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Abstract. Using an ergodic inverse theorem obtained in our previous paper,
we obtain limit formulae for multiple ergodic averages associated with the action
of Fj) = @Fp. From this we deduce multiple Khintchine-type recurrence results
analogous to those for Z-systems obtained by Bergelson, Host, and Kra, and also
present some new counterexamples in this setting.

1 Introduction

The celebrated theorem of Szemerédi [29] stating that any set of positive density
in Z contains arbitrary long progressions has a natural analogue for “large” sets
in the group F}) = @F),, the direct sum of countably many copies of a finite field
of prime order p. While the content of Szemerédi’s theorem can be succinctly
expressed by the maxim ‘““large sets in Z are AP-rich” (where AP stands for Arith-
metic Progression), the ) analogue states that any “large” set in F)) is AS-rich,
that is, it contains arbitrarily large Affine Subspaces. This analogy extends to the
similarity between various proofs of these two theorems and is especially interest-
ing when one studies the ;7 analogues of various aspects of the ergodic approach
to Szemerédi’s theorem introduced by Furstenberg in [13].

Given an invertible probability measure preserving system (X, X, u, T), a set
A € X with u(A) > 0, and an integer k € N, let p(n) = u(ANT"AN ... NTkA).
The sequence ¢(n) can be viewed as a generalized positive definite sequence. The
analysis of the properties and the asymptotic behavior of ¢(n) leads to the proof
and enhancements of Szemerédi’s theorem. Not surprisingly, the study of the
> analogue of ¢(n) leads to a better understanding and enhancement of the F 7
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analogue of Szemerédi’s theorem. It also throws new light on the various related
facts belonging to the realm of ergodic theory.

In this paper, we describe (in Theorem 1.6 below) the characteristic factor for
certain multiple ergodic averages on measure-preserving systems in the case where
the underlying group G is an infinite-dimensional vector space F7 over a finite
field; this is the analogue of the well-known description in [23], [40] of charac-
teristic factors for multiple ergodic averages of Z-actions. Using this description,
we obtain explicit formulae for the limit of such multiple ergodic averages. As an
application of these formulae, we establish multiple recurrence theorems of Khint-
chine type in some cases, and exhibit counterexamples to such theorems in other
cases.

The detailed statements of the main results of our paper are formulated at the
end of the introduction.

1.1 Convergence of multiple ergodic averages and limit formulae.
Before we can properly state our main results, we need to set up a certain amount
of notation regarding measure-preserving G-systems and their characteristic fac-
tors.

Let G = (G, +) be a countable abelian group, and let (X, X, 1) be a probability
space, which we always assume to be separable! in the sense that the o-algebra X
is countably generated modulo ux-null sets; in most applications, one can reduce to
this situation without difficulty, so this is not a serious restriction in practice. An
invertible measure-preserving transformation on X is an invertible map
T : X — X with T and T~! both measurable such that u(T(E)) = u(E) for all
E € X. A measure-preserving G-action on X is a family (7)< of invertible
measure-preserving transformations T, : X — X, such that 7,7} = Tg, and
Ty = id p-almost everywhere for all g, 7 € G. We refer to the quadruplet X =
X, X, u, (Ty)ee) as a measure-preserving G-system, or G-system for short.
We abbreviate the (complex-valued) Lebesgue spaces L”(X, X, u) for 1 < p < oo
as LP(X). We adopt the usual convention of identifying two functions in L”(X)
if they agree u-almost everywhere; in particular, this makes L?(X) a separable
Hilbert space.

A Fglner sequence in G is a sequence (9 ,)52, of finite nonempty subsets of

G such that
i (g + @)AD,|
im =

0
n— o0 |D,|
IThis assumption is not used explicitly in this paper but is used in the paper [6] on whose results
we rely, in order to perform certain measurable selections (see Appendix C of that paper) as well as
disintegrations of measures.
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for all g € G, where |H| denotes the cardinality of a finite set H. Note that we
do not require the @, to be nested or to exhaust all of G. The class of Fglner
sequences is translation-invariant in the sense that if (®,)52, is a Fglner sequence,
then (g, + @,);2, is also a Fglner sequence for any g1, 82, ... € G. Itis a classical
fact that every countable abelian group is amenable [34] and hence has at least one
Fglner sequence [12]; for instance, if G = Z, one can take ®, :={1, ..., n}.

The classical Mean Ergodic Theorem?

asserts, among other things, that if
G = (G,+) is a countable abelian group with Fglner sequence (®,);2,,

X=X, X, u,(Tygec)is a G-systemand [ € L*(X), then the limit
(1.1) nlggo Eeeca,Tof

converges strongly in L2(X) norm, where we use the averaging notation E,cy :=
| }1” > ney for any nonempty finite set H and also write Ty f for f o T,. Since strong
convergence in L?(X) implies weak convergence, we obtain as a corollary that the
limit

(12) lim Byco, | fiT.fid
n— oo X

exists for all fy, fi € L>(X).

The Mean Ergodic Theorem not only gives existence of these limits, but pro-
vides a formula for the value of these limits. To describe this formula, we need
some more notation. Define a factor (Y, Y, v, (Sg)ee, ) = (Y, m) of a G-system
X, X, u, (Ty)gei) to be another G-system Y = (¥, Y, v, (Sy)gec), together with
a measurable map = : X — Y which respects the measure in the sense that
ﬂ(ﬂ_l(E)) = v(E) for all E € Y (or equivalently, 7,.u = v), and also respects
the G-action in the sense that S, o7 = 7 o Ty, u-a.e. for all g € G. For in-
stance, if B is a sub-g-algebra of X which is invariant with respect to the G-action
(Tg)geq,then (X, B, i |5, (Tg)geq, id) is a factor of (X, X, p, (Tg)gei), Where p |
is the restriction of X to B. By abuse of notation, we refer to an invariant sub-o-
algebra B as a factor of (X, X, u, (Tg)4ec). We call two factors (Y, Y, v, (Sg)eeq, 7),
LY, v, (S é)geg, 7’) equivalent if the sub-c-algebras

{z7'E):E €Y}, {(x) ' (E):E €Y}

of X that they generate agree modulo null sets. It is clear that every factor is
equivalent to a unique invariant (modulo null sets) sub-g-algebra of X, so one may
think of factors as invariant sub-g-algebras if it is convenient to do so.

2This theorem is usually stated in textbooks for Z-systems, but the proof extends without difficulty
to actions by other amenable groups. See, for example, [3, Theorem 6.4.15].
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For a factor (Y,Y,v, (Sg)eec,m) = (Y, m), we define the pullback map
7 L*(Y) — L*(X) by n*f := f o m. We define the pushforward map
7. : L2(X) — L*(Y) to be the adjoint of this map. In the case when the factor
arises from an invariant sub-g-algebra B of X, the pushforward 7 . f is the same as
the conditional expectation E(f|B) of f with respect to B.

Given a G-system X = (X, X, u, (Tg)ge ), we define the invariant factor

(Zo, mo) = (Zo(X), mo) = (Zo, Zo, o, Tg)gec, To)

of X to be (up to equivalence®) the factor associated to the invariant o-algebra
XT :={E e X: T,E = E forall g € G}. This factor is a characteristic factor
for the averages (1.1), (1.2), in the sense that the limit in (1.1) converges strongly
in L2(X) to 0 whenever (7). f vanishes, and similarly the limit in (1.2) converges
to O when either (7). fo or (wo).f1 vanishes (see [16]). As a consequence, to
compute the limits in (1.1), one may freely replace f by (7). f (and descend from
X to the factor Zy), and similarly for (1.2). On the characteristic factor Z, the
action of G is essentially trivial; and as a conclusion one obtains the well-known
limit formulae

ngn;o Eeea,Tof = (o)™ (o)« f
and

Jim Boo, | fiTufidi = | (@o)ofo) o fo) dCmo).se

The situation is particularly simple when the G-system X is ergodic, which
means that the invariant o-algebra X7 consists only of sets of full measure or
zero measure, or equivalently that the invariant factor Zy is a point. In this case,
(mo)f = fy fdu; and so

Jim Byeo,Tof = [ fn
and

lim Eyco, [ fillofidn = ( / fodﬂ) ( / flcm).

30ne can, of course, define (Zy, o) canonically actually to be the factor (X, ', oyt
, (Tg)geG»1d), but it can be convenient to allow Zg only to be defined up to equivalence, in order to
take advantage of other models of the invariant factor which may be more convenient to compute with.
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This concludes our discussion of the classical ergodic averages. We now con-
sider the more general multiple ergodic averages

(1.3) nllg.lo ]Eged),, (Tclgfl )(Tczgf2) <. (Tckgfk)

and

(1.4) Jim Boco, | Tofo)... (Tosfiddi

associated to a G-system X = (X, X, u, (Tg)gec), where k > 1 and ¢y, ..., ¢ are
integers, and (to avoid absolute integrability issues) fy, ..., fr are now assumed
to lie in L°(X) rather than L*(X). Note that in (1.4) we may collect terms if
necessary and reduce to the case when the cy, ..., ¢, are distinct. Similarly, in
(1.3) we may reduce to the case when the cq, . . ., ¢ are distinct and nonzero (since
zero coefficients can simply be factored out). The reader can keep the model case
¢; =i in mind for this discussion, though for technical reasons it is convenient to
consider more general coefficients c; as well.

The convergence and recurrence properties of these averages have been ex-
tensively studied in the literature, particularly in the model case G = Z. For
instance, the celebrated Furstenberg multiple recurrence theorem [13] asserts the
lower bound

lim inf E e, / FTof) - (Tigf)du > ¢ > 0
n o0 X

in the G = Z case whenever k > 1 and f € L°°(X) is nonnegative and not identi-
cally 0, where ¢ does not depend on the choice of (®,);2,. The same result holds
for all countable abelian groups G [15]. On the other hand, the original proofs
of the multiple recurrence theorem did not actually establish the existence of the
limit in (1.3) or (1.4) for general £ > 1. In the case of Z-actions, this was first
achieved for k = 2 in [13], for £ = 3 in [37] (building upon a sequence of partial
results in [7, 8, 9, 16]). The case k = 4 was established in [21] (see also [22])
and independently in [38]. The methods in [21], [38] were generalized to cover all
k > 1 first in [23] and then in [40]. After the general convergence of (1.3), (1.4)
for G = Z was established, a number of additional proofs of this result (as well as
generalizations thereof) have appeared in the literature [30], [1], [33], [20], [36].
The argument in [36] is extremely general and extends to averages over arbitrary
countable abelian groups G, with the shifts g, . .., (k—1)g replaced by polynomial
functions of g (see also [42]).

Now we turn to the question of understanding the nature of the limit in (1.3)
or (1.4) for higher values of k£ than £ = 1. For simplicity, we focus on the case of
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ergodic G-systems X = (X, X, u, (Tg)gec); the results discussed here can then be
extended to the nonergodic case by ergodic decomposition (see, e.g., [35]).

The case k = 2 can be analysed by spectral theory. Define an eigenfunction
of an ergodic G-system X to be a nonzero function f € L?(X) such that for each
g € G, one has T,f = A,f for some complex number A,. Define the
Kronecker factor (Z, () = (Z(X), 1) = (Z1, Z1, p1, (T1,g)gec, m1) of X to
be the factor (up to equivalence) associated to the sub-g-algebra of X generated by
the eigenfunctions of X. The Kronecker factor is (up to equivalence) given by an
abelian group rotation Z; = (U, U, my, (Sg)gec), Where U = (U, +) is a compact
abelian group with Borel o-algebra U and Haar probability measure m ¢, and each
Sg : U — U is a group translation Sg(x) := x + ag, where g — a, is a homomor-
phism from G to U (see [41] for a general form of this theorem). Furthermore, this
factor is ergodic (which is equivalent to the image of the homomorphism g — «,
being dense in U). It is known (see, e.g., [6]) that the Kronecker factor Z is char-
acteristic for the k = 2 averages (1.3), (1.4), in the sense that the former average
converges to 0 in L*(X) norm when at least one of (7). f1, (1) f> vanishes, and
the latter average converges to O when at least one of (7 1). fo, (1)« f1, (1)« f2 Van-
ishes. From this, one can effectively replace each function f; by its pushforward
(71)+fi in the limits (1.3), (1.4) (replacing X with Z;). These limits can then be
evaluated by harmonic analysis on U, resulting in the limit formula

(15) nll)nolo ]Eged),, /XfO(Tgfl )(T2gf2)dﬂ
= A /U(ﬂ'l)*fo(h)(ﬂ'l)*fl(h +0)(7 ) fo(h+ 20 duy (h)duy ()

for (1.4) (in the model case ¢; = i), and hence (by duality, and existence of the
limit) a similar formula for (1.3); similarly for other choices of coefficients c;. We
can rewrite this formula as

(16)  lim Buca, | SiTfi)Tauf2)d
= / (7 1)« fo(ho) (1)« f1(h1) (7 1)« fo(h2)dmyp, ) (ho, h1, h2),
HPy 1 (U)
where HP 1 2(U) C U? is the closed subgroup
HPo12(U) = {(h, h+t,h+20) : h,t € U}

of U? and myp,, ,w) is the Haar probability measure on HP 1 (U). (The reason
for the notation HPg | » will be made clearer later.)
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In the case of Z-actions, the limit of (1.3), (1.4) for higher values of & is also
understood; see [39], [40], [4]. For each value of k, a characteristic factor Z
associated to the averages (1.3), (1.4) which (up to equivalence) is an inverse limit
of nilsystems of step at most k — 1 was constructed in [23] (see also [40]). By
projecting onto each such nilsystem and using the equidistribution theory on such
nilsystems (see [25], [39]), a limit formula generalizing (1.5), (1.6) (but for Z-
actions) was established; see [40]. A closely related analysis was also performed
in [4], which (among other things) led to the following Khintchine-type recurrence
result: if X = (X, X, u, (Ty)gez) is an ergodic Z-system and A € X has positive
measure, then for every ¢ > 0 and all k = 1, 2, 3, the sets*

(neZ: nANT_, AN - NT_A) > u(AX! — ¢}

are syndetic. Surprisingly, this type of result fails for k > 3; see [4] for details.

The arguments in [4] also give a structural result for the correlation sequences’

(1.7) Lo (8) = /X Taraf)Teraf) - - oo i)t

fork > 1, fo, ..., fr € L°°(X) and g € Z and distinct integers cy, . . ., ;. To state
these results, recall that a (k — 1)-step nilsequence a uniform limit of sequences
of the form n — F(0"T") for a (k—1)-step nilmanifold N/T", a group element & € N,
and a continuous function F : N/I' — C; recall also that a bounded sequence
o : G — C in a countable abelian group G is said to converge to O in uniform
density if lim,_, o sSup,cg Egenvaw,|o(g)] = O for any Fglner sequence (®,);2,. It
was shown in [4] that the sequence I, _c,.s,. .7 can be decomposed as the sum of
a (k — 1)-step nilsequence and an error sequence n — o(n) which converges to 0
in uniform density.

1.2 New results. Having reviewed the preceding results, we now proceed
to the description of new results in this paper, in which we focus on a family of
countable abelian groups G at the opposite end of the spectrum to the integers
Z, namely the infinite-dimensional vector space G := F; = @F, over a finite
field F,, of prime order p, with a countable basis e, e;, . ... This can be viewed
as the direct 1imit® of the finite-dimensional subspaces F”, defined as the span of
€1, ..., ey and a G-system can be viewed as a probability space with an infinite

4The negative signs here are artifacts of our sign conventions, and can be easily removed if desired.

5Strictly speaking, the results in [4] are only claimed in the case fy =--- = fy and ¢; =i, but it is
not difficult to see that the argument in fact applies in general.

SNote that this limit is distinct from the inverse limit I17%2, F, of the Fz; for instance, IFE’ is a
countable vector space, whereas [[72; F,, is an uncountable (but compact) group.
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sequence T, : X — X of commuting measure-preserving transformations, each
of period p in the sense that 7'/ = id. Observe that we can view these subspaces I,
as a Fglner sequence for )7, but this is of course not the only such sequence (for
instance, one can take the affine spaces g, + F ;, where g1, g2, ... is an arbitrary
sequence in IFI‘;’). One can then ask for a formula for the limits in (1.3), (1.4), as
well as a structure theorem for the correlation sequences (1.7) (now defined for

g € G rather than g € 7).

To state the results, we need to introduce a variant of the concept of nilsystem
that is suitable for Fj)-actions, which we refer to as a Weyl system. To define such
systems, we first need the notion of a polynomial function on a G-system.

Definition 1.3 (Polynomials). Let G = (G, +) be a countable abelian group,
let U = (U, +) be an abelian group, and let X = (X, X, i, (Tg)4ec) be a measure
preserving system. For any measurable function p : X — U and g € G, let
Agp : X — U denote the function Agp(x) := p(T,x) — p(x); thus A, can be
viewed as a difference operator on the measurable functions from X to U. If k > 1
is a natural number, we say that p is a polynomial of degree less than k& if
Ag - Ag p(x) =0 p-almost everywhere for any g1, ..., gr € G. We also adopt
the convention that the zero function is the only polynomial of degree less than k
if k <O0.

In a similar vein, a sequence g : Z — U is said to be a polynomial of degree
less than k if Ay, --- Apg(n) = 0 forall Ay, ..., g, n € Z, where Ayg(n) :=
g(n+ h) — g(n), with the same convention as before if £ < 0.

Note that a measurable function p : X — R/Z is a polynomial of degree less
than 2 if and only if the function e?** is an eigenfunction of the system X. Thus we
see that the polynomials of degree less than 2 are closely related to the Kronecker
factor, which in turn controls the k£ = 2 averages (1.3), (1.4). More generally, we
shall see (in the case G = F)) that the polynomials of degree less than k control
the averages (1.3), (1.4). One can define polynomial maps between more general
groups (not necessarily abelian); see [24]. However, we do not require this more

general concept of a polynomial map here.

For future reference, we observe (by an easy induction using Pascal’s triangle)
that a sequence g : Z — U is a polynomial of degree less than k if and only if it has
a discrete Taylor expansion of the form g(n) = ), <k (;f)a ; for some coefficients
a; € U, where (j) :=n(n—1)---(n—j+1)/j!. We remark that the top coefficient
ay—1 of g(n) can also be computed as a;_; = AX~1g(n) for any n.

Next, we recall the notion of a cocycle extension.
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Definition 1.4 (Cocycle extension). Let G = (G, +) be a countable abelian
group, let U = (U, +) be a compact abelian group, and let X = (X, X, u, (T ¢)gec)
be a measure preserving system. A (G, X, U)-cocycle is a measurable function
p: G x X — U that satisfies the cocycle equation

(1.8) p(g+8.,x) =p(g, Tex)+ p(g, x)

for all g,¢’ € G and u-almost all x € X. Given such a cocycle, we define the
extension X x , U of X by the cocycle p to be the G-system given by the product
probability space (X x U, X x U, 4 x my), where U is the Borel o-algebra on U,
my is the Haar probability measure on U, and the action (fg) ¢eG on X x U is given
by the formula Tg(x, u) := (Tyx, u+ p(g, x)). Note that the cocycle equation (1.8)
ensures that X x , U is indeed a G-system. If For a positive integer k, we say that
the cocycle p is a polynomial cocycle of degree less than £ if, foreach g € G,
the function x — p(g, x) is a polynomial of degree less than k.

Definition 1.5 (Weyl system). Let £ > O be an integer, and let G = (G, +)
be a countable abelian group. We define a k-step Weyl G-system recursively as
follows:

e A O-step Weyl G-system is a point.

o If k > 1, a k-step Weyl G-system is any system of the form X x , Uy, where

X is a Weyl G-system of order k — 1, Uy is a compact abelian group’, and p;
is a polynomial (G, X, Uy)-cocycle of degree less than k.
We define the notion of a continuous k-step Weyl system similarly to a k-step
Weyl system, except now that all the cocycles involved are also required to be
continuous. (Note that a Weyl system is a Cartesian product of compact spaces
and is thus also compact.)

Informally, a Weyl G-system of order k takes the form U x ,, U X, - - - X ,, Uy
for some compact abelian groups Uy, ..., Uy (which we refer to as the struc-
ture groups of the system) and polynomial cocycles py, ..., pr (the cocycle p;
is essentially a homomorphism from G to U, and is not explicitly shown in the
above notation). In the case k = 1, a Weyl G-system is simply a group rotation
Tg:up+—> up+ pi(g)onUy.

Remark. In [6], we defined the notion of an Abramov ]Fl‘;’-system Abr _;(X).
This is is a system where P _;(X) - the polynomials of degree less than k - span
L?*(X). We show that in the case where k < char(F), an Abramov system can be
given the structure of a Weyl system.

7In this paper, “compact group” is understood to be short for “compact metrizable group”.
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Example. Let X; be the product space [[F, of sequences (x,);2, with
x, € IF,, with the product topology and the Haar probability measure. It becomes
a 1-step Weyl G-system with G : = IFI‘;’ by using the shifts T, (x,)52, 1= (X, + gn)52;
wheng =Y 72 g.e, with g, € IF, (and with all but finitely many of the g, vanish-
ing).

The quadratic polynomial Q : [[F, — F, defined formally by

o0
QX)) =D XnXns1
n=1
need not be well-defined, as the sum may contain infinitely many nonzero terms;
however, the formal derivative for g = > 2, g,e, € G

o0
AgQ = Zgnxnﬂ + Xn8n+1 T 8n8n+1

n=1
is a well-defined linear polynomial on []F, since only finitely many of the g,
are nonzero. Setting pa(g,x) := A,0(x), we see that p>(g, x) is a polynomial
(G, Xy, Fp)-cocycle of degree less than 2. The cocycle extension X, := X; x, I,
is then a 2-step Weyl system with structure groups [[F, and F,, with shift given
by

o
To((Xn)p21s 1) = ((n + 8n)ys L+ D 8nXnet + XnGnrt + &n&ne1)-

n=1
This system can be viewed as a G-system analogue to a 2-step nilsystem arising
from the Heisenberg group.

Our first main result, which is a corollary of our previous work in [6], estab-
lishes the existence of a Weyl system as a characteristic factor for the averages
(1.3), (1.4):

Theorem 1.6 (Characteristic factor). Let p be a prime, and let 1 < k < p be
an integer. Let G := IF;,", and let X = (X, X, u, (Ty)eec) be an ergodic G-system.
Then for each 0 < k < p, there exists a factor (Zy, ;) = (Zx(X), 7y) of X, with Z;,
an ergodic continuous k-step Weyl system having the following properties.

(1) (Recursive description) Zy = Zy_ X, Uy for some compact abelian group
Uy and some polynomial (G, Zy—1, Uy)-cocycle py of degree less than k. Fur-
thermore, Uy is a p-torsion group (thus puy = 0 for all u;, € Uy or, equiva-
lently, Uy is a vector space over F ).

(ii) (Connection with polynomials) The sub-c-algebra of X generated by Z is
generated by the polynomials ¢ : X — R/Z of degree less than k + 1. (Thus,
for instance, Z; is the Kronecker factor.)
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(iii) (Zy—1 characteristic for (1.3)) For distinct nonzero cy, ...,c; € F,\{0},
the averages (1.3) converge strongly in L*(X) to O for any Folner sequence
(D)2, of G, whenever fi, ..., fi € L®(X) is such that (xy—1).fi =0 for at
leastonei =1, ..., k.

(iv) (Zy—1 characteristic for (1.4)) For distinct cy,...,cxy € F,, the average
(1.4) converges to O for any Folner sequence (®,):°, of G, whenever
Jos ooy fx € L°(X) is such that (mr—1).f; =0 for at least onei =0, ..., k.

(V) (Zx characteristic for (1.7)) For distinct cq,...,ck € TF,, whenever
Jos -5 fx € L®(X) is such that (zy).fi = 0 for some i =0,...,k—1,
the sequencel, . c.s....r. - G — C converges to 0 in uniform density.

We prove Theorem 1.6 in Section 3. We now turn to a discussion of some
consequences of this result, starting with a limit formula for the average (1.4). We
need the following construction.

Definition 1.7 (Hall-Petresco groups). Let p be a prime, and let U, ..., Uy,
be compact p-torsion groups for some 0 < m < p. Let 1 < k < p, and suppose
co, . . ., Ck € I, are distinct. The Hall-Petresco group HP., . (Ui,...,Upy)is
defined to be the closed subgroup of (U; x ... X U,k consisting of tuples of
the form (P(ci))f?zo, where P = (Py,...,Py) : Z — U, x --- x U, and for each
1 <j<mP;:Z— U;jisapolynomial of degree less than j + 1.

X =U| x,, Uy xp, -+ %, Uy, is an ergodic m-step Weyl system, we abbre-
viate HP., . (U1, ..., Uy,) as HP., . (X).

Thus, for instance

HPy (Ui, Uy, Uz) = {((GI:GZ: a3), (a1 +by,ax + by, a3 + b3)) :
ai,by e Uysaz, by € Ups a3, b3 € U3}
= (U; x Uy x U3)?,

and (forp > 2)

HPy 12Uy, Uz, Uz) = {((611, @, a3), (a1 + by, ay + by, az + b3),
(ay +2by,ar +2by + ¢, a3 + 2b3 + C3)) :
ay, by € Ursaz, by, ¢z € Ussasz, b3, c3 € U3}

= {(ho,]’ll,]’lz) elU; xUj; x U3 2h01 —2h11 +h21 =O}
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(with the convention k; = (h;1, hj, h;i3)), and (for p > 3)

HPy, 123Uy, Uy, Us) = {((611, az,as), (a1 + by, a; + by, a3 + b3),

((11 + 2b1, ap + 2b2 +Ccp,as + 2b3 + C3),

(a1 +3b1,ar +3by + 3¢z, a3 +3b3 + 3¢5 + d3)) -
ai,by e Uysar, by, cr € Ussasz, bz, c3,d3 € U3}
= {(ho,hl,hz) € Uy x Us x Us : hoy — 2hyy + ha
= hiy — 2hay + k31 =0, hoy — 3his + 3hos — hyp = 0}.

The following lemma, which we prove in Section 5, asserts that the Hall-
Petresco group HP., .
(TeogXs .- Teex) in X,

«(Zxk—1) controls the equidistribution of progressions

Lemma 1.8 (First limit formula). Let p be a prime, let 1 < k < p be an inte-
ger,andlet co, ..., cy € F, bedistinct. Let G := IFI‘;’, andletX = (X, X, u, (Tg)gec)
be an ergodic G-system. Let fy, ..., fr € L™(X), and let (D,)°, be a Folner se-
quence in G. Then

(19)  lim Byeo, | (Togfo)- Togfiddi =
n o0 X

/HP (Tk-1):So @ ... @ (Tr—D)sfrdmup, ., 71

€Qsenes Ck (Zk—l)

where (Zy—1, mx—1) is the characteristic factor from Theorem 1.6, m HPq.....c, Zi-1) is

the Haar probability measure on HP . . ., (Zx—1), and

.....

(T—)efo ® ... @ (me—1)fi 1 28, — C

is the tensor product

(-1 fo ® ... @ (k=1 fx (X0, - ..y Xk) 1= (W=D« fo(X0) « « . (Tr—1)x fie(Xp).

The right-hand side of (1.9) can also be written more explicitly as

~/U]2x...><Uk ﬁ(ﬂk—ﬂ*ﬁ((i <cl,->aﬂ)/;11>’

k=1 7=0 =0

where the integral is over all tuples (aj;)1<j<k—1.0<i<j With aj € U;, integrated
using the product Haar measure on U12 X -+ X U,f_l, and Uy, ..., Ui_; are the
structure groups of Zy_1.
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HP,,. . . (Zy—1) contains the diagonal group {(x,...,x) : x € Z;_;} and so

Y1, In particular, the right-

surjects onto each of the k£ + 1 coordinates of (Z;_;
hand side of (1.9) is well-defined even though each of the f; are only defined up
to p-almost everywhere equivalence.

As examples of the formula (1.9), we have (for p > 2)

lim Egea, /X FoT o f)(Tag f)d
= /U D FoE) f1 (x4 D). fol+ 20)dmy, (Dm0

and (for p > 3)

Tim Egea, /X FoT o O T )Ty )i

= / 3(772)*f0(x1: X)) f1(x1 + 11, X0 + 02)(72) fo (X1 + 281, X2 + 28 + Up)
Ul x

2

(m2)4 f3(Ce1 + 381, X2 + 312 + 3un)

dmy, (x1)dmy (t))dmy,(x2)dmy, (t)dmy, (us).

We also remark that if for G = Z one considers nilsystems instead of Weyl
systems, the analogue of the Hall-Petresco group is the group of Hall-Petresco
sequences [19], [26], as can be seen from the equidistribution theory in [25].

By duality, the above limit formula (1.9) also gives a formula for limits (in
L*(X)) of the form

(1.10) lim Eyeo, (Tegf1) - (Toe fdi;

for instance, the limit lim,,_, oo Egea, (T f1)(T2,f2)dp in L*(X) is the function
X / (D« f1(1(x) + D)(7w1)s f2(71(X) + 20)dmy, (D).
U

The formula in the general case has a similar (but messier) appearance, and is
omitted here. In the above argument, we implicitly used the known result that
the limit (1.10) in L?(X) exists; but, in fact, the arguments in this paper give an
independent proof of this norm convergence result, see Remark 5 below.

We also have an analogous limit formula for the correlation functions
Ieo,....coifo...... (&), which approximates these functions by a certain integral expres-
sion J¢,. .. ¢ fo.....: (&) up to a vanishingly small error in uniform density, in analogy
to a similar result [4, Proposition 6.5] for Z-systems. To state this formula, we need
some additional notation. Let G = ]FI‘J" for a prime p, let 1 < k < p, and let Z;
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be the characteristic factor from Theorem 1.6, with structure groups Uy, ..., Ug.
Foreach 1 < i < k,letu; : Z;y — U; be the coordinate function. Observe from
the definition of a Weyl system that A,u; = p; om;— forall 1 < i < k, where
mi—1 is the projection from Z;_; to Z;_;. In particular, as p; is a polynomial of
degree less than i, u; is a polynomial of degree less than i + 1. For any g € G, the
derivative A;ui is a constant function, and can thus be identified with an element
of U;. Given g € G, we define the tuple 8(g) = (01(8), ..., 0k(g) e Uy x --- x Uy

.....

HP,,. . .. (Z) consisting of tuples (P(co), . .., P(cy)) with P = (P, ..., Py), where
each P; : Z — U, is a polynomial of degree less than i + 1 obeying the additional
constraint A’iPi = 6;(g) on the leading coefficient of each of the P;. Note that

..... o (Zi)p is a coset
«(Zy)o forany 0 € Uy x - - - x Uy. In particular, HP, ., (Zi)o() has a

.....

.....

Lemma 1.9 (Second limit formula). Let p be a prime, let 1 < k < p be an
integer,and let cy, . .., cy € IF, bedistinct. Let G := IF;‘,’ and X = (X, X, p, (Tg)gec)
be an ergodic G-system. Let fy, ..., fy € L™(X), and let (©,);2, be a Folner
sequence in G. Define the sequence Jo, ..z, .5 : G — C by the formula

JC(),...,Ck;ﬁ),...,fk(g) = / (n.k)*fo ® e ® (n.k)*fkdePco ..... ck(zk)ﬁ(g)'
HPCO‘...,ck(Zk)ﬂ(g)

Then the difference ... c.f....;c —Jco,....cisfor.... f; cOnverges to O in uniform density.

Let us write 1(g) =~yp J(g) for the assertion that /(g) — J(g) converges to 0 in
uniform density. Then a simple special case of Lemma 1.9 is the approximation

/X JoTgfrdu ~yp /U () o) 1) f1(x + Aguy)dmy, (x);

similarly, we have (for p > 2)

/Xfngfszgfzdﬂ ~up / 2(7172)>kfo()€1,xz)(ﬂz)*fl(xl + Agui, xz + 1)

U])(U2
(2)u f2(x1 +2Aguy, x2 + 21 + Aéuz)

dmy, (x)dmy,(x2)dmy, (1)
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and (for p > 3)

/fOTgflTngZTng3dﬂ
X
~up / (7r3)s fo(x1, X2, X3)(73)s f1(X1 + Aguy, X2 + 1, X3 + 13)
UixU3xU3

(73)s fo(x1 + 2A 1y, X0 + 215 + Azuz, X3+ 2t3 + 53)
8 8
(73).f3(x1 + 3Agu1, Xp + 312 + 3A Gz, x3+ 313 + 353 + Ajus)

dmy, (x1)dmy,(x2)dmy, (t)dmy, (x3)dmy, (13)dmy, (s3).

We prove Lemma 1.9 in Section 6. The sequence J,  c.f....5 can also be
viewed as a “Weyl sequence” (analogous to the concept of a nilsequence, but with
respect to a Weyl system rather than a nilsystem).

Proposition 1.10 (Structure theorem). Let the notation be as in Lemma 1.9.
Then there exists a continuous k-step Weyl systemY = (Y, Y, v, (Sg)¢ec), a continu-
ous function F € L*°(Y), and a point yo € Y such that J, . c,.f,...r.(8) = F(Sgyo)
forallg € G.

We prove this in Section 7. Combining this proposition with Lemma 1.9, we
see that I, ¢.f. .5 1S approximated by a k-step Weyl sequence up to an error
that goes to O in uniform density (cf. [4, Theorem 1.9]).

In analogy to [4], we can use the limit formulae to obtain Khintchine type
recurrence theorems.

Definition 1.11 (Khintchine property). Let p be a prime, and let ¢, ..., ¢
be distinct elements of IF,. We say that the tuple (co, . .., cx) has the Khintchine
property (in characteristic p) if, whenever G = F, X = (X, X, i, (Tg)gec) is an
ergodic G-system, A € X, and ¢ > 0, the set

{g eG: ,LC(T_CUgA N---N T—CkgA) > ,Lt(A)k+1 _ 8}

is a syndetic subset of G (i.e., G can be covered by finitely many translates of this
set).

Of course, the negative signs in the subscripts here can be easily deleted if de-
sired. It is trivial that any singleton tuple (c() has the Khintchine property, and
the classical Khintchine recurrence theorem adapted to general abelian groups
G implies that any pair (co, ¢;) has the Khintchine property (in this case, we
do not need to assume the ergodicity of our G-system). It is also clear that the
Khintchine property is preserved if one applies an invertible affine tranformation
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Xx — ax + b to each element c; of a tuple (cy, ..., c), i.e., (cop, ..., cr) has the
Khintchine property if and only if (acog + b, . . ., acy + b) has the Khintchine prop-
erty. For longer tuples, we have the following positive results, which are finite
characteristic analogues of results in [4].

Theorem 1.12 (Khintchine for double recurrence). If p > 2 and cg, c1, ¢y are
distinct elements of ¥, then (co, c1, ¢2) has the Khintchine property.

Theorem 1.13 (Khintchine for triple recurrence). If p > 3 and cy, c1, ¢2, C3
are distinct elements of IF, which form a parallelogram in the sense that c; +c¢; =
cx + ¢ for some permutation {1i, j, k, I} of {1, 2, 3,4}, then (cy, c1, 2, c3) has the
Khintchine property.

For comparison, a version of the classical Khintchine Recurrence Theorem for
G = F implies that for distinct co, ¢1 € Fy, a G-system X = (X, X, 1, (Tg)gec),
A € X, and ¢ > 0, the set

{8 €G : p(T-cyqAN T, gA) > 1(A)? — &}

is syndetic. In this classical setting of single recurrence, no ergodicity hypothesis
is required; but by adapting the construction in [4, Theorem 2.1], one can show
that ergodicity is needed for double or higher recurrence if p is sufficiently large
(this hypothesis is needed to embed a version of the Behrend-type constructions
used in [4]).

We prove these results in Section 8 and Section 9, respectively. We remark that
a finitary analogue of Theorem 1.13, concerning dense subsets of finite-dimensio-
nal vector spaces [ instead of subsets of }-systems (and with the shifts g lying
in a dense subset of ]FZ, rather than a syndetic subset of Fl‘;’), was established in
[17, Theorem 4.1].

We conjecture that the above results exhaust all the possible tuples with the
Khintchine property.

Conjecture 1.14. Let p be a prime, let £k < p, and let ¢y, . . ., ¢ be distinct
elements of F),.
(i) If k > 3, then (cy, ..., cx) does not have the Khintchine property.
(1) If £ = 3, and (cy, c1, €2, ¢3) does not form a parallelogram, (cy, c1, ¢z, €3)
does not have the Khintchine property.

In [4, Corollary 1.6], it was shown that the tuple (0, 1, 2, 3, 4) do not have the
analogous Khintchine property for Z-systems; and it is not difficult to modify the
construction there to show that (0, 1, 2, 3, 4) does not have the Khintchine property



F2-ACTIONS 345

in characteristic p if p is sufficiently large and similarly if (0, 1, 2, 3, 4) is replaced
by (0, 1, ..., k) for any fixed k > 4, if p is sufficiently large depending on k.

While we were not able® establish the above conjecture in general, we can do
so for “generic” tuples (cy, . .., Cr).

Theorem 1.15 (Khintchine property generically fails). Let k > 3. Then there
exists a constant Cy, depending only on k such that for any prime p, there exist at
most Cip* tuples (co, . .., ci) € IF1’§+1 that have the Khintchine property.

In other words, if one selects cy, ..., c; € F, uniformly at random, then the
Khintchine property holds with probability at most Cy/p; so for large p, one has
failure of the property for most tuples (co, . . ., k).

We prove this in Section 10. It remains open whether a weakened version of
the Khintchine property can hold in which u(A)**! is replaced by a larger power
1 (A of 11(A). In the case of Z-systems, this was shown in [4, Corollary 1.6] not
to be the case, at least for the model case k =4 and c; =i. However, that argument
relies on the Behrend construction [2], and it remains an interesting open problem
to adapt this construction to the finite field setting when the characteristic p is fixed.
Note that it follows from the “syndetic”” Szemerédi theorem for vector spaces over
finite fields [15] that the Khintchine property does hold if u(A)**! is replaced by
some sufficiently small quantity c(k, u(A)) > 0 depending only on k and u(A), if
1 (A) is nonzero.

2 Continuity of polynomials

In this section, we establish a technical lemma which asserts, roughly speaking,
that polynomials in an ergodic Weyl system are automatically continuous.

Lemma 2.1 (Polynomials are continuous). Let G = (G, +) be a countable
abelian group, let k > 0, and let X = (X, X, u, (Tg)gec) be an ergodic k-step Weyl
system.

(1) After modifying the cocycles used to define X on a set of measure zero, if
necessary, X becomes a continuous k-step Weyl system.

(i) If ¢ : X —> R/Z is a polynomial, then (after redefining ¢ on a a set of
measure zero, if necessary), ¢ is continuous.

8By some extremely lengthy computations involving a subdivision into a large number of subcases,
and ad hoc constructions of counterexamples in each case, we have been able to verify this conjecture
in the case when k = 3, ¢y, ¢y, ¢, c3 are fixed integers that do not form a parallelogram, and p is
sufficiently large depending on ¢y, 1, ¢z, c3 (or alternatively, if one considers Z-systems rather than
F-systems). We plan to make details of these constructions available elsewhere.



346 VITALY BERGELSON, TERENCE TAO, AND TAMAR ZIEGLER

Proof. Induction on k. The case k = O is trivial, so suppose that k > 1 and
that claims (i), (ii) have already been proven for all smaller values of k. The claim
(1) for k then follows by applying the induction hypothesis (ii) to all the cocycles
used to construct X, so now we turn to claim (ii) for k. Write X = X;_ x,, Uy
for some compact abelian U; and some polynomial (G, X;_1, U) cocycle p; of
degree less than k. By claim (i) for k, we may assume without loss of generality
that all cocycles involved in constructing X (including py) are continuous.

Let us first handle the case when the compact group Uy is finite (and thus
discrete). Foreach uy € Uy, ¢y, : Xk—1 — R/Z defined by ¢, (xi—1) := d(Xk—1, Ux)
is a polynomial on X;_; (see [6, Lemma B.5(iii)]) and can thus be modified on a
set of measure zero to become continuous. Applying this for each u; and gluing,
we obtain the claim.

Now we turn to the general case, in which Uy is not necessarily finite. For
t € Uy, define the vertical derivative A ¢ : X — R/Z of ¢ by the formula

A1, up) 1= P(Xp—1, U + 1) — P(Xp—1, Ug).

As ¢ is a polynomial, A,¢ is a polynomial of uniformly bounded degree. On the
other hand, as ¢ is measurable, A ;¢ converges to 0 in measure as t — 0 in Uy; in
particular, [le(Ap) — 1||;20x) = 0 ast — 0, where e(x) := > is the standard
character on R/Z. By [6, Lemma C.1] and the uniformly bounded degree of A ,¢,
we conclude that e(A,p) must be almost everywhere constant for ¢ sufficiently
close to 0. In particular, for ¢ sufficiently close to O, there exists y(¢) € R/Z such
that A;¢p = y(¢) almost everywhere. The set of all ¢ with this property is easily
seen to form a compact open subgroup U}, of Uy, and y is a homomorphism from
U; to R/Z which is measurable, and hence continuous (Steinhaus lemma). By
Pontryagin duality, y can then be extended to an additive character from Uy to
R/Z. Defining the function v : X — R/Z by

w1, ug) 1= 1, ux) — x(ug),

we see that y is also a polynomial on X, with A,y = 0 for ¢t € U{; thus, after
modification on a set of measure zero, i is constant on all U-orbits. We can use
U, to form quotient spaces from Uy and p; by U} and reduce to a Weyl system
Xi-1 X, mod u; Uy/U; in which the final group U, /U, is finite. By the case
already treated, the pushdown of y can be modified on a set of measure zero to
become continuous on this system. Thus, on applying pullback, the same claim
holds for y and hence for ¢, giving the claim. ]
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3 Gowers-Host-Kra seminorms and characteristic fac-
tors

In this section, we derive Theorem 1.6 from the theory of Gowers-Host-Kra semi-
norms on F;"—systems as developed in [6]. While the material here is standard for
Z-systems (see [23]) and the adaptation of that theory to F-systems routine, we
present it here for the sake of completeness.

We recall the definition of the Gowers-Host-Kra seminorms, introduced in [23]
(and closely related to the combinatorial Gowers uniformity norms from [18]):

Definition 3.1 (Gowers-Host-Kra seminorms). [23] Let G = (G, +) be a
countable abelian group, and let X = (X, X, u, (Ty)eeg) be a G-system. For
f € L>(X), we define the Gowers-Host-Kra seminorms || /|| y«x) recursively
for k > 1 by setting

(3.1 I/l = nll>nolo 1Erea, Tnf 2
and

. k1 1/2F
(32) 1 oo = (im WBhco, Taf F13: )

for any k > 2 and any Fglner sequence (0 )72, of G.

It can be shown that the above definitions are, in fact, independent of the
choice of the Fglner sequence and define a sequence of seminorms on L *°(X); see’
[6, Lemma A.18]. From the Mean Ergodic Theorem, we observe that the U 1 semi-
norm can also be written as

(3.3) ||f||U1(X) = ||(7T0)*f||L2(ZU),

where (Zg, mg) is the invariant factor.

The significance of these seminorms for us is that they control the convergence
of expressions such as (1.3). More precisely, we have the following minor variant
of [23, Theorem 12.1].

Lemma 3.2 (Generalized van der Corput lemma). Let G =¥} for a prime p,
and let X = (X, X, ut, (Tg)gec) be a G-system. Let 1 < k < p,and let cy, ..., c;
be distinct elements of F,\{0}. Let f1, ..., fv € L®(X). Let (9,)32, be a Folner

9Strictly speaking, in that lemma the additional hypothesis of nestedness ®; c ®, C ... of the

Fglner sequence is imposed; but an inspection of the proof shows that this hypothesis is not needed
(because the mean ergodic theorem holds for nonnested Fglner sequences).
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sequence of G. Then

lim sup ”]Egefbn (Tclgfl )(Tczgf2) v (Tckgfk)“LZ(X)

n— oo
< inf |ifilluico ] Ifileco.
== I<j<k:j#

Proof. Induction on k. When k£ = 1, we may rescale @, by c; to normalize
c1 = 1, and then the claim follows from (3.1). Now suppose that £ > 1, and that
the claim has already been proved for k — 1. By permuting indices, it suffices to
show that

(3.4) limsup [|[Egea,Folli2x) < I1fxllurx)
n— oo
where || fillpex) < 1fori =1,...,k—1, and

Fyi= Teygf)Tegfa) . T fi).

We may also normalize ¢, = 1. Using the Fglner property, we can rewrite the
left-hand side of (3.4) as

lim sup lim sup || Ege, Erca, Fornllr2x),
m— o0 n— oo

which we can then bound using the triangle inequality by

lim sup lim sup E;ca, [ Epco,, Fgrn lz2¢x)-
m— o0 n— o0

By Cauchy-Schwarz, this is bounded by
1/2
(lim suplimsup Egcq, |Enca, Forn IIZZ(X)> "
m— 00 n—oo
which we may expand as
1/2
(lim suplimsup E; yew,, / ]Eg€q>an+th+h/dﬂ) .
m— oo n—oo X
This last expression is bounded above by
1/2
<lim supEy e, limsup | | Egeo, FornF g |d,u) .
m— oo n—oo X

Now, for each &, i/, we may write

k
/ ]EgeCI>an+th+h’ = /(Tclhfl )Tclh/fl ]EgeCDn H T(ci—cl)g((Tc;hﬁ)Tcih/ﬁ)dﬂ-
X X i=2
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Applying Cauchy-Schwarz and the induction hypothesis (and the normalization
¢ = 1), we conclude that

limsup| [ Eeen, FotnFerwldu < |(Thfi)Tw fillye-1x)-
X

n—oo

Note that (7}, fi)Tw fr has the same U k=1(X) norm as (T)_p Ji)fr. Putting all this
together, we can bound the left-hand side of (3.4) by

12
(lim sup By wea,, | Tn—w fifill Uk—l(X)> .

m— o0
By the triangle inequality and the pigeonhole principle, we can bound this by

(tim sup Epca,—n 1 Tnfefillye-1x) "

m— o0

for some sequence k), € ®@,,; and by Holder’s inequality, this is bounded by

. k—1 k
(tim sup Enca, —n, 1 Tafefill pior ) -

m— o0

But the ®@,, — A, form a Fglner sequence of G, and the claim (3.4) then follows
from (3.2). ]

We also need the following variant.

Lemma 3.3 (Generalized van der Corput lemma, II). Let G = F}} for a
prime p, and let X = (X, X, u, (Tg)eec) be a G-system. Let 1 < k < p, and let
o, C1, - . ., Ck be distinct elements of F,,. Let fo, ..., fr € L=(X), and let (D,)72,
be a Fglner sequence of G. Then

lim sup sup Bgcpea, Veo....ciifo...i@ < inf fillueaco [T Ifleeco.
00 heG == 0<j<k:j#i

Proof. As before, it suffices to show that

lim sup sup Egepnra, lc,....co:for i (@] < N fillurnx)

n—oo heG
under the normalization || f|l1~x) < 1 for0 < j < k.
Next, we remove the supremum in the above estimate. Suppose that we have
already shown that

(3.5) limsup Eeca, lLc,....coifo,.... i (@] < ISk lluenex)-

n—oo

For any ¢ > 0, and any n, we can find 4, = h, . € G such that

sup ]Egeh+<D,, |IC(),...,Ck;f[),...,fk (g)l < (1 + 8)]Egeh,,+<1>,, |IC(),...,Ck;f[),...,fk (g)l
heG
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Applying (3.5) to the Fglner sequence (k, + ®,);2,, we conclude that

lim sup sup Egcpr, c.....cosfo.... e (O < (L + )| frell yrnx)

n—oo  heG

and the claim then follows by sending ¢ to 0.
It remains to establish (3.5). Write Fy := (T¢fo) - (Teefr), so that
Leo....cosfornfi(8) = [y Fodp. Then for any m, we have

o oo ()] = /X Epeo, ThFodit:

and hence, by Cauchy-Schwarz, the left-hand side of (3.5) is bounded by

(lim sup lim sup Egcq, / |Enca, ThFo|*du)'/?.
X

m— o0 n— oo

We can expand this expression as

(lim sup lim sup E, yyc, Egea, / (ThF o) (TwFg)du)'?,
X

m— oo n—oo

which by the triangle inequality is bounded by

1/2
lim sup Egco, / (Tth)(Th/Fg)d,uD .
n—o0o X

( lim sup Eh,h’ ed,,

m— o0

Rewriting [, (ThFo)(TwFg)du as

k
/X H TC/g((Thfj)Th'fj)d,u
j=0

and applying Lemma 3.2, we may thus bound the left-hand side of (3.5) by

(tim sup By e, | T fOTw fillveex) -

m— oo

One can then argue as in the proof of Lemma 3.2 to bound this by || f¢[l g1 (x), as
required. (]

Corollary 3.4. Let G = [ for a prime p, and let X = (X, X, 1, (Tg)gec) be
a G-system. Let 1 < k < p. Let fo, f1, ..., fx € L°(X). Let (9,)32, be a Folner
sequence of G.
(1) The sequence Egeo,(Tc,of1) - - - (Te,ofx) converges in L*(X) to O for distinct
nonzero elements ci,...,c; of F, whenever |fillyxxy = 0 for some
1<ic<k
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(ii) The sequence Egco, fX(TCngo) -+ (T ofx) converges to O for distinct ele-

ments co, . . ., cx of F, whenever || fi||yxx) =0 for some 0 <i < k.
(iii) The sequence I, . c,.f,....1.(g) converges in uniform density to O for distinct
elements cy, . .., ¢y of F, whenever || fi||yr1x) =0 for some 0 < i < k.

Proof. The claim (i) is immediate from Lemma 3.2. To prove (ii), we may
first permute so that || fi|ly«x) = 0, and then translate so that co = 0. The claim
then follows from (i) after using Cauchy-Schwarz to eliminate f,. Finally, (iii)
follows from Lemma 3.3. (|

We remark that one can also prove (iii) using the structure of Host-Kra mea-
sures, after performing an ergodic decomposition; see [23, Corollary 4.5].

Theorem 1.6 is then immediate from Corollary 3.4 and the following result
from [6].

Theorem 3.5 (Characteristic factor for the U* norm). Let G = Y for a prime
p,and let X = (X, X, u, (Ty)eec) be an ergodic G-system. For each 1 < k < p,
denote the sub-o-algebra of X generated by the polynomials ¢ : X — R/Z of
degree less than k by B _;.. Then there is a factor (Zy_1, wr_1) of X that is equiv-
alent to By, and there is a continuous ergodic (k — 1)-step Weyl system, with
Zy =Zx_1 X, U forall 1 < k < p, for some compact abelian p-torsion group Uy,
and some polynomial (G, Zy—1, Uy)-cocycle py, of degree less than k. Furthermore,
if f € L™(X), then || f|lyxx) =0 if and only if (wx—1).f = 0.

Proof. This follows from [6, Proposition 1.10], [6, Theorem 1.19] and [6,
Corollary 8.7], using Lemma 2.1 to ensure that the Weyl system obtained is con-
tinuous. The ergodicity of the Weyl systems is automatic because any factor of an
ergodic system is again ergodic.

Remark. The condition £ < p was subsequently removed in [32] (but with
the important caveat that the groups U ; need no longer be p-torsion, but are merely
p™-torsion for some m > 1); however, for our application ,we have k < p, so we
do not need the (more difficult) arguments from [32] here. It may also be possible
to adapt the arguments in [28] to give an alternate proof of Theorem 3.5, but we
do not pursue this here.

4 Some special cases of the limit formulae

In the next two sections, we prove the main limit formulae, Lemmas 1.8 1.9. To
motivate the proof of these formulae in the general case, we discuss some model
cases of these results here.
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We begin with a special case of Lemma 1.8, when p > 2 and X is a 2-step
Weyl system X = U; x,, U, where p; is a polynomial (G, Uy, U,)-cocycle of
degree less than 2. Furthermore, we assume (abusing notation slightly) that the
base system U] is also the Kronecker factor Z(X); thus the only polynomials of
degree less than 2 on X are those which are functions of the U coordinate only.
The special case of Lemma 1.8 we discuss is

@D lim Boeo, | folTuf T2/ Tl

=/2 3fo(xl,xz)fl(xl+l‘1,3€2+l2)f2(3€1+2t1,xz+2t2+u2)

1xY;3
. f3(x1 + 311, X2 + 3t + 3uy)

dmy, (x1)dmy (t))dmy,(x2)dmy, (t)dmy, (us).

(The factor map 7, is not needed in this special case, as it is the identity map.) To
simplify things further, we assume that each i = 0, 1, 2, 3, the function f; takes
the special form

(4.2) fix1, x2) = e(i(x2))

for some additive character (i.e., continuous homomorphism) ¢, : Uy — R/Z.
One can (and should) also consider the slightly more general example of functions
of the form

(4.3) Ji(x1, x2) = e(hi,1(x1) + $ip(x2)),

where ¢; 1 : Uy — R/Z is an additive character of U, as these Fourier-analytic
examples then span a dense subspace of L2(X). However, to keep the discussion
here simple, we ignore the lower order terms ¢; ; and focus only on examples of
the form (4.2).

The verification of (4.1) now splits into several cases, depending on the nature
of the characters ¢, ..., #32. One easy case is when ¢, ..., #3> all vanish
identically; then both sides of (4.1) are clearly equal to 1.

Next, suppose that ¢z » vanishes identically, but that one of the other ¢, , say
¢2.2 1s not identically 0. Then our task is to show that

@4 lim Boea, | ST /)Tl

= ‘/U3 e(¢0,2(x2) + gbl,z(xz + [2) + 9252,2()62 + 2{2 + uz))

2

dmy,(x2)dmy,(t)dmy,(us).
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Observe that (x,, 1, u) varies over U 23 ; the tuple (xp, xo + 12, X + 2t +up) is uncon-
strained in U. 23 . In particular, if (x,, #;, uy) is drawn uniformly at random using the
Haar measure on U 23 then (x;, xo + t2, X + 21, + uy) is also uniformly distributed
with this Haar measure. Thus the right-hand side factors as

(/Uz €(¢0,2)dﬂ2) (/Uz €(¢1,2)dﬂ2) (/Uz €(¢2,2)dﬂ2> .

By Fourier analysis, the third factor vanishes, since ¢, is assumed to not be
identically O; so the right-hand side of (4.4) vanishes. As for the left-hand side,
observe that the function f>(x;, x3) = e(¢22(x2)) has mean O on every coset of
U, in U; x Uy; since we are assuming U; = Zi, this implies that (7).f> = 0.
By Theorem 3.5, this implies that || f2]y2x) = 0. Applying Corollary 3.4, we
conclude that the left-hand side of (4.4) vanishes also, so we are done in this case.

Finally, we consider the case in which ¢3 » does not vanish identically. We can
then simplify the right-hand side of (4.1) by noting the extrapolation identity

X+ 3t +3uy =x3 — 3(x3 + 1) +3(x2 + 2t + Up),

which allows us to write the right-hand side as

/U3 e (0.2(x2) + @) 5 (2 + 12) + ) 5 (X2 + 21 + U2)) dmy, (x2)dmy, (t)dmy, (u2),

2
where ¢, 1= ¢o2 + P32, P1o = d12 — 3¢32, and @) 5 1= Po2 + 33 2. Next,
observe that A,up = p(g,-) for all g € G; since p is a polynomial cocycle of
degree less than 2, we conclude that u; is a polynomial of degree less than 3 (i.e.,
a quadratic function). For any ¢ € G and x € X, the sequence n > u(Tpx) is
then also a quadratic polynomial. In particular, we have the interpolation identity

U (T34x) = uz(x) — 3uz(Tex) + 3us(T2x),

which allows us to write the left-hand side of (4.1) as
lim Eyco, | ST T2 dn,
n oo X

where f/(xy,x;) 1= e(gb{jz(xz)) fori =0, 1,2. Thus, we have reduced the task of
verifying (4.1) when ¢3 > does not vanish identically to the task of verifying (4.1)
when ¢35 does vanish identically, which has already been covered by the preced-
ing arguments. This concludes the demonstration of (4.1) for the model functions
(4.2). The model cases (4.3) can be handled by similar arguments, exploiting the
linear nature of n — u(7,gx) in addition to the quadratic nature of n —> u(T,gx)
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eventually to reduce to the case in which ¢ 1, ¢3.1, ¢3.2 vanish and ¢, » does not
vanish identically, which can then be treated by Theorem 3.5 and Corollary 3.4 as
before; we leave the details to the interested reader (they are special cases of the
argument in Section 5 below).

Now we consider an analogous example for the second limit formula, Lemma
1.9. Keeping the system X = U; x,, U, as before, we now turn to the task of
showing that

4.5) /Xfngfszgsz3gf3dﬂ ~up / 2fo(xl,xz)fl(xl + Aguy, xz + 1)

U1 XU2
Fo@xt +2Aguy, xp + 20 + AJup) f3(x1 + 3Au1, X2 + 30, + 3Aup)

dmy, (x)dmy,(x2)dmy, (1),

where the notation = is defined immediately following the statement of Lemma
1.9 in the Introduction.

Again, we restrict attention to the model case (4.2) for simplicity. If the ¢; » all
vanish identically, then the claim is trivial as before. Now suppose that both ¢, »
and ¢3 » vanish identically, but that ¢, » does not. The right-hand side of (4.5) then
simplifies to
| o) + e + )dmu Gardmu 1)

2
which vanishes by a change of variables and Fourier analysis. Meanwhile, the
left-hand side of (4.5) is [ foT,f1du; the nonvanishing of ¢, guarantees that
I fillu2x) = 0 by Theorem 3.5, and so by Corollary 3.4, the left-hand side goes to
0 in uniform density, as required.

Now suppose that ¢3 » vanishes identically, but ¢, > does not. For any g € G
and x € X, we consider the sequence y;, : Z — U, defined by w34 .(n) :=
ur(Tpex). As discussed earlier in this section, .  is a quadratic sequence. How-
ever, for fixed g, we can also compute the top order coefficient A%y, ¢.x Of this
sequence: A%z//zjg,x = Aéuz. Note that as w5, and u, are both quadratic, the
left and right-hand sides here are constants (i.e., elements of U,). Thus, w3, «
is not an arbitrary quadratic sequence, but is in fact the sum of the sequence
nw— (g) A§u2 and a linear sequence. Using the Lagrange interpolation formula
W2,0x(2) = —p2,6x(0)+2y2 ¢ (1) + Aéuz, allows us to rewrite the left-hand side of
(4.5) as e(Aguz) Jx [oTef{du, where f/ := e(gé{jz) fori =1,2, ¢(’)’2 =2 — P22,
and @} , := @12 + 2¢2 2. Similarly, using the identity

Xy + 21 + A;Ltz =—x+2(x2+ 1) + A;uz,
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we may rewrite the right-hand side of (4.5) as
e(Ajur) oo, ) fi0a + Agun, X2 + )dmy, (x1)dma, (X2)dm, (12).
U1 XU2

From the previously handled cases of (4.2), we already know that
[ firetidn
b'¢
~Uup / . Foler, x)f (1 + Aguy, X2 + tp) dmy, (x)dmy, (x2)dmy, ().
U1 X U2

Multiplying through by the phase e(Aguz), we obtain (4.5) in the case that ¢3»
vanishes, but ¢, > does not necessarily vanish. A similar calculation (which we
omit) then allows us to extend the previous cases to cover the case when ¢3»
does not necessarily vanish either, giving (4.5) in all instances of the model case
(4.2). Again, the addition of the lower order terms in (4.3) can be handled by
a modification of these arguments, which are special cases of the argument in
Section 6 below and which we leave to the reader.

5 Proof of the first limit formula

In this section, we prove Lemma 1.8. Let p, G, X, k, co, ..., ¢k, (@,)72, be as in
that lemma. If (7,_).f; = 0 forsome i =0,..., k, then the claim is immediate
from Theorem 1.6. By linearity, we may thus reduce to the case in which each f;
is a pullback by (74_;)* from the associated function f; := (7s—1).fi. Our task is
to show that for any fo, ..., fr € LX),

(51) Ege(D,, /XfO(Tc[)gx) e fk(TCkgx)dlL‘ (X)

converges as n — oo to the integral
(5.2) / fo®... ®fkdeP% _____ o i)+
HPC[) ..... Ck (Zk—l)
As noted after the statement of Lemma 1.8, HP,
of the k + 1 coordinates of (Z;_;)**'. Hence, we can bound (5.2) in magnitude by

. (Zx—1) surjects onto each

.....

Il fill.2x) for any O < i < k, if we normalize so that || f|lz~x) < 1 for j # i.

Of course, a similar bound can also be obtained for (5.1). By combining these
observations with Fourier analysis on the compact abelian group U X --- x Uy
and a limiting'® argument, it suffices to verify this claim under the assumption that

19Here we use the basic fact that an L>° function on a compact abelian group can be approximated
to arbitrary accuracy in L? norm by a finite linear combination of multiplicative characters, while still

staying uniformly bounded in L°°. This can be established for instance by first approximating the
function by a continuous function, then using the Stone-Weierstrass theorem.
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each f;,i =0, ..., k, is a tensor product of multiplicative characters,

k—1

filur, ... ug—y) = H e(ij(u;))

j=1
for all uy € Uy, ..., ur—1 € Uy_; and some additive characters (i.e, continuous
homomorphisms) ¢;; : U; — R/Z fori =0,...,kand j =1,...,k— 1. The
expression (5.1) is then equal to

k k—1

(5.3) Egeo, /X e(zzqsi,- (Wjg(c) )dy(x),
i=0 j=1
where v, : Z — U, is the (periodic) sequence
(5.4) V() 1= 1t (a1 (Tg))
and u; : Zy_y — U;, j =1,...,k — 1, are the coordinate functions. Also, by

Fourier analysis, the expression (5.2) is equal to 1 when we have the identities

k
(5.5) > ij (Pjci)) =0
i=0
forall j =1,...,k—1and all polynomials P; : Z — U, of degree less than j +1,
and O otherwise.

The strategy is to use the polynomial structure of the Weyl system to place the
additive characters ¢;; in a “normal form”, at which point the convergence can be
deduced from Lemma 3.2. This is achieved as follows. From construction of the
Weyl system we have Aqu; = pi(g,-)forallge Gand j =1,...,k—1. Since p;
is a polynomial cocycle of degree less than j, we conclude that u; : Z;_1 — U;
is a polynomial of degree less than j + 1. This implies that for any x € X, the
sequence v ; o , defined in (5.4) is a polynomial sequence of degree less than j +1,
and thus has a Taylor expansion of the form

J
i (Tg) = 3 ('}) @

1=0

for some coefficients a;,, € U;. As the co, ..., c; are distinct elements of F,,
we may then use Lagrange interpolation (using the p-torsion nature of U ; and the
hypothesis j < p to justify any division occurring in the interpolation formula).
This implies that one can express y ; , «(n) as a linear combination

J
(5.6) Wjgx(n) = an,j,il//j,g,x(ci)
i=0
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for some integer coefficients b, ;; that do not depend on g or x (but may de-
pend on p and cy, ..., c;). Indeed, the interpolation formula gives the more gen-
eral identity P;(n) = Zij=o b, ;iP(c;) for any polynomial P; : Z — U; of
degree less than j + 1, with the same coefficients b, ;. In particular, for any
J < i < k, we can rewrite ¢;;(y,x(c;)) in (5.3) as a linear combination of the
Gij(Wjgx(co)), ..., Pij(wjgx(cj)), and similarly write ¢;;(P;(c;)) in (5.5) as the
same linear combination of the ¢;;(P;(co)), ..., ¢ij(P;(c;)). From this fact, we
see that if the additive character ¢;; is not identically O for some j < i < k, we
may delete that character (and adjust the characters ¢y;, ..., ¢;; by appropriate
multiples of the deleted character) without affecting either (5.3) or (5.5). Using
this observation repeatedly, we see that to prove the convergence of (5.3) to 1
when (5.5) holds and O otherwise, it suffices to do so under the normalization that
¢ij =0 foralli > j, which we now assume henceforth.

We now divide the argument into two cases. If the ¢;; are all identically O, the
claim is trivial. Otherwise, we may find 1 < j, < k such that ¢;; all vanish for
J > Jj« but ¢; j is not identically O for at least one 0 < i, < j,. By permuting
the i indices, and then readjusting the ¢;; characters for j < j, as before, we may
assume without loss of generality that i, = j,.

Observe from Lagrange interpolation that if P ;, : Z — U, is an arbitrary poly-
nomial sequence of degree less than j, + 1, then the tuple (P} (co), ..., P} (c;,))
can take arbitrary values in U f:“; in particular, as ¢;, ;, is not identically 0O, the
identity (5.5) does not hold for j = j,.. Thus, the expression (5.2) vanishes in this
case; and our task is now to show that (5.3) converges to 0. But from the vanishing
of ¢;; wheni > jor j> j,, wecan write (5.3) in the form

o1

Esea, /X <H F i(Tc,-gx)> e (¢).j. (u)j,(me—1(T;¢x)))) du(x)
i=0

for some functions F, ..., F; _; € L°(X) of unit magnitude which do not depend
on g or x, and whose exact form is of no importance to us. Applying Lemma 3.2,
we conclude that

k m
Egea, /x e(zz¢ij (). ex(ci)) )d,u(x)

i=0 j=1

< lle(@;, ;. (uj, (Tr— DD i x)-

lim sup
n—oo

However, as the character ¢; ; is not identically O, the function e(¢;, ;,(u;,) has
mean O on every coset of U;, in Uy x ... x Ui_1, and thus

(j,—1)s (e (&5, (uj,(mx-1)))) =0.

By Theorem 3.5, we conclude that ||e (¢;,,, (), (mx-1))|| s )
desired convergence of (5.3) to 0. This concludes the proof of Lemma 1.8.

= 0, giving the
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Remark. The argument above gives a new proof of the convergence of the

averages

Buo, | Taefo). Tagfdn
as n — oo for arbitrary k > 0, fo, ..., fir € L°(X), and cy, ..., c; € F, (since,
after collecting like terms, we can reduce to the case where the c, ..., c; € F, are

distinct, so that k < p). A modification of the argument also shows convergence
in L2(X) of the averages

(57) Ege(b,, (Tclgfl) ... (Tckgfk)

for arbitrary k > 0, ¢y,...,cx € Fp and f1,..., fy € L>(X). We sketch the
argument as follows. First, collecting like terms and factoring out those terms
with ¢; = 0, we may assume that the cy, ..., ¢ are distinct and nonzero, so that
k < p. By Theorem 1.6 (as in the proof of Lemma 1.8), we may assume that
each f; has the form f; = 7;_, fi for some f; € L®(Z_1), and then use Fourier
decomposition as before to assume that each f; is the tensor product of characters
e(¢i;). We can then use identities of the form (5.6) (setting ¢ := 0) to reduce to
the case where the ¢;; vanish for i > j and then adapt the preceding argument to
show that the average (5.7) either is identically 1 or converges in norm to 0. We
leave the details to the interested reader. We remark that the limit value of (5.7)
does not depend on the Fglner sequence (D).

6 Proof of the second limit formula

We now prove of Lemma 1.9, using a minor variant of the argument used to prove
Lemma 1.8.

Letp, G, X, k, co, . .., ck, (®p);2, be as in Lemma 1.8. Using Theorem 1.6 as
in the previous section (but with Z; as the characteristic factor, instead of Z;_1),
we reduce to the case in which each f; is a pullback by (7;)* from the associated
function f; := (). f;. Our task is to show that for any fo, ..., fr € LX),

(61) |1Co ..... Ck;f() ..... fk(g) - JC() ..... Ck;f() ,,,,, fk(g)l

converges in uniform density to O.

Observe that the closed group HP,, .. . (Zi)o contains the diagonal group

.....

ZkA ={(z,...,2):z€ Z} C Z,f” and thus surjects onto each factor Z;. Translat-

ing, we see that the cosets HP . (Zy), also surject onto each factor Z;. We can

.....

then repeat the limiting argument from the previous section and reduce to the case
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in which each f;,i =0, ..., k, is a tensor product of characters, viz.,

k

fitwr, o w) = ] e(giju)))

Jj=1

forallu; € Uy, ..., u; € Uy and some characters (i.e continuous homomorphisms)
¢ij :U; - R/Zfori =0,...,kand j =1,..., k. Forg e G, I, c.f...5(8)1s
then equal to

Kk

62) / e<2 3 ¢,-,~(w,-,g,x(c,-)>) du),
X Njo0j=1

where

(6.3) l//j,g,x(n) = uj(n'k(Tngx))

and u; : Zy — U;, j = 1,...,k are the coordinate functions. Meanwhile, the
value of J) ... 5 () depends on the behavior of the quantities

k
(6.4) > ij(Pj(ci)

i=0
for j =1,...,k, where P; ranges over all polynomials P; : Z — U, of degree

less than j+1 with leading coefficient A{ P;=A éu ;. If, for each j, the expression
in (6.4) is equal to a constant 6, € R/Z independent of P, then J¢, . c..1....1.(8)
is equal to e(zlj -1 0;¢). Inall other cases, J,,....s....., (g) vanishes.

As in the previous section, we use the polynomial structure of the Weyl system
to put the characters ¢;; in “normal form”. Fix g € G. As before, for each
1 < j <kandx e X, the sequence vy, : Z — U, is a polynomial sequence of
degree less than j + 1 from Z to U ;. However, since g is now fixed, we see from
(6.3) that there is an additional constraint on the top order coefficient of v ; , .:

(6.5) A yjex = Muj.

This additional (g-dependent) constraint on ¢ ; , , allows us to eliminate one further
character ¢;; than was possible in the previous section. Indeed, from (6.5) we see
that the modified sequence n — v ;o . (n)— (j) A éu ;j isnow a polynomial sequence
of degree less than j rather than j + 1. Applying Lagrange interpolation to this
polynomial of one degree lower and then rewriting everything in terms of v ;¢ .,

we obtain identities of the form

j—1
/ /
Wigx(W) = Y Bl i oWign(C) +ay
-
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for all n € Z and coefficients b}, ;; ., a, ; , € F, that do not depend on x. Further-
more, we have the same identity P ;(n) = Zijz_ol by jicPilc)+ay for any polyno-

mial P; : Z — U, of degree less than j + 1 obeying the constraint A{P; = Aéuj.

It follows from these identities that whenever ¢;; is not identically O for some
1 < j £ i < k, we can rewrite @;;(y;¢x(c;)) as a linear combination of
Dij(Wjex(co)), ..., Pij(w;qx(cj—1)) plus a constant independent of x, and, simi-
larly, we can rewrite ¢;;(P;(c;)) in (6.4) as the same linear combination of
¢ij(Pj(co)), ..., pij(Pj(cj—1)) plus the same constant. Because of this, we can
delete ¢;; (and adjust the characters ¢y, ..., ¢;_1,; by appropriate multiples of
the deleted character), resulting in I c..r,... 5 (8) and J¢, . c.:r... 5, () being ro-
tated by the same (g-dependent) phase shift. In particular, (6.1) remains unchanged
by these modifications of the characters ¢;;. Arguing as in the previous section,
we can thus reduce to the case in which the ¢;; vanish for all j < i < k (note
that this is a slightly stronger vanishing condition than that of the previous section,
where ¢;; vanishes only for j <i < k).

As in the preceding section, we now consider two cases. If the ¢;; are all
identically O, the claim is trivial. Otherwise, we can find 1 < j, < k such that ¢;;
all vanish for j > j,, but ¢;, ; is not identically O for at least one 0 < i, < j, — 1.
By permuting the i indices, and then readjusting the ¢;; characters for j < j, as
before, we may assume without loss of generality that i, = j, — 1.

Fix g € G. Observe from Lagrange interpolation that if P; : Z — Uj, is
a polynomial sequence of degree less than j, + 1 that is arbitrary save for obey-
ing the constraint AJ'P;, = Alruj,, then the sequence n — P (n) — ( 7 Alouj, is
an arbitrary polynomial of degree less than j.. In particular, the tuple
(P;.(co), ..., Pj (cj—1)) can take arbitrary values in UJJ Thus, as ¢, _1 ;, is not
identically O, the identity (5.5) does not hold for j = j,; and so J¢,, . c.fo.....5: (&)
vanishes for all g € G. Our task is now to show that I, .7 . 7 (g) converges in
uniform density to 0. But from the vanishing of ¢;; wheni > j or j > j,, we can
write (5.3) in the form

j*_2

Eqeo, /X <H F,~<qux)> e (b1 (W (me-1(Te,, 7)) du(x)
i=0

for functions Fy, ..., F; _» € L°°(X) of unit magnitude which do not depend on g
or x. Arguing as in the previous section, we have

e (b1, (. @e-0)) ||y x) =03

and the claim now follows from Lemma 3.2.
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7 Proof of structure theorem

We now prove Proposition 1.10. Let the notation be as in Lemma 1.9. Observe

.....

for j =1, ..., k. Furthermore, the dependence of the integral
Jeorcrifornfi(8) = / (@)« fo ® - - Q (@)« frdmup, . .,z
HP(‘() ..... z‘k(zk—l)

on 6(g) is continuous (this is easiest to see by first approximating each (x;).f;
in L? norm with a continuous function on the compact group Z;). Therefore,
it suffices to represent each sequence 0; : g — Aéu jfor j =1,...,k in the
form 0;(g) = Alu; = F;(S;,y,) for some continuous j-step Weyl system Y ; =
(Y;,Y;,v},(S)¢)eec), some continuous function F; : Y; — U;, and some point
y; € Y. The claim then follows by composing the various continuous maps and
noting that the product of finitely many continuous Weyl systems of step at most
k is of step at most k.

For each j, we introduce the form A ; : Gl - U; by Aj(g1,...,8)) =
Ag, ... Ag,u; (again, note that the right-hand side is a constant function and so
can be identified with an element of U;). From the identities AgA, = Ay Ay and
Agin = Ag + Ay + AgAy (and noting that any j + 1-fold derivative of u; van-
ishes), we see that A ; is a symmetric multilinear form. Our task is to establish a
representation of the form

(7.1) Aj(g, ..., 8) =Fi(Sjgy))

for some continuous k-step Weyl system Y ; = (Y}, Y, v}, (S)¢)¢eG), Some con-
tinuous function F'; : Y; — U, and some point y; € Y.

Fix j. To achieve the above goal, we exploit a dynamical abstraction of the
algebraic observation (essentially the binomial formula) that if we define

i)y .o b)) i= Ajhy, oo by, X9)

forO <i < jandx, hi,...,hj—; € G, where x) denotes i copies of x, (so, in
particular, I'o(x) = A ), then the I';(x) : G-l - U ;j are symmetric multilinear
forms (where the multilinearity is, of course, with respect to the field ), and we
have the shift identity
e .
Tix+ )i, .. hj) =Y ( )rlcxxhl, chj, 85

1=0 !

forallO0 <i < jandx, g, hy,...,hj_; €G.



362 VITALY BERGELSON, TERENCE TAO, AND TAMAR ZIEGLER

Now we give the dynamical version of the above identity. Foreach 1 < i < j,
let V; be the collection of all symmetric multilinear forms T'; : G-l U j» where
the multilinearity is with respect to the field IF,. Then V; can be viewed as a closed
subgroup of the product space U ¢ "™ and is thus a compact abelian group. Set
Y; :=V; x ... x V; with the product c-algebra YJ; and Haar measure v ;. Define
the shift maps S; ,(I'1, ..., ;) = (ST, ..., l“j),-)ij=1 forg e Gand I'; € V; for
i=1,...,jby

i i -
(7.2)  Sje(Tr, .. Tilhy, .. i) = ( )rlchl,...,hj_i,g“ ")

1=0 !

with the convention that I'g := A ;. We verify that this is an action:

Sig(Sie(T, ..., T)ilhy, ..., hj—;)

i l I h NG —
§ <1>Sj,g(l | EIRIRIRIY j)l( l,-..,hj l;(g)( l))
=0 -

i I . ! A
= Z Z (;) <m> rm(hl, ceey hj—i: (g,)(l_l)’ g(l—m))

=0 m=0

i i i—m i—m / -
= Z ( ) Z ( )rm(h1, .. "hj—i, (g )(a)’g(l m a))
m=0 m a

a=0

i i N\(i—m
:Z< )Fm(hla---ahj—ia(g"'g)( )

m=0 m
:Sj,g+g’(rla---,Fj)j(hl,...,hj_i),

where the penultimate equation follows from the symmetry and multilinearity of
I',;, and we have implicitly used the fact that the formula (7.2) extends to the case
i =0 with the convention that §; ,(I'1, ..., I'j)o and I'g are both equal to A ;.

One easily verifies by induction that Y; = (Y, Y}, v}, (S} 4)sec) is a tower

Yj =Vi X Vs Xz =0 Xy, Vj

of cocycle extensions, where the (G, V| X, --- x,,_, V;_1, Vi)-cocycle #; is defined
for 1 <i < j by the formula

i—1 .
1 j—
(73)  nilg (Try o, e by ey =Y <l> Tihn, . hji, 8970

=0

Foreach 1 <i < j, we see from (7.2) that differentiation of the coordinate func-
tionov; : (I'y, ..., ;) — I'; in some direction j yields an affine-linear combination
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of the previous coordinate functions v1, ..., v;—;. In particular, this implies that
each coordinate function v; is a polynomial of degree less than i + 1, which implies
from (7.3) that each cocycle #; is a polynomial of degree less than i. Thus Y; is
a j-step Weyl system; an easy induction then shows that it is in fact a continuous
Jj-step Weyl system.

From (7.2) we have 0;(S;,4(0,...,0)) = A;(g,...,8sasv; : Y; = V; =U;
is clearly a continuous function, we obtain the desired representation (7.1).

8 Khintchine for double recurrence

We now prove Theorem 1.12. Suppose for contradiction that the claim fails. Then
we can find p, X, A, ¢ as in Definition 1.11 such that the set

{,U(T—cogA N T—clgA N T—cng) = ﬂ(A)3 — ¢}

fails to be syndetic. In particular, the complement of this set contains translates
of any given finite set, and in particular must contain a Fglner sequence (®,)52;.
Thus we have u(T_c QA NT_ ;ANT_,,A) < u(A)? —gforalln =1,2,...and
g € ®©,. We can rewrite this as

8.1) /X (Targ L) (Tere L) Terg L)t < (A — &,

where 14 is the indicator function of A. If we could show that

n—oo

lim E,eo, /(TC()glA)(TclgIA)(TczglA)d,u > u(A)’ — e,
X

then we would obtain the desired contradiction. However, a direct application of
Lemma 1.8 computes the left-hand side as

/U [ e cunf G+ can e+ candmo (o, 0,

where U; = Z; is the Kronecker factor and f := 71,4; and it is possible!! for
this integral to be significantly smaller than u(A)* = ([, fdmy,)*. Fortunately,
we can get around this difficulty by the following trick of Frantzikinakis [11] (see
also [4]). Observe from Holder’s inequality that

g FOOLf@)dmy, (x) > ( g fdmy,)? = u(A)*.

1 An explicit example of this phenomenon can be constructed, for large p at least, by adapting the
Behrend construction [2], similar to the construction in [4, Section 2.1], which handled the case ¢ =i
in which U; was replaced by R/Z and f replaced by an indicator function 1z; we omit the details.
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As translations are continuous in (say) the L? norm, we conclude that
/ f+cot) f(x+ ) f(x+ cat)ydmy, (x) > ,u(A)3 —¢&/2
U,

(say) for all + € U, sufficiently close to the origin. In particular, by Urysohn’s
Lemma, we can find a nonnegative continuous function # : U; — R* with
Ju, ndmy, =1 such that

(8.2) /U /U N0 f (x+ con) f(x + c10) f (x + cot)dmy, ()dmy, (1) > p(A)* — /2.

We now claim the weighted limit formula

(83)  lim Eqea,n(p1(s) /X (Teng 1) T g 1) Terg L)t
= ‘/U ‘/U n(z)f(X'f' C()t)f(x+Clt)f(x+Czt)dmul(x)dmul(z)’

which (on replacing A by all of X) gives lim,,_, o Ee, #(p1(g)) = 1 (this can also
be established from the unique ergodicity of the Kronecker factor); and this gives
a contradiction between (8.1) and (8.2).

It remains to establish (8.3). We prove this formula for arbitrary continuous
functions # : U; — C. By the Stone-Weierstrass Theorem and Fourier analysis, it
suffices to establish the claim when # is a multiplicative character, viz., 1 = e(¢)
for some continuous homomorphism ¢ : Uy — R/Z. But as ¢y, ¢, ¢, are distinct
elements of IF,,, there is a Lagrange interpolation identity of the form

t =apg(x+cot) +a1(x + c1t) + ar(x + cot)

for integers ay, ai, a, depending only on cg, ¢1, c;. Thus the right-hand side of
(8.3) can be rewritten as

/U /U Jo(x + cot) f1(x + c1t) fo(x + cot)dmy, (x)dmy, (1),

where fi(x) := f(x)e(a;p(x)) for i = 0,1,2. Since the shift (T 4)eec on the
Kronecker system Z; = U is given by T , : x — x+ p1(g) for each group element
g € G, we can write p1(g) = aoT1,cyg(x) +a1T1,c,g(x)+as2T c,qo(x) forall g € G and
x € Uy, which implies that

n(p1(g) /X (Teog1a)(Teg1a) Teng La)dp = /X (Teog fO) T f1) T erg f2)dpt

for any g € G, where f,-(x) 1= 1a()e(a;p(mi(x))) fori =0,1,2 and x € X. Since
fi = (ﬂl)*ﬁ fori =0, 1, 2, the claim (8.3) now follows from Lemma 1.8.
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9 Khintchine for triple recurrence

We now give the proof of Theorem 1.13, which follows the lines of Theorem 1.12
(and is, of course, also similar to the proof of the analogous claim for Z-systems
in [4]). We may permute indices so that ¢y + ¢3 = c¢; + ¢,. By translating, we may
normalize ¢y = 0, and then by dilating normalize ¢; = 1, so that c3 = ¢, + 1.

Again, we assume for contradiction that the claim fails. Then, arguing as be-
fore, we can find p, X, A, ¢ verifying the hypotheses of the theorem and a Fglner
sequence (®,)>2; such that

/ LT L) T LT La)di < u(A)* — ¢
X

foralln =1,2,...and g € ®,. Arguing as before, we see that it suffices to locate
a nonnegative continuous function 7 : U; — R* with |, u, 1dmy, =1 such that

lim Egecpm(pl(g))/ LT )T e 1) T ey laddp > u(A) — /2.
n o0 X

A direct application of Lemma 1.8 gives

lim ]Egelb,,/ 1a(Te 1) T e, g 14A) T (cre1ygla)d
X

n—o0

C2
=/ S, x)f(xp+t, x2+0)f | X1+ caty, x2 + Cotr + Up
UxU3 2

1
f <X1 +(cr+ Dty x+(ca+ Do + <C2; )le)

dmy, (x))dmy, (ty)dmy,(x2)dmy,(t)dmy,(us),

where we now set f := (72).14. We can twist this identity by characters as in the
previous section to conclude the weighted generalization

lim Egcw,1(01(2)) / LA 1) (T ey 1) T (4105 1a)dp
n— oo X
C
B / n(t) - fOe, x2)f G+t x0 +102)f <x1 + Coty, Xo +Colp + < 2) uz)
UxU3 2

1
f <X1 +(cr+ Dty x+(ca+ Do + <C2; )le)

dmy, (x1)dmy, (t)dmy,(x2)dmy, (t2)dmy, (us).
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By Urysohn’s Lemma and the Fubini-Tonelli Theorem, it thus suffices to show
that

(%]
/ S, x2) f(xy +11,X2+12)f<xl +Col1, X2 + Coly + uz)
U xU3 2

f(x1 +(cr+ Dy, x+(ca+ Dt + (CZ; 1)142)
dmy, (x1)dmy, (x2)dmy, (t)dmy, (u2) > u(A)* —e/2

for all #; sufficiently close to the origin. As before, this expression is continuous
in #;; so it suffices to show that

/ J @, ) f (xn, xa + 2)f (xl , X2+ Catp + (?) u2>
U, xU3

1
f(X1,X2+(C2+ Dt + <C2; )le)

dmy, (x))dmy, (x2)dmy, (t)dmy, (uz) > u(A)*.

From Hoélder’s inequality and the Fubini-Tonelli theorem,

4 4
/ ( f(xl,xz)dmuz(xz)) dmy, (x1) > </ fdele2> = u(A)?,
Uy U, U xU,

so it suffices to prove

/ FO)F (x + )F (xZ +ot <C22> uz)F <X2 +(cr+ Dty + <c2; 1) u2>
U3

2

4
9.1) dmy,(2)dmy, (t)dmy, () > ( / deU2>
Us
for any real-valued F' € L*°(U,).
This inequality can be established by Fourier analysis (cf. [4] or [17]), but one

can also give a Cauchy-Schwarz-based proof as follows. The starting point is the
identity

(c2—Dxp+(c2+ 1)(x2 +Coty + <022> u2>

=(cp—1) <x2 +(cr+ Dt + <C2; 1) u2> +(cr+ D(xx + 17).
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From this and some routine computation, we see that for any x, y,y’ € U,, there
exists a unique triple (x», #,, uy) such that

(c2— Dxp =,

(c2+ D(x2+catr + <C22> u) =x—y,

+1
(co—Dxp+(c2+ Dt + (sz )uz =y,
(c2+Dxr+6 =x—y;

and so we may rewrite the left-hand side of (9.1) after a linear change of variables

as
/Uz </UF (2= ™) F (24 D' =) dez(y)>2de2(x)

(note that c; — 1, ¢ + 1 are invertible in ). By Cauchy-Schwarz, this is greater
than or equal to

</U (/UF (=1 F (@+ D' a—p) dmuz(y)) dez(x)>2 ,

which by a further linear change of variables is equal to ( |, v, Fdmu, )*, giving (9.1).

10 Counterexamples

We turn to the proof of Theorem 1.15. We begin by passing from sets A to func-
tions f, which are more convenient from the perspective of building counterexam-
ples. More precisely, we use the following “Bernoulli extension’ construction.

Theorem 10.1 (Reduction to the function case). Let p be a prime, and let
Co, - - -, Ck be distinct elements of F,. Let G = F7, and suppose that there exist an
ergodic G-system X = (X, X, u, (Tg)gec), a nonnegative function f € L*(X), and
& > 0 such that the set

k+1
{g G [ty Tasrdn = ([ fan) —e}

is not syndetic. Then (c, . .., cx) does not have the Khintchine property in char-
acteristic p.
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Proof. By rescaling, we may assume that f takes values in [0, 1].

We construct a new system Y = (Y, Y, uy, (Sg)gec) as follows. The underlying
space is X x [0, 1]¢, with the measure uy given by the product of ux and the
G-fold product of uniform measure on [0, 1], and similarly for the o-algebra Y.
The shift S, is given by S,((x, ((p)nec)) : = (Tgx, (thrg)nec). One easily verifies that
Y is a G-system and that (X, ) is a factor of this system, where 7 : ¥ — X is the
projection map onto X. Indeed, the system Y is the product of X and a Bernoulli
system; as the latter system is weakly mixing, any product of such a system with
an ergodic system is ergodic (see, e.g., [14, Proposition 4.5] or [10, Theorem 4.1]).
In particular, as X is ergodic, Y is also ergodic.

Taking f as the function in the hypotheses of Theorem 10.1, we now define
A CYbyA :={x rec) : to < f(x)}. This is clearly a measurable set in Y;
and from the Fubini-Tonelli Theorem, uy(A) = [y fdu. A further application of
Fubini-Tonelli gives

Ly (SasgA M-+ (1 S—ey A) = / (Taef) - - (Toraf )i
X

for any g € G, and so we obtain the desired counterexample to (co, . . ., ¢x) having
the Khintchine property. O

To verify the requirements of Theorem 10.1, we use the following “skew shift”
construction, which reduces the task of demonstrating failure of the Khintchine
property to the harmonic analysis task of finding a counterexample to a certain
integral inequality.

Let T := J]IFF, be the compact group formed as the product of countably
many copies of IF,. Following the notation of Lemma 1.9, we define the set

HP,,. .. . (T™)y C (T™)**! for natural numbers m, k > 1 and elements co, . . ., ¢k
of I, to be the collection of all tuples (P(co), . .., P(ck)), where P : Z — T™ can
be written in components as P = (Py,...,P,), and foreach1 <i < j, P;isa

polynomial of degree less than i + 1 with &/ P; = 6.

Theorem 10.2. Let p be a prime, and let cy, . . ., ¢y be distinct elements of IF,,.
Suppose that there exist a natural number 1 < m < p and a nonnegative function
f € L°°(T"™) such that

k+1
/ f R--- ®fdePco ..... o (T < (/ fqurm>
HPe),..c, (T T

€Qsenes

forall @ = (0,,...,0,) € T™. Then (cy, ..., ct) does not have the Khintchine
property.
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Proof. We use an explicit Weyl system, analogous to a skew-shift system on
a torus. We identify the group G with the polynomial ring F,[#] on one generator
t, by identifying each generator e, of G with "~!. We then embed F p[f] in the field
F,[¢]((1/1)) of half-infinite Laurent series S cat”, which is a locally compact

space using the norm || EZ=—m cut"|| := p? when ¢; # 0 (and with ||0]| = 0, of
d

n=—

group which can be identified with F° and has a Haar probability measure dm.
(One should view F,[¢], F,[¢] ((1 /t)), T as being characteristic p analogues of Z,
R, R/Z respectively.)

Let a be an element of F,[f] ((1 / t)) that is irrational in the sense that it is not
of the form f/g for any f, g € F,[f] with g nonzero. A simple cardinality (or

course). The quotient space T := >/ ___ c,t"/F,lt] is then a compact abelian

category, or measure) argument shows that irrational a exist, and it is not hard
to give concrete examples of irrational elements. We then construct a G-system
X =X, X, i, (Tg)gec) by setting X to be the “torus” X := T with the product
measure dm» and product Borel g-algebra, and shifts

(10.1) To((xi)iLy) := (Z < # )xj)

for all x,...,x, € T. Here, we adopt the convention that xy := a, and (;g) =
glg—1)...(g —i+1)/i!is viewed as an element of IF,[f] (note that this is well-
defined for any i < p, which is acceptable for us since m < p). This shift system

is a dynamical abstraction of the binomial identity
h+g\ _ zl: g h
i) g\i-i)\i

It is easy to see that X is a G-system. Let us verify that it is ergodic. By the

forany h, g € G.

Ergodic Theorem, this is equivalent to the assertion that
(10.2) nli)rgo EgemT,f = /X fdu

in L? norm for all f € L*(X) and some Fglner sequence (9 )52, of G. By Fourier
decomposition and a density argument, it suffices to achieve this for functions f

of the form
(10.3) SO, xm) =eplarx + - + amXy)
foray, ..., a, € F,[t], where the standard character e, : T — C is defined by

d
o

n=—

c,t" mod Fp[t]) s = g2mie-/p
oo
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If all the ay, ..., a, vanish, both sides of (10.2) are clearly equal to 1, so the
claim is trivial in this case. Now suppose that there is 1 < i, < m such that a;, is
nonvanishing, but a; = 0 forall i, <i < m. We inducton i. If i = 1, then we
have Ege]F;Tgf = (Egdp;ep(alag))f. As «a is irrational, a;a does not lie in F,[¢];
and a direct calculation shows that this expression converges to 0 as n — oo. If
i > 1, we need to show that the left-hand side of (10.2) converges to 0. By the
van der Corput Lemma (see!?, e.g., [5, Lemma 2.9]) it suffices to show that

lim Eqer / To(Tuf f)dp =0
X

n—o0

for all 1 € G\{0}. It is easy to verify that 7 f f takes the form (10.3) for some
tuple (ay, . . ., a,) which is not identically O, but vanishesin the a; , . . ., a,, entries,
so that the claim follows from the induction hypothesis.

Foreach g € G and fy, ..., fi € L°°(X), we consider

(104)  Loycpon(9)i= /X (Tarafo) - - Tora i)t

and

Jeo,.ciiforn i (8) 1=/ fo®...® frdmpp, ., Ty
HPoq....c, (T™)s

where 0;(g) := (¢)a. We shall establish the limit formula
(105) gILngO |IC[) ..... L‘k;fo ..... fk(g) _JC() ..... Ck;fo ..... fk(g)l =0;

this is very similar to Lemma 1.9, but here the limit is in the classical sense (using
the one-point compactification G U { oo} of G, or, equivalently, using the Frechet
filter on G) rather than in the sense of uniform density. Assume (10.5) for the
moment. If f is the function in Theorem 10.2 (which we identify with an element
of L (X)), we see from the hypotheses on f and compactness that there exists
& > 0 such that

k+1
/ f R ®fdeP‘0 _____ e (T™)g < (/ fdﬂ) — &
HP(‘() ..... Ck (Tm)é’ X

for all & € T™. In particular,

k+1
Jco ..... Ck3foeens f(g) < (/de/u) —¢&

120ne could also use the case k = 1 of Lemma 3.3 here.
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for all g € G; and thus by (10.5),

k+1
IC(),...,Ck§f,m,f(g) < </ fdlu) _8/2
X

for all but finitely many g. Applying Theorem 10.1, we conclude that (co, ..., cx)
does not have the Khintchine property.

It remains to establish the limit formula (10.5). We can repeat large portions
of the proof of Lemma 1.9 to do this. Indeed, by the same Fourier decomposition
used to prove Lemma 1.9, we may assume that each f; takes the form

(10.6) ﬁ(xl,...,xm)::e,,<za,~jxj>

j=1

for coefficients a;; € F,[t]. Using Lagrange interpolation identities exactly as
in the proof of Lemma 1.9, we can reduce to the case where a;; = 0 whenever
J < i < k, and then reduce further to the case in which there exists 1 < j, < m
such that a; _y ;, # 0 and a;; = O wheneveri > j or j > j,. As in the proof of
Lemma 1.9, J¢, _c.f....7.(8) = 0in this case; so it remains to show that

lim 100,---,6k;ﬁ),~~,fk(g) =0.

g—>00
Using (10.4), (10.6), and (10.1), we can expand the expression/., .z, .5 (8) as

-1

Je=1 . J )
/m ep( Z Zaij (Z <jCIgl>xl)>mem(x1, ces X)),

i=0 j=1 1=0 -

with the convention xy = a. By Fourier analysis, this expression vanishes unless

(10.7) Sia-(""g) =0

i=0 j=I VY
forall/ =1,..., j.. Thus, it suffices to show that for all but finitely many g, the
identities (10.7) do not simultaneously hold forall / =1, ..., j..

Suppose for contradiction that there are infinitely many g € G for which (10.7)
holds for all / = 1,..., j.. As the left-hand side of (10.7) is a polynomial in
g, these polynomials must vanish identically for each /. In particular, extracting
the g/+~ coefficient of the left-hand side, we conclude that Z{;gl a; j*c{*_l =0
foralll =1,..., j.. But as the Vandermonde determinant of the cg, ..., cj,—1 is
nonvanishing, this implies that a;;, =O0foralli =0, ..., j, —1, giving the desired
contradiction. This establishes (10.5), and Theorem 10.2 follows. Ul
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Now we can prove Theorem 1.15. Fix £k > 3 and p. We say that a property
holds for generic tuples (cg, ..., c;) € IF;“ if the number of tuples which fail
to have the property is at most Cyp* for some C; depending only on k. Thus, for
instance, a generic tuple (cy, . . ., cx) has all entries cy, . . ., ¢; distinct. Our task is
to establish that a generic tuple (cy, . . ., ¢x) does not have the Khintchine property.
In view of Theorem 10.2 (applied with m = 2), it suffices to exhibit, for each
generic tuple, a nonnegative function f € L?(T?) with the property that

8

forall @ = (0,, 6,) € T?. The left-hand side can be expanded as

€Os-es Ck (’]1‘2 )H

k
/ [/ G +cibh, xa+city + <C21>5'2)dm1r3(xl, x2, 1p).
iz

To create this counterexample, we use the perturbative ansatz

f@ix) =1+ > eq.mep(aixs +arx)
(ar,az)eA

where A is a set of nonzero elements of IFp[t]2 of bounded cardinality (in our
example, |A| = 8) and ¢,, 4, are small complex coefficients to be chosen later. In
order for f to be real-valued, we require A to be symmetric (A = —A) and the
coefficients g,, 4, to satisfy the symmetry condition

(10.8) €—a),—a; = €aj,a

for all (a;, ax) € A. If A is fixed and the ¢,, 4, are chosen sufficiently small, then f
is a nonnegative element of L>®(T?). As A is assumed to not contain (0, 0), f has
mean 1. It thus suffices to choose A and ¢, 4, as above, for which

k
(10.9) / Hf(x1 + Ci91, Xy + Cily + <C1>(92)me3(X1, X2, ) <1
T 520 2

for all 8y, 8, € T. The left-hand side of (10.9) can be expanded as

k
Z H Sal,iaaz,i
k \i=0

(a1.,a2,1)€AU{(0,0)) for i=o,...,

k
Ci
/T3 ep <Z ai,; <Xi +cibh) +azi(x+city + <2>92>> dmrs(x1, x2, 1),

i=0
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with the convention that gy ¢ := 1. The term in which all the (a; ;, a» ;) vanishis 1.
As for the other terms, they vanish unless

k k k
(10.10) Yoari=0, Y ayi=0, Y aric;i =0,
i=0 i=0 i=0

in which case that term is equal to the expression

k k
Ci
<H 8a15[3a2,[> €p <Z al,,-c,ﬂl +a; <2>92> .
i=0 i=0

In order to establish (10.9), it thus suffices to select (for a generic choice of
(co, - --,Cr)) a finite symmetric set A C IF;\{(O, 0)} and sufficiently small coef-
ficients &g, 4, for (a;, az) € A satisfying(10.8) and the following condition.
e There is at least one choice of tuple (a1;, a2.)f_, € (AU {(0, 0))**!, not all
vanishing, satisfying (10.10). Furthermore, for all such tuples, one has the
additional constraints

k
(10.11) > ayici =0,
j =0
k ci
(10.12) Zau (2> =0
i=0
and
k
(10.13) R[] zaa, <0
i=0

Indeed, from the previous discussion, the left-hand side of (10.9) equals 1 plus
the left-hand side (10.13) for all tuples (a; ;, az’,-)f?zo, not all vanishing, satisfying
(10.10).

It remains to exhibit A and (&4,,4,)(q;.a2)ea With the stated properties. We do
this as follows. We first locate a nontrivial quadruple (ag, a1, az, a3) € IB‘?, which
satsfies

3
(10.14) > ai =0
i =0
3
(10.15) > aici =0
i =0

3
(10.16) > aic; =0
i =0
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(note that these sums are well-defined when £k > 3). Indeed, one can use the
Lagrange interpolation formula to take

(10.17) ai:= ][]

0<j<3jz €1 €

Note that generically, the c¢; are all distinct, so that the «; in (10.17) are well-
defined and nonvanishing. We then set

A:={o(aici,a;):i =0,1,2,3;0€ {—1, +1}}.

This set is clearly symmetric. Because the ¢; are all distinct, the a; are all nonzero,
and the characteristic p is not equal to two, A consists of eight distinct elements of
F2\{ (0, 0)}.

Now we classify all the tuples (aj;, a2,;)*_, € (A U {(0,0)H**! satisfying
(10.10). Certainly the tuple when (ay ;, a>;) = (0, 0) for all i does this. By (10.14),
(10.15), (10.16), we see that the tuples given by (a1, az,;) = ol;<3(a;ic;, a;) for
o = +1, —1 also satisfies (10.10), (10.11), and (10.12), and also satisfies (10.13)
if the weights ¢, 4,, are chosen so that Rt H?:o €aicia; < 0, which is easily ac-
complished. To conclude the construction, it suffices to show that for generic
(co, - - - , k) there are no other tuples satisfying (10.10).

Suppose for contradiction that another tuple (a1, a2.)¢_, € (A U {(0, 0)})**!
satisfying (10.10) exists. We can write (a1,;, a»,;) = l;epoi(aj,cj,, a ;) for some
nonempty B C {0, ...,k}, witho; € {—1,+1} and j; € {0, 1,2,3} foralli € B.
We can exclude the cases in which B = {0,1,2,3} and 6; = ¢ and j; =i for all
i € B and some o = {—1, +1}, since those tuples were already considered. As
the number of possibilities for B, g;, j; depend only on £, it suffices to show that
for a fixed choice of B, g;, j; not of the above form, the condition (10.10) fails for
generic (co, . . ., Ck)-

Fix B, g;, j; as above. The conditions (10.10) can then be written as

(10.18) > aiajcj, =0
ieB
(10.19) > oiaj, =0
ieB
(10.20) > oiajci =0.
ieB

Suppose first that B contains an element i, that lies outside of {0, 1, 2, 3}. Then
Y iep Oi0j,c; can be written as ¢;,a j, c;,+Q, where Q does not depend on c;,. Since
aj, 1is generically nonzero, we conclude (after first choosing all ¢; for i # i,, and

ix
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then observing that generically the constraint (10.20) can hold for at most one c¢;,)
that (10.20) fails for generic (co, . . ., cx), and we are done in this case.

Thus we may assume that B C {0, 1, 2, 3}. We now focus on (10.19), which
asserts that a certain linear combination of ag, ai, a;, as (with coefficients in
{—4,-3,-2,—-1,0,1, 2,3, 4}) vanishes. From (10.17), we may write

(10.21) 4=t II @ —cm.
0<i’ <i” <3:i’,i" #i

where V := Hog/q@a(ci’ — ¢;») 1s the Vandermonde determinant. Thus, (10.19)
can be recast as the assertion that a certain linear combination of the polynomi-
als [lo<ii<in<siringi(cir — cin) fori = 0,1, 2,3 vanishes. But it is easy to see that
these polynomials are linearly independent (indeed, they each contain a mono-
mial term that is not present in any of the other three polynomials); and so, by the
Schwarz-Zippel Lemma [27], any nontrivial linear combination of these polyno-
mials is nonzero for generic (co, . .., c¢). The only remaining case occurs when
all the coefficients of ag, a1, a,, a3z in (10.19) vanish. There are two ways this can
happen: either jo = j; = j» = j3 = j for some j, or (up to permutation) one has
Jjo =J1 =jand j, = j3 = j and 09, 0, =+1, 01,03 = —1 for some j # j'.

In the former case jo = ji = j» = j3 = j, one can cancel a; from (10.20)
to obtain a nontrivial linear constraint between cg, ¢, ¢2, c3 with coefficients in
+1, which then fails for generic choices of (cg, ..., ct). Thus we may assume
that jo = j; = j and j, = j3 = j’ and g, 0, = +1, 01, 03 = —1. We then turn
to (10.20), which becomes a j(co — ¢1) + aj/(c2 — ¢3) = 0, which by (10.21) is a
constraint of the form

co—c) [ e =He-c) ] @ —cn.
0<i’<i”<3:i',i" #j 0<i’ <i”<3:i",i" £
By unique factorization, the two polynomials on the left and right-hand sides
here are distinct; so by the Schwartz-Zippel Lemma, this identity fails for generic
(co, ..., Cr), and the claim follows.

Remark. The above arguments give an explicit description of the tuples
(co, - - -, cx) for which the Khintchine property is still possible. Further analysis
of these exceptional cases (possibly involving modification of the set A and the
weights &, , 4,, might well resolve Conjecture 1.14 stated in the Introduction, but
this seems to require a rather large amount of combinatorial and algebraic case
checking, and will not be pursued here.

Remark. Similar counterexamples can be constructed for Z-systems; they
are weaker than those based on the Behrend construction given in [4], although
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they have the advantage of applying to a wider class of coefficients cy, . . ., c;. We
leave the details to the interested reader.
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