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Abstract

We prove that for any set ' C 7 with upper Banach density d*(E) > 0, the set “of cubic
configurations” in FE is large in the following sense: for any k& € N and any € > 0, the set

k
{(nas e smp) €ZF 55 (N, ovcrony (B — (e1nn + -+ exny))) > d*(B) — e} is an AVIP-
set. We then generalize this result to the case “of polynomial cubic configurations” ejpj(n) +

-++ 4 erpr(n) where the polynomials p;: Z¢ — 7, are assumed to be sufficiently algebraically
independent.

0. Introduction

Let (X, B, u,T) be an invertible probability measure preserving system. By a result
of Khintchine ([Kh]), for any A € B one has

N-1

> WANT"A) > p(A)? (0.1)
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It follows from (0.1) that for any € > 0 the set
R.(A)={neZ:p(ANT"A) > u(A)* -}

is syndetic.(!) This fact forms a refinement of the classical recurrence theorem of Poincaré
and is referred to as Khintchine’s recurrence theorem.

The limiting relation (0.1) admits a multiparameter generalization (see [B2], [HoK1],
[HoK2], and, for a short proof of a rather general result, [BL2], Theorem 0.8). In particular,
one has the following theorem:

Partially supported by NSF grants DMS-1162073 and DMS-1500575.
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such that G = F + S.



Theorem 0.1. For any k € N and any A € B,

1 k
i - - e1ny+-+egng > 2
N_hm (N =) E u( m T A) > u(A)” .
M<ni,...np<N-—1 e1,...,ex €{0,1}

Corollary 0.2. For any k € N, any A € B with u(A) > 0, and any € > 0 the set

RO = {nm e 285 () Tomrrema) s w4 < e} (g

e1,...,er€{0,1}
1S syndetic.

Via the Furstenberg correspondence principle(?, Corollary 0.2 implies that any set of
positive upper Banach density(®) in Z contains many “k-dimensional cubic configurations”:

Corollary 0.3. Let E C Z be a set with d*(E) > 0. Then for any k € N and any € > 0
the set

Rék)(E):{(nl,,nk)Gde*< ﬂ (E—(eln1+...+eknk>)>>d*(E)2k_€}
e1,...,ep€{0,1} (03)

18 syndetic.

The goal of this paper is to refine Theorem 0.1 and Corollary 0.2 in two natural
directions. The first direction has to do with multiple recurrence along polynomials. By
utilizing results obtained in [BFM], one can show that for any A € B with u(A) > 0, any
£ > 0, and any intersective® polynomial p: Z¢ —s Z, the set

R.(A;jp)={neZ*: W(ANTP™MA) > p(A)? — ¢}

is syndetic. This leads to a question whether it is true that for any jointly intersective
polynomials pq, ..., pr the set

Re(A;p1,...,px) = {n AR u( ﬂ Telpl(””"'“’“p’“(")z‘l) > p(A)? — 5} (0.4)

e1,even€f0,1}

() The Furstenberg correspondence principle says that for any set £ C 7Z there exists (an
ergodic) invertible probability measure preserving system (X,B,u,T) and a set A € B such
that u(A) = d*(F) and for any k and any ni,...,n; € Z, d*(E —n1)N---N(E —ng)) >
u(T™AN---NT"A), where d* is the upper Banach density (which is defined in the next
footnote). See [B4] and [BHoK].

() For a subset F - Zd, the upper Banach density d*(E) of E is the supremum of
limsup y_, oo |E N @ x|/|® x| over all Fglner sequences (® ) in Z2.

(4) A polynomial p: Z% —» Z is intersective if for any m € N there exists n € Z% such that
m|p(n). Several polynomials p1,...,pg: Z¢ — 7, are jointly intersective if for any m € N there
exists n € Z% such that m|p;(n) for alli = 1,..., k. The class of intersective polynomials appears
naturally in Ergodic Ramsey Theory — these are the ultimate class of polynomials for which the
polynomial Szemerédi theorem holds; see [BLLe2].
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is syndetic, which, in turn, would imply that for any F C Z the set

R.(E;p1,...,pK) = {n cz?: d*( ﬂ (E - (eipi(n) +--- + ekpk(n))> > d*(E)Qk - 6}
e;€{0,1}

(0.5)
is syndetic. (Note that in the case d = k and p;(n) =n;, i =1,...,k, (0.4) and (0.5) give
(0.2) and (0.3).) We answer this question positively in the case where the polynomials p;
are “sufficiently algebraically independent”. (See Theorem 0.8 and Corollary 0.9 below.)

Another question of interest — both from the point of view of dynamics and combi-
natorics — is whether “the sets of returns with large inersections”, such as Rék)(A) and
R:(A;p1,...,pk), have a property stronger than that of syndeticity. As we will see, in
certain situations the answer to this question is positive. In order to formulate the results
obtained in this paper we first have to introduce some relevant notions of largeness. (The
reader will find a more detailed discussion of the hierarchy of notions of largeness in the
next section.)

Definition 0.4. Let (n;) be a sequence in Z%. The IP-set(®) generated by (n;) is “the set
of finite sums”

FS(m,nz,...):{ni1+~--+nij pig < -ee < 4y, jEN}.

A set S C Z% is called an IP*-set if it has a nontrivial intersection with any IP-set. For
r € N and any n,...,n, € Z¢ the set

FS(nl,...,nr):{ni1+---+nij:i1<---<ij, jST}

is called an IP,-set. A set S C Z% is said to be an IP-set if it has a nontrivial intersection
with any IP,-set, and we say that a set is an IFPj-set if it is an IP}-set for some r € N.
(Equivalently, one can define an IPy-set as a set that contains an IP,-set for all r, and an
IP§-set as a set having a nonempty intersection with every IPg-set.)

Clearly, IP§-sets are IP*; it will be shown in the next section that the property of being
an IP{-set is strictly stronger than that of being an IP*-set. It is also not hard to see that
any [P*-set is syndetic, and that the property of being an IP*-set is stronger than that of
being syndetic. For example, one can show that the family of IP*-sets in Z¢ has the filter
property, meaning that for any finite collection S, ..., S; C Z% of IP*-sets the intersection
ﬂle S; is also an IP*-set. (This follows from Hindman’s theorem ([H]), stating that for
any finite partition of Z¢ one of the cells of the partition contains an IP-set.)

One can show in an elementary way that the set R.(A) introduced above is IP§ (see
[B1], Section 5 and Theorem 1.2 in Section 1) and it is natural to inquire whether the

sets ng) or R.(A;p1,...,pr) are IP§-sets, or, at least, IP*-sets. While it turns out that
even for an ergodic T already the set Rg) (A) may fail to be IP*(6), we will show that the

sets Rék)(A), as well as the sets R.(A;p1,...,pr) when the polynomials p; are “sufficiently
algebraically independent”, are Almost IPj-sets:

(5) The abbreviation “IP” was introduced in [FuW] and stands for the “Infinite-dimensional
Parallelepiped”, as well as for “IdemPotent”.

6) For example, R£2)(A) may have trivial intersection with the IP-set {(n,2n), n € N}.
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Definition 0.5. A set S C Z¢ is an AIP*-set if S = R\ N where R is an IP*-set and N
is a set of zero Banach density, and is an AIPj-set if S = R\ N where R is an IP{-set and
N is a set of zero Banach density.

The property of being AIP* is still quite a bit stronger than that of being syndetic.
In particular, the family of AIP*-sets has the finite intersection property. We will discuss
in Section 1 connections between the AIP*-sets and some other important families of large
sets.

Here is one of the ergodic-theoretical results obtained in this paper, together with its
combinatorial counterpart:

Theorem 0.6. Let (X,B,u,T) be an invertible ergodic probability measure preserving

system and let A € B with u(A) > 0. Then for any k € N and any € > 0, the set Rék)(A)
is an AIP(-set.

Corollary 0.7. For any E C 7Z with d*(E) > 0, any k € N, and any € > 0, the set
Rék)(E) is an AIP§-set.

Theorem 0.6 generalizes to families of “algebraically independent” polynomial pow-
ers of a transformation. We say that polynomials pi,...,pp:Z% — Z are algebraically
independent up to degree c if for any nonzero polynomial P:Z*F — 7Z of degree < ¢, the
polynomial P(pi(n),...,pr(n)) is not equal to zero.

Examples. 1. If p; are polynomials in pairwise disjoint sets of variables (say, p1 = p1(n1)
and py = pa(nsg)), they are algebraically independent up to any degree.

2. The polynomials n, nc+!, n(c+D* . p+D" on 7 are algebraically independent up to
degree c.

3. The polynomials n?,n? 4+ n are algebraically independent up to degree 2.

Theorem 0.8. Let (X,B,u,T) be an invertible ergodic probability measure preserving
system and let polynomials p1,...,pp: 2% — 7 with zero constant term be algebraically
independent up to degree k. Then for any A € B with u(A) > 0 and any € > 0 the set
RE<A;p17 s 7pk) is AIP%

Corollary 0.9. Let polynomials p1,...,py: 2% — Z with zero constant term be alge-
braically independent up to degree k. Then for any set E C Z with d*(FE) > 0 and any
e >0 the set R.(E;p1,...,pr) is an AIP§-set.

Polynomials with no constant term form a special case of intersective polynomials
(defined in footnote (4) above). When dealing with jointly intersective polynomials one
encounters “shifted” AIP*-sets:

Definition 0.10. An IPj , -set (respectively, an AIP; , -set) in Z% is a set of the form
ng + S where S is an IP§-set (respectively, an AIPj-set) and ng € Z%.

Theorem 0.11. Let (X,B,u,T) be an invertible ergodic probability measure preserving
system and let polynomials p1,...,pix:Z — 7 be jointly intersective and algebraically
independent up to degree k. Then for any set A € B with u(A) > 0 and any € > 0 the set
R.(A;p1,...,pk) is an AIP;  -set.



Corollary 0.12. Let polynomials p1,...,pr: 2% — 7Z be jointly intersective and alge-
braically independent up to degree k. Then for any set E C 7Z and any € > 0 the set
R-(E;p1,-..,pn) is an AIP; , -set.

As a matter of fact, the sets Rék)(A), Rék)(E), R.(E;p1,...,px), and R.(A;p1,...,pk),
appearing in Theorems 0.6-0.11 and their corollaries, possess a property stronger than just
being AIP§ or AIP{  -sets — they are, in fact, “polynomial AIPg-sets”, AVIP-sets or, re-
spectively, AVIP; , -sets. We postpone the definition and the relevant discussion until the
next section.

1. Hierarchy of large sets, AVIPj-sets, and translations on nilmanifolds

Our goal in this section is to introduce and discuss various notions of largeness for
sets in Z and Z%, which will allow us to put in a better perspective the results obtained in
this paper.

Let (X, B, u,T) be an invertible probability measure system and let A € B, u(A4) >
0. One pertinent notion of largeness, namely syndeticity, has already appeared in the
introduction, and it was mentioned that the sets

R.(A)={n€Z:p(ANT"A) > u(A)* —e},

RM(A) = {(m, k) €L u( N Tﬁ”l*"“k“kA) > u(A)? - e} for k > 2,
61,...,ek6{0,1}
R.(A;p) = {n €Z:pu(AN Tp(”)A) > pu(A)? — 5}, where p is an intersective polynomial,

are known to be syndetic. In the case of the sets R.(A) one can however show that these
sets possess stronger combinatorial properties, which we will describe now.

The set {n; —n; : 1 <i < j} of differences of the elements of an infinite sequence
(n;) of distinct elements of Z¢ is called a A-set, and the set of differences of an r-element
sequence of distinct elements is called a A,-set. A set S C Z¢ is called a A*-set if it has a
nonempty intersection with every A-set in Z9, and, for r € N, is called a A¥-set if it has
a nonempty intersection with every A,-set in Z9. Also, we say that a set S is a A}-set if
it is a AJ-set for some r. Let us denote by S, A*, A¥ for r € N, and Aj the families of
syndetic, A*, A¥, and Aj-sets respectively. Then, for any 1,72 € N with vy > ro > 4, the
following strict inclusions hold:

SOA"DAGDAL DAT.

Let us show, for example, that A* # Aj in the case d = 1. Put B = Ufozl{22r, 2.22" 3.
2%, ...,r2%"}, so that B contains A,-sets for arbitrarily large r, but contains no A-sets;
hence, the complement S =Z \ B of B is a A*-set but not a A{-set.

We observe that A¥-sets naturally appear in the traditional proof of Poincaré’s recur-
rence theorem. Indeed, let A € B, u(A) > 0. Given any set {nq,...,n,} C Z of cardinality
r > pu(A)~71, the sets T A, ..., T" A cannot be all disjoint. Thus for some 1 <i < j <7
one has 0 < u(T™ANT™A) = un(ANT™ ™ A), which immediately implies that the set

{neZ:pu(AnT"A) > 0}
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is a AX-set for all r > p(A)~1.
A refinement of this short argument allows one to get the following sharpening of
Khintchine’s recurrence theorem.

Theorem 1.1. Let (X,B,u,T) be an invertible probability measure preserving system.
Then for any A € B and € > 0 the set R.(A) = {n € Z: f(ANT"A) > n(A)?> —€} is a
Af-set.

The assertion of Theorem 1.1 follows from the elementary fact (originally due to Gillis,
[G]) that given € > 0, if » € N is large enough, for any sets Ay,..., A, € B of measure
a > 0 there exist 1 <4 < j < r such that pu(A; N A;) > a® —e. (It also follows from this
argument that the set R.(A) is an Af-set where r depends only on p(A).)

Encouraged by Theorem 1.1, one would like to know whether some other natural “sets
of large returns”, such as

R.(An?)={neZ:pu(An T”ZA) > p(A)? —e}

and
RO(A) = {(n,m) € Z% : (AN T ANT™ANT™ ™ A) > p(A)* — ¢},

which are known to be syndetic, also possess stronger properties. The answer to this query
is positive, but the issue is more delicate than one might expect. First, it is not true in
general that the sets of the form R.(A;n?) are A} or even A*. To see this, it is enough to
consider an irrational rotation on the unit circle and utilize the fact that for any irrational
number « and any £ > 0 there exists an infinite sequence (n;) such that, for any i # j,
|(n; —n;)?amod1 — | <e.

On the other hand, it was proved in [BFM] that the sets of the form R.(A;n?) are
IP*-sets (see Definition 0.4 above). This fact looks quite satisfactory since the IP* property
is still (much) stronger than that of syndeticity. But, as we have already mentioned in the
introduction, the sets REQ)(A) do not possess this property. It can be shown that these
sets are so-called C* (central*) sets.7) We obtain a stronger result (see Theorems 2.1

below and 3.9 below), which establishes, for the sets Rék)(A) and R-(A;p1,...,pk), with
certain algebraic independence restrictions on the polynomials p;, an almost IP*property:
we show that they are AIP*, and, indeed, AIPj-sets. (In fact, we will show that these sets
are AVIPj-sets, see Definition 1.2 below.)

To visualize the relations between the various classes of sets we have described, let
us denote by IP*, 1P}, IP§, AIP*, APy, AIPg, C*, ATP%, AIP; , AIPf |, and C7%, the
families of sets having the corresponding property. We then have, for any vy > ro > 2, the

(T) A subset of Z% is called central if it is a member of a minimal idempotent in the semigroup
(BZ4,4) (the Stone-Cech compactification of Z%; for relevant background see [B1] and [B3]). A
subset of Z% is C* (central®) if it has a non-trivial intersection with any central set in Z¢. (This
notion often appears in the context of multiple recurrence; see, for example, [BD], [BM1], [BM2].)
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following diagram of strict inclusions:

A* D A D A;'jl D A,’i2

N N N n
IP* > Py D IPr, D 1P
n n N N (1.1)
C* D AIP* D AIP; D AIP;, D AIP
N n N N N

§ D CL D AIPY D AIPS . D AIP; , D AIP], ..

The strictness of some of the inclusions in (1.1) is not immediately obvious, and we address
this issue in the following comments.

The inclusion C* D AIP* follows from the facts that a subset of Z% is IP iff it is a
member of any idempotent ultrafilter in the semigroup 3(Z%, +), whereas it is central iff it
is a member of any minimal idempotent in 3(Z%, +) (see, for example, [B3], Theorem 2.15
and the subsequent remark), and that the family of C*-sets is stable under the operation
of removing subsets of zero Banach density. On the other hand, a construction due to
McCutcheon ([M]; see also [MZ]) shows that there are C*-sets which are not AIP*, that
is, that this inclusion (as well as the inclusion C* D AIP? ) is strict.

The fact that S 2 C is proven in [B3], Theorem 2.20.

To see that, for » > 2, IP; # Ay, it is enough to take a A,-set B which contains no
IP,-sets (say, B = {1,...,r — 1} C Z) and put S = Z¢\ B; then S is an IP} but not a
Ar-set.

To see that IP; # IP; for 71 > ry (which implies that, for any r, IP§ # IP}), take
any IP,,-set B which is not an IP,,-set and put S = Z¢\ B. Similarly, taking B to be a
union of IP,-sets for all 7 which contains no IP-set (in Z, the set B = J;—,{22",2-2%,3-
22" . ,rQQT}, already used above, works) and putting S = Z9 \ B, we get a set which is
IP* but not IPj.

It is somewhat harder to establish the strictness of the inclusions between the “A”-
families of sets, such as AIP}, AIPg, and AIP*. To prove, in the case d = 1, that AIP} #
AIP}, for r1 > rp, one can check that for any r € N the lattice rZ is an IP}-set but not

AIPy_,. Indeed, given any ny,...,n, € Z, consider the r elements m; = ni, may = ny +na,

.oy My =mn1+---+n, of FS(ny, ..., n,); if none of m; is divisible by r, then for some i < j
one has m; = mjmodr, so n;41 +---+n; € FS(ny,...,n,) NrZ. To show that rZ is not
AIP;_,, let N C Z be a set of density zero, and assume that S =rZ U N is an IP}_-set.
Then for any nq,...,n,_1 € Z with n;, = 1 mod r for all i we have FS(nq,...,n,_1)NN # (.
Let (n1,...,ns) be a maximal sequence in Z for which FS(nq,...,ns)NN = (). Then for any

n € Z with n = 1 mod r we must have n +m € N for some m € FS(nq,...,ns) U{0} # 0,
which contradicts the assumption that d*(N) = 0.

The strictness of AIP* D AIP§ can be proven “dynamically”; let us briefly describe
the underlying idea. By Theorem 1.3 below, the set of returns in any distal topological
dynamical system is IP*. Let (Xy, Ty, o) be a pointed distal dynamical system with the
property that for any pointed nilsystem® (X, T}, z;), either the systems (X, Ty, zo) and

®) N ilsystems, as well as distal systems, are defined later in this section.
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(X4,T1,x1) are disjoint(®), or have a common isometric factor (X5, Ty, x5) over which they
are relatively disjoint. (An example of such a system (X, Tp) is provided by a skew-product
transformation Ty(z,y) = (z + a,y + f(z)) on a two-dimensional torus Xy = T? for an
irrational @ € T and some f € C(T); we thank M. Lemanczyk for kindly confirming this to
us.) Let S = Ry (zo) be the set of returns of x into its sufficently small neighborhood U,
Ry = {n € Z%:T"xg € U}; then, by Theorem 1.3, S is an IP*-set. Let P be any IP§-set;
by Theorem 2.6 in [HoK3], P contains a piecewise Nil._1 Bohry-set, that is, the intersection
PN @ where P’ is a set of returns of the point z; of a pointed nilsystem (X1,77, ;) into
some its neighborhood and @ is a thick® set. Then, because of the disjointness or
relative disjointness of (Xo, T, xo) and (X1,T7,x1), the set P’ \ S is syndetic, and so the
set P\ S D (P"\ S)NQ has positive upper Banach density. Hence, we have (SUN) # P
for any set NV of zero Banach density, that is, S is not an AIP{-set. A similar argument
applies to the families of the AIP§ | and AIP” -sets. Apropos, based on the fact that every
A*-set contains a piecewise-Bohr set (see [BFW]), one can show, in a similar way, that
IP§ D AA* (where AA*is the family of “almost” A*-sets, i.e. sets of the form R\ N where
R is'a A*-set and N is a set of zero Banach density).

This concludes our discussion of diagram (1.1). However, it turns out that the sets

gk)(A) and R.(A;p1,...,pr) of large values of correlation functions possess an even
stronger property than that of AIP{, namely, AVIP{, “the polynomial” AIP{-property,
which we will presently introduce. Let (n;);ca be a collection of elements of Z¢ indexed
by a set A. (That is, let n be a mapping A — Z9.) The IP-set generated by (n;)ica
can be interpreted as the image of “a linear” mapping : F(A) — Z<¢ from the “partial
semigroup” F(A) of finite subsets of N under the operation of disjoint unions: ¢ is defined
by p(a) = ,c, ni, « € F(A), and has the property ¢(a1 Uaz) = ¢(a1) +¢(az) whenever
a1 N Q9 = @

For an arbitrary mapping ¢: F(A) — Z% and v € F(A) we define the y-derivative
Do F(A\v) — Z% of ¢ by D p(a) = p(aUv) —p(a), a € F(A\ ). We now have that
¢ is linear, in the above sense, iff ¢()) = 0 and D. ¢ is constant for every v € F(A); and
equivalently, iff p(0) = 0 and D., D.,¢ = 0 for any disjoint 71,72 € F(A). We say that
a mapping ¢: F(A) — Z% is polynomial of degree < k if D, D, - - D, .,p = 0 for any
disjoint v1,...,Yk+1 € F(A). It can be shown (see [BL1]|, Theorem 8.3) that a mapping

¢: F(A) — Z% is polynomial of degree < k iff it is of the form ¢(a) = . gca mgs, where
1BI<k
B+ mg is a mapping from F<i(A) = {8 € F(A) : |8] < k} to Z°.

©) 4 pointed dynamical system (X , T CL’) is a compact metric space X with a homeomorphism
T:X — X and a point x € X whose orbit under T is dense in X. Two pointed dynamical
systems (Xo,T0,z0) and (X1,T1,21) are said to be disjoint if the orbit of (zg,z1) under the
action Ty x T is dense in the product space Xg x X71. If the systems (XO, To, :l:o) and (Xl, T1,:£1)
have a nontrivial common factor (Xg, 7%, z2), they cannot be disjoint; we say that these systems
are relatively disjoint (with respect to X2) if the orbit of (zg, 1) is dense in the relative product
space Xo X x, Xi.

(10) " A subset of Z is said to be thick if it contains arbitrarily large intervals in Z.
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Definition 1.2. A VIP-set of degree < k in Z% is defined as the image ¢(F(A)) of a
polynomial mapping : F(A) — Z9 of degree < k with () = 0. A set S C Z% is
said to be a VIP*-set if it has a nonzero intersection with any infinite VIP-set in Z¢. A
set S C Z% is said to be a VIP;-set if for every k € N there exists r such that S has a
nonzero intersection with any VIP-set in Z? of degree < k and of cardinality > r. We
define AVIPj-sets as sets of the form S\ N where S is a VIP§-set and N is a set of zero
Banach density in Z¢. We define VIP§ , and AVIP}  -sets as shifted VIP§ and AVIPj-sets
respectively.

Let us denote by VIP*, VIPj, AVIP*, and AVIPj the classes of VIP*, VIPg, AVIP*,
and AVIP{-sets respectively. We then have the following diagram of strict inclusions

VIP* 5 VIP;,
N n (1.2)
IP* O IP;

Again, easy examples prove the strictness of these inclusions. For the inclusion IP* 2 VIP*,
for instance, take S = Z \ B, where B = {n? : n € N}. B is a VIP-set of degree 2 (this is
the image of the polynomial mapping p(a) = |a|? from F(N) to Z) and does not contain
any infinite IP-set (since any infinite IP-set contains infinitely many pairs of elements with
the same difference); thus, the set S is an IP* but not a VIP*-set in Z.

As for the “A”-version of the diagram (1.2),

AVIP* D AVIP}
al N (1.3)
AIP* D AIP}

we believe that all the inclusions in (1.3) are also strict, but this needs a separate inves-
tigation. (The dynamical approach described above fails here since both IP{§ and VIP]
families of sets come from the same class of dynamical systems, nilsystems.)

We will now describe how VIPj and AVIP-sets appear in the context of the problems
we deal with. The crucial fact which explains the emergence of VIP*-sets in our study has
to do with the intrinsic “nilpotent” nature of multiple recurrence. A polynomial multiple
correlation sequence is a sequence (or rather a mapping Z¢ — R) of the form

7(n) = ,U(AO NTP M A N0 Tpk(")Ak), ne 74, (1.4)

or, more generally,
7(n) :/ o - TP £y TP fo e 74, (1.5)
X

where T is a measure preserving transformation of a probability measure space (X, B, i), p;
are polynomials Z¢ — Z, A; € B, and f; € L>=(X). It follows from [L3], Theorem 3 that
any polynomial multiple correlation sequence (1.5) induced by an ergodic transformation is
approximable in density by correlation sequences of the same sort coming from nilsystems:
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for any e > 0 there exists a compact nilmanifold X' (a compact homogeneous space of a
nilpotent Lie group G) with normalized Haar measure ', a nilrotation T’ (the translation
of X’ by an element of (), and functions f, ..., f; € C(X’) such that for the sequence

T'(n)= | [ (TP (T fdyd
X/

one has d*({n € Z% : |7(n) — 7/(n)| > €|}) = 0. (In other words, nilsystems approximate
a characteristic factor of (X, T)V); see [HoK1] or [Zi].) It follows that when studying
the level sets of polynomial multiple correlation sequences, we may confine ourselves to
nilsystems as long as we are ready to ignore subsets of Z? of zero Banach density and small
errors.

Nilrotations are known to be distal transformations'?) (see [AGH], [Kel], [Ke2]) and
therefore, by the following theorem, possess the property of IP*-recurrence:

Theorem 1.3. (Cf. [Fu], Theorem 9.11) Let X be a compact metric space and let n — T"

be a distal action of Z* on X by self-homemomorphism. Then for any o € X and any
neighborhood U of xq the set Ry(xg) = {n eZ4:Trxy € U} 18 a IP*-set.

While the IP* property of the sets of returns Ry () is universal for all distal systems
(and, in fact, characterizes distality — see, for example, Theorem 3.8 in [B3]), nilsystems
possess a stronger property:

Theorem 1.4. ([BL3], Theorem 0.5) Let X be a compact nilmanifold, let n — T™ be an
action of Z* on X by nilrotations. Then for any o € X and any neighborhood U of o,
the set Ry (xo) is a VIP§-set.

Let us remark that the class of VIPj-sets is stable under taking polynomial preimages:
if S C Z%is a VIPS-set and p:Z! — Z< is a polynomial mapping with p(0) = 0, then
p~1(9) is a VIP}-set in Z!. (This follows from the fact that if B is a VIP-set of degree < k
in Z! then p(B) is a VIP-set of degree < kdegp in Z%.) It thus follows from Theorem 1.4
that for any polynomial mapping p: Z' — Z with p(0) = 0 the set Ry (zo;p) = {n € Z:
TPz € U} is VIPS.

Let X be a compact nilmanifold, n — T™ is an action of Z% on X by nilrotations,
h € C(X), and 2o € X; then the sequence p(n) = h(T"zy), n € Z9, is called a basic
nilsequence; a general nilsequence is a uniform limit of basic ones. (This terminology was
introduced in [BHoK].) For any ¢ < h(z¢), by Theorem 1.4 the set R = {n € Z%: ¢(n) >
c} is an VIP{-set. If one has ¢ < h(x) for some z # z( (and the action T is assumed to be
ergodic), R is, in general, only an VIP{ | (see Definition 0.10).

Because of the “nilpotent nature” of polynomial multiple correlation sequences, it is
not surprising that any such sequence is an “almost” nilsequence:

(1) A factor system (X', B', 1/, T") of a probability measure preserving system (X, B, u,T)
is said to be characteristic (with respect to the scheme [ fo - TP () gy ope(n) ¢ dp) if for
any fo, fi,--,fr € L®(X) one has UC-lim,cza([y fo - TP f1--- TP frdp — [y, fo -
(TP E(f1X") - (TP E(f,] X") di') = 0. (UC-lims are defined below.)

(12) An action n — T" of Z% on a metric space (X, p) by continuous transformation is said to
be distal if for any distinct 1,z € X, inf,, czap(T"z1,T"z2) > 0.
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Theorem 1.5. ([L7], Theorem 0.1) Let (X,B,u,T) be an invertible probability measure
presering system. For any polynomials p1,...,pe: 2% — 7 and any Ao, ..., A, € B, the
polynomial multiple correlation sequence T(n) = M(Ao NTPrMAN-- -ﬂTpk(”)Ak), n € 74,
has the form T = ¢ + X\, where ¢ is a nilsequence and X is a null-sequence3) .

(See also a recent result of Frantzikinakis in [F], which deals with the case of several
commuting transformations.)

Definition. For a sequence (u,,), n € Z%, in a normed vector space we write UC-lim,,c 74 u,,
for imn s o0 @ > nezd Un if this limit exists for all Fglner sequences (@) in Z4 (in which
case the limit is the same for all these sequences).

Let 7 be a polynomial multiple correlation sequence with UC-lim,, ¢z« 7(n) = C. Rep-
resent 7 in the form 7 = ¢ + X\ where ¢ is a nilsequence, ¢(n) = h(T"x) for xg € X, h €
C(X), and X is a null-sequence. Then [, hdu(X) = UC-lim, ¢(n) = UC-lim,, 7(n) = C.
From Theorem 1.4 we now get the following result:

Theorem 1.6. For any polynomial multiple correlation sequence T and any € > 0, the set
R={neZ:7(n)>C —c}, where C = UC-lim, ¢z 7(n), is AVIP; ..

We now see from Theorems 1.6 and 0.1 that the sets Rék)(A) and R.(A;p1,...,Dk)
appearing in Theorems 0.6 and 0.8 are AVIP{  -sets; our goal is to show that these sets
are in fact “non-shifted” AVIP{-sets. Under the notation of Theorem 1.6, to prove that a
set R is AVIP{ it suffices to represent the corresponding multiple correlation sequence in
the form ¢ + A, where ¢(n) = h(T™x¢) is a nilsequence and A is a null-sequences, and to
show that h(xzg) > C. In order to achieve this goal we will have to take a close look at the
orbit closure of the diagonal of a Cartesian power of a nilmanifold.

2. The sets ng)(A)

The following is the main “linear” (i.e. pertaining to polynomials of degree 1) result
of the paper:

Theorem 2.1. Let (X,B,u,T) be an ergodic probabilty measure preserving system and
let f € L=(X). Then for any k € N and ¢ > 0, the set

RM(f) = {(nl,...,nk) ezk . /X H TermtteRnk £ > </deu>2k - 6}

1,...,€k€{0,1}

is AVIPS.

(13) We say that a sequence \(n) is a null-sequence if A\ — 0 in Banach density, that is, for
any € > 0 the set {n € Z% : [\(n)| > £} has Banach density zero.
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Taking f = 14 in this theorem where A is a measurable subset of X and confining ourselves
to VIP-sets of first degree, we get Theorem 0.6; then, applying Furstenberg’s correspon-
dence principle, we obtain Corollary 0.7.

The proof of Theorem 2.1 hinges on results from [L1], [L2], [L3], [L4], [L6], [L7], [BL2],
and [BL3]. Let us consider a more general situation: let py,...,p, be distinct linear forms
ZF — 7 and assume that we need to show that for any nonnegative function f € L>(X)

the set .
&zEZk:/;llT%“Qme><[;f@0r—s}

is AVIP{. First, as was described above, we may confine ourselves to nilsystems and assume
that X = G/I' is a compact nilmanifold, p is the Haar measure, T' € G is a nilrotation of
X, and f is a continuous function on X. Next, we may assume that the nilmanifold X is

connected. Indeed, let X have b > 1 connected components, X7,..., Xy; then for any j,
the translation T preserves X § and is ergodic on it. Assume that for any j =1,...,0 the
set

Rj:{nEZk:/ Hprl(”)f|X /f|Xo bu) —€/b}

is AVIP{; then the set R’ = ﬂ?:1 R; is also AVIPj, and for any n € R’, by the convexity
of the function t — t",

/‘IIT@*mfdbu /)fdbu — g,

so bR’ C R.

It is easy to see that if R’ is an AVIP{-set, then bR’ is also AVIP{, so R is AVIP{.
So, after replacing T by T° and X by each of X?, 7 =1,...,b, we may and will assume
that X is connected.

Let D be the diagonal {(x,...,z), x € X} of X". For any m = (my,...,m,) € Z"

we have ,
[ M sdn= [ rodun,,
X =1 Dm

where D,,, = (T™,..., T™)D, f® (x1,...,2.) = f(x1)--- f(x,), and up,, is the normal-
ized Haar measure on D,,. Put p = (p1,...,p,) and F = f®". We next use results from

[L6] and [L7], which describe the behavior of the sequence [}, - Fdup,.,- Let Y be the

orbit closure (J,,czx Dpny of D in X" under the action TP = (TPr()  TPi(M): then
Y is a subnilmanifold of X, and UC-lim,,czx po(n) Fdup,., = fy Fduy, where py is the
Haar measure on Y. (See [L2], Corollary 1.9.)

Let Gy be the subgroup of G generated by 7" and the identity component of GG; then
X is a homogeneous space of Gy as well, so, we may and will assume that G = Gj.
Let m:G — X be the natural projection, and let H be the minimal closed subgroup
of G™ such that TP(™ ¢ H for all n and 7(H) = Y. Let K be the normal closure in
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H of the diagonal A = {(g,...,9), g € G} of G". (That is, K is the minimal normal
subgroup of H containing A.) Let N = K\Y, let 0:Y — N be the natural projection,
let h = E(F|N), and let w = O'(K). Then the sequence TP(™) acts on N, and by [L7],
Proposition 0.2, if we put 7(n) = [, o Fdup,, and 7'(n) = h(TP™Mw), n € Z%, then

for any € > 0, d*({n € 2 : ]7'( ) — 7'(n)| > €|}) = 0. Hence, we only need to prove that
the set {n € Z" : h(TPMw) > (fx fd,u)r — ¢} is VIP§. By Theorem 1.4, for any § > 0
the set {neZF: dist(TP™Mw, w) < §} is a VIP§-set; it therefore remains to show that

> (Jx f d“) :
Let W = n*"(K), where 7*" denotes the Cartesian product of k copies of ,

T (21, .. k) = (7(21), ... (). We have h(w) = [y, F duw, where pw is the Haar
measure on W; we will now determine K and so, W We need to first introduce some
additional notation. Let the nilpotency class of G be ¢, and let G = G; > G > -+ >
G. > G.y1 = {1} be the lower central series of G. For g € G and v = (v1,...,v,) € Z",
define g* = (g%*,...,9"") € G". For a group A and a set V C Z", by AV we understand
the subgroup of A" generated by the set {¢”, g € A, v € V}. For v = (vy,...,v,) and
u= (Ug,...,u.) €Z", let vu = (viuy,...,v,.u,). For a subgroup V of Z" and i € N, let
V** denote the subgroup of Z" generated by the products v; - - - v;, v1,...,v; € V.

Now let pi(ni,...,ng) = 2521 a; jng, © = 1,...,r, and let V' be the subgroup of
Z" generated by the vectors e = (1,...,1), (@1,1,...,ar1), .-+ (@1,k,--.,0r%). By [L6],
Theorem 6.3,

—agvay”...avr.

It follows that
K=GGYGY".aV"" " = ackey”ql

Recall that W = K/(I'NK). The torus (G5 N K)\W is naturally isomorphic to Z = G5\ X;
let n: W — Z be the natural projection. Then we have

/W Fdpw = /W fE dpw = /Z/W fE7 (w) dpw. (w) dpz(2),

where for each z € Z, W, = (n*")"1(z), and puyw, is the Haar measure on W,. For any
z € Z we have W, = n*"(K,) where

. g GVGV*Q ) GV*(C—I)
for g, € 7 1(n71(2)). Now let X5 = 7(G>), let
M GVGV*Z B 'Gl/*(cfl) g Gg, (21)

and let L be the subnilmanifold 7*" (M) of X7; let ux, and pz be the Haar measures on
Xy and on L respectively. Then for any z € Z, K, = ¢°M and W, = gL, so

| wdin, = [ 2
W, L
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where h,(u) = f(g.u), u € L. It therefore suffices to show that for any nonnegative
continuous function h on X, one has

/Lh®rd,@ > (/X hd;%)r, (2.2)

2

since, if this is the case, we will have

/ e dpw = / / FE (w) duw, (w) duz(z / / K" dpr, duz ()
>/(/ h dMX2> dpz(z) > // h, dux, duz(z ))
([ ] i) = ([ sans)”

The definition of the subgroup M of G4 (in formula (2.1)) and of the subnilmanifold
L of X3 looks similar to the definition of the subgroup H of G" and of the subnilmanifold
Y of Z", with G replaced by G,; however, this similarity is somewhat deceiving since
the series Go > G3 > --- > (G, is not the lower central series of the group G3. We can
restore the similarity by considering the group Q = G-I'; the lower central series of )
is GoI'y > G3F2 > o> GJloq > Fc, where I' = 1"y > I's > .-+ > I'. is the lower
central series of I". The nilmanifold X is a homogeneous space of @), X5 = Q/I', and the
“canonical” subnilmanifolds G;1I';/I';, i = 1,..., ¢, of X5 coincide with the nilmanifolds
Gi11/Tiy1. Choose an element Py in the identity component of G5 such that the orbit
w(P), n € Z, is dense in X5. (P is any “irrational” element of the identity component
of Ga; see [L4], Section 1.2.) Let A be the group generated by I' and Pp; then the action
of A on X5 is ergodic.

Proof of Theorem 2.1. We will now deal with the special case where r = 2% and
{p1,...,pr} = {ern1+- - +nper, e; € {0,1}}. It follows from Theorem 6.3 from [L6] that
under the action (Pe1 - PrR e, ... e €40, 1}) ..... Pu)eAk of A2k, the orbit closure of

the diagonal of X2" is the nilmanifold L = 72" (M ) where
1 *2 5 *(c—1) Ue_q .
=GyTNGY Ty -G T T,

where V' is, as above, the subgroup of 72" generated by the vector-coefficients of the linear

form p = (p1,...,per), and for each i, U; is a subgroup of 72" that is slightly larger than
V**. ([L6] deals with a single transformatlon but the results therein can be easily extended
to the case of a group action: M contains the orbit of the dlagonal of Q2 and is a minimal
subgroup of Q2 whose projection to X2 coincides modulo Q2 = (G3I'y)? 2" Wwith the
closure of this orbit of the diagonal of X. 22k For each i, V** has finite index in U;, and FUi
normalizes G Vi for all j > 1; the exact definition of the groups U; is cumbersome, and
we will not spec1fy them here because, anyway, the groups FZ» ¢ vanish after an application

of the mapping 7*2°.) Thus, L = %" (M) where M = GYGY" - .. GZ*(HI), that is, L
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coincides with the nilmanifold L introduced above. By [L1], Theorems 2.17 and 2.19, for
any nonnegative continuous function h on X5 one has

UC-i || Pt P hdpx, = | h® dpuy,.
(Pl,...,Pkl)HelA’f/ Hx, = /L 1239
.,e kG{O 1}

By [BL2], Theorem 0.5,

2k
UC- P{t - P hd () ndux,)”
(Pr P,Cl)nel/\k/ H Hx, = /X2 2.¢
This establishes (2.2) and thus concludes the proof. g

3. The sets R.(A;p1,...,pk)

We will now extend Theorem 2.1 to polynomial sequences of powers of a measure
preserving transformation. Let pq,...,p, be polynomials Z¢ — Z with zero constant
term. Notice that despite the fact that, by Theorem 2.1, the set R.(f) has “polynomial
flavor”, this theorem gives no information whether there are nonzero n € Z? such that
(p1(n),...,pr(n)) € R(f) — since the set R.(f) is not a VIP{ but only an AVIP§-set, and
since, in general, the set {(pl(n), ..,pe(n)), n € Zd} has zero Banach density in ZF.

As in the linear case, when studying polynomial multiple correlation sequences (1.5),
after ignoring a subset of zero Banach density in Z¢ and an arbitrarly small error we may
assume that (X,T') is a nilsystem. However, in comparison with the “linear” case, the
polynomial situation presents additional difficulties. Like in the linear case, the value of
the limit UC-lim,, 74 Hle TP (™ f is equal to the integral of f®* over the orbit closure Y
of the diagonal of X* under the polynomial action (77, ... TP+(™) but now Y is not,
generally speaking, a nilmanifold — it is a union of several nilmanifolds, which are visited
by the sequence (TP ) .. ,Tpk(”)) with potentially different frequencies. (Consider, for
example, the polynomial mapping n? from Z to Z/3Z: the orbit closure Y consists here
of the points 0 and 1, where 0 is visited by the sequence (n?) with the frequency 1/3 and
1 with the frequency 2/3.) Also, in the case of polynomial actions, the orbit closure Y
does not have such a simple description as in the linear case. (See [L6], Sections 9-13.)
The first problem can be got around by passing to a subsequence (Tpl(b”), oo, T pk(b”)) of
(TP ... TPx(M) for certain b € N so that the orbit closure Y is reduced to a single con-
nected component. The second problem can be avoided by dealing with only “sufficiently
algebraically independent” systems of polynomials.

Let P = {p1,...,px} be a system of polynomials Z¢ — Z; the complexity of P
is defined as the mlmmal nonnegative integer c¢ such that, when computing the limit
UC-lim,,cza [y [] X sz(”) fidzx for a general ergodic probablhty system (X,T), one may
replace X by its factor—mlsystem of nilpotency class ¢ (see [BLLel], Section B of the in-
troduction, and [L6], Sections 2.7-2.11). If the complexity of P is ¢, then the polynomial
multiple correlation sequence (1.5) corresponding to P for an ergodic system can be com-
puted, up to an arbitrarily small error, on a factor-nilsystem of nilpotency class ¢ + 1.
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(See [L7], Section 5.) The complexity of P depends only on the orbit closure of the di-
agonal D of the power X* for a general nilsystem (X,7) under the polynomial action
(TP, TPE(M) (see [L6], Section 0.7).

We will also need some information about the structure of nilrotations. Let X be a
connected nilmanifold, X = G /T, where G is a nilpotent Lie group of nilpotency class < ¢
and I' is a lattice in G, let G° be the identity component of G, and let Q) = [G°, GO]\X =
G/([G°,G°"). Q is a torus (the mazimal factor-torus of X), and under the action of G
has the structure of a c-step skew-product system. To see this, let G=0aG /|G°, G°], so
that @ is the factor of G by the lattice I' = I'/([G°,G°] NT). Let us identify elements of

G with their images in G. Let N be the identity component of G, then N is a connected
commutative Lie group; after passing to the universal cover, we may assume that N = R%,
Let Ny = N, Ny = [G,Ny], N3 = [G, N3, ..., Ney1 = [G,N.| = {1}; this is a sequence
of nested connected subgroups of N with the property that, for each 7, the lattice N; N T
is cocompact in N;. For any v € I’ and any v € N we have yu = ~yuy~!, that is,
the action of v on N is a linear transformation A, of L. Moreover, for any ¢ and any
u € N;y utAyu = [u,y7 '] € Niy1, or, passing to additive notation, A u € u + Nji1,
and every element T'= vy € GG, with v € G° and v € T, acts as an affine transformation,
Tu = v+ A,u. For each i find a subspace (a closed subgroup) L; of N; that is generated
by L; AT and such that N; = Njy1 X L;. Then N = Ly X Ly X --- X L., and every element
T of G acts on u = (uq, ug,us, ..., u.) by the formula

T(uy, g, Ug, .., Us) = (u1 + vy, u2 + Yo (ur) + vo, us + Y3(ug, uz) +vs, ...,

Ue + Ye(Ury ..oy Ue—1) + vc),
where the v; are linear forms and v; € L;, i = 1,...,c. Factorizing by I' and defining Q;
to be the image of L;, 1 = 1,...,¢, in ), we obtain that QQ = Q1 X Q2 X --- X Q., where
the @; are tori and every element 7' of G acts on @) by the formula

T(Zl, 29y Ry ,ZC) = (21 —|— a1, 29 + 77/}2(21) + a9, 23 + 1/)3(21, ZQ) —|— a3,...,
Ze + Ye(21, -5 2em1) + ),

where the 1; are linear forms and o; € Q;, 1 =1,...,c.

Let us start with the case where the polynomials p; are linearly independent. When
X is a connected nilmanifold G/I' and T" € G is an ergodic nilrotation of X, we will
use notation from Section 2, with r replaced by k: let Go = [G,G], Z = G,\X, D be
the diagonal of X*, Y be the orbit closure of D under the (polynomial) action TP(") =
(TP, ... TP(™) A be the diagonal of G¥, H = (7**)=1(Y) C G*, m: G — H be the
natural projection, K be the normal closure of A in H, W = 7*¥(K) C X¥ F = f®
h = E(F|N), and w = o(K); let also G§ = [G°,G°] and Q = G3\X. Z and Q are
tori with T' acting as an ergodic rotation on Z and as a skew-shift (an affine unipotent
transformation) on @. If the polynomials py,...,px are linearly independent, the orbit of
every point, and so of the diagonal, of Z* under the action (Tpl(”), e ,Tpk(”)) is dense, and
actually well distributed, in the torus Z¥. Since the system {p,. .., px} has W-complexity
(the complexity with respect to the Weyl systems) 1 (see [L6], Theorem 9.7), this implies
that the orbit of the diagonal of Q* is well distributed in the torus Q* as well. And by
[L2], Theorem C and Corollary 1.9, we then have that Y = X* and the orbit of D is well
distributed in X*. (For the case d = 1 see also [FK], Theorem 1.2.)
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Theorem 3.1. Let (X, B, i, T) be an invertible probability measure preserving system and
let py,...,pr be linearly independent polynomials Z¢ — 7 with p;(0) = 0, i = 1,...,k.
Then for any nonnegative function f € L°°(X) and any € > 0 there exists b € N such that

k
UC-lim/Xil;[lTpi(b")fd,u > (/X fd,u)k e

nezd

Proof. First, let us assume that T is ergodic. Assume, as we may, that (X,7T) is a
nilsystem, X = G/I', and that the group G is generated by T" and the connected component
of the identity.

If X is connected, then for any b € N the polynomials py(bn),. .., pr(bn) are linearly
independent, so Y = X* and

:(bn
U&%}im' Pion) £, — H/ f; d.
Assume now that X is disconnected, and let X7, ..., X2 be its connected components. The
nilrotation T' permutes the components X ¢; thus there exists b € N such that T' b (X7) = X7
and Tpi(b")(Xj‘?) =X7forall j=1,...;a,0=1,... .k, n € Z%. (Note that b may differ
from a since the polynomials p; may have non-integer rational coefficients.) For any j,
since X7 is connected and 7' is ergodic on X, the transformation T? is ergodic on X?. The

polynomials b~1p;(bn), i = 1,..., k, are linearly independent, so for any 7,
k k
; i(bn) _ : b\b " p;(bn)
UnCE-%bm / ;’ETP Flxe d(ap) = Uge—%bm / ;E(T e flxs d(apu) o)

Since the function t — t* is convex, we have
a
Z( f [ / f d“ )
j=1

thus, adding the terms in the left part of (3.1) for j =1,...,a, we get

k
UC-lim TP (") f dpy > / dp)”. 3.2
i [ 1T san= (| 1) (32
This proves the assertion in the case T is ergodic; note also that if an integer b works for
the construction above, then any multiple of b also works, and so, also gives (3.2).

If T is not ergodic, let X = fQ Xodw, p = fQ todw be the ergodic decomposition of
X. For each w € Q let b, be the minimal integer satisfying the assertion of the theorem
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for the system (X, T|x ); clearly, w +— b, is a measurable function on 2. For each [ € N
let ) = {w e Q:b, <I}. Then Q; C Qs C -+, and [J;o 2 = ; choose [ such that
w(\ ) <e. Put b=1!, so that b,|b for all w € ;. Then

Uge_gim/ HTp’(b")fduw (/waduw>k _e

wl 1
for all w € €, and so, assuming, as we may, that |f| < 1 and ¢ < 1, we get

k
UC-lim / TPi(bn) £y > / UC-lim / TP £ dyy  dw
i XE fdu> X H £ dpe

neZ nezd
Wz 1

>/Ql<(/xwfd“‘”>k_€ dw> // fduwdw f.
/de,u—s —5>(/}(fdu>k—2k5.

Continuing to deal with a system of linearly independent polynomials, we now get the
following result:

Theorem 3.2. Let (X,B,u,T) be an invertible ergodic probability measure preserving
system and let pq,...,pr be linearly independent polynomials Z¢ — 7 with p;(0) = 0,
i=1,...,k. Then for any nonnegative function f € L>(X) and any ¢ > 0 the set

Rs(f):{nGZd:/XﬁTpi(”)fd,u>(/de,u)k—s}.
i=1

1s AVIP;.
Proof. We may assume that (X,T) is a nilsystem: X = G/I', T € G, and f € C(X).
Let us start with the case of connected X. Since pq,...,pr are linearly independent,

we have Y = X* and thus K = AGE. By [L7], Proposition 0.2, if we put 7(n) =
Jroe p F dpiroe (py and 7'(n) = h(TP™w), n € Z¢, then for any ¢ > 0, d*({n € Z% :
IT(n) —7'(n)] >€|}) = O Thus, as explained in the discussion after Theorem 2.1, we only
have to check that h(w) > ([ fdp)*. But

h(w) = /WFCZMW: [ E(12) dun, = | B2y dnz = ([ fan)",

where D is the diagonal of Z*.

Now assume that the nilmanifold X has a components X7, ..., XS. Let b € N be such
that Tpi(b")(X]‘.’) =X7forally=1,...,a,i=1,....k,n€ Z¢. Then foreach j =1,...,a
the set

R; = nEZk / HTpl(b")f’ /f|X0 ajpL) —5}
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is AVIP*. Since the function ¢ — t* is convex, and since the intersection of finitely many
AVIP§-sets is AVIP(, after summing these integrals for j = 1,...,a we obtain that the set

R:{nEZd:/ﬁTpi(b”)fd,u>(/ fd,u)k—e}
X b's

contains ﬂ;zl R; and thus is AVIP} if all R; are. Next, it is easy to see that if R C Z% is
AVIP§, then the set bR is also AVIP§; since R.(f) 2 bR, we get that R.(f) is AVIP;. g

Remark. In the proof of Theorem 3.2, we only used the linear independence of the poly-
nomials p; to get H O G5. Thus, in the situation where the maximal nilsystem factor
of a measure preserving system is a Kronecker system, in which case G is trivial, the
assumption in Theorem 3.2 that the p; are linearly independent can be dropped:

Theorem 3.3. (Cf. [HoKM], Theorem 6.1) Let (X, B, u,T) be an invertible ergodic prob-
ability measure preserving system whose mazximal nilsystem factor is a Kronecker system
and let py,...,pr be polynomials Z¢ — 7 with p;(0) = 0, i = 1,...,k. Then for any
nonnegative function f € L°°(X) and any € > 0 the set

Rg(f):{neZd:/XﬁTpi(”)fd,u>(/}(fdu)k—e}.
i=1

is AVIP;.

The situation becomes more subtle when the p; satisfy some linear relations, that is,
when we deal with polynomials of the form ¢4 (p1,...,pk),...,¢r(P1,--.,Pr), where p; are
linearly independent polynomials and ¢; are linear forms; the problem is that polynomial
relations between p; also start playing a role. (For example, the systems {n, 2n, 3n,n?} and
{n,2n,3n,n3} produce different orbit closures of the diagonal of the power of nilmanifolds
and so, different Cesaro limits of the corresponding expressions! (See [L6], Example 13.16.))
There is, however, a general principle that sometimes allows one to reduce a polynomial
problem to the linear case. We say that polynomials p1, ..., px: Z? — Z are algebraically
independent up to degree c if for any nonzero polynomial P:ZF — 7 of degree < ¢ the
polynomial P(pi(n),...,pr(n)) is not equal to zero. We have the following:

Proposition 3.4. Let ¢1,...,p, be distinct linear forms ZF — 7, let p1, ..., py be poly-
nomials 7Z¢ — 7 with zero constant term and algebraically independent up to degree c, let
X be a nilmanifold of nilpotency class < c let Ty, ..., T, be nilrotations of X, and let x € X.
Then for any b € N that is divisible by the number of connected component of X, the orbit
closure of x under the polynomial action T{’ol(pl(bn)""’p’“(bn)) . -Tf”(pl(bn)""’pk(bn)), n € 74,

coincides with the orbit closure of x under the action le%(ml’“"m’“) e mame) of

ZF.
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Proof. The orbit closure {T{pl(m) Mg m e Z*} of z is a subnilmanifold Y of X.
After replacing p;(m) by bp;(m), i = 1,...,r, and p;(n) by b~'p;(bn), j = 1,...,k, we
may assume that Y is connected.

Let Y = H/A, where H is a nilpotent Lie group of nilpotency class < ¢ and A is a
lattice in H, let H® be the identity component of H, and let () be the maximal factor-torus
of Y, Q = [H°,H°]\Y = H°/(A[H?, H°]), which, under the action of H, has the structure
of a c-step skew-product system: @) is a product of subtori, Q = Q1 X Q2 X --- X Q¢, and
every element S of H acts on ) by the formula

S(z1,22,23, -, 2¢) = (21 + o1, 22 + 2(21) + a2, 23 + Y3(21, 22) + a3, . -,
Ze + 77bc(217 . -azc—l) + ac);

where the 1; are linear forms and o; € Q;,i = 1,...,c. (See the discussion at the beginning
of the section.) In these coordinates, the action T} ) on Q takes the form

T{pl(m) e 'T;pr(m)(zla R 7ZC) = (Zl + Q1(m)322 + q2(m7z1)7’z3 +p3(m7 21722)’ Tt
Zec +QC(ma Zlye-- 7zC—1))a

where for each i = 1,...,¢, ¢; is a polynomial in m of degree < i. Let z = (21,...,2.) be
the projection of z to @, and let P;(m) = ¢;(m, z1,...,2i—1), 9 =1,...,c. Since the orbit

(TP T (2), m€ ZF) = {21 + Pi(m), 20 + Pa(m), ..., 2o + Pe(m), m € Z¥}

is dense in @), the polynomials Py, ..., P. are linearly independent. Now, since the polyno-
mials pq, ..., pg are algebraically independent up to degree c and the polynomials Py, ..., P,
have degree < ¢, the polynomials P;(p1(n),...,px(n)),..., P(p1(n),...,px(n)) are also
linearly independent. Hence, the orbit

{Tlﬁpl(pl(n)v--vpk(n)) . 'Tfr(p1(n),...,pk(n))zj nc Zd} _

{z1+Pi(p1(n),...,pk(n)), 22+ Pa(p1(n),...,pk(n)),...,ze+ Pe(p1(n),...,pe(n)), n € Zd}

. -Tfr(pl(n)""’pk(n))x, n e Zd} of x is dense in Y, which is what we needed. g

Let now N be a connected subnilmanifold of X. By [L5], Theorem 2.2, N has a dense
subset J such that the orbit closures of the points of J are all congruent (that is, are
nil-translations of each other) and their union is dense in the orbit closure of N. The same
b in Proposition 3.4 works for all points of J, and if N is disconnected there is an integer
b that works for such dense subsets .J; of every component of N. This implies that, under
the assumptions of Proposition 3.4, the following is also true:

Proposition 3.5. For any subnilmanifold N of X there exists b € N such that the orbit
closure of N under the action ,n € 7Z%, coincides
with the orbit closure of N under the (linear) action lecpl(m) . -Tf‘pr(m), m € ZF.
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Let (X, T) be an ergodic invertible probability measure preserving system, which we
will (as we may up to an arbitrarily small error) continue to assume to be a nilsystem. Let
fi,..o, fr € L°°(X); as in the proof of Theorem 2.1, the limit

nezad

UC—lim/ T#i(P1(n),..., pk(n))fi du
A

is determined by the orbit closure of the diagonal D of X" under the polynomial action
Tfl(pl(n)"“’p’“(”)) . -Tfr(pl(n)""’pk(n)), n € Z4. (See, for example, [L6], Section 0.7.) Ap-
plying Proposition 3.5 to this action, we see that if py, ..., px are algebraically independent
up to degree c+1, then there exists b € N such that the orbit closure of the diagonal D, of
X7, under the action (T“Dl(pl(b”)"“’pk(b”)), e ,T@*(pl(b”)"“’p’f(b”))), n € Z4, coincides with
the orbit closure of D.,; under the action (Tb‘Pl(m), e ,Tb“PT(m)), m € ZF. This means
that the complexity of the system {1 (p1(bn),...,pr(bn)), ..., or(p1(bn),...,pr(bn))} is
< ¢, and that

neZd mezZk

UC—lim/ HT@i(pl(bn),m,pk(bn))fi dp = UC—lim/ Hwa(m)fi dp.
Xi=1 Xi=1

Using the ergodic decomposition and taking b “divisible enough” so that it works for
most components of this decomposition, we may, as in the proof of Theorem 3.1, get rid
of the assumption of ergodicity of T' to obtain the following result:

Proposition 3.6. Let (X, B, u,T) be an invertible probability measure preserving system,
let {¢1,..., 00} be a system of linear forms ZF — 7 of complexity c, and let py, ..., pr
be polynomials Z¢ — 7. with zero constant term that are algebraically independent up to
degree c+ 1. Then for any f1,..., fr € L>®(X) and any € > 0 there exists b € N such that

nezd mezZk

UC-lim / [ e terCmopelbm) £ @)y — UC-lim / [[70 ™ fidp) <.
X =1 X =1

The complexity of the “k-dimensional cubic” system of linear forms is £ — 1 (see
[BHoK] or [L6], Example 4 in Section 6.7). Therefore, as a special case of Proposition 3.6
we obtain:

Theorem 3.7. Let (X, B, u, T) be an invertible probability measure preserving system and
let polynomials pr,...,pr: Z% — 7 with zero constant term be algebraically independent
up to degree k. Then for any nonnegative function f € L°°(X) and any € > 0 there exists
b € N such that
k
UC-lim H Telpl(bn)+~~-+ekpk(bn)f dp > (/ fdﬂ>2 — e
nezd X
61,...,6k€{0,1}

As a corollary, we obtain that for any € > 0, the set

Re(fipr,. . m) = {n ezt /X [ 1om e ety > (/fdu)Qk ~ ¢}

e1,ven€{0,1}
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is syndetic in Z¢. If T is ergodic, this set is, actually, an AVIP§-set. Indeed, as in the
proof of Theorem 2.1, whether the set

is AVIP* or not is determined (assuming that (X,7) is a nilsystem) exclusively by the
closure Y of the orbit

neza

of the diagonal D of X". If the complexity of the system {¢1,...,¢,} is ¢, then the
nilpotent class of X may be assumed to be equal to ¢ + 1. Now, if the polynomials
p; are algebraically independent up to degree ¢ + 1, then, as discussed above, for some
b € N, the orbit closure of D under the action (TWl(pl(b”)"“vpk(b")), e ,T%’(pl(b”)"“’pk(b”)))
becomes connected and coincides with the orbit closure of D with respect to the action
(Tb“’l(m1 """ m) o Thea(m.., mk)). The transformation 7% may not be ergodic on X, but
in this case X consists of several ergodic components X7, ..., X?, and for each j, if the set

(mez OHTWW L / g dlan)) <)

is AVIP*, then the set

Ry ={nez’: / HTWN")’ PO £ o /f|Xo (ap) —g}

is also AVIP*. Since the function ¢ — t" is convex, and since the intersection of finitely
many AVIP-sets is AVIPj, after summing these integrals for j = 1,...,a we obtain that

the set
d . z( (bn)’--'7 (bn)) " —
R—{nEZ ./J:llTnp P1 Pk fd,u>(/ fd,u) 5}

contains ﬂézl R; and thus is AVIP} if R; are. Next, if R C Z¢ is AVIP{, then the set bR
is also AVIP; it follows that the set

is AVIP{§. Returning to the case of a general system (X,7T"), we obtain the following
principle:
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Proposition 3.8. Let {¢1,...,¢.} be a system of linear forms ZF — 7 of complezity c
such that for any ergodic invertible probability measure preserving system (X, B, u,T) the

set
{mGZk:/Xil:[lTW(m)fd,u>(/de,uy—a}

is AVIPS. Then for any ergodic invertible probability measure preserving system (X, B, u, T'),
any polynomials p1, . .., pi: Z¢ — 7 with zero constant term and algebraically independent
up to degree ¢ + 1, any nonnegative function f € L*°(X), and any € > 0 the set

{n e 74 :/ HT‘Pi(pl(n):"wpk(n))fd’u > (/ fd,u) _5}
X9 X

is AVIP as well.
As a special case, we get

Theorem 3.9. Let (X,B,u,T) be an invertible ergodic probability measure preserving
system and let polynomials p,...,pr: 2% — 7 with zero constant term be algebraically
independent up to degree k. Then for any nonnegative function f € L*°(X) and any e > 0
the set

ok
Rs(f;ph .. 7pk) = {n c Zd . / H Telpl(n)-i--..—i—ekpk(n)f d,u > (/fdﬂ) _ 5}
Xel,...,eke{(),l}
(3.3)
is AVIP,.

Taking f = 14 in (3.3), where A is a measurable subset of X, and utilizing Fursten-
berg’s correspondence principle (see footnote 2 in the introduction), we obtain Theorem 0.8
and Corollary 0.9.

We conclude this paper with addressing the situation where the polynomials p1, ..., px:
7% —s 7 are not assumed to have zero constant term but are jointly intersective (see
footnote 4 in the introduction). In this case, for any point = of a nilmanifold X, any
translations Ti,...,7, of X and any b € N there exists m € Z? such that the orbit
closure of z under the action Tlpl(an’m) o ~T,f’“(bn+m), n € Z4, is the same as for the action
Tlﬁl(bn) . ~T,f’“(bn), n € 74, where p; = p; — p;(0), i = 1,...,k. (This fact is a corollary
of Proposition 2.4 from [BLLe2].) This allows us to extend Theorem 3.7 in the following
way:

Theorem 3.10. Let (X, B, u, T) be an invertible probability measure preserving system and
let polynomials p1, . .., pp: 2% — 7 be jointly intersective and algebraically independent up
to degree k. Then

(i) for any nonnegative function f € L>°(X) and any € > 0 there exist b € N and m € Z4
such that

k
uCtim [ [ pemmmesentnin pas ([ fap) -
Xe

Leeren€{0,1}
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(ii) for any nonnegative function f € L*°(X) and any € > 0, the set R.(f;p1,...,pk) 1S
AVIP; ...

Specializing to f = 14, where A is a measurable subset of X, and utilizing Furstenberg’s
correspondence principle, we obtain Theorem 0.11 and Corollary 0.12.

Acknowledgment. We thank Donald Robertson for helpful remarks on the preliminary
draft of this paper.
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