
equations that f must be analytic in a neighborhood of S. Since a is arbitrary
in interval (0, v), f is analytic in 7 and continuous on the closure of 7. From
boundary conditions in (3.1), f equals the analytic function F on (—v,0) U {§ :

£ = —v+se ™4 0 < s < +/2v}. From properties of analytic continuation, f
must be an analytic continuation of F across (—v,0) U {£ : & = —v + se ™ /*} in
the region 7. Therefore, the theorem follows. O

LEMMA 3.14 Let F be the classical solution in Theorem 2.40; then F is analytic
on the line segment on imaginary axis Sp = {£ : Reé =0, —b < Imé& < 0}.

PROOF: Considering the boundary problem for & € Sy:

Ef"+ (LE) +Li®) f = N(f, I(F), F)(§) + L1 f(§) =mi(§) ,
f(=a)=F(=a), [f(=bi)=F(=bi).
It follows from a variation of the proof of Theorem 3.12 that there exists a unique

solution f in E, s, to the above boundary problem. Since the coefficients of (3.25)
are all analytic in a neighborhood of &y, the solution must be analytic on Sy from

(3.25)
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the classical theory of differential equations. On the other hand, from Theorem
3.13, F satisfies equation (3.25) in D U 7, since F and F’ are continuous up to
the closure of D U 7. From continuity, F restricted on S satisfies the boundary
problem (3.25) and F € E, s,. By uniqueness, FF = f; therefore, the theorem

follows. U
DEFINITION 3.15
(3.26) ky = sup {|& — 2i|", |& —2i|"*'}.

EeT

Remark 3.16. It is to be noted that
sup |€ — 2i["|F(§)| < kysup |F (&),

teT geT
sup [€ — 2"t |F'(€)| < kysup |F/(£)].
&eT teT

DEFINITION 3.17
3.27) A =max {A, 8kiky A, 8kikoks A} .

THEOREM 3.18 If F is a classical solution as in Definition 1.7, then F is analytic
inRUCYand F € Aja Fle Al A

PROOF: Combining Theorems 2.42, 3.12, and 3.13, F is analytic in the domain
‘R~, as defined in Definition 1.1, with

>>

sup | —2i|"|F&)| <A and sup £ —2i"T|F'¢) < =.
EeER~ EeR~

m

Since F is analytic in C* as well as on the line segment Sy on the imaginary
axis, from Condition 3 and successive Taylor expansions of F on the imaginary
&-axis, starting at & = 0, this implies that Im F = 0 on Sy. From the Schwartz
reflection principle for € € R™, F(§) = [F(—&*)]* provides the analytic extension
to Re& > 0. Thus F is analytic in R and continuous up to its boundary, including
the real axis. Thus, F must be analytic in R U C*. Since from reflection, || F lor =
|Fllor- and || F'|l; = = | F'|l1,r-, the proof of theorem is complete. O

LEMMA 3.19 If F is a classical solution as in Definition 1.7, then 3, §1, and 5,
as defined in (1.5) and (1.6), equals O(€?). Therefore, in the domain R, || F|o =
O(e?) and |F'||; = O(e).

PROOF: Since F is analytic in R U C* and decays algebraically at oo in this
region, it follows from Cauchy’s formula that for real £ € (—o0, 00),
J! F(1)
2mi | =g
LUl
Using Lemma 2.11 in [34], it follows that
8= sup [|E=2i/T|FD@&)| < ClIFlo= O(A).

§€(—00,00)

FU ) =
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Therefore, using (1.1), on the real axis, we have

sup | = 2i|"|Re F(§)| = O(?).
§€(—00,00)
Further, on taking the derivative of (1.1) with respect to & and using O (A)a priori
bounds on F’, F”, and F"" on the real axis as above, it follows that
sup  |§ —2i[""'|Re F'(§)| = O(€?).

§e(—00,00)

Using the Hilbert transform property (see Lemma A.1 for k = %) yields

16 = 20)"H(@IE]loo < Cill(€ = 20)7glloo + Call (6 = 20)7' ¢ lloo s

it then follows that for g(§) = Re F(§), because Im F(§) = H(Re F)[£], we have
that Sups¢(_oo 00y 1§ — 2|7 Im F(§)| = O (€?). Therefore,

sup  |§ —2i["|F(§)| = O(€?).
§€(—00,00)
Hence § = O(e?). By taking up to the third derivative of (1.1) and using a priori
bounds on all derivatives of F for real £ occurring on the right of (1.1), we get
O (€?) upper bounds for [£—2i|"*"[g'(£)], [ —2i|"**|g"(§)[, and |§—2i|""|g"(£)]
where g(&§) = Re F(§), as before.

Using properties of the Hilbert transform (Lemmas A.2 and A.3), it follows that
|€ — 2i|"*! Im F’(£)| and |& — 2i|*?|Im F"(£)] also have O (e?) upper bounds.
Hence 8,8, = O(e?). Therefore, A = O(€?), where A is as defined in Def-
inition 3.17. From the previous theorem, in the domain R, ||F|lp = O(€?) and

IF'li = O(e). O

PROOF OF THEOREM 1.3: The proof follows from Theorem 3.18 after using

Lemma 3.19. (]
1

4 Nonexistence of a Solution for A < 3

Rewriting (2.11), we have
F(€) = €1 (&)
4.1) N e [F”(g) +H  F'¢)+ I-_I’}
i(F' &)+ DV2AF@E)+ D2 FFE)+H  FE+H]|

On multiplying (4.1) by (F’ + H)*>(F’ + H)'/? and introducing the change of
variable

42) E+iy =ikie" Ty whereky = (1 — y)Y[i F'(—iy) +iH(=iy)] """,
ket 7G(x)
(1—y2 "’

(4.3) FE)) =
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equation (4.1) becomes

G 3/2
44  G'—-1- X3/2(1 — —) G
X
- G’ -
= 64/7xA1<e4/7x)[1 -t 64/7XA2(64/7X)}
G . 3/2 G 3/2
R I B N
X X
- G/ ~ 3/2
+ 64/7XA3(€4/7X)|:1 -—+ 64/7XA2(64/7X)]
X
% [GX3/2 _|_ (64/7X)3/2A4(€4/7X)]

- G’ B 3/2
+ (64/7x)3/2A4(64/7x)[1 - + 64/7XA2(E4/7X)}

+ e xAs(€x)
where A y (€*7x) are analytic functions in €*/7 .
The additional change of variable
4/7
7 3/2
4.5) x=\zn) - xTGCH)=-n¢Mm).
leads to
d*¢ 5 d¢ 45
4.6 L= —+—-—|1+
0 ¢ dn*> ~ Tndny ( 196n2)¢
1033 ool + 4¢+4¢/3/2 |
o 19612 49n " 7
(em*’

+

E((en)*,¢,¢',n7").

Remark 4.1. Tt is to be noted that E has a convergent series in ¢ and ¢’,

o0 1 . '
4.7) E= ). Ejl,h((en)z”, ;)«»J' @)",
J1,72=0

where we can choose p and C independently of € and 7 so that

|Ej, ;| < Co~ /1=

27

in the domain ¢q;/€ > |n| > R for R sufficiently large and € small for some g,

independent of €.
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Im n

Up

)
\\\ Mo

\/ Ren

FIGURE 4.1. Region R r.

THEOREM 4.2 Let F (&) be the solution in Theorem 1.3. After the changes of
variables (4.2), (4.3), and (4.5), $(n, €, a) satisfies (4.6) for goe ' < |n| < g1},
at least for 0 < argn < 5w /8 (where qo, g1 = O(y — b)"* but are independent
of €). In that domain, ¢ (n, €), ¢'(n, €) = O(e) as € — 0F. Furthermore, in this

domain \ng| = O((y —b)*?), In¢’| = O((y —b)*/*, —<—). Also, on the positive
(y—b3
real n-axis in the interval goe ™' < n < g1, Im¢ = 0.

PROOF: From (2.11) and the definition of G, the solution F (&) in Theorem 1.3
clearly satisfies (4.1). Notice from transformation (4.2) and (4.5), if n = O(e™"),
E+iy =0)andif 0 < argn < 57/8, then 0 < arg(y + i§) < 5w /14, and
for suitable g, g; = O(y — b)"/*, this corresponds to £ € R~ close to & = —ib,
where F is known to satisfy (4.1) with || F|lo = O(e?) and || F'||; = O(€). Hence
¢ (n, €) must satisfy transformed equation (4.6). Also, from (4.2), (4.3), and (4.5),
it is clear that ¢ (1, €), ¢'(n, €) = O(€) as € — 0%, and that n¢p = O(y — b)*/?
andng’ = O((y —b)*/*, e(y — b)_%). Since F(£) is real at least on the imaginary
&-axis segment [—ib, 0], it follows from (4.2) that for suitable gy and g;, Im¢ = 0
for n real and positive, at least when gg/e < n < q; /€. (|

DEFINITION4.3 Ry g = {n: R <Imn+Ren < koe ', argn € [0, 3X); —Im n+
R <Ren <Imn+koe !, argn € (=% 01}, where gy < ko < g1 (see Figure 4.1).

DEFINITION 4.4 We define ¢~>(77) (suppressing the e-dependence) as the solution
¢ (n, €) in Theorem 4.1.

DEFINITION 4.5
(4.8) o) =n""Me™ o) =07 Men.
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¢1(n) and ¢, (n) satisfy the following equation exactly:
d? 5d 45
£¢_d¢+7ndq; (1+ 19612 )d’_

The Wronskian of ¢; and ¢, is

4.9) W(gr. ¢2)(n) = 207"

Equation (4.6) can be rewritten as

(4.10) Lo =Ni(,9',€)

where the operator N, is defined by

19612
4/7
+ (em)

1 4 4 7
Ni(@, ¢, e)ln] = —— — ¢+¢{[ +E¢+§¢’] —1}
4.11) g n

E((en®,¢.¢',n7").

DEFINITION 4.6

- - sinZ s, -
4.12) no=koe ', = /<0671—;4,€T , m=ikoe"
sin X

LEMMA 4.7 The solution ¢(n) as defined earlier satisfies the following integral
equation:

b= [ 2D NG.F i
’71
+ () ¢1(5/)7N1(¢ ¢, etlde
o (4’2(’71)‘75’(’71) — 5P ()
—¢1(n) —~
2n,
+ ol LL® “I;) ¢ (P00
Mo

) PROOF: By using a variation of parameters on (4.6), with ¢ (), €) replaced by
#(n), we get

(1) = (1) / 220) M@ 8. )lsds

4.14) 515
T a(0) f DN §. sl + A1) + Asr).
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After evaluating (4.14) and its derivative at t+ = 1, and solving for A; and A,, we
have

G ()P (12) — ¢<n2>¢2<n2)

A= 577
(4.15) i 2112
A — (1) () — ¢/ (nz)¢1(nz)
2= o5/
U3

However, on using integration by parts twice, we get

m no
0 / ¢2(5/)7£¢(t>dz+¢z<r) / ‘1’1(5/)7£¢(z>dt

“416) _ {—¢1(l) (2(n1)@' () _—5/4752(7]1)(}5(771))
2n,
+hot) (@1 (n0)®" (o) _—5/¢7>1 (n0)¢(mo)) Ay (1) — A2¢2(t)} .
2n,
Using £<5 =N (¢~), d~>/, €) in (4.16) and using this expression in (4.14), we get
(4.13) and hence the lemma follows. Il

DEFINITION 4.8

4.17) W= {¢ : ¢ (n) is analytic in R, g and continuous in its closure,
with [|@|| := sup [n¢(n)| < oo}.

Ro,r
LEMMA 4.9 Let N € W and define
¢2( ) T 1(1)
Vi) = ¢1(n) 5 s N@Wdr, Ya(n) = ¢a(n) 5/7N(l)dt

Yan) = () / ¢2(5/)7N(t)dt Ya(n) = By(m) f ¢](5/)7N(t)dt.

Then |yl < KIN@I, Y20l <= KINOI, I3l < KIN@®I, and |4l <
KN ()|, where K is some constant independent of R and €.

PROOF: From the nature of the domain R, g, any point n € R, g can be con-
nected to no by a straight line within R, . So on line t(s), parametrized by arc
length s, Re(#(s) — n) increases from 7 to ng so that -Re(t(s) —n) > C, > 0,
where C; is a constant independent of €. Further, on th1s straight line, 0 < C; <
|t/n], where C; is independent of €. Then

n
1Y) = / M e D (N (1)) dt
no

—-9/14 _
< ;M) 1||N||f
0

1 d{efRe(t(S)fn)}

< ' IN
T Rer(s) LG Nl
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So ||yl < K||IN||, and similarly for v since |¢5|/|¢2| < C.

Also, it is clear that any point 1 can be connected to 1; by a straight line entirely
within R, g, and on such a path 7(s), %Re(n —t(s)) > Cy > 0, where C; is
independent of €. Furthermore, on this sﬁraight line, |t/n] > C, > 0, where C; is
independent of €. So

1Y) =

n
/ 1=/ =5/14 =04 N (1) dt

m

—9/14 ~— _ _
<M T INT < Kl N

and similarly for ||y3] since |¢]/¢:| < C. O

DEFINITION 4.10 We define ¢35 and ¢4 so that

(20’ () — 5 ()P (1))

(4.18) ¢3(n) = —d1(n) 7 ,
2n,
(4.19) ba(n) = () (@1(0)@" (1n0) _—5;]31(770)45(770)) ‘
21,
LEMMA 4.11

g51, sl < Ci[Im@ ] + 16" nmil],
G40, llall < Ci[Inod (o)l + 16" (mo)mol]

where C is independent of €.

PROOF: Since [n1] > |n], it follows that
d1(mp2(n1)

=577

= exp [Ren; — Ren]|ni |~ ||~ < Ciinl ™"
771(771 )

Also, since |n| < C|nol, for constant C independent of €,

d2(md1(no)
no(ny”"")

Since ¢5(n) = ¢2(m[1 — 5/(14n)] and ¢{(n) = ¢1(m[—1 — 5/(14n)], the same
arguments as above show that

d1(m5 (1)
my”"

Hence, the lemma follows from the definition of ¢3 and ¢4 in Definition 4.10. [J

=9/14| | =5/14

= exp [Ren — Reng ||l < GClnl™".

D2 (M1 (o)
no(ny 27y

< Cln|™" and <CinI™".

DEFINITION 4.12
W,={peW:|o|l <o}.
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DEFINITION 4.13

1 4 4 \? y S
D(¢, " 5) _ ¢{(1 + E? + ¢) - 1} = Y Ao’ @)
J1t+j2=2

We define a constant p that is independent of 7 and € in the domain R,  so that
A (] < o1
LEMMA 4.14 If ¢, ¢’ € W, then N1(¢, ¢', €) € W, and

1 - 2
IN@. 8 el <1+ c(—30 PR )

for R large enough so that o /pR, o /pR < 5, where p and p are as in Remark 4.1
and Definition 4.13.

PROOF: In (4.11),

<1.

B ol < Zier, |2
19612 A

The norm of the first nonlinear term in (4.11) can be estimated by noting

1 ~ S
UD<¢9 ¢/a ;) = Z Aj],j2 (77)45'“(15/]277

Jit+i2=2

<C > 1 g1 g1 < C—= o
5 |17|11+J2 1pJ1+]2

J1t+i2=

The norm of the second nonlinear term in (4.11) can be estimated by using (4.7)
and noting

= 1

> Eni ((en)z”, 5)¢” (¢")”

J1:J2=0

[(em*"E| < (eng)*’

o0

< C(€770)4/7< >

J1:J2=0

1 1
Ritti2 pjl+]2

) 2 R 0ty b

where p is as defined in Remark 4.1. The lemma follows from combining the above
results. U

LEMMA 415 If ¢ € W,, v € W,, ¢ € W, and ' € W, then for R >
{20 20

HM(cp, ¢ =Ny o <
1 g 4/7
C[F*;m ](Ild) vl +le' — vl .

where p and p are as in Remark 4.1 and Definition 4.13 and C is independent of
¢, ¥, and €.
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Note that

|n(¢j11/,jz _ wjl ¢j2)| — |,7¢j1 (¢’jz _ 1///'2) + nw/j2(¢j1 _ 1/,jl)|

PROOF:
-33
196n?

< FII@ Il

< NG s U+ 1 D — )
4.20 72 .
(%20 + IR+ 1y

o Jitj2—1
< (E) [l = @'l + il — wil] .
Soin (4.11),

1 1
‘UD<¢» (p/s _) - UD(‘//’ W/v _)'
n n

< >0 1AL ¢ — gty
Jit+j2=2
o Jiti2—1
<C ) pm( ) (il =&l + jilly — 11}

Jit+j2=2

2
5—2—[||w ¢l + v — ¢ll] forR>7".

From (4.7) and (4.20)

(en)“”[ ((en)4/7 % ¢,¢’) —E<(€n)2/7,%,w, w)]‘

A 1 o\ /1Tl
< Cleno[*” ) Y (E) {2l =&+ illv —¢l}

J1:J2=0

7 ’ / 20
< CR[IV =@+ 1y —o1] for R > =

Consider the integral equation in the domain R, z:

B = L1g() — 1 () P22 (’7;) —#e )
“4.21) Ul

+ () (P1(n0)d (77;)77_5/?1 (ﬂo)¢(n0))
0
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where
L1¢=—¢1(n) "’2(5’ N6, 9. ©lrlds
4.22) Ty ()

+ ¢2(n) Ni(p, ¢, e)[t]dt .

I~ 21——5/7
DEFINITION 4.16

(4.23) E'=WoW, [ ¢lg=I¢l+¢1.
This is clearly a Banach space. Similarly, E! = {(¢, ¢') € E!' with ||(¢, ¢")|| < o}.

Define
M:E'>E', M@, ¢)= (M, ), Ma(e., ),

where

(4.24) Mi(.¢) = L1 () + ¢3(n) + da ().
(4.25) Ma(p. §') = Lap(n) + () + &,().
where

n
Jr— j; 2D N1 ¢t
(4.26) ¢ )
o | SN ¢t

THEOREM 4.17 For fixed o > 4K, where K is as defined in Lemma 4.9, there
exists ko small enough but independent of € (i.e., b is chosen so that y — b is small
but independent of €), and R large enough so that for any € small enough, M is a
contraction mapping from EL 1o EL.

PROOF: Using Lemmas 4.9, 4.11, and 4.14 in (4.24) and (4.25), it follows that
M@, o)1l = [Mi(@, 9 + M2, @)l

2
(4.27) < 2K[1 n C(— + R 2 )}
Rp?

+ Ci[In0d (o) | + 16’ o)mol + Im@ )| + Ime' (1] -

From Theorem 4.2,
nd(m)., ng'(n) = 0(<y — by, —)
(y — D)=

for n = no or n;. But since (y — b)"/* = 0(120), it follows that 120 can be chosen
small enough (but independent of €) and R can be chosen large enough so that the
right-hand side of (4.27) is less than 4K for small enough e.
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Furthermore, from Lemma 4.9 and Lemma 4.15,

| Mi2(@1, 62) = Mia(@, 6)) |

< KN (@1, ¢y, €) = N(d2, 85, )l

< KC[li¢r — dall + llg} — ¢1||][ Py +k4/7]
SO
[ M @1, 61) = M(¢2. 6| <
1 ~4/7 / /
ZKC[F ,52R+k :|||(¢1 ¢, 91 — 05)|| -
which is a contraction for ky small and R large. (]

Remark 4.18. Note that R can be chosen large enough and ko small enough and the
theorem holds for all small €. In other words, the choice of R and IEO can be made
independent of €, although the theorem also holds if R = O(1/¢) for sufficiently
small € and Igo.

COROLLARY 4.19 Integral equation (4.21) has the unique analytic solution ¢ (1)
and ¢ (n) = ¢(n) in the domain R g.

PROOF: The unique solution ¢ follows from Theorem 4.17 using the contrac-
tion mapping theorem. If we choose R = O(1/¢€) suitably, then Theorem 4.2
applies to domain R, g, and from Lemma 4.7, ¢ = ¢. From analytic continuation,
¢ — ¢ = 0 everywhere on ‘R,.r even when R is independent of € but large. U

LEMMA 4.20 The solution ¢(n) satisfies Imp(n) = 0for R < n < q/€ for
sufficiently large R and small enough € for R independent of €.

PROOF: From Corollary 4.19, it follows that ¢ (1) is analytic, in particular, on
the real axis for R < n < ko /€. However, from Theorem 4.2, Imd) 0 for
qo/€ <n < q /€. Since ko > qo, the lemma follows. O
LEMMA 4.21 For any fixed n in the domain {n : Ren+Imn > R, S7 /8 > argn >
—1/8} and lim._.o (1, €) = Po(n), where ¢o(n) satisfies
(4.28) ¢o(n) =

" Nigo, ¢, 0)[1] " Ni(¢o, ¢, 0)[1]
— ——dt ——dt.
$r(0) /OO T i) /OO b

PROOF: The lemma follows from (4.13) by taking the limit as € — 0 and using

Theorem 4.2; ¢(n1), ¢'(n1), $(no), and ¢’(179) all tend to 0 while

d1(Mp2(n1) h2(md1(no)
— 0 and

=577 =5/7
27, / 27)0 /

—0 ase—>0
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since 1y, g — Q. O

COROLLARY 4.22 ¢y (n) satisfies the differential equation

-33 1 4¢0 4 N\
4.29) Li¢y = ,$0,0) = —— — — 1+ —— + =¢; —1
(4.29) L1¢o = Ni(¢o, ¢, 0) 196,72 77+¢0{( +49 ;. +7¢o)
with ngo(n) finite as n — oo, at least for argn € (—n /8, 57 /8).

PROOF: Li¢g = Ni(¢o, ¢, 0) follows simply from applying £, to (4.28).
Since |n¢ (n)| was bounded independently of € in the domain R, g, it follows that
as € — 0, [n¢o| is also bounded at least for argn € (—n /8, 57 /8). Il

Remark 4.23. It is known from the general theory worked out by Costin [7] that
(4.29) has a unique solution with asymptotic expansion

o
4 . ™
B0 ~ 21:77_] valid for — 5 < argn <7,
j:
and that on the positive real axis
(4.30) Im ¢y ~ Sy~ e

for some Stokes constant S (which is a numerical constant independent of any
parameter) that can be computed.

However, applying transformation (4.2), (4.3), and (4.5) and going back to vari-
able x and G, itis clear that lim._.o G(x (1)) = Go(x(n)) and that G () satisfies

(4.31) Gy =1+ (x —Gyp**Gy.
If we use transformation

(4.32) Vo(x) = (x — Gp)~'/2,
then it follows from (4.31) that V() satisfies

(4.33) Vi (x)=x—Vy?

with Vo(x) — x /% as x — oo, at least for 57 /14 > arg x > 0.

Combescot et al. [5] considered (4.33), and by computing many terms in the
asymptotic expansion for large x, were able to use a Borel summation procedure
to compute the constant S in the asymptotic expression

(4.34) Im Vo(x) ~ Sy Se- 74"

for large positive x. The number S was found to be nonzero. By using the trans-
formation from yx to 7, it follows that S in (4.31) must also be nonzero.

LEMMA 4.24 For all sufficiently small €,

(4.35) Imd(n, €) £0 foranyn € <R, %) .
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PROOF: Since lime_,o (1) = ¢o(n), limeoIm(n, €) = Im¢y(n) # O from
(4.30), since S is nonzero. O

COROLLARY 4.25 Im F # 0 on some imaginary &-axis segment [—ib, —ib'] for
some b’ < b.

PROOF: On using transformation (4.2), (4.3), and (4.5), the interval (R, q;/¢€)
in n corresponds to an Im &-axis interval that includes [—ib, —ib'] for some suit-
ably chosen b’ < b. So, at least on this segment, Im F(§) = Im¢(n(§)) #0. O

PROOF OF THEOREM 1.8: We have shown that any classical solution F(§), if
it exists, is analytic in R UC™ and belongs to A,. It is also analytic in the Im £-axis
segment [—ib, ioo). From successive Taylor expansions on the imaginary &-axis,
starting at £ = 0, it follows that the symmetry Condition 3 implies Im F = 0 for
& € [—ib, ico). But this contradicts the previous corollary for all sufficiently small
€. Hence the proof of Theorem 1.8 follows. (]

Appendix A: Proof of Some Lemmas

LEMMA A.1 Let g € C'(—00, 00) such that ||(§ — 2i)7g|lec < 00 for some 0 <
T < 1,and let |||E — 2i|""'g'|loo < 00 as well. Then, for any k € (0, %],

1
(A1) & = 20)"H(@)lloo = CrIn I — 20)°glloo + Cak | (6 = 27" g lloo

where Cy and C, are independent of k and H is the Hilbert transform operator
defined as

1 o !/
(A2) H(IE] = ;(P)f @dé’-

PROOF: We first take & > 1. Denote k¥’ = 2 — k; clearly % < k' < 2. We break
up the integral in (A.2) into four parts:

oo k& —k& — oo
(A3) / :/ +/ +/ f 1g($+$) ds'
—00 —ké& —k'E —00 k&

Consider the first term

kg _
(P)/ g($+§) g(&)

L

1 _ ) . el e
—I(g —20)' "¢ ”oo/ & +&—2i7""dg’,
T —kE

d§'

A

IA

where £ € (—k&, k&). But

kg
f € +&—2i| 77" dE < |E(1 — k) — 2| TT2kE < Cokl|E — 20|77,
—k&
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where C, can be made independent of k € (0, %]. Hence

1
4

E'| < kCalg = 20771 —20)"*7¢ Il

/kf gE+8)—g® |
—kg &'

Now consider the second term. Make the change of variable £’ 4+ & = £” and

let L = (1 —k)&; we get
L "
1/ gE") de"
wJop (§"—§)

We write this integral as

L "
gy L[ 8E
T Jop (§"—§)

ds// —

1 (5] g&" g(&”>] , 1 /L o n
- dg" — — d
n/i(&”—é)* P il R

and estimate each term separately. The second term on the right-hand side above
can be estimated as

=

1 L
‘— f g(E)E — 20)7|1& — 21 d&’
& Jp
1—-71

§

where C can be made independent of k. Now consider the first term in (A.4):

LT g g@")] ,
- d
n/_L[s//—s+ e |

L AN
_ l/ g(E"E ds"
T )L (§—§")§
L |%—//|l—t

(A6) CIlE — 2i)° oo/
=CIE 208l | T

1—k |§|1—r R
< ClIE =207 gl —U i d]
I

1 - T
=Ciln EIE —2i| 71§ = 2) 8l »

(AS)
C

IG —20)7"gllo = CETIIE —20)8 0o,

dé”

where C; is independent of k, and the In % term accounts for the behavior of the
estimate on the right-hand side as k — 0.
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We now estimate the third term in (A.3):
—k'g ’ 00 (g
1/ g(s+s>d$,_1f gE+E)
) o g T e &
<€ —20gl [ EPar
T Jre g

=ClIE —20)7gllt ™,

where C above can be chosen independently of k.
Now consider the fourth term in (A.3).

l/oo g(§/+€)d$/
T Jie &'

<& = 20)7glloom fkg ¢ *:) d'

00 1+A -T
< ¢ —2i)’g||ooé_ffk %dé

1
=Ciln Elléfgllooé_’ ;

where C; is chosen independently of k& and ln% accounts for the asymptotic be-
havior of the integral on the right-hand side as k — 0. Combining all the terms
above, we obtain the proof of the lemma for £ > 1. Now for 0 < & < 1, we split
the integral in (A.2) into

1/" $E+6 —g® 4, 1 / HGRL W /kg<s/+s) ge
T Jk k T J_co '

g g g
The first term yields
1 k /+ _ 1 k R
o S e < [ eag = cakie - 20
T Jk 3 T Jk

where C, is independent of €.
For the second term, we have

, 00 | g/ —2i|-*T
/ $C€H8) je < e - 2y el [ L Sl MY
T Ji & k 3

00 2 4 —-1/2
scn(f—zifgnoof DT e
A g
1
< Cyln 16~ 20) g e

where C is independent of k and In % accounts for the asymptotic behavior of the
right-hand side estimate as k — 0.
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- 1/°°g<—s’+s>d,
T Jk &

For the third term,

1/*g<s’+5) ge
7)o &

/ — 2T

< 1¢& = 20)glloo— / Ltk S Y
k &

<Ciln %n(s —20)7glloc

where C; is made independent of k by using the asymptotic behavior of the right-
hand side estimate as k — 0.

For £ < 0, we note that
RN NN B o To 004
H(g)[S]—n/ =] e-co

which is the negative of the Hilbert transform of the function g(—£&) evaluated at
the point —& > 0. Since g(—&) satisfies the same conditions as those given for
g(&) in this lemma, it follows that all bounds also hold for £ < 0. O

LEMMA A2 Let g € C*(—00, 00) such that ||(§ —2i)7 glleo and || (€ —2i)" 28" |l s
exist for some T € (0, 1). Then

AT ¢ -20""HEG)| < G| =272+ Co| & —20)7g|

PROOF: First, we consider the case & > 1. Then we decompose

H(HIE]

:1/“2 [g’@ +5’>—g’<s)]d5/ i( <§ ) ( ))
(A.8) £/2 & 2
2 g<s+s) 2gE+¢)
d
</s/2 / ) 5 T /3 5 5

2

Nm

Using arguments similar to Lemma A.1 for k = %, it is clear that the first term on
the right of (A.8) is bounded by

1/5/2 [8/(5 + &) —g’(é:)}
—&/2 g

The second term of (A.8) is easily seen to be bounded by

2 3 & s—r—1 \T
( ( E)Jrg( ))‘Sclé—%l 166 —2i) glloo -
& 2

dg'| < CilE = 2i77IE =28 oo -
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Using arguments similar to Lemma A.1, with k = %, the third term in (A.8) is also
bounded:

L[ [¥\gE+E)
— CANLELR A
”(/s/2+/oo ) g7 S=

Cé—l—f||(s—2i)’g||oo[/ (+S) (St 2 / (5_) ]
12 3/2

Now, with the change of variable £’ + & = £”, the last term on the right of (A.8)
can be bounded by

2 o)
A9
(A9 ‘//2@” 5%

Therefore, combining the bounds on each term, we get

(A.10) |H(gHIE] < 1§ = 2i[7 77 (Call(E = 20)™28" lloo + Coll (6 — 20)7glloo) -

- . Sl
= C&TNI(E —20)" gl dé .

12 (1= €)?

We now consider 0 < & < 1. In this case, it is convenient to write

1 ,r¢sr o
”H(g/)m:/] g +s> g

dg' —[gE + 1)+ g — 1]

(/ / )g(SJrS) s

Consider the first term in (A.11):
‘/ g' ¢ +$)—g(€)

(A.11)

(A.12) d&'| < Ci|| & —20)*7 g

00 *

For the second term,

(A.13) gt + 1)+ g€ — D] = ClIE —2D)7gllo-
For the third term in (A.11),

00 -1 /
8(
i ([T ] )

cn@—zi)fgnoo[f1 s’“dm/ (Ss ds]

By combining the above inequalities, it follows that (A.10) holds for 0 < & < 1 as
well. Also, itis to be noted that as in Lemma A.1, for § < 0, H(g)[£] can be related
to the Hilbert transform of g(—&) evaluated at —&. Thus, the same inequalities as
above hold for & < 0. Therefore, (A.10) holds for all £ € (—o0, 0c0) and the lemma
follows. 0
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LEMMA A3 Let g € C3(—00, 00) such that |(§ — 2i)"glless I(E — 2)7F'g [lso,
and ||(€ — 2i)73g" || are each bounded for some t € (0, 1); then
(A15) | =20 PH("|, <

Cs| € —20)" g | .+ Ci|E =207, + Coll (6 —2)7gllox -

PROOF: For & > 1, we decompose
TH(g"IE] =

S +E)—g"() 4[ (3 ) (S)}
d =gl = 2
/—g/z & 5 +$2 & 2S t8 2
(A.16) 27 ,(3 (&
—é[g (59”(5)]

© N 2g(E 4 E) /S/Z 20",
= 27 d —= 2~ _dE&".
+</s/2+/_oo ) PR B i

For £ > 1, we get from the estimates for each term in the above, using the same
procedure as in Lemma A.2,

[IH(g"MIE]| <
(A.17) & —2i] {1 — 2078 I + CillE —20) "7 g [l
+ Coll(& —20)7glloo} -

For 0 < & < 1, we decompose

(A18)  mH(g"IE] =

1 sl R/ oo -1 l
/ g€ +g;> g (s>d§/+(f +/ >2g@;:s>d§,
— 1 —o0 )

1
+[gE-D—gE+D—gE+D—gE-D].

As before in Lemma A.2, each term can be estimated, and one obtains (A.17) for

0 <& < 1as well. Again, for £ < 0, H(g)[&] can be related to the Hilbert

transform of g(—§&’) evaluated at —&; hence the inequality (A.17) is valid in that
case as well. Therefore, the lemma follows. O

LEMMA A4 If F satisfies Conditions 1 through 3 and Assumption 1, then

sup  |€ +2i|"T7|F'| < 0.

&€(—00,00)

PROOF: Define g(&§) = €>ImIn[l + F’/H] on the real £-axis. From Condi-
tion 1,

g'(€) = —€*Im %(5) +|F +H|ReF=0E"T"" asé - too.
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Hence, on integration, g(§) = O(§77) as & — Foo0. We note that In(1 + F'/H)
is analytic in C, and so on the real £-axis, €>ReIn(1 + F'/H) = H(g)[£]. Since
the conditions for Lemma A.1 are met by g(§), it follows that

H(QIE]l=0(E™) as& — +oo,

and therefore €?In(1 + F'/H) = O(£77) as € — =00, which implies F/ =
O(£7'77). The lemma follows since F is continuously differentiable in (—o00, 00).
O

LEMMA A.5 If f is analytic in the upper half-plane Ct and continuous on C*,
the closure of C*, and SUPge(—00.00) 1§ — 2i1" | f(§)| = & < oo for some 11 > 0,
then

(A.19) sup [& +2i["[f(E)] =6.
£eCt

On the other hand, if f is analytic in the lower half-plane C™ and continuous on
C™ with SUpg (oo 00y 1§ — 201" [ f(§)| = 8 < 00, then

(A.20) sup [§ =27 f(E) =3.
teC—
PROOF: Since f is analytic in the upper half-plane, sup; ¢+ | f(§)| < Mo. Let
us define integer n = Int[t;/2] + 2. Choosing h., (§) = 1/(1 — i&€)*", we note

that
1

e, (8)] = (1 + € Imé&)2 + €2 (Re£)2)" =1
Consider g(§) = f()(E + 2i)"he,(§) and domain D := {Im& > 0, |§| <
272 My /€38}. We will assume that € is small enough so that 2°/2M,/e?§ > 1.
On the circular part of 9D,

Mo[(Re§)* + (Im§ +2)21"/2 _ 22 My[(Re§)” + (Im§)*["/% _
(1+eImg)? 4+ (Reé)2ef ~ € ((Re§)? + (Im§)2)" B
On the straight part of 0D, |g| < §. So |g| < ¢ inside D, from the maximum
principle. Also, outside D, but for Im& > O, it is clear that |g] < &. So for
Imé& > 0, we have |g| < §. So for any fixed £, as¢; — 0, g(§) — f(§)(E+2i)™.

So |f(&)||E +2i|" < & forall ¢ € C*. The proof of the second part is very
similar. O

18(®)] =

PROOF OF LEMMA 1.5: (1.7) and (1.8) follow from Lemma A.5 on using Lem-
ma A.4. Since g(&) = €>ImIn(1 + F'/H) satisfies

o 2 H' !
g = —€ Imﬁ+|F + H|Re F,
itis clear that g’ = O(£7'"7) as £ — o0, and

/ "

/
g = —€’Im 7 +|F'+ H|Re F' + |F'+ H|Re L Re F .
H F'+H
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Since H(g')[£] is a priori O~ ") as &€ — oo, it follows that

Re [ezi In(F'+ H) — ezi/i| =H()[E]= OE™") atbest
d& H '

Therefore,
" /
e L T H
F'+H
Also, using large-|&| behavior, Im(H'/H) = O(73), |H + F'| = O(¢7"), and
using Re F = O(£77) and (1.8) to obtain Re F/ = O(£~!77), it follows that
g" = O(£7277). From using Lemma A.2, it follows that H(g")[£] = O(E~!77).

So,

= 0" forlarge |£].

F// + H/ H/ |
i —0@E).
Frn m ¢ +iH(g)[¢] )
Therefore, F” = O(§7>"7) as £ — o0 and hence
sup  |€ —2i|"PF" (&) =8, < 00.

§€(—00,00)

Using Lemma A.5, with f replaced by F”, the proof of Lemma 1.5 is complete.
g

Appendix B: Proofs of the Properties of Function P (&)

In this section we discuss properties of the following function:

¢ [F =iV +ins
B.1 PE) = | iL'(0)dt = / Y d
(B.1) ®) [wl (i =i | T— z

We choose the branch cut {§ : & = pi, p > v}, —7 < arg(y + i) < m, for the

function (y +i5)%, and the branchcut{£ : & = —pi, p > y}, — 7 < arg(y —i§) <
, for the function (y — i£&)3/4.

PROOF OF PROPERTY 1: First consider £ € (—o0, 0),

0 (1,2 1 (212
(y"+1)/= . |1 :
Re P(¢) = A W sin 2 arg(y —it) tdt + Re P(0).
Clearly, Re P(—00) = oo since arg(y — it) — % ast — —oo, and Re P(§)
decreases as & increases since arg(y —it) € (0, 7).
For —b < p <0,

[Py -
P@”__A i+ PO).

SO

Y R Sl Ok
Re P(pi) = —fo = U+ RePO.

On inspection, as p increases in the interval (—b, 0), Re P (ip) decreases. O
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PROOF OF PROPERTY 2:
¥t +iy) e —iy)s
(t+i)—1i) '
It is to be noted that |t — 2i||P’(¢)| has nonzero upper and lower bounds in the
domain R. Furthermore, on a ray #(s) = & — se'?, 0 < s < 00, where 0 <

bs

¢ < 3,ass — 00, it is clear from the behavior of P’(t) for large ¢ that since
arg P'(t(s)) ~ —5m /4 — ¢,

P @) =

d / ip+im
- Re P(t(s)) = Re[P'(t(s))e'¥™™]

/ / C
= |P'(t(s))| cos[arg P'(t(s) + 7 + ¢)] > 1t(s) — 2i|

satisfies Property 2. O

PROOF OF PROPERTY 3: P’ ~iyas& — 0,50 P(§) = P(0) +iy&+ O(v?).
Therefore, on & = —v + se /4 0 < s < +/2v,

PE) ~ PO) +iy(—v+se ™)+ 00 ~ PO) —iyv+ yse™* + 0?),

diRe PE(s)) ~ycosm/4+0(Wv) >C >0,
s

with C independent of v and € for sufficiently small v. U
PROOF OF PROPERTY 4: Step 1. For0 <y <1
1
PE) =i(y +i&)i(y —if) )/ ———— .
) =ity +i&)*(y —ié) @10
On /[~ = {£ : £ = —ib — ¢'™/*s}, it suffices to consider arg(—e™/* P") and ensure

itis in (=%, ), modulo an additive multiple of 27r. This will ensure Property 4,
since | P’||&€ — 2i| has a lower bound in the region D.

Consider
2+ 1=1-b"+is> +25*bs = (1 — b* — V2bs) +i(V2bs +5?),
2bs + 52
arg(éz—l—l):n—arctan( V2bs +5 )
V2bs — (1 —b?)

Put s = +/2 bp to get

267 (p? 2
arg(€2 4+ 1) = w — arctan [Lp))] = 71 — arctan [p + p]

202(p — L5 p—q

where ¢ = (1 — b%)/2b%. 1In the range p > ¢, the minimum of the function
(0*+p)/(p—q)is (VT+4q + \/q)*. Since

1—-b> 1—y?
q = 22 > 2)/2 ‘= qmin »
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define x
Omin = tan™ (V 1 + Gmin + \/CImm) Z ;
then
(B.2) —T + Oin < —arg(€2+1) < 0.
Since arg(é —iy) € (—%n, -1,
R 7
(B.3) argi(y +i§)7 = arg[¢™2e ™ (¢ — iy)i] € (% ﬂ :
Lete; = 1(Qmm — 7). Near & = —iy,
l( y)? .
(B:4) PO =" 50" i)YH1+ 0@y —i8)}.
Clearly, there exists Ry large enough (depending on b) so that for & € [,
(B.5) 3ar( £) € 2 —€ ’ for € +iy| >R
' 4 e 6" 16" vi="o

and

3 9
Zarg(y—ié)e |:O, 1—67r—62> for € +iy| < Ry.

From a geometric consideration, it is clear that Ry(b) — 0 as b — y~. We choose
b close enough to y so that the approximation in (B.4) is good enough to ensure
thaton /[,

St Tr

—3mi/4 e .
arg(P'(&)e ) € ( TR 16) for |E +iy| < Ro(b).

On the other hand, on [~ for |£ +iy| > Ry(b), by using (B.5), along with (B.2)
and (B.3), it follows that

(B.6) (i_“ﬂP/(é)) 371+7r+ o b4 Sw c T
) agle SUd T\ T )T s 22)

Step 2. Now consider y > 1 (i.e., A > %) but make y — 1 small enough so that
we can choose b so that 10(y —1) < |b—1|. (See [34] for an alternate proof without
this restriction). We want to show that onray [~ = {§ = —bi—se'™/3,0 < 5 < 00},

C
— >0
EGs) —2i]

We note that since | — 2i|| P’| is bounded above and below by nonzero constants,
it suffices to show that

(B.7) %Re P(&(s)) =Re {P'(§)e "} >

T T

arg (P/(é(s))e_iznﬂ) € (—5, 5) mod 27 .
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Note that

oy E—iy) (yHigE ]
B.8 P = .
©9 O ="+ (y—is) (1+i8)

Let B(s) be the positive angle between &(s) + yi and &£(s) + i; then by geometry
. 5
arg (e 23 P'(£)) € <—B — % o) ,

and we can see that B < % implies (B.7).

Letd; = |b — 1| 4+ |y — 1]; by geometry

cos B =
(s —2s|b—1[sinZ + b — 11*) + (s> = 2sdysin § +d}) — |y — 1?

2\/(s2 —2slb—1|sinZ + |b — 1|2)\/(s2 — 25dy sin T + d2)

Let
—12S —1

T b—1|sin%’ BT

(1—1-9+ (A +d)col T —La?
JE= D2 +eol T/ —1—d) + (1 +d) cor 3

The minimum of the above function over 0 < ¢t < 0o, d < 0.1, 1s 0.9688749307,

but cos % = 0.9330127,s0 B < %

cos B =

O

PROOF OF PROPERTIES 5 AND 6: Recall that in our proof of Property 4, we
showed that there exist ¢ and b with 7 < ¢o < 7,0 < b < min{l, y}, so that on
£ =—ib—eMs

arg[P'e "] e (=6, 6,) C (—%, %) where 0 < 0,6, < 55

without loss of generality, we assume that 7/4 < 6,6, < 7 /2. Then it is clear
thaton & = —ib — e'Pg,

arg P’ € (m — ¢ — 01, (T — ¢) + 6,) .

Note that [7, 37”) C (r — ¢o — 61, (r — ¢po) + 6). On the real axis, arg P’ =

argi + %arg(y —i§) € 7 +(0,%) = (3, 37”). On the imaginary axis between
O and ib, arg P’ = % In all cases, on the boundary of the domain R, bounded
by the negative real axis, the imaginary axis between O and ib, and the line § =
—bi — s, we have arg P’ € (m — g — 01, T — ¢+ 65). On & = —bi — se'? for

¢ < ¢, as s — oo, we have

arg(§ +iy) — (m+¢), arg(§ —iy) = (=7 +9¢),
arg(§ +i) > (m +¢), argl —i) = (=7 +¢).
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So, as s — oo, arg P/ — 3—”—¢€(37”—¢0,37n). Soasé — ocoand € € R,

4
arg P’ € (37” — o, 37”) C (7, 37”). Using the maximum principle, arg P’ € (7 —

¢o — 01, T — ¢ + 6») everywhere inside the domain R ™.
Now if we choose P(&, —00) = {t 1t =& — ¢'%s,0 < 5 < 00}, it is clear on
P we have

d ,
E(Re P) = |P'|cos [arg(P'e” '™ %)] > 0,

_— >
& — 2i
where C can be made independent of y for y in a compact subset of (0, co). Hence
Property 6 follows.

Now to find P(€, —v) so that Re P decreases monotonically from £ to —v, we
use line Py = {t = & + ¢!%s, s > 0} where

d C
—Re P = |P|cos[arg P’ + ¢pp] < ——— < 0.
75 | P’| cos[arg $ol < E— 2]
This line intersects D at some point & € dD. Now clearly &; can be connected
to & = —v by P1(&;, —v) on a path coinciding with 0D so that Re P decreases
monotonically from &; to —v such that
d
——(ReP)> — > 0.
ds |E — 2i]
Then P(&, —v) = Po(€, &) + Py (&1, —v). Reversing this path leads to the desired
path P(—v, &) having Property 5. O
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