On the Density of Coprime Tuples of the Form
(n, LA(M)], ..., Lfi(m)]), Where f1, ..., fr Are

Functions from a Hardy Field
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It is a well-known theorem of Cebysev' that the probability of
the relation gcd(n,m) = 1 is 7162. One can expect this still to
remain true if m = g(n) is a function of n, provided that g(n)
does not preserve arithmetic properties of n.

P. ErdGs and G. Lorentz

Abstract Let k € Nandletfj,...,f; belong to a Hardy field. We prove that under
some natural conditions on the k-tuple (f1,...,fr) the density of the set

{neN:ged(n |i()]..... i(w)]) =1}

1

1) where ¢ is the Riemann zeta function.

exists and equals

1 Introduction

The above epigraph is a quote from the introduction to a paper by Erdds and
Lorentz [12], which establishes sufficient conditions for a differentiable function
f :[1,00) — R of sub-linear growth to satisfy

6
d({n e N:ged(n, | f(n)]) =1}) = 22 M

here d(A) denotes the natural density of a set A C N.

IThe attribution of this result to Ceby§ev (Yebnimén) seems not to be justified; see, however,
the very interesting recent preprint [1] where Ceby3ev’s role in the popularization of this theorem
is traced and analyzed. The result itself goes back to Dirichlet (see [10, pp. 51-66] where the
equivalent statement Z;\;l P(n) ~ ;’2 n? is proven) and was rediscovered multiple times—see,
for example, [6, 7, 21, 23, 24]. It is worth noting that it was Cesaro who formulated this result in

probabilistic terms [6] and also gave a probabilistic, though not totally rigorous, proof in [7].
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Perhaps the earliest result of this kind is due to Watson [28], who showed that (1)
holds for f(n) = no, where « is an irrational number (see also [13, 22]). Other
examples of functions for which (1) holds are f(n) = n¢, where ¢ > 0, ¢ ¢ N, (see
[20] for the case 0 < ¢ < 1 and [9] for the general case) and f(n) = log"(n) for all
r > 1 (see [20] for the case r > 2 and [12] for the general case).

The purpose of this paper is to establish (1) for a large class of smooth functions
that naturally includes examples such as f(n) = n¢ or f(n) = log’(n); this is the
class of functions belonging to a Hardy field.

Let G denote the set of all germs’ at oo of real valued functions defined
on the half-line [1, c0). Note that G forms a ring under pointwise addition and
multiplication, which we denote by (G, +, ). Any subfield of the ring (G, +, -) that
is closed under differentiation is called a Hardy field. By abuse of language, we say
that a function f : [1, 00) — R belongs to some Hardy field H (and write f € H)
if its germ at oo belongs to H. See [3-5] and some references therein for more
information on Hardy fields.

A classical example of a Hardy field is the class of logarithmico-exponential
functions® introduced by Hardy in [17, 18]; we denote this class by £. It is worth
noting that for any Hardy field H there exists a Hardy field H’ such that H' > LUH.

If H is a Hardy field, then one has the following basic properties:

o Iff € H, then lim,—, f(¢) exists (as an element in R U {—o0, c0});

* Any non-constant f € H is eventually either strictly increasing or strictly
decreasing; any non-linear f € H is eventually either strictly concave or strictly
convex.

e If f € H,g € L, and lim;,0 g(f) = 00, then there exists a Hardy field H’

containing f(g(?)).
e If f € H,g € L, and lim;,0f(f) = 00, then there exists a Hardy field H’

containing g(f(z)).

Some well-known examples of functions coming from Hardy fields are:

t“ (Ve € R), log(t), exp(?), I'(¢), ¢(¢), Li(z), sin (1) , etc.

Before formulating our main results, we introduce some convenient notation. We
use log, (¢) to abbreviate the n-th iteration of logarithms, that is, log, () = loglog(?),
log;(f) = logloglog(z), and so on. Also, given two functions f, g : [1, 00) — R we

will write £(f) < g(¢) if ;((;) — 0o ast — oo.

2We define a germ at 0o to be any equivalence class of functions under the equivalence relationship
(f ~ 8 < (1o > 0such that f(r) = g() for all £ € [ty, 00)).
3By a logarithmico-exponential function we mean any function f : (0,00) — R that can b

obtained from constants, log(7) and exp(¢) using the standard arithmetical operations +, —, -, +,
and the operation of composition.
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Let ‘H be a Hardy field and let f € H. Consider the following two conditions:

(A) log(r) log, (1) < f(1); _ ,
(B) There exists j € N such that #/=' < f(f) < #/.

We have the following theorem.

Theorem 1 Let H be a Hardy field and assume that f € H satisfies conditions (A)
and (B). Then the natural density of the set

{neN:ged(n, [f(n)]) =1}

exists and equals &,
T

Examples of sequences (f(1)),en to which Theorem 1 applies are n¢ (with ¢ ¢
N), log?(n), n¥3 log(n), log:(n)’ log(n!), Li(n), log(|B2,|) (where B, denotes the n-th
Bernoulli number), and many more.

We remark that condition (A) is sharp. Indeed, it is shown in [12, Sect. 3] that
Theorem 1 does not hold for the function f(f) = log(¥) log,(), as well as for many
other functions that grow slower than log(?) log,(?).

As for condition (B), it can perhaps be replaced by the following:

(B’) There exists j € N such that f(f) < # and for all polynomials p(¢) € Q[f] we
have | f(¢) — p(t)| > log(?).

Condition (B’) is inspired by a theorem of Boshernitzan (cf. [5, Theorem 1.3]).
However, proving Theorem 1 under conditions (A) and (B’) would certainly
necessitate introduction of new ideas.

We actually prove a multi-dimensional generalization of Theorem 1. Let H be
a Hardy field and assume fi,...,fy € H. In addition to conditions (A) and (B)
consider the following:

(©) f";’f‘ = logy(¢) foralli=1,...,k— 1.

Theorem 2 Let ‘H be a Hardy field and assume fi,....fr € H satisfy condi-
tions (A)—(C). Then the natural density of the set

{neN:ged(n. Lfi(m)],.... ()] =1}

exists and equals where  is the Riemann zeta function.

{(k{l—l )’

We would like to remark that our proof of Theorem 2 works for (a larger class of)
functions which have sufficiently many derivatives and possess some other natural
regularity properties. We decided in favor of dealing with Hardy fields since they (a)
provide an ample supply of interesting examples and (b) allow for, so to say, cleaner
proofs.

The structure of the paper is as follows. In Sect. 2 we prove some differential
inequalities for functions from a Hardy field; these inequalities will play a crucial
role in the later sections. In Sect. 3 we briefly recall van der Corput’s method for
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estimating exponential sums. In Sect. 4 we apply van der Corput’s method to derive
useful estimates for exponential sums involving functions from a Hardy field and in
Sect. 5 we use a higher dimensional version of the Erdés-Turdn inequality to convert
these estimates into discrepancy estimates. In Sect. 6 we use the estimates derived in
the previous sections to give a proof of Theorem 2. Finally, in Sect. 7, we formulate
some natural open questions.

2 Differential Inequalities for Functions from a Hardy Field

In this section we derive some differential inequalities for functions belonging to a
Hardy field. Similar inequalities can be found in [14, Sect. 2.1] and in [2, Sect. 2.1].
Given two functions f, g : [1, 00) — R we write f(f) < g() if there exist C > 0
and 7, > 1 such that f(f) < Cg(t) for all t > t,. Also, for £ € N we use f“)(7) to
denote the £-th derivative of f(f).
The following lemma appears in [14].

Proposition 3 (See [14, Corollary 2.3]) Let H be a Hardy field. Suppose f € H
satisfies condition (B). Then, for all { € N, we have

f@ f@
o

0
#10g2() " FAMOIRS

Next, we derive a series of lemmas (Lemmas 4—7) which are needed for the proof
of the main result of this section, Proposition 8.

Lemma 4 Let m € N and let H be a Hardy field. Suppose f, g € H satisfy | f(¢)| <
1@ < |f(1)]1log" (1) and |log(| f(1)])| > log, (7). Then

ro g0
FCEON

Proof Our goal is to show that

0]
g(t) —> 00
()
f(0)

First we note that since H is a field closed under differentiation, the function ﬁ:gg;}";g
g /e

is contained in . From this it follows that lim,—, o YR exists (as a number in
R U {—o00, oo}). From L’Hospital’s rule we now obtain

F40]
b S0 _ g log(|g())
1m , = lim .
=00 ]}((tt)) =00 log(| f (1))
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To finish the proof we distinguish between the cases |f(f)| > 1 and |f(f)] < 1. If

[f()] > 1 then, using |f()| < [g(®)] < [f(®)[log™(#) and |log(|f()])| > log, (1),
we deduce that

< 1y 08Us@D _ . log(If (D)) +mlogy (1) _
~ —o0 log(| f(1)]) ~ o0 log(|f(®)])

Likewise, if | f(7)| < 1, then we have

log(sO) _ .. log(LF () + mlogs ()
1 1 1 =
= M log(f0) ~o% log(f ()

This finishes the proof. O

Lemma 5 Let H be a Hardy field and suppose f € H satisfies condition (B). Then
£© satisfies either fO(t) > 1 or fO(r) < 1 forall £ € N.

Proof By way of contradiction, let us assume that there exist £ € N and ¢ € R such
that f®) () ~ c. Observe that ¢ # 0, because otherwise f(7) is a polynomial, which
contradicts condition (B).

Using Proposition 3 we deduce that

f@®
1 log?(t)

f@

< el < e

which is equivalent to

1t < f(r) < " log(r).

It follows from condition (B) that we can replace #* < f(t) with * < £ (). Therefore,
we have

£ < f(1) < ' log? (7).

By using induction on i and by repeatedly applying Lemma 4 to the functions
f9(t) and #, we conclude that for all i € {0, 1,...,£— 1},

@ =i t

In particular, this shows that

FRl( N (A e N A

O o
fo
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Finally, combing #* < f(¢) and f (;()t(;) ~ f[' yields f® () > 1, which contradicts
O ~c. O

Lemma 6 Let H be a Hardy field and suppose that f € H satisfies either f(t) > 1
orf(t) < 1. Also, assume | log(|f(£)])| < log,(t). Then

O]
tlog(1) log3 (1)

lf @I

< (] <« og()”

Proof (cf. The Proof of Lemma 2.1 in [14]) By L’Hospital’s rule we get

1@

1 t
lim 7© = lim og(lfb
—00 tlog() t—00 logz(t)

This proves that | f/(f)| < ,ll'{)g(),l)-

On the other hand, we have

7@
. f@® 1 —
Jlim ) = lim log(|f(D)]) logy () = oo,
tlog(r) log% (1)
: Lf®)] /
which shows that Hog(t) log (1) < |f'(0)]. O

Lemma 7 Let m € N, let H be a Hardy field and let f,g € H. Assume that f
satisfies either f(t) > 1 or f(t) < 1 and g satisfies either g(t) > 1 or g(t) < 1. Also,

assume | f(1)| < [g(@)] < |f(©)]1og"(2) and |log(|f()])| K log,(¢). Then

0 RECINEG
o g() o
Proof 1t follows from | f(r)| < |g(¥)| < |f(¢)|log™(¢) and |log(|f(¥)|)| < log,(7)

that | log(]g(r)])| < log,(f). Hence we can apply Lemma 6 to both f and g and
obtain

1

log? (7).
IOg% (t) gZ( )

LI
tlog(?) log% 03] 0] tlog(?)
as well as
1 _|g® 1
tlog(n)logs(t) | &(0) tlog(n)’
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We deduce that
g ) | 0) ol 5
s | € tlog(n) = 1oz log2y ~ | £y | 2
Similarly,
g @] 1
0) tlog(t) log3 (1) f(@) | loga(t)

O

Proposition 8 Letm € N, let H be a Hardy field, letf,g € H, and let F : [1,00) —
(0, 00) be an increasing function satisfying 1 < F(t) < log"(¢). If f and g satisfy
condition (B) and ;((;) > F(t), then

g9
A0

> th) , V¢ e N.
log; (1)

Proof Let £ € N be arbitrary. We distinguish between the following two cases. The
first case is g(r) > f(r) log”"2(7) and the second case is g(r) < f(t) log"*2(¢).

We start with the proof of the first case. Using Proposition 3 we obtain the
estimate

g()

‘ g .
f@®log*(®)’

)

and, since g(¢) > f(¢) log” (1), we get

g
> log™" (1) > F(¢).
f()1og (1)
Therefore ?:g 8 > F(t), which concludes the proof of case one.

Next, we deal with the second case. Consider the product

—1 |0
ONFIGIN ﬁ) 00
g [fO@] Ly el

=01 0w

In virtue of Lemma 5, f satisfies either f© > 1 or f® < 1. The same is true
for g Also, it follows from Proposition 3 that for at most one i between 1 and
£ the function @ satisfies | log(] f?(¢)|)| < log,(?); for all other i between 1 and
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£ the function @ must satisfy |log(|f?(#)[)| > log,(r). We can therefore apply
Lemmas 4 and 7 to deduce that for at most one i between 1 and £ we have

g(iJrl)(t)
gD (1) 2
£ (5) = logy (1)
190
and for all other i we have
g(i+l)(,)
gD (0 t—>00
SO (@)
10
Therefore
G+1)
—1 |80
f(t) g(l)(t) — l—[ ‘ g(i)(f) o 1Og2(t)
g |fO@ ] g [ 2
=01 pio )
This, together with ?fg > F(t), implies
g F(1)
FO@ | logd()

3 van der Corput’s Method for Estimating Exponential Sums

We recall three classical theorems on estimating exponential sums. For proofs and
more detailed discussion we refer the reader to Sect. 2 in the book of Graham and
Kolesnik [16].

We start with the Kusmin—Landau inequality for exponential sums (cf. [16,
Theorem 2.1]).

Theorem 9 (Estimate Based on 1st Derivative) Suppose I C R is an interval,
f € C'(I) and there exists A > 0 such that A < |f'()] < (1 — L) forall t € I. Then

D e(fm)| < A7

nel

The next two theorems are due to van der Corput [26, 27].
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Theorem 10 (Estimate Based on 2nd Derivative) Suppose I C R is an interval,
f € C?(I) and there are A > 0 and n > 1 such that A < |f"(t)] < nA forallt € L.
Then

3 e(fm)| < MlmA + A7,

nel

Theorem 11 (Estimate Based on 3rd and Higher Derivatives) Suppose I C R
is an interval, £ > 3, f € C'(I) and there are A > 0 and n > 1 such that A <
\f([)(t)| <nAforallt €l Let Q := 2% Then

> e(fm)

n€l

2,1
< MOy e + |12 n 4 |1 7T e Az,

4 Deriving Estimates for Exponential Sums Involving
Functions from Hardy Fields

Proposition 12 Let H be a Hardy field and assume fi,....fr : [l,00) —
R are in H. For t € [l,00) define f(t) = (fi(¢),....fi(t)) and E(t) :=
ming| fi ()|, ..., |f(®)|}. Suppose we have

(i) foralli e {1,... k} the functionf; satisfies condition (B);

(ii) log, (1) < log(fi(t)) foralli=1,... k;

(iii) after reordering fi,...,fr if necessary, we have f’:;lf‘ > logé(t) foralli =
I....k—1;

Then there exists a constant C > 0 such that for all M € N, all r,s €
[l,min {Mlogz(M), on }] with r > s and all T € [~ log2(M), log2 (M)} N Z
with T # (0,...,0) we have

cM
< .
log*(M)

S (1(.f(sn), >)‘

n=M

Proof Let ¢ > 0, r,s € [l,min {Mlogz(M),bZ%)l)}] with r > sand v €

[—log3 (M), logi(M)]* N ZF with t = (z1,..., %) # (0,...,0) be arbitrary. Let
b(r) = lr(f(st), 7). Our goal is to estimate

2M

> e(b(0)

n=M
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by using van der Corput’s method of estimating exponential sums. We therefore
have to find convenient estimates for the derivatives of b(¢) on the interval [M, 2M].

Let us pick iy € {1,...,k} such that 7;, # 0 and r; = O for all i > §y. Define
Eo(t) := |7, fi, (?)|. Using condition (iii) we deduce that t;, f;,(¢) is the dominating
term in the sum 7,f (t) + - - - + 7, fi, (#) and therefore

Eo(t) < [{f(1),7)| < Eo(d), 2

where the implied constants depend neither on ¢ nor on the value of 7y, ..., 7.
A similar argument also applies to the derivatives of (f(¢), 7). Indeed, it follows

from condition (iii) and Proposition 8 (with F(r) = log§ (1)) that 7, fiff) (1) is the
dominating term in tlfl(l) O+ + 1 fiff) () and therefore

¢ ¢
nfy ] < [(FO0). ) < [ 0O 3
Next let u := inf{c € [0,00) : f;,(¥) < °} and pick d € R such that s =

(M log*(M))? and h € R such that » = (M log*(M))". From the conditions on r and
s we deduce that d € [0, min{1, u}] and & € [d, min{1, u}]. We now define

Ci=|utdu—ny
= |u u 2

and setx := £ —u — ud + h. Note that x € [}, }).
In view of Proposition 3 we have

fio (t) (£) fio (t)
o < MHOI<T 0
By combining Eqgs. (2)—(4) we obtain
Eo(1) @ Eo (1)
drogy <1000 < T

Hence the minimum of the function 5¥)(¢) on the interval [M, 2M] is at least

E() (ZSM)
r(2M)¢ log* (2sM)

whereas the maximum is at most

Ey(sM)

< rM¢

Since Ey(t) is eventually increasing, we have Ey(2sM) > Ey(sM). Also, since
Ey(?) has polynomial growth and s < Ey(M) we can estimate log(2sM) < log(M).
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Therefore

E() (2SM) E() (SM)
r(2M) log?(2sM) = rMtlog* (M)

If we choose

Eo(sM
= os 2) and n = log*(M)
Mt log*(M)
then it follows that
A< b0 < A, Vit e [M,2M]. 5)

We now distinguish between the cases £ = 1, £ = 2, and £ > 3.

The Case £ =1 The case £ = 1 only occurs if

fult) <12
Therefore

EO(SM) < |‘Ci()fi()(SM)| < log%(M)ﬁo(SM) <1

b'(t A=
(0 <7 rM rM sM

This means we can apply Theorem 9 and obtain

2M

> e(b(n)

n=M

< A h

For A~! we have

. rM log? (M) - rM log? (M) . Eanm

Eo(sM) — EoM) T Ey(M)log> (M)’
Finally, since g)((/v]M)) < 1 we have
M
Al
log™(M)

The Case £ = 2 If £ = 2, then invoking Theorem 10 yields the estimate

2M

> e(b(n)

n=M

< Mph? + 272, 6)
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Using (sM)*~P < f;,(sM) < (sM)"T# for all B8 > 0 we can bound A from above and
below,
|Tiolsu_ﬂ |fiolsu+ﬂ
LA K ) 7

rM2=u+8 log? (M) rM2=u=F log? (M) @
taking into account that the implied constants in the above equation depend on our
choice of .

Furthermore, since x = £ —u—ud + h, s = (M log*(M))? and r = (M log*(M))"
we obtain from (7) that

1 log?(M
LA KL g'(M)

Mx+28 10g‘1(M) Mx—28 (8)

for some sufficiently large constant ¢ > 1. We can use (8) to further estimate (6)
and obtain

og2tionm M’
Myghs 270 & 08 X_(zﬁ) .
M 2 log2 (M)
Finally, by choosing f8 sufficiently small and taking into account that x € [}, 3], we

have

o2t imm M’ M
N S
M log2(M)  log™ (M)

The Case £ > 3 The case £ > 3 can be dealt with analogously to the case £ = 2,
only one must use Theorem 11 instead of Theorem 10. With Q = 2¢=2, we have

2M

> e(b(n)

n=M

293 40 1= -2+ 5, -
KM A)se—2 +M "2enpe +M 2702 )720,

< M
log? (M)’

which finishes the proof. O

Theorem 13 Let H be a Hardy field and assume fi, . . .. fi : [1,00) — R are in H.
Fort € [1,00) define f(t) :== (fi(?),....fi(?)) and E(t) := min{|fi(?)|, ..., | fi (D]}
Suppose we have
(i) foralli€{l,...,k} the function f; satisfies condition (B),
(ii) log, (1) < log(fi(t)) foralli=1,...,k;
(iii) after reordering fi,...,fx if necessary, we have 'fi'f’;‘ > logé(t) foralli =
,...,k—1;
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Then there exists a constant C > 0 such that for all N € N, all r,s €

[l,min {N, loggf(v];)}] with r > s and all T € [~log2(M),log2(M)]* N Z* with

T # (0,...,0) we have

N
CN
<
; ( om. e )i = logV)’
Proof First we note that
N

Ze(i““”)’”)‘f]og]vﬁ X ef uomn)).

n=1 <n<N

log(N)

so it suffices to estimate the expression

> e C(f(sm, 7).

N
log(v) SN=N

Dissect the interval [log(N)’N] into logZ(N)-many intervals of the form [M, 2M].

IfM e [ ] then N < Mlog?(M) and < and therefore

log” (N) 10g (M)

|:1 min%N N ” C [1 min{Mlo 2(M) M ”
' "log’>(N) 7 £ Tlogt(M) ) |

Hence applying Proposition 12 to each of the log,(N)-many intervals of the form
[M, 2M] we get

log(N)’

1 M
N(z;Me (r (f(sn), c>) & log,(N) log2(11)
log(N) =""—
N
< log(N)’

This finishes the proof. O
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5 Discrepancy Estimates

The following higher dimensional version of the classical Erdés-Turdn inequality
was discovered by Sziisz [25] and independently by Koksma [19].

Theorem 14 (See [8, 15, 25] or [11, Theorem 1.21]) Let k > 1, let ¥, € [0, 1)¥,
neN, letN €N, andletay,...,a;,by,...,by €[0,1)with0 < a; < b; < 1. Then

k

= [[®:i — a) + Ry

i=1

[{n <N : 9, €lar.bi] x -+ x [ag, bl}|
N

and where forall H > 1,

k

1 1
Ryl < C
Rl < el gy T 2 <H1+|q|)

re[—H.Hk, \i=1
1(0,...,0)

n=1

1
I r>)‘

Here, Cy. is a constant which depends only on k.
Theorem 15 Suppose fi,....fi : [1,00) = Rand E : [0,00) — (0, 00) are as in
the statement of Theorem 13. Then there exists a constant C > 0 such that for all

N eNandalld € [Lmin {N’ loEggZZI)V)}:I’

CN

‘\{nfzv:wgcd(n, LA LA@DY -~ %, < sl
2

Proof Define ¥4, := ({f ! (5") } e, {fk(j") }), where {x} denotes the fractional part
of a real number x. We first observe that

{l<n<N:d|gd@nfim)]..... LMD}

N
= Z Laz(M) Laz(Lfi(n)]) - - - Laz(Lfi(m) ])

n=1

Z Laz(Lfi(dn)]) - - - 1az(| fi(dn)])

n<N/d

N 1\
1<n< Zﬁd!nE 0,
d d
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From Theorem 13 we get that

Voo CN
> ( d(f(dn)»))‘ <

forall d € [1, é%)] and 7 € [ log2 (V). log2(N)]* N Z* with  # (0. ... 0).

We now apply Theorem 14 with H = log% (N) and obtain

. <N 1\* N
l_n_d. dn € O,d _dk+1
k N
Cy N
< ﬁnv
~ d | log (N) Z <H1+|n|) Z o
]ogz(N)logz(N)] i=1
t7%(0,...,0)
_G N, CN 5 (ﬁ 1 )
T d | logi(N)  log(N) e utregoo. \ict L7l

77(0.....0)
N
< ) .
dlog;(N)

6 Proving Theorem 2

Proposition 16 Let k € N. Let £, &, ... be a sequence of positive integers and let
E : [1,00) = (0,00) be a function that satisfies E(N) > max{§, : 1 <n < N} and
log, () < log(E(?)) and assume that E(N) has polynomial growth (i.e., there exists
j € Nsuch that E(f) < ). If

{n<N:d|&}| - Ml M VdeNﬂ[l E(N)} 9)
- ! dk+1 dlog;(N)’ "log’(N)
and
N E(N)
n<N:pl|&Y <, forall primesp € ( ,E(N)} , (10)
then the natural density of {n € N : §, = 1} exists and equals 0 +1)

Our proof of Proposition 16 is similar to the proof of the main result in [9].
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Proof Define G(N) := log*(r). Let D(N) be a slow growing function in N and let
IT denote the primorial of D(N), that is,

-

p prime,
p=D(N)

Here, by “slow growing function” we mean that D(N) converges to oo as N — 00,
but slowly enough so that the inequality IT < min {loEgg]:]]i]) ,log3 (N)} is satisfied for
allN > 1.

Let w(n) denote the classical Mdbius function: For n € N define

1 ifn=1;
u(n) = (—1)/ ifn=pi-py-...-pjwherepi,...,p; are distinct primes,;
0 otherwise.
Using the identity

Zﬂ(d) ifa=1

7 0 otherwise
la

we obtain

in<N:&=1=) pd[{n<N:d|&}|
d

It will be convenient to decompose the right-hand side of the above equation into
two sums X; + X, where

Ti=) pw@ [{n<N:d| &}

d|TI

and

Syi= ) wd [{n<N:d|&}|.

diTn
Our goal is to show that limy—, s ;,Zl = Z(kl+1) and that limy_s o 11,22 = 0; this
will finish the proof.
First, let us show limy— oo 11,21 = {(kﬂ_l). Recall that IT < 1c>§(51:]1i/)‘ Invoking

condition (9) it thus follows that

u(d) 1
Z dk+1 10g2(N) Z

d|TI d|TI
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Since IT < logé(N) it follows that de le = O (log;(N)) and hence

1 Zl log;(N) N—oo 0
o) 4=d " Tog3(N)

Therefore

1 2, u(d) 1
li T = = .
N N ! d;dm tk+1)

For X, we obtain the estimate

Zol=1) Y w@|{n=N:d|&}

p prime, 1<d<E(N),
p>D(N) pld

= i Yo ) @

p prime,  d|&,,
p>D(N) pld

Z 2 |2 n@).

p prime, | d|&,,
p>DWN) | pld

IA

It is well known (and easy to show) that

if a = p’ for some j € N,
> @) =

0 otherwise
dla,

pld

and hence

> ¥ [T <Y ¥

=1 ime,
Lemn | e
plén
p prime,

p>D(N)
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Putting everything together we obtain

Zal= Y [n=Nipl&l]
p prime,
p>D(N)

Again, we split the right-hand side of the above equation into two more manageable
sums X + X5, where

Yo = Z [{n=N:p| &)

p prime,

E(N)
D(N)<p= log3 (N)

and

Yoo = Z {n<N:pl|&}|

p prime,

E(N)
log3 (V) <p=<E(N)

Using condition (9) for the sum X, ; and using condition (10) for the sum X, , we
obtain the estimates

1 1 1 1
Yo K +
N2 Z p2 10g% (N) ) Z

p prime, <E(N) p
E(N)
D(N)<p= log3 (N)
and
1 5, < 1
w0
N 7 - p
p prime,
E(N)
log5 (V) <p=<E(N)
Using

1
li -1 =M
Jim| 2, ~losN| =M.
p prime,
p=N

(where M is the Meissel-Mertens constant), we can estimate

1 1 log, (E(N 1
, Z < 5] (2 ™)) < 7
1Og2 (N) P<E(N) P 10g2 (N) 10g2 (N)
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and
1 E(N
A 222 < log(log(E(N))) — log (log (log(s(lz’) ))
log(log>(N))
< —log (1 ~ log(E(N)) )
log,(N)
log(E(N))

Therefore

1 1 1
. o . _
M, 12l = g, e g, 22 =0

|

Corollary 17 Let H be a Hardy field and suppose fi,...,.fx € H satisfy condi-
tions (A) and (B) and log,(t) < log(fi(?)) for alli = 1,... k. Also, assume that

ﬁ;i" > logg(t)for alli =1,...,k— 1. Then the natural density of the set

{neN:ged(n Lfim)]..... L)) = 1}|

exists and equals

Proof We define

1
C(k+1)"

€ :=ged(n, L fi(n)], ..., [fi(m)])
and
E() = min{|fi(D], ..., |fi(D]}.

Trivially, (§,),en satisfies condition (10). Moreover, it follows from Theorem 15
that (£,),en satisfies condition (9). Therefore, in view of Proposition 16, we have

dneN:§, =1}) = {(,QH). O
Lemma 18 Let H be a Hardy field and suppose f € H satisfies
t
log(?) log, (1) < f(r) < .
) log, (1)
Define S(N.d) := |{l <n <N :d | ged(n, | f(n)])}|. Then
N 1
Jim thri)solip N > SWN.p) = 0. (11)

p prime
D<p=<f(N)
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We remark that Lemma 18 can be derived from the proof of Theorem 2 in [12].
For the convenience of the reader we include a separate proof here, where we follow
the arguments used by Erd6s and Lorentz in [12].

Proof Let N € N be arbitrary. Define I, := {1 <t < N : f(t) € [m,m + 1)} and
note that 7, is a finite subinterval of R. Let &, denote the length of 7,,. Note that
the contribution of 7,, N N to the size of S(V, p) is given by I,, N (pN). Hence this
contribution is zero if p 4 m and it does not exceed k[;" + 1 otherwise. It follows that

Y. S Y Z

p prime p prime  1<m=<f(N)
D<p=f(N) D<p=f(N) plm
= Z Z
l)ipp;“}](elv) 1<m<ﬂp) l)<pl)<nr}1fN)

Define £ := |/ ([1)\’) |. We can write

> Z + > f(;v)=21+22+23

p prime f( ) p prime
p<p=f(N) 1=m= D<p<f(N)

where

f(N)
= 2

p prime
D<p=<f(N)

> r

pprime  1<m<ly—1 p
D<p=f(N)

Y3 = Z kp[o.

p prime p
D<p=f()
We have to estimate each of the sums ¥, ¥,, and X3 individually.

We start with 2. Since f(¢) < log; > We conclude that

51 <f Y < f@) log, ) < N

p<N



On the Density of Coprime Tuples of the Form (n, | fi(n)], ..., LAmD.. .. 129
and therefore

lim ! ¥ = 0. (12)
N—oo
Next, we derive an estimate for X,. Since f(f) is eventually strictly increasing,
the inverse function of ! is well defined on some half-line [fy, o0). We have the
identity k,, = f~'(m + 1) — f~'(m). This means that using the inverse function
theorem and the mean value theorem we see that there exists a number &,, € I, such
that

1
G

In view of Proposition 3, the derivative of f is eventually decreasing and therefore

ki

ki < ki

for [ > m. From this we derive that

kw1 (ky kK Ktop— N
DS (‘ R T 1)<< .
p p\p p p P

1<m<{y—1

Hence
N
RO
p>Dp
which proves that
. 1
lim lim _ X, = 0. (13)

D—o00 N—>00

Next, let € > 0 be arbitrary and define P’ := {p prime : D < p < f(N) + 1 —
1og2(z(1v))} and P” := {p prime : f(N) + 1 — 1og2(z(1v)) < p < f(N)}. We now split
the sum X3 into two more sums X} and XY, where

z= Y M
pEP’ p

and

oy = Z k”lo.

peP” p
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Arguing as before we have for all p € P/,

kpey <K (Kpey + kpto+1 + -+ + kravy)

f(N) —plo+ 1
N
1) —plo +1

_ Ne
~ log,(f(N))

This yields the following estimate for X%:

Ne
DI < Ne.
! pﬁ;m logy (f(N))p

Let IT := [],epr p- Certainly,

logy (N)

M=) < .

Using the well-known estimate

1
Y. < logy(n)
p

pln
we obtain

1 1

1
<k 1 IT
VP <k Yy, < og;(IT) < )

p f/ (N) 10g3 (f(N))
plll

Using L'Hospital’s rule, we see that
if'(1) > @ f@ f@
log;(f(1) ~ log(t) logs(f(1)) ~ log(r)logs(log"(r)) ~ log(r) log, ()’

and therefore, using log(?) log,(t) < f(¢), we get

1
i OB <N

Putting everything together yields

R
NPT NN

N ¥ L e
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Since € was chosen arbitrarily, we deduce that

1
lim >3 = 0. 14)
N—o0
Finally, combining Egs. (12)—(14) completes the proof. O

Lemma 19 Let H be a Hardy field and supposefi, .. ., fi. € H satisfy condition (B).
Also assume that fi(t) > log(t) and ﬁ;i" > 1foralli=1,...,k—1. ForD € N
define

Apy ={1 =n<N:ged(n [fi(n)]..... fi(n)].D") = 1}.
Then
[Apnl _ Zu(d)

dk+1°
d|D!

lim
N—oo N

For the proof of Lemma 19 we need the following Proposition, which is an
immediate corollary of [5, Theorem 1.8].

Proposition 20 Let k € N, let H be a Hardy field, and let gy,...,8r € H
satisfy g1(t) > log(t) and g’;‘ > 1foralli = 1,...,k— 1. Then the sequence

(g1(m)}. ... {gx(n)}), n € N, is equidistributed in [0, 1)X.

Proof of Lemma 19 Define ¥4, := ({f ! (j”)} s {fk(j”) }), where {x} denotes the
fractional part of a real number x. We first observe that

Apyl =Y u@ {1 <n<N:d|gedn LAW)]..... [fi(m])}]

d|D!

N
= Z Z Laz(m)az(Lfi(n)]) -+ - Laz(| fi(m) )

dD! n=1

= > > la(LAm)]) - la(Lfildn)])

d|D! n<N/d
N 1\
= l1<n=<  :%,€|0,
dp!
Applying Proposition 20 to the functions gi(f) = fi

deduce that
N 1\
l<n<  :¥;,€]|0,

which proves the claim. O

(dr)

di
d 5""gk(t) = f}(((lt)’ We

lim
N—o00
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Theorem 21 Let ‘H be a Hardy field and suppose fi, ... .fx € H satisfy condi-

tions (A) and (B). Also assume that fi(t) < log;(t) and f"}lf‘ > 1 forali =

1,...,k — 1. Then the natural density of the set
{neN:ged(n | fi(m)]..... fi(n)]) = 1}|

. 1
exists and equals 1)

Proof Let D € N. We define

Ay :={1<n<N:ged(n Li(m)],.... LAh(W)]) = 1}

and

Apy:={l <n<N:ged(n fi(n)]...., fi(n)].D!) = 1}.
Certainly, Ay C Ap . It follows directly from Lemma 19 that

. |Apnl 1
lim lim = .
D—>ooN—oo N Lk+1)

Hence, it suffices to show that

Jim_timsup Ap.n N\ Al _
Let
S(N,d):=[{1 <n<N:d|ged(n fi(m)]..... ()}
and let

SN.d) = |{1 <n < N:d|ged(n. [fim)])}].
It is clear that

[Apn \Avl < D S(N.p).
D<p=L1i )

However, we have that

!
E S (N.,p) = E S(N.p)
p prime p prime
D<p=Lfi(m] D<p=Lfi(m]



On the Density of Coprime Tuples of the Form (n, | fi(n)], ..., LAmD.. .. 133

and it follows from Lemma 18 that

L 1
lim hmsupN Z S(N,p) = 0.

b=eo N—o0 p prime

D<p=Llfi(n)]

Proof of Theorem 2 Let fi, ..., fi € H satisfy conditions (A)—(C).
If 1(r) < logtz 0> then the conclusion of Theorem 2 follows from Theorem 21.

On the other hand, if fi (r) > log; 0> then the conclusion of Theorem 2 follows from
Corollary 17. O

7 Some Open Questions

We end this paper with formulating some open questions.
7.1 The first question concerns a natural extension of Watson’s [28] original result.

Question 1 Let«y, ..., o be kirrational numbers. Is it true that the natural density
of the set

{n e N:ged (n, lnay ], [n?as], ..., Lnkakj) = 1}
exists and equals ., .. ?

CkA1)
7.2 Let H be a Hardy field, letfi, ..., f; € H and consider the condition:

(©) "t = Tforalli=1,....k—1.

Question 2 [n the statement of Theorem 2, can one replace condition (C) with
condition (C')?

7.3 By slightly generalizing the methods used by Estermann in [13], one can prove
the following theorem:

Theorem 22 For any k-tuple (o1, ...,ar) of rationally independent irrational

numbers the natural density of the set

{neN:ged(lnay],..., n]) =1}

1
q0]

This leads to the following question.

exists and equals here and in Question 3.
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Question 3 Let H be a Hardy field. Suppose fi,....fx € H satisfy condi-
tions (A), (B), and (C'). Is it true that the natural density of the set

{neN:ged(Lim]..... fim)]) = 1}

exists and equals )

7.4 We conclude this paper with a question which addresses a possible weakening
of condition (B) in Theorems 1 and 2.

Question 4 Can condition (B) be replaced by condition (B') (see page 111) in
Theorems 1 and 2?
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