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Abstract

We introduce two notions of complexity of a system of polynomials p1,...,pr € Z[n]
and apply them to characterize the limits of the expressions of the form p(AgNT~P* (”)Al N

...NT7?P T(”)AT) where T’ is a skew-product transformation of a torus T<¢ and A; C T are
measurable sets. The dynamical results obtained allow us to construct subsets of integers
with specific combinatorial properties related to the polynomial Szemerédi theorem.
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0. Introduction

A. Configurations in sets of positive density

The Szemerédi theorem on arithmetic progressions ([Sz|) states that if a set £ C Z
has positive upper Banach density, then for any r € N, there exist integers a and n # 0
such that {a,a +n,a+ 2n,...,a+rn} C E. (We recall that the upper Banach density
d*(E) of a set E of integers is given by d*(F) = lmsupy_ /00 [EOMNI - When the

N—M+1
limit limpy— p7— o0 % exists we will denote it by UD(FE), for “uniform density”.)

*Bergelson and Leibman were supported by NSF grants DMS-0345350 and DMS-0600042.
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Szemerédi’s theorem has been extended to multidimensional “polynomial” progressions
([BL]). In particular, it was proven in [BL] that if py, ..., p, are integral polynomials (that
is, polynomials with rational coefficients taking integer values on Z) with p;(0) = 0 for
i =1,...,r, then any set £ C Z with d*(E) > 0 contains configurations of the form
C(a,n) = {a,a + p1(n),a + p2(n),...,a + p.(n)} with n € Z\ {0}. Moreover, in the
linear case as well as the polynomial case, the set {n € Z: C(a,n) C E for some a € Z}
is syndetic, i.e., this set meets any sufficiently long interval in Z. (See [F1] and [BM].)

The homogeneity condition, p;(0) = 0, in the formulation is quite essential. Thus
for p(n) = 2n + 1, a simple non-homogeneous polynomial, the 2-element configuration
{a,a + p(n)} does not appear in E = 2Z or E = 2Z + 1. (By a change of variables
qi(n) = p;(n — ng) the homogeneity condition can be replaced by the condition that the
polynomials vanish simultaneously for some ng € Z.)

It is significant that the foregoing counterexample to existence of a non-homogeneous
configuration is rooted in a “non-randomness” displayed by the set . We will be giving a
precise definition of “randomness” of a set of integers, and for sets E with this property and
d*(E) > 0, every non-trivial polynomial progression type will occur in E. (A polynomial
progression type is trivial if for some i # j, p; — p; = const.) For sets with only the
condition d*(E) > 0, the existence of a specific non-homogeneous configuration depends
on the configuration in question. For example, as we will see, one can produce a set E
with UD(E) > 0 so that all linear 2-term configuration occur (and moreover, do so in
abundance) but some linear 3-term configurations do not occur.

The length of the configuration plays a role here and the foregoing example is gener-
alized in the following.

Proposition 0.1. Let r € N, let by,bs,...,b,. be distinct integers, and let m € N and
l €Z,1# 0modm. There exists a set E with UD(E) > 0 such that
(i) For any integers by, b5,...,b._y, m' € N and ' € Z the set

N'={neZ:{a,a+bi(mn+1),a+by(mn+l),...;a+b,_(mn+1)} CE
for some a € Z}

18 syndetic, but
(ii) the set

N={neZ:{a,a+b(mn+1),a+by(mn+1),...,a+b.(mn+1)} CE
forsomeaEZ}

1S empty.

One can ask quite generally if for two kinds of configurations there exists a set of
positive upper density containing configurations of one kind but not of the other kind.
We will give a partial answer to this based on an appropriate notion of the “complexity”
of a polynomial configuration, for which, given polynomial systems P = {pq,...,p,} and
Q ={q,...,qs} of different complexity, there exists a set E with UD(E) > 0 containing
one configuration but not the other. To each system of homogeneous (vanishing at 0)
polynomials, P = {p1,...,p,} we asign a complexity index and determine a particular set
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FEp of positive density for which this complexity index will play a role. Namely, there will be
a non-homogeneous version of a P-progression, specifically, C(a,n) = {a7 a+ py(mn+1),
a+ pa(mn +1),...,a + p.(mn + l)} for some m,n # 0 so that no C(a,n) appears in
Ep with n # 0, while at the same time, for every polynomial system @ = {qi,...,qs}
of complexity less than P, the analogous configurations C’(a,n) = {a,a + q1(mn + 1),
a+ g(mn+1),...,a+ qgs(mn+ l)} appear in Ep for a syndetic set of n € Z for every
choice of m and [. The foregoing can be strengthened and we can speak of arbitrary
“composite Q-configurations” {a,a+q(h(n)),a+g2(h(n)),...,a+qs(h(n))} for any non-
constant integral polynomial A, and these too will be found in Ep, when the complexity
of @ is less than that of P, for a syndetic set of n.

Remark. As a matter of fact, we will find it convenient to introduce not one but two
complexity indices, W(P) and V(P) (Weyl complexity and Vandermonde complexity).
The reason for doing so and the pertinent details will be clarified in the ensuing discussion.

B. Dynamically defined sets of integers

As in the ergodic theoretical proof of Szemerédi’s theorem (as well as its extension to
polynomial progressions), the analogy between sets of integers with positive upper Banach
density and subsets of positive measure in the state space of a dynamical system plays a
role in the present discussion, and the sets Ep referred to in the foregoing section will be
defined using certain dynamical systems called Weyl systems. We will not be using ergodic
theoretic techniques explicitly, but some important ergodic theoretical ideas underly the
construction which we will try to explain in this section.

We recall that an ergodic system (X, B, u,T') consists of a probabilty space (X, B, i)
and an (invertible) measure preserving transformation 7: X — X having no nontrivial
A e B (0< u(A) < 1) invariant. Ergodic systems form a plentiful source of sets of integers
of positive density. By the ergodic theorem, if A € B has u(A) > 0, then for almost every
x € X the visiting time set E(A,z) = {n : T"z € A} has density equal to u(A), and
particularly d*(E(A,z)) > 0. A simple but crucial observation is that outside of a (fixed)
set of measure 0 of points x € X, a configuration C'(a,n) = {a, a+pi(n),a+pa(n),...,a+
pr(n)} will occur in E(A, z) if {p1(n),p2(n),...,pr(n)}nez is a “recurrence pattern” for
A, i.e., if for some n

p(ANTPM™AN... AT Pr™A) > 0. (0.1)

The initial a is determined by the condition 7%z € ANT P MAN ... AT P (™MA and
thus (for a.e. x) forms a set of positive density. A converse of the foregoing is also valid:
if ANT-P1MAN...NT P (™A = (rather than just a set of measure 0) then clearly
C(a,n) cannot occur in any F(A, x). This makes it plausible that sets of the form E(A, x)
will play an important role for our purposes.

The notion of recurrence patterns for ergodic systems has been studied extensively,
and it is known ([B]) that for the class of weakly mixing (WM) systems, these include all
polynomial configurations (homogeneous or not) provided the p; have positive degree and
do not differ by constants. We can now give a precise definition to the notion of randomness
of a set E alluded to in §A. We call E a WM set if E = E(A, z) for an invertible WM system

(X, B, u, T) where x is “generic” for (X, Ba, p,T); that is, % 2521 1g(T"x) — p(B) for
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every set B € By, the algebra of sets spanned by {T" A}, cz.

For general ergodic systems it has been shown ([BL]) that any system of homogeneous
polynomials forms a recurrence pattern, and this underlines the fact that homogeneous
progressions occur for any F with d*(E) > 0. (Here E need not have the form E(A,x)
exactly as above, but this will hold for an extended notion of genericity.)

In this paper we confine ourselves to the Weyl systems. A Weyl system is an ergodic
system (X, B, u, T') where X is a compact commutative Lie group (which is either a torus
or the product of a torus and of a finite commutative group) and T is a unipotent affine
transformation thereof. To motivate the special role of Weyl systems in our discussion,
it will be instructive to make reference to the notion of characteristic factors for non-
conventional ergodic averages ([HK1] and [Z]). Recall that a factor (Y,D,v,S) of an
ergodic system (X, B, u,T) is an ergodic system with a measurable, measure preserving
map m: X — Y satisfying moT = Som. One says that (Y, D, v, S) is a characteristic factor
of (X, B, u,T) for the pattern {pi(n),...,pr(n)} ez if for any set of functions fi,..., f, €
L>(X) and their “projections” fi,..., f. € L=(Y),

N
1
i p1(n) pr(n)
N—111\4m—>ooHN_ M Z [(T z)... fr(T )
n=M-+1
1 N
_ Forri(m) gy f TPr(n) ‘ —o.
N-M n:%—kl il #)e Il 7) L2(X)

The consequence of this relevant for our purposes is that for a system (X, 5B, u,T) and a
characteristic factor (Y, D, v, S)

N
1
] —p1(n) —pr(n)
N_hm — _E 2 w(ANT An...NnT A)>0 (0.2)

for every A € B with pu(A) > 0 if and only if

1
lim

N
> wBnsMBA...NSPMB) >0 (0.3)
N-M—co N — M Sy

for every B € D with v(B) > 0.

A second fact relevant to us is the fundamental result in [HK1] and [Z] asserting
that, for any linear pattern, every dynamical system has a characteristic factor which is a
nilsystem or an inverse limit of such (a pro-nilsystem). A nilsystem is a system (Y, D, v, S)
where Y is a homogeneous space G/I" of a nilpotent Lie group G and I' is a co-compact
subgroup of G, and there is an element g € G so that S(zI') = gzI" for each x € G. Let
G2 = |G, G| and G| = [G;_1,G] for | > 2; we define the “level” of a nilpotent group G as
the first [ such that G;41 = {1}. In [HK1] and [Z], for every system X and every k € N a
natural factor with the structure of a level k pro-nilsystem is constructed; we will call it
the kth HKZ factor of X. Tt is proven in [HK2] and [L1] that for any system X and any
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“polynomial pattern” P = {pi(n),...,p.(n)}, a certain HKZ factor of X is characteristic.
The minimal k such that for every system X the (k—1)st HKZ factor of X is characteristic
with respect to P is called the complexity of P = {p1,...,p,} and is denoted by C(P).
The Weyl complezity of P, W(P), is the complexity of P measured with respect to Weyl
systems only; it is an open question whether W (P) may differ from C(P).

Suppose now that F(A,x) is a dynamically defined set corresponding to a system
(X,B,u,T), and that ANT P (M AN. . . AT, ("A = for all n. Then (0.2) does not hold
and if (Y, D, v, S) is a nilsystem which is a characteristic factor for {p1,...,p,}, we will have

for some B € D with v(B) > 0, w57 ZT]:]:MH pw(Bns—rmp  g—rMp)y s 0,

N—-M—oco

This implies that for most y € Y, E(B,y) will be a set of positive density in which
configurations {a,a+pi(n),...,a+p,(n)} are rare, and it makes it plausible that for some
y they will be absent entirely from F(B,y). If this heuristic principle is valid then we
can restrict to sets defined by nilsystems to obtain sets of positive density where certain
polynomial progressions are absent. We remark now that Weyl systems can be viewed as
a special class of nilsystems (see Section 3 below) and it will be shown in the sequel that
these special systems will be adequate for our purposes. In the examples constructed from
Weyl systems we will find a dichotomy: either a polynomial progression does not occur
at all (nontrivially, i.e. not in the form (a,a,...,a)), or it occurs in “abundance”. In the
latter case the corresponding configurations C(a,n) occur in E with “positive density” of
(a,n). This will accord with the dynamical property inherent in (0.2).

In a way, Weyl systems form a rather natural class of ergodic systems for the task at
hand. Indeed, it follows from [B] that dynamically generated WM sets (namely, the visiting
time sets coming from weakly mixing systems) contain all possible polynomial configura-
tions of the form {a,a + p1(n),...,a + px(n)} provided the (not necessarily homogeneous)
polynomials p; are not constant and do not differ by constants. Now, weak mixing is
characterized by the absence of a Kronecker factor, namely the factor that is formed by a
rotation on a compact monothetic commutative groups. It follows that dynamically gen-
erated sets of positive density with non-trivial combinatorial properties of the sort we are
interested in should come from ergodic systems having nontrivial Kronecker factor. Since
the Kronecker systems allow one to construct sets with rather restricted combinatorial
properties (see the remark after Theorem 0.6 below), one is led to dealing with extensions
of Kronecker systems, and Weyl systems form the simplest class of extensions which is
sufficient for achieving the stated goals.

The actual calculation of W (P) for a system P of polynomials will be carried out
algebraically and we will find that a related calculation leads to another measure of
complexity which we call Vandermonde complezity and denote by V(P) (see Section 4).
Our analysis will show that this parameter also plays a role in measuring the “size” of
{(a,n) : C(a,n) C E}. The minimal complexity V' = W =1 is achieved by linearly inde-
pendent systems of polynomials. Roughly speaking, the more linear relations are between
polynomials py, ..., p, and their powers p¥,...,p¥ k € N, the higher is the complexity of
the system {p1,...,p,}, and the more difficult it will be to have associated configurations
in a given set of integers.

Here are some values of complexities of polynomial systems:

1. V(p1,...,pr) = W(p1,...,pr) = 1if the polynomials p; are linearly independent;
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2. V(bin,ban, ..., byn) = W(bin,ban,...,b.n) = r, and V(b1p(n),bap(n),...,by.p(n)) =
W (bip(n),bap(n),...,b.p(n)) = r for any nonconstant polynomial p and any nonzero dis-
tinct integers by, ..., b,;

3. V(n,2n,n?) =2 and W (n,2n,n?) = 3;

4. V(n,2n,n3) = W(n,2n,n3) = 2.

(See Section 5 for details.)

C. Formulation of main results

Let (X, B, u,T) be a Weyl system. To make the discussion in this introduction more
concrete, let us restrict ourselves to a standard Weyl system (X, T'): X is the d-dimensional
torus T¢ and T'(z1,2,...,2q4) = (x1 + @, 20 +21,..., g +2q_1), (T1,...,24) € X, where
«a € Tisirrational. Fork=1,...,d+1,let L; = {(O, cey 0, 2p, o 1) € X}, and let Xj_1
be the factor-torus X /Ly (with the canonical projection X — Xj_1). One can show (see
Section 3) that the tori X;, Xs,... are the HKZ factors of (X,T). Let P = {p1,...,pr}
be a system of (distinct) integral polynomials with zero constant term; then W (P) = k iff
X1 is a characteristic factor for P, and we have:

Theorem 0.2. (See Proposition 6.2 below.) Let k = W(P) and let Ao, ..., A, be measur-
able subsets of X independent of Xx_1. Then

N T
1
. — (n) - 'r(n) —_ .
N_hrn _Mn_g Jrl,u(AOﬁT pmAIN...NT™P AT) —J:lo,u(Az).

One can also show (see Lemma 6.3) that the (k — 1)st factor X;_1 is “optimal” in this
theorem and cannot be replaced by Xjx_o.

The next, k-dimensional factor-torus X = X/Lgy1 of X is characteristic for P in a
stronger sense:

Theorem 0.3. (See Proposition 6.5 below.) Let k = W (P) and let Ao, ..., A, be measur-
able subsets of X independent of Xi. Then

lim p(AgNT P MA N AT P MAY) =T] n(4).
=0

n—oo

Lemma 6.7 says that, again, X} cannot be replaced by Xj_; in this theorem.
Turning to the Vandermonde complexity, and interpreting X as the direct sum Xj_1®
Ly, for any k, we have the following:

Theorem 0.4. (See Proposition 6.9 below.) Let k = V(P) and let A; = X1 X I;,

t=0,...,r, where Iy, ..., I, are subsets of Ly of positive measure. Then
1 N
; —p1(n) —pr(n)
yim > w(AnT WA N NT M A4,) > 0.

n=M-+1

Again, Xj_o does not work for this theorem, at least for a nonconnected Weyl system;
this follows from Proposition 7.5.



The reader will find an example illustrating the above results at the beginning of
Section 6.

The Weyl and Vandermonde complexities induce a hierarchy on the set of all systems
of polynomials so that, applying the dynamical method to a suitable Weyl system, one can
construct a set of integers which contains many configurations corresponding to systems
of smaller complexities and no configuration of a certain form corresponding to a system
of larger complexity. In order to give a more precise formulation of our results let us first
introduce some notions describing the “largeness” and the “regularity” of occurrences of
polynomial configurations in a set of integers.

For a set of integers F, we will say that E has uniform density o and write UD(FE) = «

if the limit limpy o0 |E|$¢J|V | exists and equals « for every Folner sequence {®yn}in Z.' For
a sequence of real numbers «,, we will write UC’ lima,, = aiflimy_ |<D | Z%@N a, =«

for any Fglner sequence {®x} in Z. Let E C Z have positive uniform density. Let P =
{p1,...,pr} be a system of integral polynomials. We will say that FE is UC-positive with
respect to P (“UC” for “Uniform Ceséro”) if UD({a € Z : a,a+pi(n),...,a+p,(n) € E})
exists for all n € Z and

UC-limUD({a € Z:a,a+pi(n),...,a+pr(n) € E}) >0,

that is, the UC-limit exists and is positive. (In particular, this implies that there exists
0 > 0 such that the set of n for which

UD({aGZ:a,a+p1(n),...,a+pr(n) GE}) > 0

is syndetic in Z.)
We will say that E is UC-balanced with respect to P if

UC-limUD({a € Z:a,a+pi(n),...,a+p.(n) € E}) =UD(E)"*".

(In particular, this implies that for any € > 0 the set of n for which
UD({CL €Z:a,a+pi(n),...,a+p-(n) € E}) > UD(E)’"‘H e

is syndetic in Z.)

1 We recall that a Fglner sequence in Z is a sequence (® ) of finite sets ® y C Z with the
property that limpy_, o % = 0 for every n € Z. At the beginning of Introduction we

defined the uniform density of a set £ C Z as limy_ pf— oo DEVQ[—W; it is not hard to see that the

definition involving Fglner sets is only ostensibly more general. Indeed, a momentary reflection
reveals that, given a Fglner sequence {®y} in Z, one can construct another Fglner sequence
((I)N) with the properties (i) for each N, ®, is a disjoint union of intervals, Dy = UZ 1IN,

with minizl |In,i| — o0 as N — oo; and (ii) % — 0 as N — .



Finally, we will say that E is balanced with respect to P if

lim UD({a €Z:a,a+pi(n),...,a+p,(n) € E}) =UD(E)"!

n—oo

(this implies that for any £ > 0 one has
UD({a€Z:a,a+pi(n),...,a+p,(n) € E}) >UDE) T —¢

for all but finitely many n € Z).
Our main combinatorial result is that using Weyl systems one can construct a set
of integers with strong combinatorial properties:

Theorem 0.5. (See Theorem 7.1 below.) Let {p1,...,p.} be a system of integral poly-

nomials with zero constant term and let k = V(p1,...,pr). There exists a set E C Z of
positive uniform density such that
(i) for any system {qi,...,qs} of integral polynomials with zero constant term and with

Vigi,...,qs) < k and any nonconstant integral polynomial h, the set E is UC-positive
with respect to the system {qi(h(n)),...,qs(h(n))};

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,...,qs) < k, any nonconstant integral polynomial h and any integers ci,...,cs, the
set E is UC-balanced with respect to the system {qi(h(n)) +c1,...,qs(h(n)) + ¢ };

(iii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q1,-..,qs) < k — 1, any nonconstant integral polynomial h and any integers cy,...,cs,
the set E is balanced with respect to the system {q1(h(n)) + c1,...,qs(h(n)) + ¢ };

(iv) there exist nonzero integers m and l such that E contains no configuration of the form
{a,a+pi(mn+1),...,a+p.(mn+1)}, a,n € Z.

Remark. The reader may notice that the assertion (i) of Theorem 0.5 is “weaker” than
the assertions (ii) and (iii), since the “shifting” constants ¢; are absent in it. It is not clear
whether a “shifted” version of (i) is true; the methods employed in this paper do not allow
one to get such a result. (See the remark after Proposition 6.9 below.)

The integers m and [ appearing in the formulation of Theorem 0.5 are not arbitrary (for
instance, [ cannot be divisible by m because in this case the polynomial Szemerédi theorem
guarantees the existence of corresponding configurations). In general, these m and [ depend
on the system P = {pi,...,p,} (see Theorem 7.2). However, when the system P consists
of linear polynomials p;(n) = b;n, i = 1,...,r, the foregoing nondivisibility restriction is
the only restriction that cannot be avoided. This fact is reflected in the following theorem
which, while similar in spirit to Theorem 0.5, has a different arrangement of quantifiers.

Theorem 0.6. (See Corollary 7.4 below.) For any r,m > 2 there exists a set E C Z of
positive uniform density such that

(i) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Vi(gi,...,qs) <r and any nonconstant integral polynomial h, the set E is UC-positive with
respect to the system {qi(h(n)),...,qs(h(n))};

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,...,qs) < r, any nonconstant integral polynomial h and any integers ci,...,cs, the
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set E is UC-balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + cs};

(iii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,...,qs) <r—1, any nonconstant integral polynomial h and any integers cy,...,cs,
the set E is balanced with respect to the system {q1(h(n)) + c1,...,qs(h(n)) + cs};

(iv) E contains no arithmetic progressions of the form {a,a+ (mn+1),...,a+r(mn-+1)},
a,n,l € Z, with | not divisible by m.

Remark. It is natural to inquire whether our examples can be constructed by utilizing
Kronecker systems (rotations on compact commutative groups) which form a rather par-
ticular subclass of Weyl systems. It turns out that some special cases of the situation
described in items (i) of Theorems 0.5 and 0.6 can indeed be obtained (albeit in a very
cumbersome way) with the help of Kronecker systems. On the other hand the closer
scrutiny reveals that Kronecker systems can not provide the more complicated examples
which appear in the formulations of these theorems.

The paper is organized as follows. In Section 1 we give a detailed description of the
dynamical method that will be used throughout this paper. In Section 2 we introduce some
linear algebra notation related to a system of polynomials. In Section 3 we define Weyl
dynamical systems and discuss their elementary properties. In Section 4 we introduce the
Weyl and the Vandermonde complexities of a system of integral polynomials; in Section 5
we describe their properties and give examples. In Section 6 we obtain measure-theoretical
results similar to Theorems 0.2, 0.3, and 0.4. In Section 7 we prove (somewhat more precise
versions of) Theorems 0.5 and 0.6.

Acknowledgement. We thank H. Furstenberg for constructive criticism and numerous
useful suggestions.

1. Orbit of the diagonal

As we have already mentioned in the Introduction, the ergodic approach to com-
binatorics, which goes back to Furstenberg’s seminal paper [F1], establishes a two-way
connection between the family of sets of integers satisfying d*(S) > 0 and the family of
visiting time sets E(A,x) in ergodic measure preserving systems. In one direction, this
connection is manifested by Furstenberg’s correspondence principle which is behind the
derivation of Szemeredi’s theorem from a corresponding multiple recurrence result. In the
other direction, this connection provides a natural method of creating sets of integers with
preassigned combinatorial properties. We will now describe this method in some detail.

Let (X, B,u,T) be an ergodic Borel measure preserving system on a compact space
X, let A be a measurable set in X with pu(A) > 0, let g € X, and let P = {p1,...,p,} be
a system of integer polynomials (or, at this stage, a system of integer valued sequences).
Define E = {n eN:T"xy € A}. Then for a,n € N we have

ac EN(E—-pi(n))n...n(E—p;(n))iff a,a+pi(n),...,a+pr(n) € E
i T, TOTP (MW gy, . TP (Mg € Aiff Tozg € ANT P MAN ... AT A

Thus, for any n € N, the set E,, = {a ca,a+pi(n),...,a+p.(n) € E} is the same as
{a:Tc € ANT-PMWAQ... QT2 A).
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Let Axri1 = {(x) T € X} be the diagonal in X"*!. Consider the “polynomial

T

0
TP1(") g0y

o z
action” g(n) <m1) = ( : ), n € N, on X"*! corresponding to the system P =

@ Trr(n) g

{0,p1,...,p-} and let (’)(ﬁ, Axri1) = U,en9(n)Axri1 be the “orbit” of Axri1 under
this action. Then, for n € N,

TOxo, TP Mg, TPr(M g e A o, TP (Mg . TPr™y e A for 2 = T
iff g(n) (9&) € A" only if g(n)Axr1 N AT £ () only if O(ﬁ, Axri1) NA™TL £ (.

T

So, a configuration of the form a,a + p1(n),...,a + p.(n) is contained in E only if
O(P, AXT+1) N A™t1 =+ 0.

On the other hand, let pa , ., be the measure on Ayr+: induced by the measure
poon X, that is, pa ., (Ao x A1 x ... x Ap) = (Ao NAN...NA), A € X. Sup-

pose that fip(Ag X ... x A.) = Umn_1—co 3257 Somenrps IHA oy (Ao X oo X Ay)
exists for any measurable Ag,..., A, C X (it does if P is a system of polynomials — see
[HK2] and [L1]); then jip is a probability measure on X" ! supported by the topological

closure O(P, Axri1) of O(P,Axr1). Now assume that the set A”*! has “substantial
intersection with (’)(ﬁ, Axr+1)”, namely, suppose that fip(A™!) = 6§ > 0. This means
that limy_ a/— oo 757 ij:M—i—l ta i (g(n)"LATT) =6, or equivalently,

N
1
; —p1(n) —pr(n) 4\ —
G im _E +1u(AmT AN...NT A) =6.

For S C Zlet d(S) denote, if it exists, the density of S, d(S) = limy—oc % [SN{1,...,N}|.
Choose our point xg so that for any set B of the form B =T AN...NT“A, ¢1,...,c; € Z,
one has d({a : Ty € B}) = p(B). (This is always possible when T is ergodic by the
ergodic theorem.) Then for every n € N, d(E,,) = p(ANT 7 MWAN...NT~P ™ A4) and

hence limy_, % Z,f:[:l d(E,) = 6. So, not only E contains configurations of the form
{a7 a+pi(n),...,a+p, (n)}, but contains many such configurations, and they occur in E
quite regularly.

This suggests how one can attempt to construct a set £ C 7Z which contains no
configurations {a, a+pi(n),...,a +pr(n)} and many configurations {a, a+qi(n),...,a+
qs(n)} for another system @ = {q¢1,...,¢s} of integral polynomials: it suffices to find a
dynamical system (X, T) and a set A C X such that fig(A*T!) > 0 whereas fip(A™1) > 0.

Then one chooses a “typical” point xy of A and defines F to be the set of return times of
xoto A, E = E(A, x9).

10



2. Span and Rank of a system of polynomials

Let us first introduce some linear algebra notation. Given a finite system of vectors

ai a1k a1,
( : ), , ( : ) € R", we will denote, for short, the subspace span{ ( : >, 1=1,..., k}

Ar k Qr g
ai,1 ai1,2 ... a1,k
of R" by span ( N : ) We also will write

Ar,1 Q2 v Gp ke
a1 a1,2 ... a1k a1 a1,2 ... a1k
rank(S : E)zdimspan(i : )
Ar 1 AQr 2 ... Qr k Ar1 Ar2 ... Qr k
Given r real-valued polynomials g1, ..., q, with zero constant term, we will denote by
q1 q1
R-span ( : ) (“R” for “range”) the subspace of R” spanned by the range of ( : >:

dr qr
T q1(z)
R—Sp&ﬂ(i)zspan{( : ),xGR}.
ar qr(2)

For polynomials ¢; j, 1 =1,...,7, j =1,...,k, with zero constant term, we define
d1,1 91,2 --- 91,k q1,1 q1,2 q1,k

R—span( 2 : ) :R—span( : ) ~|—R—span< : ) +...+R—Span( : )
qr,1 4r,2 --- Q'r,k: qr,1 qr,2 Q'r,k:

q1,1 91,2 --- 91,k q1,1 91,2 --- 91,k
R-rank | : i | =dimR-span | : : Eo.

qr,1 4r,2 --- Q'r,k qr,1 4r,2 --- 4r,k

and

Clearly, we have

q1,1 91,2 --- 41,k
Lemma 2.1. The R-span and R-rank of a polynomial matriz < Pl : ) are nvari-

dr,1 q;,Z <o drk
ant under column operations (that is, multiplying a column by a nonzero constant or a
nonzero polynomial, and adding one column to another) on the matriz.

The following lemmas will be utilized below for finding the R-span of a polynomial
matrix:

Lemma 2.2. Let g; ; be polynomials with zero constant term and deggq; ; < d for all i,j.
Then

41,1 91,2 --- 91,k q1,1(z) ql,2(2r) Q1,k(36)
(i) R-span < : : ) is spanned by the values of ( : : : > at any dis-
qr,1 dr,2 - dr.k qr,l(m) qr,2(x) qu(fﬂ)
tinct nonzero x1,...,xq € R:
q1,1 91,2 --- q1,k q1,1(21) - qu k(1) @11(w2) - g1 k(22) - q11(%a) - @1,k (Td)
R—span( N : )zspan( : : : : : : )
qr,1 4r,2 - Qrk qr1(x1) .. @rk(21) @r1(z2) oo @rk(22) oo @ra(Ta) - @rk(2a)

q1,1 91,2 --- 91,k

q1,1 91,2 --- 41,k
(ii) R-span | : ¢ | is spanned by the coefficients of | ¢ f)sif g () =

qr,1 4r,2 --- 4r k qr,1 4r,2 --- Qrk

Ci 1T+ ...+ Ci,j’dib‘d, cij1 € R, then

q1,1 91,2 --- 91,k ¢1,1,1 .-+ C1,1,d €1,2,1 --- C1,2,d -+ C1l,k,1 --- C1,k,d
R-span | @ ¢ | =span : : : : : ).

qr,1 9r,2 --- Qr k Cr,1,1 +++ Cr1,d Cr,2,1 --- Cr2.d «++ Crk,1 --- Crk.d

11



(iii) More generally, let hy,..., h; be linearly independent polynomials without constant
term such that g; ; are their linear combinations: q; j = b; j1hi + ...+ b; 1l bij+ € R.
Then

q1,1 91,2 --- 91,k bi1,1 .- br1i b2 b2 ce b1 k1 - b1k
R-span | @ : ¢ ] = span : : : : : R

qr,1 9r,2 --- dr,k br1,1 ... br,l,l bro1 ... b»,w,27l cee br,k,l br,k,l

Proof. (i) follows from Lagrange’s interpolation formula for polynomials of degree < d.
(ii) is a special case of (iii).

Here is the proof of (iii): for j =1,...,k define B; = (

bij,1 .. b1
: : . Then

brj,1 - by

qi,j q1,5 () hi(z)
R—span(i)zspan{( : >,xER}:span{Bj< : ),xER}
qdr,j qr,j (13) hl(x)

hi ()
szspan{( : ),xER}:Ble:spanBj.

hi(x)
So,
q1,1 91,2 --- 41,k k q1,1 k
R-span | : )= g R-span| : | = E span B;.
qr,1 4r,2 --- Q'r,k ) qr,1 R
Jj=1 J=1

As a corollary, we get:
Lemma 2.3. Let ¢;; be polynomials with zero constant term, let h be a moncon-

d1,1 - 41,k
stant polynomial, and let §; ;(x) = q; ;(h(x)) — q;,;(R(0)). Then R-span ( K ) =
Gr e 1 dr,1 --- 4rk
R—span( : : )
qr,1 -+ 9rk
Proof. It is enough to check this for £ = 1, that is, to show that, for integral polynomials
q q
q; with zero constant term, R-span ( 21) = R-span < §1>. It follows from Lemma 2.2(i) that
G qr
41 q1(z+h(0))—q1(h(0))
R—span(i) :span{( : ), mGR}, and we have
qr gr(z+h(0))—g-(h(0))
q1(z+h(0))—q1(h(0)) q1(z)—q1(h(0))
span{( : ),wER}:span{( : ),xGR}
qr(m+h(0))_QT(h(0)) QT(x)_qr(h(O))
q1(z)—q1(0) q1(x) ¢
:span{< : ),xGR}:span{< : ),acE]R =R—span<5>.
ar(7)—gqr(0) qr(z) qar

(The second equality stems from the fact that for any system of vectors V and any v, v’ € V
one has span(V —v) =span(V —v').) n

12



3. Weyl dynamical systems

A Weyl system is a dynamical system (X,T') where X is a compact commutative Lie
group and T is an affine unipotent transformation of X (that is, Tz = ¢(x) + a where
a € X and ¢ is an automorphism of X satisfying (¢ — Idx )¢ = 0 for some d). A natural
example of a Weyl system is given by the system (X,T) where X = T! x Z, T = R/Z and
Z is a finite Abelian group, and

-1
T(x1,...,x,2) = (acl +or, xo+moiz F g, Y M o, 2+ w),

a; € T, mj; € Z and w € Z. When X is connected (and so, is a torus) we will say that
(X,T) is a connected Weyl system.

Any closed subgroup M of X is, topologically, either a torus or a union of finitely
many tori, and is a single torus if connected. We will call a subtorus of X any translate
x 4+ M of a closed connected subgroup M of X.

Clearly, the product of several Weyl systems is a Weyl system.

A Weyl system possesses a sequence of natural factors: for k = 1,...,d let Ly =
ker(p — Idx)9 %*! and Xj,_; = X/Ly; then the projection maps m: X — X, k =
0,...,d — 1, commute with the action of T. The natural factors Xz, &k = 1,...,d, are

the HKZ factors for the system (X,T). Indeed, a Weyl system (X,T) can be viewed
as a nilsystem: if we define a group G as the extension of the torus X by the group of
automorphisms of X generated by ¢, then G is a nilpotent (nonconnected) Lie group,
and X is a homogeneous space of G with T' = ¢ 4+ a being a translation on X. Under
this interpretation, the sequence G = (L1,9) O Lo DO ... D Ly is the lower central series
of G. Tt is proved in [Z], Lemma 6.58 that the k-th natural factor X = X /L4 is the
characteristic factor of X for all systems of k linear integral polynomials, that is, the
(k 4+ 1)-st HKZ factor. (See [L2].)

A Weyl system (X, T') has good ergodic properties: if T is ergodic, then the orbit of
every point is uniformly distributed in X; if 7" is not ergodic, then the closure of the orbit
of any point is a coset of a closed subgroup of X, and the orbit is uniformly distributed in
this coset. Moreover, “polynomial orbits” of points, and even of subtori of X, also possess
an analogous property.

Let us be more precise. Recall that for a set £ C Z we write UD(E) = «

if the limit lImpy_ |E|‘gi1|\’ | exists and equals « for every Fglner sequence {®x} in
Z, and for a sequence {f,}necz of real numbers we write U C;;lim By, = [ if the limit

lim v o0 @—11\]' Y ncay Bn exists and equals 3 for every Fglner sequence {®y} in Z. For a
torus (or, more generally, a compact commutative Lie group) M we will denote by pps the
normalized Haar measure on M if M is a closed subgroup of X and x € X, we will denote
by fiz+a the image of pups by the translation by x. We will say that a sequence {x, }nez
(in a, potentially, “larger” space X D M) is well distributed in M if z,, € M for all n, and
for any continuous function f on M one has U Cﬁhm flzn) = [ a J dpar. More generally,

we will say that a sequence of tori {D,, } ez is well distributed in M if D,, C M for all n,
and for any continuous function f on M one has UC-lim [, fdup, = [,, f dpn.
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Let P = {p1,...,pr} be a system of integral polynomials with zero constant term.
For a point y € X" we will denote by O(P,y) the orbit of y under the action of P, that

TP1(n)
is, O(P,y) = {( : )y} . For a torus D C X" we will denote by O(P, D) the orbit
T:Dr(") nez

TP1(n)
of D under the action of P, that is, O(P,D) = Unez< : )D. O(P, D) will stand
Tp'r(n)

for the topological closure of O(P, D). We will also denote by P the “extended system”
Idx

{0,p1,...,pr} and by (’)(ﬁ, y) and O(]S, D) the orbits { (Tpl:<n)> y} and, respectively,
nez

e (n)
Idx
TP1(n)
UnEZ ( : )D
TP'I‘(")

For a vector u € R! we will denote by umod 1 the image of u in T! = R!/Z!. If N
is a rational subspace of R! (that is, a subspace defined by linear equations with rational
coefficients), then N mod 1 is a subtorus of T'.

The following fundamental fact is a direct consequence of the classical Weyl’s work
on uniform distribution ([We|) (modulo the easy modification that upgrades Weyl’s results
from uniform to well distribution).

Theorem 3.1. Let q1,...,q be real-valued polynomials with zero constant term. The

q1(n)
closure of the sequence { < ) mod 1} is a disjoint union of finitely many subtori of
nez

qi(n)
T!. If this sequence is dense in a single subtorus (which may coincide with T'), then it is
well distributed in this subtorus.

Let (X,T) be a connected Weyl system and let P = {p1,...,p,.} be a system of
integral polynomials. It is easy to see that the orbit O(P,y) of a point y € X" under
the action of P is described by a polynomial formula, that is, in coordinates on the torus

TP1(n)
X, ( : )y = (q1(n),...,q(n)), n € Z, where ¢; are polynomials and [ = rdim X.
Tpr(")

Hence, it follows from Theorem 3.1 that M = O(P,y) is a subtorus of X" or a disjoint
union of finitely many subtori of X", and when M is a single subtorus, the sequence

TP1(n)
{ ( : )y} is well distributed in M.

Tpr(") nGZ

Assume now that (X,T) is a disconnected Weyl system having ¢ components. Re-

placing T' by T we arrive at a system which is a union of finitely many connected Weyl
systems and our argument, applied to each of these systems, shows that M = O(P,y) is
still a finite union of subtori of X".

We will need the following more general fact:

Proposition 3.2. Let (X,T) be a Weyl system and let P = {p1,...,p,} be a system of
integral polynomials. For any subtorus D of X" the closure M = O(P, D) of the orbit of
D under the action of P is a subtorus of X" or a union of finitely many subtori of X". If

14



TPr1(n)

M s a single subtorus, the sequence D,, = {( )D} 15 well distributed i M.
nez

Tprl-(n)
Proposition 3.2 can be deduced from the multiparameter version of Theorem 3.1
(which is also essentially contained in [We]). Indeed, choose an element y € D such that

the sequence {my}m,ez is dense (and so, well distributed) in D. Then M is equal to the
TP1(n)

closure of the two-parameter sequence y,, , = ( )my, n,m € 7, which, by the two-

pr(n)
parameter version of Theorem 3.1, is a finite unio?l of subtori of X". If M is a single torus,
{Ym.n tn.mez is well distributed in M, that is, for any continuous function f on M and
any Fglner sequence {¥y} in Z? one has limy_ ﬁ Z(m,n)e\lfN fWmm) = [oy fdpar
On the other hand, for each fixed n the sequence {ypm, n}mez is well distributed in D,,.
Consider a Fglner sequence {®y} in Z and a sequence { K} of integers that increases fast
enough. We then have

K
o Ry 2 ) = il 2 g 2 )

nedy ne m=1
1<m<Kp
= Jlim o > [t
N —oo
N nedy D

Since @ x {1,..., Ky} is a Folner sequence in Z2, we obtain lim w— Ip fdup,

o ] nedn
= fM Jdpn.
Here is another corollary of Theorem 3.1:

Corollary 3.3. Let aq,...,ap be rationally independent elements of T and let g, ;,

1=1,...,k, 5 =1,...,1, be integral polynomials with zero constant term. The sequence
q1,1(n)ar+...+qr,1(n)og q1,1 --- qk,1

{ ( : ) } 15 well distributed in the subtorus R-span ( : : ) mod 1
q1(n)oa+t...+qr,(n)ak nez qi,0 - Qk,l

of T¢.

91,1 --- gk,1

Proof. Let L = R—span( : : > and let M = Lmodl. (Note that since L is a

q1,1 --- 9k,
“rational” subspace of R (that is, is spanned by vectors with rational coordinates), M is

qi,1(n) g1,1(n)ai+...4qr,1(n)ayg
a subtorus.) For any i and any n € Z, ( : > €L, so ( : > € M for
qi,1(n) qri(n)ar+...4qr 1 (n)ag
all n.
Assume that  is a character on T! (with values in the additive torus T), x(z1,...,2;) =

q1,1(n)ar+...+qr,1 (n)ok

Zl ajr; with aq,...,a; € Z, such that X(

j=1 > = 0 for all n. Then, in

qi,i(n)ar+...4+qri(n)ay
T, we have

(zl: an1,j(n)>Oz1 + ..+ (i: ajqk’j(n)>ak -0
j=1 =
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for all n, and since a, . . ., ay are rationally independent in T, we deduce that 2321 a;q; ;(n)
=0 for all n and for all ¢ = 1, ..., k. This implies that Z;Zl ajqi; =0foralle=1,...,k,
and thus X|p =0

g1,1(n)ar+...4+qr1(n)ayg
We have established that the sequence { < : ) } is not contained
q1,1(n)ar+...4qr, 1 (n)ak nez

in a proper subgroup of M; by Theorem 3.1, it is well distributed in M. g

To achieve the goals formulated in the introduction, it will be sufficient to deal with
Weyl systems of a special form. A standard Weyl system (of depth d) is the system (X, T")
with X = T¢ and

T(x1,22,...,24) = (901+Oé,902+$1,$3+l‘2;~~-7$d+3€d—1), r=(x1,...,2q) € X,

where o € T is irrational. By [F2] Proposition 3.11, (X,T) is ergodic. A quasi-standard
Weyl system of depth d is a system (X, T) where X = T¢ and

d—1
T(x1,...,2q) = (581 +oy, o+ Mmoo Fag, .., Tg+ D MaiTi + Oéd>,

with o; € T, m;; € Z, o is irrational and m; ;1 # O forall j = 2,...,d. A quasi-standard
Weyl system is also ergodic. For a standard or a quasi-standard Weyl system the natural
factors Xy, have form Xy = X/Li4q where L1 = {(O, e 0, Z41, .., 2q), T € T}.

Lemma 3.4. Any quasi-standard Weyl system is a factor, n: X — X, of a standard Weyl
system (X, T) of the same depth; n has finite fibers and commutes with the projections Ty,
k=0,...,d—1, onto the natural factors.

Rather than formally proving this lemma we illustrate it on a simple example, which
indicates how the general result can be proved. Consider the quasi-standard Weyl system
(T3, T) where

T(z,y,2) = (x + a1,y + 2 + a9, z + 4z + 3y + as).

This system is the factor of the standard Weyl system (T3, T )
T(m7yaz) = (x—l—al,y—f—x,z—f—y)
via the factor-map
(x,y,2) — (x 4+ a,2y +x +b,62 + Ty + x)

with a,b € T satisfying 2a = oy — ag and 3b = —ay + 2a5 — 3.

We would like to remark that while we find it convenient to work with quasi-standard
Weyl systems, all the combinatorial results in this paper could be obtained by employing
the standard Weyl systems only. We would also like to mention the following fact, which
demonstrates a universal property of standard Weyl systems:

Theorem 3.5. ([FrK]) Any ergodic connected Weyl system is a factor of a product of
several standard Weyl systems.

Disconnected Weyl systems do not provide much novelty: any disconnected ergodic
Weyl system (Y, R) is a union Y = XM U.. .UX ™) of m > 2 isomorphic tori; R cyclically
permutes these tori and, for each i =1,...,m, (X(i), Rm|X(“) is a connected Weyl system.
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4. Weyl and Vandermonde complexities

We fix a standard Weyl system (X, T), where X = T¢ and
T(x1,22,...,24) = (:)31 + o, o +x1,x3+x2,...,xd+xd_1), x=(x1,...,24) € X,

with an irrational o € T; we will always assume that d is large enough so that its value will
not affect our further computations. (Namely, d will have to be larger than the complexities
of the polynomial systems under consideration.) For k = 0,...,d we define subtori L) =
{(O,...,O,xk,...,xd), x; € T} c T F, = {(0,...,O,xk,0,...,0), xy, € T} C T, a factor
torus Xy = X/Lg41, and let mx: X — X be the projection map. We will also denote by
F}, the image of Fj, under 7y, so that if we identify X with T¥, we identify F}, with the
subgroup Fj, = {(0,...,0,z), zy € T} of T*.

Let now P = {p1,...,p,} be a system of integral polynomials with zero constant term.
(We will always assume that the polynomials py,...,p, are all distinct.) One checks by
induction that for any n € Z,

T (x1,29,...,24) = (xl + no, o + nxy + (g)a,...,azd—i—zgl:_ll (?)md i ( ) )

For a polynomial p and k € N we will write p*! for (]]Z) =tplp—1)...(p—k+1),a

e ]
pl% = 1. Let g(n) = <Tp15(n)>, n € Z. For z = (x1,x2,...,24) € X, the orbit O(P,z) =
TPT(")

{9(n)Z}nez € X1 of the point 7 = (m) under the action of P = {0,p1,...,pr} is

xT

X1, o, ooy g
z1 4+ p1(n)a, z2 + p1(n)xy + p1 (n)ma, e, T+ Z?;ll pl(n)[l]xd_i + pl(n)[d]a

o1+ prn)as 2 () + o)t S ) a4 )0 )

(4.1)

By Corollary 3.3, when x1,...,z4 and « are rationally independent in T, (’)(ﬁ, z) is well
distributed (and hence, dense) in the subtorus

x1 0 0 0 ... 00
1 p1 0 0 ... 0 0
@ pr 0 0 0 0
T2 0 0 0 ... 00
z'2 p[lz] p1 0 ... 0 O
T2 p[f] Pr 0 ... 0 O
: + R-span : ¢ [ mod1
Trd—1 0 0 0 e 0 O
ma1 pld=1l pla=2] pla=3l = g
g1 pld=11 pld=2] Jld=3] g
Tq 0 0 0 ... 0 0
Zq p[ld] [1d—1] p[1d72] p[12] 1
Td p[rd] pld=t pld=2l  pllp,
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d . . . . . .
of X1 ~ (T(T“)) (and is contained in this subtorus if zq,...,2z4,« are rationally

dependent). The closure of the orbit (9(]3, Axr+1) of the entire diagonal A yr+1 ={Z, x €
X} of X" is therefore the subtorus

H = O(ﬁ, Axr41) = R-span©gmod 1 C X" 1!

where for each k € N we define ©y, as the (r + 1)k x 2k matrix

10...00 0 0 0 0 0
10...00 pi 0 0 0 0
10..00 p, 0 0 0 0
01..00 © 0 0 .. 0 O
01..00 p2 p; 0 ... 0 0
01..00 pl?  p, 0o ... 00
O = - : : Lo
00...10 © 0 0O .. 0 O
00...10pF 1 plE=2l ple=3l 1 0
(')(')mi(')p[rk'—u ka;Q] ka:'_3] p.r 0
00..01 © 0 0 ... 0 O
00..01 plfl plE=tlple=2l = plly,
00..01 plF pl=1lplk=21 = pll,

For k < d, let Hy = 7, 7' (H) C X, identifying X}, with T* and X' with (']I‘(T“))k,
we get

Hjy = R-span©;mod 1 C X; . (4.2)

If we supress the 1-st and the (k + 1)-st columns from the matrix Oy, we obtain the

matrix ( 0 ) Hence we have
Oy

Hj.+1 O R-span ((;) ) mod 1. (4.3)
k

Assume now that for some k& < d one has F} +1 C H,. Using formula (4.3), this implies
that ngfll C Hyy1, and of course F[Jrl C H, for all | > k, which gives H O LZH. Let us
call the minimal k£ with this property the Weyl complexity of P and denote it by W (P) or
W(pla cee 7p7")'

We note that the first component X of X" *1 actually plays no role in determining
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W(P). For k <d let

p1 0 0 ... 00
pr 0 0 .. 00
[2]
Py p1
p7[n2] Pr 0 ... 0 O
Ap=1 + +
p[lk—l] p[lk—Z] p[lk—S] i 1 O
ka—l] ka—Q] ka—B] . pr O
p T P
A e R

The subtorus M = R-spanAgmod1 C X7 is the (translated to 0) orbit of a “generic”
point Z of the diagonal A xr under the action of P: M = O(P,Z) — & where T = <x> and

x is a point of X whose coordinates and « are rationally independent. For k < d le
My, = m,(M) = R-span Ay, mod 1 C X7 .

Then Hy = Ay & ({0} x My) € Xj, x X[. Tt follows that F/ ™ C Hy, iff FI C Mj,. Put
k
wo(P) = 0 and for each k € N let

wi(P) = dim M}, = R-rank Ag.

Since wy (P) = wi—1(P) +dim(M N FY), we have F} C My, iff wi,(P) — wi—1(P) =r. We
obtain:

Proposition 4.1. The Weyl complexity W (P) equals the minimal k for which M, O FY,
and the minimal k for which wi(P) —wi_1(P) =r.

We will now formally introduce the Vandermonde complexity for our system P. Let
T be the projection of X to Fy; we define the Vandermonde complexity of P, V(P) or
V(p1,-..,pr), as the minimal k for which T,;"H(H) = F,:H. Identifying the subtorus F,:H
of X"+ with T"*! we have

10 O 0O ... 0O 100 ... O 0 O
1 pl*] p[kfll p[1k72] . [2] 1 2 k—2 k—1 _k

. Py p1 pipy .- P; " Py P

77 (Hy) = Respan | .71 7, mod 1 = R-span . % [ modl.
k—2 k—1 _k

1 plFl plk=1l ple=21 = pl2l Lprp2 .. pE2pE=t pk

p1pi - Py O PY T pE 1 L
Define v (P) = R-rank | : : i+ i, keNsthen 7T (Hy) = FU iff (M) =
O N L

F} iff v, (P) = r. We see that

Proposition 4.2. V(P) equals the minimal k for which 1], (My) = F}, and the minimal
k for which vi(P) =r.
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5. Properties of Vandermonde and Weyl complexities and examples

We start with the Vandermonde complexity.

Lemma 5.1. For any system P = {p1,...,p.} of r integral polynomials with zero constant
term, V(P) <.

Proof. We have

2
Pr Pr - Pp

det (pl i ...p;;) =[I:- TI ;—p») #0.

. i=1 j=it+1
(This is the Vandermonde determinant, which explains our terminology.) Thus, the vectors

pi(z) pi(2)
( : ) sy < : ) are linearly independent for all but finitely many «, and so, v,.(P) = r.
pr(z) p,.(z)
Hence, V(P)<r. g

Here are some properties of the Vandermonde complexity, which are clear from the
definition and Proposition 4.2:

Proposition 5.2. Let {p1,...,p.} be a system of integral polynomials with zero constant
term.

(1) If{q1,---:qst S{p1,-. - pr}, then Vigr,...,qs) < V(p1,....pr).

(ii)) V(p1,...,pr) = 1 iff p1,...,pr are linearly independent.

(iii) If p1,...,pr are all linear, V(p1,...,pr) = 7.

(iv) V is invariant under polynomial substitutions: for any nonzero integral polynomial h
with zero constant term, V (p1(h(z)),...,pr(h(z))) = V(p1 (), ..., pr(2)).

(v) For any nonzero integer m # 0, V(mp1,...,mp.) =V (p1,...,pr).

Examples of computation of Vandermonde complexity.
Consider the system P = {z,2z,2%}. Using the “coefficient method” from
Lemma 2.2(ii), we get

v1(P) = R-rank <2xg> = rank <% E)D =2

x

and ,
vo(P) = R-rank (23; 4:;2) = rank (% 040
22 4 0101
so V(P) =2.
For the system P = {z, 2%,z + 22,z + 22%} we have

x

2 10
v1(P) = R-rank (Iixz ) = rank <(1) 1) =2
x4222 12

and )
z T 10100
_ x x _ 01001) _
vo(P) =Rerank | ¥ . . s 4| =rank {71757 ) =4,
o422 22 +4z3 44zt 12144
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so V(P) =2.
For the system P = {z, 2%,z + 22,z + 222, x + 322},

xT

- 18
2
v1(P) = R-rank | «+2° | =rank (11 | = 2,
z+222 12
4322 13
2
z z 10100
e 01001
va(P) = R-rank | z+2® 2*+22°+2* | =rank 11121 ] =4
1:—1—21:2 1:2+4x3—|—41:4 % ?, % é 3
z+3z2 x2+6m3+9:r4
and
2 3
. z z 10100100 0
T E 01001000 1
v3(P) = R-rank | z+2? 224+2:%+a2?  2® 4324325+« =rank (11121133 1 | =5,
I—|—2:L‘2 1:2—1—4173—1—414 13+6x4+12x5+81‘6 % g % é 3 % 8 %% 287
z+3z2 ;r2+6:v3+9;r4 m3+9m4+27m5+27x6
so V(P) = 3.

The Weyl complexity has properties similar to those of the Vandermonde complexity:

Proposition 5.3. Let {p1,...,p,} be a system of integral polynomials with zero constant
term.

() If {q1,---,qs} C{p1,---,pr}, then W(q1,...,qs) < W(p1,...,pr).

(ii) W(p1,...,pr) =1 iff p1,...,pr are linearly independent.

(iii) If all p1,...,p, are linear, W (p1,...,pr) = 1.

(iv) For any monzero integral polynomial h with zero constant term, W(pl(h(x)), cel
pr(h(2))) = W(p1(2),...,pr(x)).

(v) For any nonzero integer m, W(mp1,...,mp,) = W(p1,...,p,).

(vi) W(p1,-.-,pr) 2 V(p1,---,pr).

Proof. (i) is clear from the definition. (ii) and (vi) follow from Proposition 4.1. It follows
from formula (4.2) and Lemma 2.2(i) that for the system P(h) = {p1(h()),...,p,(h(z))}

we have O(P(h), Axri1) = O(P, Axr+1); this implies (iv). We postpone the proof of (iii)
and of (v) until the end of this section. g

Remark. The fact that W(P) is finite for any system of integral polynomials P is a
consequence of the general study of HKZ factors; we do not prove it here. W(P) may
be strictly larger than V(P) as an example at the end of this section demonstrates. A
question that we leave open is whether W (py,...,p,) is always < r.
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The definition of the Weyl complexity via the standard Weyl system is, actually,
inconvenient for practical usage. We will modify it a little bit by replacing the standard
Weyl system by a quasi-standard one. Let (X,T) be a quasi-standard Weyl system, let
Ly, = {(0, ey 0y g, ,a:d)}, Xr = X/Lgyr, F, = {(0, ces ,0,$k)} C Xy, m be the
projection of X to X3 and 7, be the projection of X to Fi, k = 1,...,d; let Axr1 =
{(:c), T € X} be the diagonal of X" !, and let Z be a “generic” point of the diagonal
of :fX"“. Let P = {p1,...,pr} be a system of integral polynomials with zero constant
term and with W(P) < k, let H = O(P,Axr+1) € X"\ M = O(P,z) — & C X",
Hy = 7" (H) € X[ and My = 7f(M) € X, k = 1,...,d. (Note that in analogy
with the case of a standard Weyl system, H and M (as well as Hy and Mj, for all k) are
subtori of X™*! and X" (respectively, of X; ' and X}).) Let (X, T) be a standard Weyl
system for which (X,T) is a factor, n: X — X, as in Lemma 3.4, and let H, M, Ly,
Fk, Hk and Mk, k=1,...,d, be the correspondlng subtori of X“‘1 XT X Xk, XTJr1
and XT respectively. Then for all k, Fj, = n(Fy), Hy = n(Hk) and M, = n(My). So,
HDL’“+1 iff H2 LT, M D Ly iff M D Ly, Hy, D FI Y iff H, D F{ ™, and My, D Fy iff
Mk ) F’” Since 7 has finite fibers, dim Hy = dim Hk and dim M; = dim Mk We obtain
that for computing the Weyl complexity of the system {pi,...,p.} any quasi-standard
Weyl system can be used:

Proposition 5.4. W(P) equals the minimal k for which H O L7,;+1, the minimal k
for which M O Li, the minimal k for which Hj 2 F,g“, and the minimal k for which
My, O F{; wi(P) = dim My, for all k.

An analogous fact holds for the Vandermonde complexity:

Proposition 5.5. For any quasi-standard Weyl system, vi(P) = dim 1 (M) for all k;
V(P) equals the minimal k for which 7,7 (H) = F{™' and the minimal k for which
i (M) = Fy.

Proof. For any quasi-standard Weyl system (X, T),

1 0 0 0
}:_H(H) R-span (1 hk(pl) hi— 1(]?1) (Pl)) mod 1,
1 hy (p'r’) hi— l(pT) hl(pr)

where for each i = 1,...,k, h; is a polynomial of degree i with zero constant term. (Under
h(p) we understand the polynomial h(p(x)).) Performing suitable column transformations

1 0 0
1h;€(P1)hk 1(1?1) hl(_p1)> _

of the last matrix and using Lemma 2.1, we come to R-span ( :
1 hk(Pr) hkfl(Pr) - hai(pr)

10 0 .0

1phpi~tipy

R-span :l g :

Lpfpi=' . pr
Similarly,

—1

. hi(p1) he—1(p1) -.- h1(p1) p1 PP ;m
7. (M) = R-span < : : : ) mod 1 = R-span : ¢ | mod 1.

hk(p'r) hk—l(pr) hl(p'r‘) pﬁ p’:71 «er Dr
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(To clarify what we mean under “suitable column transformations” let us consider an
example. For the Weyl system (T3, T) where

T(z1,22,23) = (21 + @, T2 + 31,23 + T2 + 221 + @),
one checks that
T (x1,x9,23) = (ml—l—na,m2—|—3nx1+%n(n—l)a,x3+nx2—|—%(3n2+n)x1+%(n3—n2—|—2n)o¢>,
n € Z, and so,
3(PI—pi+2p1) 3(3pT+p1) P p} Pt ;1
75 (M) = R-span : : : |modl=R-span | : : : | modl.)
1(pi-p2+2p,) 1(3p2+pr) pr Py P2 pr
Now we may also get:

Proof of Proposition 5.3(v). Let (X, T) be a standard Weyl system and m be a nonzero
integer. Put R =T™; (X, R) is then a quasi-standard Weyl system. Let P = {p1,...,p.}
be a system of integral polynomials with zero constant term and let mP = {mp1, ..., mp,}.

Using an index to specify what transformation we consider, we have Or(P,Axr+1) =
Or(mP, Axr+1). Since the first orbit is responsible for W (p1, ..., p,) and the second orbit
is responsible for W(mp;, ..., mp,), these two numbers coincide. g

Consider the quasi-standard Weyl system
T(z1,...,2q) = <331 + o, 2o + 211 +a,...,xd+2§l:_11 (f)xz +a>.
For n € Z one has
n 2 d—1 rd\ 4 d
T"(z1,x2,...,2q) = (acl + no, ke + 2nxy + 0oy ., xg+ Y (Z)n Tg—i+n oz).

For this system,

M}, = R-span A}, mod 1 (5.1)
where
P1 0 0 0 0
pr 0 0 0 0
p2 2p1 0 0 0
: :
Py 2p, 0 0 0
r_ :
Ak N k. 1 (k-1 k—2 (k—1 k—3 : )
p17 k:g p17 k:g pli (k_l)pl 0
pEt (2 D)pE=2 (F2)pk=2 L. (k=1)p,. 0O

k
T
p’f72 (S)% kp1

R (3 I
and by Proposition 5.4,
wg(P) = dim My, = R-rank A}, (5.2)

for all £ € N. We will use this definition of the numbers wy(P) in our computations.
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Proof of Proposition 5.3(iii). If p; are linear, p;(z) = ¢;z, i = 1,...,r, formula (5.1)
and Lemma 2.2 (ii) imply

10 ... 0 0 .. 0 vee e 0
¢ 0 0 0 0 0
0 ¢? 0 2c 0 0
0 2 0 2c 0 0

M, = span 7 . mod 1
00 .. c’f 0o .. (kil)clf_l e e kar
00 .. cf 0o .. (kﬁl)cﬁ_l oo vee kep
c1 00 0..0
¢ 00 e vee 0...0
0 cf Cl1 +ee ... 0 ...0
0 c2 e, 0 0

=span | . T ° mod 1,

000 e
000 ... ...ck...c,

and one has Fj, C M, it k>r. g

Examples of computation of Weyl complexity.
Consider the system P = {x,2x,2?}. Using the formula (5.2) and Lemma 2.2(ii) we

get
x 10
w1 (P) = R-rank (22 ) =rank (20) = 2,
x? 0 01
X
10000
2 0 20000
wa(P) =Rrank | .2 o, | =rank | j1950 | =4
4z? Az 04040
24 952 00102
T 0
20 0 0 1000000000
2 0 o0 200000 0000
> 0 0 0100000000
a2z 0100020000
w3(P) = R-rank | 42> 4¢ 0 | =rank [ 040004 0000 | =7 =wy(P) + 3,
zt 22% 0 0001002000
3 52 001000 3 030
wr, Ba” 3w 00800012060
8" 12" Gz 0000100303
z° 3z~ 3x
and thus, W (P) = 3. (Recall that V(P) = 2.)
In contrast, for the system P = {x, 2z, 23},
@ 10
w1 (P) = R-rank (22 ) =rank (20) = 2,
3 0 01
xT
100000
i?,f 8 200000
wa(P) =Rerank | 72 . | =rank [ 395090 ] =5,
422 4z 040040
26 23 000102
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and therefore, W(P) = 2.

One can easily see that for any system P of 3 polynomials one has W (P) < 3. For
example, if a,b, ¢, d € Z with (a,b) # (¢, d), then
V(z,az + bx?, cx + dz?) = 2 if at least one of b, d is nonzero;
W (x,ax + bx?, cx + dx?) = 2 when both b and d are nonzero, W (x, ax, cx + dx?) = 3.
In a recent preprint, [Fr], N. Frantzikinakis classifies all the possibilities for the values of
the Weyl complexity for a system of 3 polynomials.

6. Characteristic factors and large intersections

In this section we investigate dynamical properties of Weyl systems. In particular,
we connect the information given by Weyl and Vandermonde complexities of a family of
polynomials with the multiple recurrence properties along this family. (These results will
be utilized in combinatorial constructions dealt with in Section 7.) We begin with a simple
example that conveys the flavor of what will be done in this section. Let us consider the
quasi-standard Weyl system on X = T4,

T($1,$2,$3,$4) = (wl + a, T2 + 2331 + o, x3 + 3:132 + 3331 + Q, Ty +4$3 + 6332 + 45Ul + Oé),

where o € T is irrational, and the system of polynomials P = {n,2n,n?}, for which we
know that V(P) = 2 and W(P) = 3. Let Ap, A1, Ag, A3 be four measurable subsets of X
with positive measure. We have the following results:

(i) If the sets A; do not depend on the first coordinate z; (that is, each A; = T x I; with
Ii g T3), then
UC-lim pux (Ag N T Ay N T 2" Ay N T~ Az) > 0.

(ii) If the sets A; are independent of the algebra of subsets which depend only on z1, 2 (that
is, pr2 (AN Lyy 2y) = px (4;), where Ly, o, = {(z1,22)} x T2, for almost all (x1,x5) € T?)
then

UC-limpx (AgNT A1 NT > A N T_n2A3) = px (Ao)px (A1) px (Az2)pux (As).

(iii) If the sets A; are independent of the algebra of subsets which depend only on x1, x9, x3
then

Jim ey (AgNT A NT " A3 T_”2A3) = px (Ao)px (A1) px (A2)pux (As).

It can be shown (see Lemmas 6.3 and 6.7 and Proposition 7.5 below) that in each of these
three statements, the hypothesis of the independence of the sets A; of the corresponding
algebras cannot be weakened. Moreover, each of these results still holds if the variable n
is replaced by any nonconstant integral polynomial h(n) (see Propositions 6.12-6.14).

We now move to the general situation. Throughout this section let P = {py,...,p,}
be a system of integral polynomials with zero constant term.

Let X and X’ be compact commutative Lie groups with normalized Haar measures px
and pxs thereon, and let m: X — X’ be a surjective (and continuous) homomorphism.
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Denote by F,, z € X', the fibers of m, F, = m~1(z). For a function f € L'(X), the
conditional expectation E(f|X") of f with respect to X' is the function on X’ defined by

B(f1X")( /.hsz REEIE!

(For f € L?(X), E(f|X’) is the orthogonal projection of f onto the subspace 7*(L?(X"))
of L?(X).) We will consider E(f|X’) as a function on X, as well as on X".

We say that a measurable set A C X is independent of X' if E(14]|X") = pux(A); this
is equivalent to saying that for almost all fibers F,, z € Z, of 7 one has pup_ (A) = px(A).
If Ay,..., A, are subsets of X independent of X', then [[;_, 4; C X" is independent of
Xy

We say that a measurable set B C X originates from X' if B = 7~ (B’) for some
B'C X'. If By,...,B, C X originate from X’ then [[;_, B; C X" originates from (X')".
If B is a closed subgroup of X that originates from X’ then B = 7~ !(B’) for the subgroup
B’ =7(B) of X', and for any f € C(X) one has [, fdup = [ E(f|X')dup:.

Let (X, T) be a quasi-standard Weyl system. We will first show that if W (P) < k, then

Idx
Xk —1 is a characteristic factor for P. (Cf. [F1], §10 and [F3], p.54.) Put g(n) = (Tm:(n)>

TP'I‘('"')
and D, = g(n)Axr+1, n € Z. By Proposition 5.4, the torus H = |J,,c, Dn € X"

contains LZH. Hence, the property of a point z = (z1,...,24) € (']I"”“)d to belong to
H does not depend on the coordinates zy, ..., zq4. Thus, H = (7;11) " (Hy_1) so that H
originates from X ]:J_’% Let fo,..., fr be continuous functions on X and let f = ®;:0 fi
(that is, f is the function on X" *! defined by f(zo,...,2,) = fo(zo) ... fr(z,)). Since

H originates from X ]:J_ri, we have

/waz/ E(f1XHY) dp, .
H Hyp_y

Since the sequence {D,, },ez is well distributed in H, UC-lim fDn fdup, = [ fduy and

mmm/ g dun, = [ BUXT ) dun = [ EGPH) dun
H Hyp_ 1

For any ? = (zq,...,2.) € X; 11,

BTG = |

LT

o @ dyiz 0 = II/JLﬁWm%ﬁ{IHﬁWMQ%%
zitL i=0
so E(fIX; 1) = Qj_y E(filXk—1). For any n we have
| gamn, = [ gfdus = [ g T O duy,
D, Agrin b's
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and similarly

| BUXdun, = [ omEGX dua
D, A ry1 k—1

k—1

= / E(fo|Xk—1) - TP ™ E(f1| Xg_1) - ... - TP E(f| Xp1) dpx,_, -
Xk—1

Thus,

UC—lim/ fo TP TP f dpy
" b'e

= UC-lim E(fo|Xp—1) TP E(f1| Xp—1) - ... - TP E(fr| Xp—1) dpx,_, -
" Xk—1

Since continuous functions are dense in L>°(X) in L!-topology, we obtain that Xj_; is a
characteristic factor for the system P:

Proposition 6.1. Let (X,T) be a quasi-standard Weyl system, let W(P) < k, and let
fos-oos fr € L®(X). Then

UC—lim/ fo TP fyo TP f oy
" X

= UC-lim E(folXp—1) - TPE(f1| Xp—1) ... - TP E(fr| Xpo1) dpx,_, -
" Xk

We remark that one can derive from Proposition 6.1 and Theorem 3.5 the fact that the
natural factor Xj_; is a characteristic factor for any (not necessarily quasi-standard) Weyl
system. We do not give the details here since this fact is not needed in the sequel.

Applying Proposition 6.1 to the characteristic functions 14,,...,14, of subsets
Ag, ..., A, of X that are independent of X;_1 we get
Proposition 6.2. Let (X,T) be a quasi-standard Weyl system, let W(P) < k, and
let Ao, ..., A, be measurable subsets of X independent of Xx_1. Then UC-lim ux (Ao N
T-PMAN...N T‘pr(”)Ar) =TT x (4;).

To be sure that Xj;_1, the (k—1)-st natural factor of X, is the “optimal” characteristic

factor for a system of Weyl complexity k, we have to check that X _s is not characteristic.
This is so indeed:
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Lemma 6.3. Let (X,T) be a quasi-standard Weyl system of depth d > k — 1 and let
W(P) > k. Then there exist functions fo,..., fr € L>(X) such that

UC—lim/ fo TP fye TP f
" X

4 UC-lim E(folXp—2) - TP*™E(f1|Xp—2) - ... - TP E(fr|Xg_o) dux, -
" X2

Proof. By Proposition 5.4, H does not contain LZtll Thus there exists = =

(o, T1,...,T,) € L};tll \ H. For each i =0,1,...,r fix a nonnegative continuous function
fi on X such that fi(z;) >0and fo® f1®...® fr|; = 0. The function fo® fi®...® f-
is zero on g(n)Axr+1 for all n, thus

/ fo-TPr™f o TP M f duy =0
X

for all n. On the other hand, each function E(f;|Xk—_2) is positive in a neighborhood of
the point 0 in Hy_5, so

/H E(folXk—2) ® E(f1|Xk—2) ®...® E(fr|Xk—2)dpm,_, > 0.

Since the sequence {g(n)A yr+1 }nez is well distributed in Hy_», the last expression is equal
k—2
to

UC-lim E(fo|Xp_2) - TP E(f1|Xp_2) - ... - TP E(fr| Xp_2) dpx,_,-
n Xp_2
|

In the case W(P) < k, Xj_1 is characteristic for the system P in a stronger sense:

Proposition 6.4. Let (X,T) be a quasi-standard Weyl system, let W(P) < k, and let
fos-oos fr € L®(X). Then
lim (/ fo - TP1(n)f1 .o Tp'r(n)fr dpx
X (6.1)
—/ E(folXp—1)  TP*™E(f1|Xp—1) ... TP E(fr| Xp—1) d/’LXk_1> =0
Xk_1

In particular, we obtain:

Proposition 6.5. Let (X,T) be a quasi-standard Weyl system, let W(P) < k, and
let Ag,..., A, be measurable subsets of X independent of Xy_1. Then lim,, . pix (AO N

T-nMA N...N Tfp”(n)Ar) = [Ti—o x (As).

To prove Proposition 6.4 we need to show that if at least one of the functions
fo,- -+, fr € L>(X) is orthogonal to the subspace L?(Xj_1) of L?(X), then lim, fX fo-
TP fo TP f, dy = 0. This follows from the following fact:

28



Lemma 6.6. If fq,..., f- are characters on X of which at least one is orthogonal to
L?(X}_1) then fX fo-TPr™ o TP £ dy =0 for all but finitely many n € Z.

Proof. We may and, for simplicity, will assume that (X,T) is a standard Weyl system:
X =T T(xy,29...,29) = (r1 + @, 20 +21,...,24 +24_1) (though the proof is the same
for any quasi-standard system). Let f; = exp(27ri(mi71x1 + ..+ mi,dxd))z, m;; € Z,
1=20,...,7. Then

TP f; = exp(27m'(mi,1(x1 + pi(n)a) + m; 2(z2 + pi(n)x1 + p; (n)[z]a) +...
d—1

+m a(zq + Zpi(n)[j].’ﬁd_j + pi(n) [d}a)),
=1
1=0,...,7, and
fo Tl TP fi = exp (27”(901 (mo,1 + Y7oy Sjy migpi(n) 1)

+.',E2 (m0,2 + Z::l Z?:Q ml’Jpl(n)[]_Q]) _|_ .
+xg(moa+ iy Mia) @Y, Z?Zl mi,jpi(n)[j]>,

n € Z. Thus, fX fo-TPr™ . . TPr(™) f dy = 0 whenever at least one of the coefficients

T d i—1 T d i—9 T
mo,1 + Z¢:1 Zj:l mi,jpi(n)b ], mo,2 + Z¢:1 ijz mi,jpi(n)[] ]7 ceey Mg+ 21':1 mi.d
mo,1
M1
is nonzero, that is, when N (n)m # 0 where m is the vector | : | and N(n) is the matrix
mo,d
my.d
11..10p1(n) ... pr() 0p1 () . p () 0 pr ()P L p.(n)B L. Ll 0p1(n)l4=H . p.(n)ld—1
00..01 1 ... 1 0 pi(n) ... pr(n) 0pi(n)® . p.)B ... ... 0p1(n)l4=2 .. p,.(n)ld2
00..00 0 .. 0 1 1 .. 1 0 pi(n) ... pr(n) ... ... 0p1(n)4=3 . p.(n)l4=31 |,
00..00 0 .. 00 0 .. 0 0 0 .o 0 .. 11 1

n € Z. Assume that N(n)m = 0 for infinitely many n € Z. Since the condition N(n)m =0
is polynomial in n, we then have N(n)m = 0 for all n € Z. In particular, N(0)m = 0,

therefore (N (n) — N(0))m = 0 and <N(n€V£03V(O) )m for all n € Z. We have
11 100...000...000...0 ... ... 00...0
N(O)—(OO 011 100 000...0 ... ... 00 0>
00..000...000...000...0 ... ... 11..1
2 In the expression “27i”, 7 is not a projection but 3.14 .. ., and i is not the index appearing

in the rest of the formula but v—1.
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SO

11...10 0 ... 0 O 0 o ... ... 0 0 0

00..01 1 .. 1 O 0 0o ... 0 0 0

00..00 0 .. 0 0 0 .. 0 ... 11 .1
00..00p1(n) ... pr(n) 0p1 () ... p.(n)P ... ... 0p1 ()41 . p.(n)ld-1 7 = 0
00..00 0 .. 0 0 pi(n) ... pr(n) ... ... 0p1(n)l4=2 . p,.(n)ld2

00..00 0 ... 0 0 0 .. 0 ... 0 pi(n) ... pr(n)

00..00 0O .. O O 0 0o ... .. 0 0 0

and thus (after erasing the r + 1 first columns, and the first and the last lines)

1 1 ... 1 0 0 0 ... ... 0 0 0
Q 0 O ]. 1 . 0 0 0
00 . 00 0 o 0 ... 11 .1
0p1(n) ... pr(n) 0p1(n) .. p.(n)B .. ... 0pr(m) 1 L p.)U ;=0
0 0 .. 0 0 pi(n) ... pr(n) .. ... 0p1(n)4=2 . p,.(n)ld=2
00 .. 00 0 ... 0  .... 0 pi(n) ... pr(n)
mo,2
m;’2
for all n € Z, where m = : e RUE-D+D - After introducing the standard inner
mo,d
myd

product on the space R4~V +1) we interprete this identity as the fact that the vector m
is orthogonal to the subspace

10...0 0 0 0
10,0 pr 0 0
10..0 p. O 0
01..0 0 0 0
01..0 p¥ p; 0
H=R-span [01..0 pZ p. ... 0 (6.2)
00..1 0 0 ... 0
00... 1p[1d_1] p[ld_Q] eee P1
OO ipLd._l] p[rd‘_2] p.r

of RU=D(+1) = Comparing the formulas (6.2) and (4.2) we see that Hmod1 = Hy ;. If
W(p1,...,pr) < k—1 then H contains L};lel, and thus H contains the subspace L1 =
{(0, ..., 0, UQ,k—1y- s Upk—Ts-+-,U0,d—1s-- - ,und_l), Ui 5 € R} of R@=D+1) Byt if fiis
orthogonal to X, for some ¢ then m; ; # 0 for some j > k and thus m is not orthogonal
to £k—1- [}

The following lemma shows that the assumption W (P) < k in Proposition 6.4 cannot
be weakened:

Lemma 6.7. Let (X,T) be a quasi-standard Weyl system of depth d > k and let W (P) >
k. Then there exist functions fo, ..., fr € L*(X) such that identity (6.1) does not hold.
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Proof. In the notation of the proof of Lemma 6.6, if W (P) > k then H does not contain

mo,2
i
L;Th and thus there exists a vector m = : € zW4=D0+D) with m,, ;, # 0 for
mo,d
o
0
0
mo,2
some 7o and some jo > k and orthogonal to H. For the vector m = | m,. | € Z+1)
mo,a
my.d
we then have N(n)m = 0 for all n. Put f; = exp(27ri(m7;71x1 + ...+ mi7dxd)), 1=
0,...,r; then, for any n € Z, fo - TP*™ f; . ... . TP~(")f_ is a constant of modulus 1.

On the other hand, since m;, j, # 0 with jo > k, we have E(f; |Xx—1) = 0, and thus
E(folXx—1) - TP*ME(f1| Xp—1) ... - TPrWE(f | Xg_1) =0foralln € Z. g

We now turn to the Vandermonde complexity; let us assume that V(P) < k. To
simplify notation, assume also that (X,7T") is a quasi-dtandard Weyl system of depth &
(that is, X = X = T*). Let functions f; € L*(X), i = 0,...,7, be nonnegative, with
S y fidux > 0, and independent of Xj_; in a very strong sense: assume that they only
depend on the last, kth coordinate of X. Then

Proposition 6.8. If V(p1,...,p,;) < k then UC-lim [ fo-TP( f1-. TP~ f dpx > 0.

Proposition 6.8 is equivalent to the following:

Proposition 6.9. Let V(p1,...,p,) < k and let A; = X1 X I;, i = 0,...,r, where
Iy, ..., I, are subsets of Fy, of positive measure. Then UC-lim px (Ao NTPMA N...N

T-r-M4,) > 0.

Proof. We may assume that Iy, ..., I, are open intervals in Fj, ~ T. Let A = szo A;.
Since 7,7 (H) = F,T', there is a point ¥ € H with 7,7'(Z) € Iy x ... x I,. Thus,
ANH # (. Since AN H is open in H, ug(AN H) > 0. Since the sequence D,, is well
distributed in H,

UC-limpx (AgNT P ™A N...nTPMA) =UC-limpup, (AND,) = ur(ANH) > 0.

Remark. If a set A is independent of X _; then so is the set T°A for any ¢ € Z; this implies
that the assertions of Proposition 6.2 and Proposition 6.5 remain true if the intersection
AoNT P MWA N ... .NTPMA, is replaced by AgNTPrM=c14, 0. . .AT Pr)—cr g
with arbitrary ¢; € Z (see also Proposition 6.15 and Proposition 6.17 below). A similar
extension of Proposition 6.9 does not hold: one can construct an explicit example of a
system of integer polynomials P = {p1,...,p,} with V(P) = 2, integers cy, ..., ¢, a quasi-
standard Weyl system (T2,T') and intervals Iy, ..., I, in T such that for A; = T x I; C T?
one has (AO x T, T_CiAi) NH =0.
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We will now obtain further refinements of the preceding results by considering the sys-
tem of integral polynomials P(h) = {p1(h(n)),...,p,(h(n))}, where h is any nonconstant
integral polynomial. If A(0) = 0, by Proposition 5.3 the system P(h) has the same Weyl

Idx
complexity as P. Let, again, g(n) = (Tplz(n)>, n € Z; then even if h(0) # 0, we have:
e (n)
Lemma 6.10. For any mnonconstant integral polynomial h the sequence

{g(h(n))AXTH}nGZ is well distributed in H.

Proof. By Proposition 3.2, the sequence g(h(n))Axr+1, n € Z, is well distributed in H if
it is dense in H. Let x be a “generic” point of X, that is, let the coordinates of x and the
elements a; € T in the definition of the quasi-standard Weyl system be rationally indepen-
dent. Then the closure H, = {g(n)z, n € Z} C X" ! of the orbit of Z under g has form
Z+R-span @ mod 1 for some polynomial matrix ). The closure K, = {g(h(n))z, n € Z} C
X" of the orbit of Z under g(h) has form g(h(0))z + R-span(Q(h) — Q(h(0))) mod 1.
Since g(h(0))z € H, and R-span(Q(h) — Q(h(0))) = R-span @ by Lemma 2.3, we obtain
K, = H,. Hence,

U 9hm)Axrir = | Ko = | Ho = H.
ne”z zeX rzeX
We may now strengthen Proposition 6.1:

Proposition 6.11. Let W(P) < k and let fo,..., fr € L>(X). For any nonconstant
wntegral polynomial h one has

UC-lim / fo TGO £ o) £
n X

= UC’-lim/ E(fo|Xp—1) - TP PO E(f | Xp—y) - ... - TPr ) B(f X)) dpx, -

Xk-1
Applying this to f; = 14,, we get
Proposition 6.12. Let W(P) < k and let Ay, ..., A, be measurable subsets of X inde-
pendent of Xx_1. For any nonconstant integral polynomial h one has

UC-lim mx (AO N T_pl(h(n))Al n...N T_pr(h(n))AT) == H ,UJX(Az)
=0

When W (P) < k, Lemma 6.6 immediately implies:

Proposition 6.13. IfW(P) < k and Ay, ..., A, are measurable subsets of X independent
of Xr_1, then for any nonconstant integral polynomial h one has

lim px (AgNT P4 A TP DAY =TT px (A)).
=0

(We will no longer deal with functions on X but only with subsets of X, though our
statements can, of course, be easily reformulated in the language of functions.) Assuming
that X has depth k, directly from Lemma 6.10 we get
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Proposition 6.14. Let V(P) <k and let A; = X1 x I;, i =0,...,r, where Iy,..., I,
are subsets of F} of positive measure. Then for any nonconstant integral polynomzial h,

UC-lim pux (Ag N TP A A TP 4,) > 0.

Let m > 2 and Z,,, = Z/mZ. We will now investigate the non-connected Weyl system
(Y,R) where Y = X X Z,, and R:Y — Y is defined by R(z,j) = (Tx, j + 1); for further
generality, we will also add, when possible, “shifting constants” ¢; in the formulation of
our results:

Proposition 6.15. Let W(P) < k, and let B be a measurable subset of Y independent

of Xx_1 X Zy,. Then for any nonconstant integral polynomial h and any c1,...,c, € Z,

UC-lim py (BN R P MMImeapn g Rpr(hm)=er B) = 1y (B)" .

Proof. Let B = (J;cz (Aj x {j}). Then Ao,..., Ap_1 are independent of Xj;_;, and
px(Ao) = ... = px(Am-1) = py(B). Put Bj = A; x {j}, j € Zp,.

For I € {0,...,m — 1}, consider the system P(h(mn + 1) = {pi(h(mn + 1)) +
¢ty spr(h(mn + 1)) + ¢} of polynomials in the variable n. For any i and j,
Rpilh(mntl))=eip. C X x {j —d;} for all n € Z, where d; = p;(h(l)) + ¢; mod m. Thus,
for jo,j1, .-y Jr € L, if j; = jo +d; for all i =0, ..., r then by Proposition 6.12
UC-lim py (Bj, N R=71Mmnt)=eap, n  n gpr(hlmnt)=e-p. )

= L UC-lim pux (A, N TPl = g ppepe(hlmnth)—er 4 )

= o UCHlim pix (4, N pprhlmntD)(p=er g, Yy QP (hmetD) (per 4, )

= LT[ nx(@4;) = L] ux(4;,) = L (B)H,
1=0 =0

and otherwise B, N R~Pr(Mmnth)—erp. A R=pr(hmntl))=c- B — () for all n. Thus,

UC-im py (BN R Mmnt=ei gy grer(hmntl)=e: )
= ), UClimpy(Bj, nR-PMmmamap; n . qRerkmnt=ep,; )

JOse++s ]reZm
=) UC-lim py (Bj, N R-P1Mmmdl=ei By g . R (Mmmt )= gy g )
jOEZTY‘L
=m - oy (B) = py (B)
Since this is true for every [ = 0,1,...,m — 1, we get

UC-lim py (BN R P MMImeapn Rpr(hm)=er B) = 1y (B)" 1,

Remark. A similar proof allows one to get a more general result:
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Proposition 6.16. Let W(P) < k, and let Byy,..., B be measurable subsets of Y
independent of Xx_1 X Zy,. Then for any nonconstant integral polynomial h

UC-lim py (B(o) N R_pl(h(n))B(l) n...N R_pr(h(n))B(T)) = H Hy (B(z))
1=0

(This proposition gives Proposition 6.15 if we apply it to Bgy = B and B(;) = R™“B,
i=1,...,r.) Same remark applies also to Proposition 6.17 and, with certain modifications,
to Proposition 6.18 below.

If in the proof of Proposition 6.15 we replace UC-lim by lim and Proposition 6.12 by
Proposition 6.13, we get

Proposition 6.17. If W(P) < k and B is a measurable subset of Y independent of
Xi_1 X Zp,, then for any nonconstant integral polynomial h and any cq,...,c, € Z,

lim py (BN RP (M=, qRPr)=erBY = 1y (B)" L.

n—oo

In the notation of Proposition 6.15, assume now that V(P) < k, X has depth k and
B =Ujez, Bi =Ujez,, (4 x{j}) where each A; has form X1 x I for I; C Fy, j € Z,
of positive measure. Then, in the same way, we obtain from Proposition 6.14

Proposition 6.18. For any nonconstant integral polynomaial h,
UC-limpy (BN R PMMIBA .. AR MM)B) > 0.

7. Combinatorics
Let E C Z with UD(E) > 0 (that is, the uniform density UD(F) exists and is positive)

and let P = {p1,...,p.} be a system of integral polynomials (with not necessarily zero
constant term). For n € Z, define

E,={a€Z:a,a+pi(n),...,a+p(n) € E} =EN(E—pi(n))N...N(E - p.(n)).

Recall that E is UC-positive with respect to P if UC-imUD(E,) > 0; that E is UC-
balanced with respect to P if UC-lim UD(E, ) = UD(E)"!; and that E is balanced with
respect to P if lim,, .., UD(E,) = UD(E)" 1.
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Theorem 7.1. For any k € N and any system {p1,...,p.} of integral polynomials with

zero constant term and with V(p1,...,pr) > k, there is a set E C 7 of positive uniform
density such that
(i) for any system of integral polynomials {q1,...,qs} with zero constant term and with

Vigi,...,qs) < k and any nonconstant integral polynomial h the set E is UC-positive with
respect to the system {qi(h(n)),...,qs(h(n))};

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,...,qs) <k, any nonconstant integral polynomz'al h and any integers cq,...,cs the
set E is UC-balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + cs };

(iii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,...,qs) < k, any nonconstant integral polynomz'al h and any integers cq,...,cs the
set E is balanced with respect to the system {ql n))+ci,...,qs(h(n)) + cs};

(iv) there exist nonzero integers m and l such that E contains no configuration of the form
{a,a+p1(mn+l),...,a—i—pr(mn—i—l)}, a,n € 7.

It is possible to characterize the pairs (m,!) that work for (iv). For fixed m and [,

consider the vectors u; = (ug-o), e ,uy)) € Rt 4§ =0,...,m — 1, where u() 1if

pi(l) = jmodm and u( D=0 otherwise; we assume here pyp = 0. Let us say that the pair
100..0
1 2 . pk

(m, 1) separates p1,...,p, on the level k if u; ¢ R-span | . pgl pgl psl for some j. This may
Lp, p}...py

only be the case when k& < V(p1,...,pr). On the other hand, for m large enough there
exists [ such that 0,p1(l),...,p-(l) are all different modulo m, and then the pair (m,[)
separates p1,...,p, on the level k for all K < V(p1,...,pp).

1
Example. For the system {z,2% z + 2% 2 + 222}, m = 2 and | = 1 we have ug = <§>
0

0

1 .
and u; = (1) Since

0

1

0
T

10
2 11
= | =span |10

¥

a:—|—2x2

ug € R-span

= e

the pair (2,1) separates x, 22, x + 22, x + 222 on the level 1.

For the same system and (m,l) = (3,1) we have ug = <

Tloocon
\/

0 0
= (1), uo = 0
- I 2 = 1

0 0
and so, the pair (3,1) also separates x, 2%, x + 22, x + 222 on the level 1.

We may now strengthen Theorem 7.1:

Theorem 7.2. For any k € N, any system {p1,...,p,} of integral polynomials with zero
constant term and with V(p1,...,pr) > k, and any integers m,ly,...,l, such that each
of the pairs (m,ly),...,(m,l,) separates p1,...,p, on the level k there is a set E C 7 of
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positive uniform density such that

(1), (ii), (iii) as in Theorem 7.1;

(iv) E contains no configuration of the form {a,a + p1(mn +1),...,a + p.(mn + 1)},
a,n € Z, with 1 € {l,...,1,}.

Example. Consider the system {z,2z,...,rx}. The Vandermonde complexity of this
100.. 0
2 r—1 100 ... O
1p1pl...pq 111 ... 1
system equals r, and R-span | 1p2p3 ...p5~ ' | = span | 122°..2"7" | is the hyperplane
P : c '2 r.—l
1prp,2q...p:_1 1rr®...r

described by the equation > i (—1)!(")u(® = 0. For m = 2 and | = 1, the vector
uop = (1,0,1,0,...,10r0) is not contained in this hyperplane, and thus the pair (2,1)
separates the polynomials x, 2z, ...,rz on the level r — 1. Actually, the following holds:

Lemma 7.3. For any r,m,l with | not divisible by m, the pair (m,l) separates the poly-
nomials x,2x,...,rx on the level r — 1.

Proof. For any m and any [ not divisible by m, the nonzero vectors u; corresponding to

these m, [ and the system {z,2x,...,rz} are
1 0 0
0 1 0
: 0 :
0 0
1 0 1
0 1 0
. ) 0 ) : )
0 : 0
1 0 1
0 1 0

they are periodic with same distance b = m/ ged(l,m) between “1”s. We therefore have

to check that for some j € {0,...,b— 1} the number ¢; = 3> o<i<r (—1)(}) is nonzero.
i=jmodb
Let X\ be a primitive root of unity of degree b; then we have

r

0# A=D1 =) (-1)'(HA "= Z > /\TJ—ZeJX"J

=0 7=0 0<ilr
1=j mod b

and thus one of e; must be nonzero. g
Since V(x,2z,...,rz) = r, we obtain:

Corollary 7.4. For any r,m > 2 there is a set E C Z of positive uniform density such
that

(i) for any system {qi,...,qs} of integral polynomials with zero constant term and with
V(gi,.--,qs) <r—1 and any nonconstant integral polynomial h, the set E is UC-positive
with respect to the system {q1 n)),...,qs(h(n ))},

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wiqi,...,qs) <r —1, any nonconstant integral polynomial h and any integers cy,...,cs,
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the set E is UC-balanced with respect to the system {qi(h(n)) +c1,...,qs(h(n)) + ¢ };
(iii) for any system {qi,...,qs} of integral polynomials wzth zero constant term and with
Wi(q,...,qs) <r—1, any nonconstant integral polynomz’al h and any integers cq,...,cCs,
the set E is balanced wzth respect to the system {q1(h(n)) + c1,...,qs(h(n)) + cs};

(iv) E contains no arithmetic progressions of the form {a a+(mn+l),...,a+r(mn+1)},
a,n,l € Z, with | not divisible by m.

Let {pi1,...,pr} be a system of integral polynomials with zero constant term and
with V(p1,...,pr) > k and let integers m,ly,...,l, be such that each of the pairs
(m,ly),...,(m,l,) separates these polynomials on the level k. Consider the system (Y, R)
introduced at the end of the previous section, namely, Y = X xZ,, and R(z,7) = (Tx,i+1),
where (X,T) is a quasi-standard Weyl System of depth k. We keep the notation of the
preceding section. Let, again, B =,z Bj = U;ez, (A; X {j}) where A; = Xj_1 x I,
I; are open intervals in Fy, j € Z,,. The dynamical reason for Theorem 7.2 being true is
the following proposition:

Proposition 7.5. The intervals I; can be chosen so that B N R—PimnthB N N
RprmntOB — () for alln € Z and all L =1y, ...,1,.

Proof. Let | be one of [;,...,l, Let d; = p;(l)modm € Z,,, i = 0,...,r. Let u; =
(ug-o), . (T)) € R™*L j € Z,,, where u( D= 1ifd, = j and ug-z) = 0 otherwise. We have

U = span(u;, j € Zy,)mod1 = { Z ujt;, tj € ’ll‘}
JE€Lm
= {(to,tays---»ta,), t; €T, j € Ly} CT"TN.

Since (m,l) separates {p1,...,pr} on the level k, U is not contained in the subtorus
i TU(H) of F ™! (where 74 is, again, the projection of X to F},, and where we identify F},
with T). Hence the preimage of T“(H) in T™ under the mapping (to,t1,...,tm-1) —
(to,tdys---,ta.) € F "1 ig a proper subtorus of T™, so it is “negligible” in T™. Thus, there
exist elements t; € T for j € Zy,, such that not only (to,t4,,...,ta.) & 7" (H), but also
(to(0)> to(dr)s - - - s to(d,)) & T“( ) for any permutation o of Z . Moreover, t;, j € Zp,
can be chosen so that thls will hold for each [ =1y,...,l,. Put I; = (t;—9,t; +(5) C T = Fy,
J € Zm, where 6 > 0 is small enough to ensure I ) X I5(g,) X ... X I(g,) N Tg—l_l(H) =
for all o, and, again, for any choice of [ € {l1,...,l,}. Now define 4; = X}, x I; C X.
Then for any permutation o of Zy,, Ay0) X Ag(dy) X -+ X Aga,) VH = 0.
Let [ € {ll, . ,ll,}. Put Bj = Aj X {j} cY,j€Zpy,and B = UjEZm Bj. Let Ayri1
be the diagonal in Y"+'. One has BN R~ P (Mt BN AR P (m+)B = () for all n € Z
Idy

Idy
if B"ti N (Rpl(mn+l)> Ayri1 = for all n € Z. Let K = ¢, (Rpl(:mﬂ))AyTﬂ. Put

RPr(mn+l) RPr(mn+l)

Z=1(2...,2) € (Zpn)" and A, = Axri1 X Z, 2 € Zp,. Then Ayrin =, A, and
Idy
K = UzEZm H., where H, = |, ¢z (Rpl(r.mﬂ))Az, 2z € Zy,. By Lemma 6.10, for each
Rpr(mntl)
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2€Lm, H, = H x (2,dy + z,...,d, + z), and so

B""'NH, = (B, x By,42 X ... X Bq,4.) N H,
= ((Az XAdH—z X ---XAdr-i—z)mH) X (z,d1+z,...,dr+z):@.

Example. Consider the polynomial system {z,2z,3z,4x}. We have V (z,2z,3x,4z) = 4

and the pair (2,1) separates z,2z,3z,4x on the level 3. (Indeed, the vectors ug =
10 0 0

1z 22 z3

(1,0,1,0,1) and uw; = (0,1,0,1,0) are not contained in R-span | 12v (22)* (22)°
13z (3z)2 (3z)3
14z (4z)2 (42)3

0
1
8

1
1

span | 1 )
1
1416 64

Consider the Weyl system (Y, R) where Y = X xZs with X = T3 and R(x1, 22, 3,1) =
(1 4+ o, 9 + o1, 3 + x2,1 + 1) with an irrational a. For this system we have

Ok~ O

wN=OoO
\V]

10 0 0 10 0 0
1z 2@ B 1z 22 29 100 0
2 3 2 (o3 111 1
7'5(H) = R-span | 12= (22)2 (22)B1 | — R-span | 122 (22)* (22)° | —gpan (124 8 | ¢ F? = T°.
3 (2] (3] 2 (a3 3
13z (3z)' (3z) 13z (3z)° (3x) % i 196 %Z
14z (42)? (42)B 14z (4z)? (4z)°
10 to
01 i . . .
The space U = span{ug,u;} = span (1)(1) = to |, tg,t1 € T » is not contained in
t
10 t(l)
to t1
tl t() . .
73(H), thus we can choose tg,t; € T such that [t |, |t | & 79(H) (this is so when
th to

to t1
to # t1). Next we choose § > 0 such that for Iy = (to — 6,to +6) and I; = (t; — 6,t1 + 6)
one has

(IQX11X]0X11><I())QT35(H)=® and (IlX10X11X10X11)OT§)(H)=@.

For AO =XoxIlpC X and A1 = XoxI; C X we then have (A()XAl XA()XAl XAo)ﬂH = @
and (A1 X AO X Al X A() X Al) NH = @ Finally, we put B = (A() X {0}) U (Al X {1}) cY.
s
Let now K = |J | g2en+d |Ayrin C Y® = X° x Z3. Then K = Hy U H; where
3(2n+1)
24(2n+1)

Hy=H x{0,1,0,1,0} and H;, = H x {1,0,1,0,1}. Since

BN (X° % {0,1,0,1,0}) = (Ao x A1 x Ag x A1 x Ap) x {0,1,0,1,0}
and B°N(X° x{1,0,1,0,1}) = (A1 x Ag x A1 x Ay x A7) x {1,0,1,0,1},

we obtain B> N K = (). This implies B N Rt B n R—2@n+h)p 0 R=3@2n+tlB N
R4+ B — () for all n € Z.
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Proof of Theorem 7.2. In the notation of Proposition 7.5, take any point y € Y. Since
(Y, R) is an ergodic Weyl system, it is uniquely ergodic and so, UD({CL €Z: R e C’}) =
py (C) for any open C' C Y with py(0C) = 0. Define E = {a € Z : R%y € B}. Then
UD(FE) = py(B) > 0, and for any s € Nand a,c,...,¢s € Zone has a,a+c¢q,...,a+cs €
E iff Ry, Rty ... Ry c Bif Ry e BNR ™ “*BN...N R %B.

Since BAR™P(mtUpBA . AR P(™t)B = foralln € Zand I € {I1,...,1,}, the
set E does not contain configurations of the form a,a + p1(mn +1),...,a+ p.(mn +1).

Let {q1,...,q9s} be a system of integral polynomials with zero constant term. Let
Wi(q,...,qs) <k, let h be a nonconstant integral polynomial, and let ¢;,...,¢cs € Z. By
Proposition 6.15

UC-limpy (BN R-1(hm)=aapn,  q R-e=0m)=eB) = 1y (B)**+1,

Forn € Zput E, = {a € Z: a,a+ qi(h(n)) +c1,...,a+ qs(h(n)) + ¢s € E}. We have
UD(E,) = py (BN R-0tW=apn. . 0 R-ett)=¢B), and so, UC-im UD(E,) =
py (B)*tt = UD(E)*+!.

If W(q1,...,q9s) < k, then by Proposition 6.17 we obtain lim, .., UD(E,) =
py (BT = UD(E)**1.

Finally, let V(q1,...,qs) < k, and let h be a nonconstant integral polynomial. Put
E,={a€Z:a,a+q(h(n)),...,a+qs(h(n)) € E}, n € Z. By Proposition 6.18,

UC-limUD(E,) = UC-limpuy (BN R "™ Bn .. .nR™=HM)B) > 0.
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