Week 9 Lectures, Math 716, Tanveer

1 Green’s function as a distribution

1.1 Laplace Operator

For the Poisson-Problem with homogeneous boundary condition:
Au=f for x€Q , u=0 on 00 (1)

we know that

u(xo) = | G(x,%0)f(x)dx (2)
Q
On the otherhand, if u is a test function with support inside €2, we have from using corollary 4
of week 8 notes that

u(xg) = / G(x,%x0)Au(x)dx = (u, AG(.,X0)) (3)
Q
Therefore, in the sense of distribution,
AG(x,%x9) = 0(x — xq) 4)

Therefore, we view solution (2) as a principle of linear superposition. In the physical context
(n = 3), it means that the potential caused by charge density f in a domain Q with boundary
at zero potential is given by a linear superposition of point charge potentials satisfying the same
boundary conditions, with a weighting proportional to the infinitesimal charge f(x)dx present
in a volume element dx at x.
Further, note that G(x,x¢) = Go(|x — x0|) + H(xX,Xg), where H is harmonic in x. It follows
that
AGo(|x = x0]) = 6(x — %) (5)

1.2 Heat Equation

Recall from last class that the source function:

n/2 2
_ (1 ]

§= (477/115) P [ 4/{15} (6)

satisfies
S = kAS for x eR™ ;t>0 ,with S(x,07)=d(x) (7

It can be shown (exercise) that

R(x,t) = S(x — x0,t —tg) for t >ty and R(x,t) =0 fort <to (8)

satisfies
R: — kAR = 6(x — x0)d(t — to) (9)



2 Wave equation

2.1 Solution in higher dimension through Spherical Means

Assume wu is a classical solution to the initial value problem for n-dimensional wave equation for
n > 2:

uy —Au=0 for x e R" for t >0 with u(x,0) = é(x) , u(x,0)=1(x) (10)

where ¢ € C2 and 1) € C!. Fort > 0, r > 0, we define U(x;7,t) to be the spherical average over
the surface of an n-dimensional ball B(x, ) of radius r, centered at x, and denoted by

1

Ueir =4 [ uvdy={  ulyody (1)
r JOB(x;r) OB(x;r)

where A, is the surface area of an n dimensional ball of radius . Note A, = na(n)r"~!, where
volume of the n-dimensional sphere is a(n)r™. It is to be noted that

lim U(x;r,t) = u(x,t)

r—0

from continuity of u. We can similarly define

G(x;r) —]ZaB(x;T)aﬁ(y, t)dy (12)

Hoer) = wlyitdy (13)
OB (x;r)
For fixed x, we regard U as a function of r and ¢. We claim

Lemma 1 For fized x, U(x;7,t) is a solution of the initial value problem:

n—1

Up—Upr— U-=0 for r>0, t>0 and U(x;7r,0) = G(x,r), Ul(x;r,0)=H(x,r) (14)

r
PROOF. For convenience, we depart from our usual convention and denote ‘surface area’ element
on the n-dimensional ball as dS. Symbol dSy, will denote surface area element in the variable y.
We note that

U(x;r,t) :]Z u(y,t))dSy :][ u(x +rz,t))dS, (15)
OB(x,r) 0B(0,1)
Therefore,
ou 1 ou
Ur(x;r,t :]Z Z-Vux+rz,td5z:][ —dS :—/ —dS.
( ) 9B(0,1) ( ) 0B O 0 Ar Jopen On Y
1 1

= — Auy,tdyzzi/ Au(y,t)dy, (16
A’I‘ B(x,r) ( ) na(n)r"—l B(x,r) ( ) ( )



Thus, using (10), it follows that

1
Un(xirt) = — d 17
(x ' ) na(n)rnil ~/B(x,r) oy ( )

and therefore,

1
na(n)

82 {r"flUr(X; T t)} = / up(y,)dSy = Uy (18)
r OB(x;r)

This gives the PDE for U given in the Lemma. Further, it is clear from definition of G and H
that U satisfies the given initial conditions. O

Theorem 2 (Kirchoff Formula for n =3)
The solution to the initial value problem for the three-dimensional dimensional wave equation
in free-space:

ug — Au=0 for x € R? for t >0 with u(x,0) = ¢(x) , u(x,0) = ¥(x) (19)

s gien by

ux )= {ewly + o) + (v~ %) Voy)} ds, (20
OB(x,t)

ProOOF.
If note that if we introduce transformation

Ux;r,t) =rU(x;r,t), G=rG, H=rH
Then, simple calculation shows
Uy —Upp=0 forr>0 , t>0, with U(r,0)=G(r), Uy(r,0)=H(r) ,U(0,t)=0

This is the Wave equation on a half-line with a homogeneous Dirichlet condition. As discussed
in Week 4 lectures (see equation (32) on page 4, with ¢ = 1) for 0 < r < ¢, we obtain

- - - 1 [rtt .

U(x:rt) = = [G(r 1) - G(t— r)} 42 H(y)dy
2 2 t—r

U (x37,5t)

Since u(x,t) = lim, o+ ——==,

u(x,t) = lim {% [é(r+t) —G(t - r)} + % /trjtﬁ(y)dy}

r—0t

= G'(t)+H(t) =0 (t]l ¢ds> +t][ »dS = 8, (t][ B(x + tz)dSz> +t][ ¥dS,
B (x,t) dB(x,t) 2B(0,1) 9B(0,1)

][83(0 . {tv(x+tz) + o(x+tz) + tz - Vo(x + tz)} dS, :][ {t(y) + d(y) + Voly) - (y —x)} dSy

8B(x,t)

O



Theorem 3 (Poisson Formula for n =2)
The solution to the initial value problem for the two-dimensional dimensional wave equation
in free-space:

g —Au=0 for x € R for t >0 with u(x,0) = d(x) , u(x,0) = (x) (21)

is given by
1 {to(y) + P9y +tly —x) - Vo(y)}
w0 =gf EETEEE “' 22

PROOF. We imbed the 2-D problem as part of 3-D problem. With X = (21, 22, 23), X = (21, 22),
(X, t) = u(x,t). Then u satisfies the 3-D wave equation with initial condition

$(%) = ¢(x) and P(X) = (x)

Then, we have from the 3-D calculation,

(X, t) = 0 t][ $dS +t][ ¥dS
OB (x,t) OB (x,t)

where B(%,t) denotes the ball in R?® with center X of radius ¢+ > 0, and dS denotes the two
dimensional surface measure. Now we observe that

— 1 _ )
][BB(;(,t) A7t? 0B (%.1) A2 Blx.t) ( )( ( ) )

where v(y) = \/t2 — |y — x|? for y € B(x,t). The factor 2 enters since 0B(X, ) consists of two
hemispheres. Computation shows that [1 + (V7)?]'/2 = t[t? — |y — x|?]~ /2. Therefore,

- t
][ gdS:_][ 9(y) dy:][ gx+tz) .
OB(%,t) 2) B /12—y —x|? B(0,1) /1 — |z|?

The rest of the theorem is straight-forward computation. O

2.2 Source solution for Wave Equation
We consider source solution S(x,t) that satisfies:
Sy = c*AS for x € R" | t€Rwith S(x,0)=0 ;S(x,0) = d(x) (23)

This is referred to as the Riemann problem. To find formula for S, let )(x) be any test function
and we define

ux.t) = [ Sty 00y (29

Then, assuming integration with respect to x and ¢ commutes with the integration with respect
to y, it follows that u satisfies wave equation as well, and satisfies initial conditions

u(x,0) =0, and wu(x,0) = P(x) (25)



From D’Alembert formula, the solution to this for n = 1 is given by

1 x+ct

we) = [ St =y 00ty )y

2c r—ct

Therefore, S(z — y,t) = 5 for y — € (—ct, ct) and 0 otherwise. Therefore,

1
S(z,t) = % for |z| <ct and 0 for |z|>ct fort>0 (26)
c

Similar formula can be found for ¢ < 0. Notice that if we replace ¢t by —t in the initial value
problem, it only reverses the sign of 1. Using Heaviside function H', we obtain

1
S(x,t) = 2—H(02t2 — 2?)sgn(t) (27)
c
For 1-D, the Riemann function is actually a function in the usual sense. This is not the case in
higher dimension, where it is a distribution.

Note from Kirchoff-formula that solution for ¢ > 0 for n = 3 is given by

o [ sy —ute) = [ Se-yauwdy = [ [ sty -xouds,
Tt JoB(x,t) R3 0 OB(x,r)

(28)
Therefore for ¢ > 0, S(x,t) = =2;6(|x| — ct). We can similarly analyze the solution for ¢ < 0,
noticing that that replacing ¢ by —t in the problem posed for S has the effect of switching its
sign. Therefore, for ¢t < 0, we must have S(x,t) = —#(715)5(|x| + ct). A uniform expression is
given by

1
S(x,t) = %5(|x|2 — *t)sgn(t)

In 2-D similar calculation using Poisson formula shows

1 _
S(x,t) = — (*t* — |x]?) Y2 for |x| < ¢t and = 0 otherwise
2me

3 Eigen Function Expansion for Green’s Function

3.1 Heat Equation

Consider Source solution to heat equation bounded domain 2 C R™ with homogeneous Dirichlet
Boundary conditions:

Sy =rkrAS for x€Q and S=0 on 990, with S(x,0)=d(x—x0) (29)
In terms of the S(x,Xo,t) the solution to the initial value problem

up = kAu for x € Q and w=0 on I, with u(x,0)= ¢(x) (30)

1Recall H(z) =1 for z > 0 and H(z) = 0 for < 0)



is given by
utx.t) = [ SGy.06()dy (31)
Q
On the otherhand, if we denote the orthonormalized eigenfunctions {X,,} ~, and corresponding

eigenvalues {\, },- , of the operator —A with homogenous boundary conditions on 92, we know
that solution to heat equation has the form

u(x,t) = Y exp[—Anht] X (x) (32)
n=1

where

n = (6.X,) = [ 06X, (x)ax (33)
Q

Then,

u(x, ) = ( ¢(y)Xn(Y)dy) exp [—Ankit] Xn(x) = < o(y) {ZXn(y)Xn(X)eA"“t} dy)
n=1 Q2 Q n=1

(34)

Therefore, it follows that under the assumption that the summation converges absolutely and
uniformly,

S(x,y,1) = > Xn(y) Xn(x)e Anrt (35)

Note, that this implies that in the sense of distribution, we must have

(x—y) =Y Xuly)Xn(x)

This is true for any complete ortho-normal basis.

4 Fourier Transform

Notation: For multi-index a = (a1, as, ..., o), with each a; € N, it is convenient to introduce
operator
D* =071 072....0;

The order of this operator is denoted by |a| = a1 + ag + .. + ap.

Definition 4 S(R™) be the space of all functions ¢ on R™ which are of the class C*° and such
that for any integer j > 0, |x|7|DY¢| < oo, for |a| = j. This is referred to usually as the

Schwartz class of functions.

Definition 5 A tempered distribution in R™ is a continuous linear functional on the class of

¢ € S(R™).

Remark 1 Note that every tempered-distribution is a distribution, but the converse is not true.



The Fourier transform of a continuous absolutely integrable function f on R™ is defined by

£(k) = FIAK) = @m)2 / exp [~k - x] £ (x)dx

n

In particular, this defines Fourier-Transform for every f € S(R™).

Theorem 6 If f € S(R™), then f € S(R™). Moreover, the mapping is continuous from S(R™)
to itself.

PROOF. We leave the proof to the reader. 0O

Theorem 7 Let g € S(R™). Then there is a unique f € S(R™) such that g = F[f]. Futhermore,

the inverse Fourier transform of g is given by

n

F(x) = (2m) > / % g () dk (36)

PROOF. Let Qpr = [—M, M]™, and let f be given by the above formula. Then, we find

F10 = 22 [ et = (2m) 2 [ eex [ mxg(m)anax

n

L sin M(T]Z — kz)

= lim / / X (n)dxdn = 7" lim g(n)dn
M—o0 m JQum M—oo Jpm iy i — ki
However, it is easily seen that as M — oo, mg(_#k) — md(n; — k;) in the sense of distribution.

Therefore, it follows that

k) = g(k)

An analogous caclulation shows that if g = h for some h € S(R™), then h = f as given by
equation (36). O

Theorem 8 Let f,g € S(R™), then (f,§) = (f,9).

PRrROOF. We have

(f,9) = | fx)g()dx = (2m)"/* / e /R 0™ dkx

R~ n

=2 [ g [ ek~ [ GEIf 00k = (7.9)

O

We now seek to give meaning to Fourier-Transform of tempered distribution.
Definition 9 Let f € 8'(R™). Then the Fourier transform of f is defined by the functional

(FLfl,¢) = (£,F'[g]) for ¢ e SR")



Remark 2 [t is not difficult to see that F is a continuous mapping from S’ (R™) onto itself. The
formulas for Fourier transform and its inverse still hold for tempered distribution.

Example We want Fourier-transform of § distribution. From definition

(Flo],0) = (6, F ' [¢]) = F'[9)(0) = (2m) "2 | ¢(x)dx

Rn

Therefore F[§] = (2m)~™/2, a constant.
Example The above relation is symmetric. since the Fourier-transform of 1 equal to (27r)"/ 28
since

(FlU],0) = (LF ') = | FHel(x)dx = (2n)"2FF1[g](0) = (27)"/¢(0)

Rn

Therefore, F[1] = (27)"/2§
Example: Let §(|x| — a) represent a uniform mass distribution on a sphere of radius a, i.e.

(6(x] — a), 6) = /| 900

Then,
FI5(1x| — )] (k) = (2m) "2 / kX g

|x|=a
For n = 3, using spherical polar coordinates, we get
2 sinalk]

T 27
Fl8(x| — a)](k) = (2m)~"/? / / e~ o8O gin Odpdl = | Za
o Jo T K]




